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576 Chapter 8 / Mathematical Modeling with Differential Equatiuﬁs .

(¢) How many cells are present after 2 hours?
“(dy How long does it take for the number of cells to reach
1,000,0007 : ‘

31. Radon-222 is a radivactive gas with a half-life of 3.83 days.
This gas is a health hazard becanse it tends to get trapped in
the basements of houses, and many health officials suggest )
that homeowners seai their basements to prevent entry of
the gas. Assume that 5.0 X 107 radon atoms are trapped in
a basement at the time it is sealed and that y(t) is the pumber
of atoms present ¢ days later. '

{a) Find an initial-value problem whose sotution is y{£).
(b) Find a formula for y (). ‘

(c) How many atoms will be present after 30 days?

(d) How long will it take for 90% of the original quantity

) of gas to decay? B :

32. Polonium-210 is a radioactive element with a half-life of
140 days. Assume that 20 milligrams of the element are

placed in a lead container and that y(r) is the oumber of
milligrams present ¢ days later. - .
(2) Find an initial-vajue problem whose-solution is y().
(h) Find a formula for y{t). T
(¢) How many milligrams will be present after 10 weeks?
(d) How long will it take for 70% of the original sample to
decay? - :

33. Suppoese that 200 fruit flies are placed in a breeding con-
sainer that can support at most 10,000 flies. Assuming that
the population grows exponentially at a rate of 2% per day,
how long will it take for the container to reach capacity?

34. Suppose that the town of Grayrock had a population of
10,000 in 2006 and a population of 12,000 in 2011, As-
suming an exponential growth model, in what year will the
population reach 20,0007 '

35. A scientist wants to determine the haif-life of a certain ra-
dioactive substance. She determines that in exactly 5 days
a 10.0-miltigram sample of the substance decays to 3.5 mil-
ligrams. Based on these data, what is the half-life?

36. Suppose that 40% of a certain radicactive substance decays
in 5 years. ' ’
(a) What is the haif-life of the substance in years? o
(b) Suppose that a certain quantity of this substance is
stored in a cave. What percentage ofit will remain after

¢ years?

‘FOCUS ON CONCEPTS
37. (a) Make a conjecture about the effect on the graphs of I
. y = yoek! and y = yoe ™ of varying k and keeping |
I yg fixed. Confirm your conjecture with 2 graphing' l
| (b) Make a conjecture about the effect on the-graphs of |
y =y andy = yoe ¥ of varying yo and keeping |

“udlity.

" ¥ fixed. Confirm your conjecturs with a graphing ‘ '
|

| 38. (a) What effect does increasing yo and keeping k fixed |
| have on the doubling time or half-life-of an expo-
\ nential model? Justify your answer,
i (b) What effect does increasing k and keeping yo fixed
i " have on the doubling time and half-life of an expo-
] nential model? Justify your answer.
‘ 39, (2) There is a trick, called the Rule of 70, that can be
Lo used 1o get a quick estimsate of the doubling time
| _ or half-tife of an exponential model. According o
| this rule, the doubling time cr haif-life is roughly
‘ 70 divided by the percentage growth or decay rate.
\ _ Tor example, we showed in Example 5 that with a

continued growth rate of 1.10% per year the world
- - population would double every 63 years. This resuit
| agrees with the Rule of 70, since 70/1.10 = 63.8,
\ Explain why this rule works. -
l (b} Use the Rule of 70 to estimate the doubling time of
‘ a population that grows exponentially at a rate of
} 2% per year.
i (¢} Usethe Rule of 70to estimate the half-life of a pop-
) " Ulation that decrcases exponentially at arate of 3.5%

per hour.
| (d) Use the Rule of 70 to estimate tae growth rate that

" " would be required for a population: growing expo-
_ L nentially to double every i0 years.

