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Question 16

For a general cubic polynomial:
flx) =ax® + bz +cx + d, a % 0 (1)

find the conditions on a, b, ¢ and d to ensure that f is always increasing or decreasing on

(—o0, 00).

Solution

Condition for a function to be always increasing (decreasing) is that it its slope {derivative)
is always positive (negative). Now we look at the derivative of our polynomial to find the

conditions that «, b, ¢ and d must obey for this to be true.

f(z) = 3az® + 2bz + ¢ > 0, (2)

For a quadratic to be always positive, there are no real solutions therefore we impose the

condition that the diseriminant of the equation < (.

(2h)2 — 4(3a)(c) <0 == b < 3ac. (3)

Once this condition is satisfied it is the sign of a that determines whether the cubic is always
increasing or decreasing. If @ > 0 then it is increasing as the derivative will be positive, and
if a < 0 it is decreasing.

Also worth noting is that this solution does allow for the slope to be zero and if we are
looking for the cubic to be strictly increasing (decreasing) then we use a < symbol instead

of a < symbol.

Question 18

(a) If f has a relative maximam at xg, then f(zg) is the largest value that f(z) can have.

(b) If the largest value for f on the interval (a,b) is at xg, then f has a relative maximum

at xg.

(c) A function f bas a relative extremum at each of its critical points,




Solution

(a) False. We can have a local maximum and the function can hit a
local minimum and then increase beyond the original local max

without ever having another (see figure).

(b} True. As the interval is an open interval then zg must be at some distinct point a finite

distance from @ or b. As it is the largest value on this interval then it is a relative max.

(¢) False. 2% has a critical point which isn’t a relative extremum, it is a inflection point.
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Question 70

(&) fx)=Ta— 1] on [-2,2).

Does not satisfy all the conditions as it is not everywhere differentiable on the interval.

(h) f(z)= %Y on [2,4]. Does satisfy the conditions and f'(x) = (zj)%

FB) = f2)=—1 — z=1+2

3—22 if z<1 ,
() f(z)= on [0,2] = —(—'f@%:‘{’: D~
2 .
> if =1
This function is continous and differentiable on the interval so we can apply the Mean-
Value Theorem. And the only values of z for which f'{c) = f%g(a) are at x = % and

2= /2.