U —

40. Find aformula for the tripling time of an exponenijal growl

 model.. :

41. Tn 1950, a research team digging near Folsorn, N
ico, found charred bison bones along with some leaf-shape:
projectile points (called the “Folsom points”) that hed bee
made by a Paleo-Indian hunting culfare. It was clear {0
the evidence that the bison had been cooked and eaten b
the makers of the poings, so that carbon-14 dating of th
bones made it possible for the researchers to determine whe

the hunters roamed North America. Tests showed that Ut
bones contained between 27% and 30% of their origint
carbon-14. Use this information to show that the hun
lived roughly between 9000 B.c. and 2000 B.C.
[~ 42. (a) Usea graphing utility to make a oraph of Prem V675
" where Prem is the percentage of carbon-14 that rem
in an artifact afier ¢ years. :
(1) Use the graph to estimaie the percentage of carbo

that would have to-have been present in the 1988
the Shroud of Turin for it to have becn the purial 50
of Jesus of Nazareth (see Example 7).
half-life of ¢ :
its nominal ¥a!
possibl_f?

ew Mex

43, (a) It is currently accepted that the
14 might vary +40 years from
5730 years. Does this variation make it
Shroud of Turin dates to the time of Jesus oL%

(see Example 7)?
() Review the subsection of Section 2.9 €
Propagation, and then estimate the percentag® €

ntide_




results in the computed age of an artifact from an r%
error in the half-life of carbon-14.

guppose that a quantity y has an exponential growth mode]
i = yoe* oran expenential decay model y = yoe ™, and it
%s known that y = yy if 7 = 1. In each case find a formuia
for k in terms of Yo, Y1, and 7, assuming that f; 5 0.

(a) Show that if a quantity y = y(¢) has an exponential
model, and if v(#;) = v and y{f2) = ¥2, then the dou-
bling time or the half-life T is

{(t—t;)In2
I(y2/y1)

(b) In a certain 1-hour period the pumber of bacteria in
a colony increases by 30%. Assuming an exponential
growth model, what is the doubling time for the colony?

. Suppose that P dollars is invested at an annual interest rate
of 7 % 100%. If the accurnulated interest is credited to the
account at the end of the year, then the intevest is said to
e compounded annually; if it is credited at the end of each
6-month period, then it is said to be compounded semiannu-
ally; and if it is credited at the end of each 3-month pericd,
then it is said to be compounded guarterly. The more fre-
guently the inferest is compounded, the better it is for the
jnvestor since more of the interest is itself eaming inferest,
(a) Show that if interest is compounded » times a year at

equally spaced intervals, ther the value A of the nvest-
ment after ¢ years is

a=p(i+ %)f

each hour, each minute, and sc forth. Carred to the
limit one can conceive of interest compounded at each
" instant of time; this is called continuous compoupd—
ing. Thus, from part (), the valoe A of P dollars after
¢ years when invested at an dnnual rate of r x 100%,
compounded continuously, is o

AN

A= wm p(1+2)0

n—+m n o

Use the fact that lim, ¢ (1 + x)* = e to prove that
A= P, o

(¢} Use the result in part (b) to show that money invested

at continnous compound interest increases at a-Tate pro-

(%) One can imagine interest to be compounded each day,
|
; portioni to the amount present.

47. (a) If $31000isinvested 2t 7% per year compounded contin-
" uously (Exercise 46), what will the investment be worth
after 3 years?
(h) I it is desired that an investment at 7% per year com-
pounded continuousty should have a value of $10,000
after 10 years, how much should be invested now?

{(¢) How long does it take for an investment at 7% per year

compounded continuously to double in value?

*

- 8.2 Separation of Variables 577

48, What is the effective annual interest rate for an interest rate
of r% per year compounded continuously?
49, Assume that y = y(z) satisfies the logistic eguation with
yg = y(0) the initial value of y.
{a) Use separation of variables to derive the solution
o BB '
o ‘ y6 + (L — yo)e™®
{b) Use part (a) to show that tlin_a y(t)y = L.

50. Use your answer to Exercise 49 to derive a solution to the

mode] for the spread of disease [Bguation (6) of Section .
8.1]. :

4 51. The graph of 2 solution to the Jogistic equation is known as
a logistic curve, and if vy > 0, it has ene of four general
shapes, depending on the relationship between yg and L. In
cach part, assume that k= I and use a graphing utility fo
plot 2 logistic curve satisfying the given condition.
() yop> L ® yw=L
(©) L/2<y <L (@) 0 <yo<L/2

52-53 The graph of a logistic model
y = yoL
yo + (L~ yo)e™
is shown. Estimate yp, L, and k. &

52. A7 s 53, .47
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] 54. Plot a solution to the initiai-value problem
| %:0.93(1-%)% v =1
85. Suppose that the growth of a population y = y{f) is given
.by the logistic equation
60 ‘
= 54 Tet

(a) What is the population at time ¢ = 07

(b) What is the carrying capacity L7

(c) What is the constant k7

(d) When does the population reach haif of the carrying

capacity?

() Find an initial-value problem whose solution is ().
56. Suppose that the growth of a population y = »{f) is given

by the logistic equation
' 500

YT 1149909

{a) What is the population at time ¢ = 07
(b) What is the carrying capacity L?
. {c). What is the constant k7 (eont.)




‘I 36. (a) Prove thatsol

utions need not beuttique fornontinear !
I initial-value

|
problems by finding two sotutions to |

y |
| YT oy =0 "
i (8) Prove that solutions need not exist for nonlinear |
| initial-value problems by showing that there is no. |‘
‘ solution for d . I‘
| Y= (0 =0 |

‘ |
—_— ]
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3L Writing ﬁxplain why the quantity 1 in the Method of Inte
grating Factors is called an “Integrating factor” and explaj
its role in this method.

32 given first-order differential equa.
y the method of Integrating faciag
and by separation of variables. Discuss the advantages ang
disadvantages of each method.

o o
1. Step 1: /P, Step 2: wy, pg(x): Step 3: mf,u,q(x)cix
w

CHAPTER 8 REVIEW EXERGCISES  [c] cag

S= =15, y(0) =3
26 ¥(0) =30

1. Give an informal explanation of why one might expect

the number of arbitrary constants in the-general solution

of a differential equation te be qual to the order of the
eguation,

2. Which of the given diffcrentiz} equations are Separable?
dy 2y Fx
(a) FRRRACIF 0 (b) = °0) -
d : ' d
& =00 @ Y R
X dx
\

3~5 Solve the differentia) equation by.the method of separation
of variables. =

(¢}

3.

14+ y3)x2
dx I+ 3%

5. (1+y5y = ey

d .
4, dtany — d—ysecx-: 0
_ x

6-8 Solve the injtal-value
of variables, =

6.

problem by the method of separation

23

/ Y
Y =14y y(0) =3 7. _V’:m. y=1

8. ¥ =4y sec? 2y, y(/8) = 1/2

. Skeich the integral curve

of ¥ = —2xy? that passes
through the point {0, 1),

10. Sketch the integral curve of 2yy" = 1 that passes through
the point (0, 1) and the tegral curve that Passes through
the point (0, —1).

11. Sketch the slope field for

¥ =xy/8at the 25 gridpoints
{x,y), where-x = 0,1,..

dandy =0, 1....,4,
12. Solve the differentia equation y’ = xy/8, and find a fam-
ily of integral curves for the slope field in Exercise 11

g
19, &7

© 21-23 Solve the initial-vajue

i3-14 Use Euler's Method with the given step size Ax
approximate the solution of the initial-valze problem over.
stated interval. Present your answer 45 a table and as a gra

dy/dx = VI PO =1, 0<x <4 Ar=oqs
dy/dx =siny, Yy =1 0<y <2, Ax =05
Consider the initial-valye problem

13.
14.
15,

¥ = cos 271, y() =1
B ]

i1
Use Euler’s Method with five Steps to approximate
Use Eunler’s Method with a step size of Af == 0.1
Proximate the solution of the Initial-value problem

V=145t -y ) =5
OVer the interval [1,2].

Cloth found in an Egyptian pyramid contains 77.5
original carbon-14. Estimate the age of the cloth.

Suppose that an initia] population of 30G0 bacteria

exponentially at a rate of 19 per bour and that ¥

the number of bacteria present after ¢ hours.

{a) Find an iijtial-valye problem whose solution

(b) Find a formula for y(2).

(¢) What is the doubling time for the L

(d) How long does i take for the popuiation of ba
reach 30,0009

16.

17,

18,

19-20 Sqlve the differential quation by the metho
grating factors, =

L hedy = o
dx+y ¢

grating factors. m
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nie-

nie-

= where p and g are constants.

:
\ap
\

~ Xy =X, }’(0) =5
oy =4t ()= 3
coshx + ysinhx = coshtx, y(O) =2
(a) Solve {he initiai-valpe problem
(0 =2
by the method of integrating factors, using a CAS 10
perform ary difficult integrations. _ .
Use the CAS to solve the initial-value problem di-
rectly, and confirm that the answer is consistent with
that obtained in part (a).
{e) Graph the solution.
5 (assify the following first-order differential equations as
. geparable, lineat, both, or neither.
d
) L axy=2x
dx

y —y = xsin3x,

(b)

-dy .

: ZL -3y =snx

@ 7~
dy
Y _r=1
ey
 Determine whether the methods of h‘ltegrating factors and.
- separafion of variables produce the same soiutions of the
 differential equation

d
(d) & 4 xy? = sin(xy)
ax - .

d
Eiifdfxy:x
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7. A tank contains 1000 gal of fresh water. At time t = 0 mis,
brine containing 5 0Z of salt per gailon of brine is poured
inte the tank at a rate of 10 gal/min, and the mixed solution
is drained from the tank at the same tate. After 15 min that
process is stopped and fresh water is poured into the tank
at the rate of 5 gal/min, and the mixed solution is drained
from the tank at the same rate. Find the amount of salt in
the tank at time ¢ = 30 min.

28. Suppose that 2 ro0m containing 1200 £ of air is free of
carbon monoxide, At time £ = 0 cigarefte smoke contain-

ing 4% carbon monoxide is introduced at the rate of 0.1

£t /min, and the well-circulated mixture is vented from the

room at the same rate.

() Find aformula for the percentage of carbon monoxide
in the room at time ¢.

(b) Extended exposure to air containing 0.012% carbon
mopoxide is considered dangerous. How long will it
take to reach this level?

Source: This is based on 2 problem from Wiliam E. Boyce and Richard C.

DiPrima, Elementary Differential Equations, 7th ed., John Wiley & Sozs, New

York, 2001

“Consider the first-order differential equation

dy _

ST g

Ify=yx) is a solution-to this

equation, define u = u(x) =aq— pyx) .

(a) Without solving the differential equation, show that u
ETOwWS exponentially s a function of x if p < 0, and de-
cays exponentially as a function of x 0 < p.

(b) Usethe result of part () and Beuations (13-14) of Sec-

tion 8.2 to solve the initial-value problem

dy
dx
2. Consider a diferential equation of the form

d
&Y = flax +by+0)
dx

where f is a function of a single vaziable. Iy =7 {x)isaso-
{ution to this equation, define 1 = u(x) = ax + by{x) + ¢
(a) Finda separable differential equation that 1s satisfied by
the Tunction .
(b) Use your answer fo part (&) 1O solve
dy _ -1
dr x4y

42y = 4, )J(O) =1

3, A first-order differential equaticn is homogeneous if it can
be written in the form
@ _ (2} fors#0
dx X
where f is a function of a single variable. fy=yx)isa
solution to a first-order homogeneous differential equation,

define u = u(x) = y(x)/x.
(2) Find a separable differential equation that is satisfied by

the function u.
{b) Use your answes to part {a) to solve
dy _x=7
dx  x+Yy

4. A first-order differential equation is called a Bernoulli equa-
tion if it can be written in the Torm

d
-ﬁ L pGy = gy forn #0.1

If y=yx) is a solution to & Bernouili equation, define

y = u(x) = )l ™"
{a) Find a firsi-order linear differential equation that is sat-

isfied by .
(b) Use your answerto part (a) to solve the initial-value prob-
lem d 1
xl -y = foyz, )i(l) =3 E

dx




