


{hat results from discarding the second term. We call E the

fruncefion ervor.

(2) Approximale the integral in Exercise 64 by applying
gimpson’s rule with n = 10 subdivisions to the integral

it to 7/ rounded to three decimal places.

(b) Use the result that you obtained in Exercise 52 and the
fact that 1/(x® + 1) < 1/ for x = 4 to show that the
trupcation error for the approximation in part (a) satis-
fiegill < B = 2o 104, .

o

Chapter 7 Review Exercises 557

70. It is sometimes possible to convert an improper integral into
a “proper” integral having the same value by making an ap-
propriaie substitution. Evaluate the following integral by
making the indicated cubstitution, and investigate what hap-
pens if you evaluate the integral directly using a CAS.

1
1
f +xdx;u:\/1—x
0 ]."‘x

71-72 Transform the given improper integral into a proper in-
tegral by making the stated u-substitution; then approximate
the proper integral by Simpson’s rule with . = 10 subdivisions.
Round your answer to three decimal places. '

s1n

1 .
X

71. f dx; w= /%

0

1
cos X

T2- dx; u=+1—x

0 A/1—x
73, WWriting What is “improper” about an integral over an infi-

nite interval? Explain why Definition 4.5.1 for P fx)dx
fails for f:m f(x)dx. Discuss a strategy for assigning a
value to f:m flx)dx.

Writing What is “improper” about a definite integral over
an interval on which the integrand has an infinite discon-
tinuity? Explain why Definition 4.5.1 for 7 f(x) dx fails
if the graph of f has a vertical asymptote at x = a. Dis-
cuss a strategy for assigning 2 value to f: f(x)dx in this

74.

68. For what values of p does l ¢P* dx converge?
J

3 v
e dx
0
Round your answer o four decimal places and compare
it to 3/ rounded to four decimal places.
(b) Use the result that you"obtajned in Exercise 52 and the
fact that e < %xe—" for x > 3 to show that the trun-
cation error for the approximation in part (a) satisfies
0<E <21x 1073,
7. (a) Itcan be shown that
f = 1 T
dx = =
0 JCG +1 3
Approximate this integral by applying Simpson's Tule
with n = 20 subdivisions to the integral
4
1
f 7 dx
0o X +1
Round your answer {0 three decimal places and compare
69. Show that f dx/x? comverges if p <1 and diverges if
0
p=1l

‘/QUICK CHECK ANSWERS 7.8

circumstance.

i. (a) proper (b) improper, since cot X has an infinite discontinuity at x = 7 () improper, since there is an infinite interval of
integration (d) improper. since there is an infinite interval of integration and the integrand has an infinite discontinuity atx =1
b

2. (b) lim cotxdx (c) lim

b—m~

/4
4. (a) 1 (b) diverges (c) diverges (d) 3
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By & 1
f dx (d) lim [
b—+te Jo x2 41 a—=+1% Jg x2 -1

d +1imfb ! dx 2 ! >1
x 3 —
bt fg X% — 1 p—1 ¥

1-6 Evaluate the given integral with the aid of an appropriate
u-substitution. =
. I 1
1. j V& Fo5xadx 2. [ dx
J secmx

7. (a) Bvaluate the integral

1
———dx
f J2x —x2

3. f«/cosxsinxdx
s

dx

e
/|

5. f x tan?(x?) sec? (x%) dx

0 x+4

three ways: using the substitution u = /X, using the
substitution u = +/2 — x, and completing the square.

(b) Show that the answers in part (a) are equivalent.
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- 1 3
{ Bvaluate the integral A
. o VA2
(a) using integration by parts

(b) using the substitution i = /%2 + 1.

912 Use integration by parts to evaluate the integral. =

9; /xe""a’x

11. fj_n(Zx +=7) dx

10. / X sin3x dx

1/2
12. f tan ™! (2x) dx
0

13. Evaluate [ 8x*cos 2x dx using tabular integration by parts.

14. A particle moving along the x-axis has velocity function
u(t) = t2¢™". How far does the particle travel from time
t=0tot =47

15-20 Evaluate the integral. =
15. / sin” 66 46 16. f sin® 2x cos? 2x dx

/6

35-40 Use the Integral Table to evaluate the integral. =

Xf(xS —xHe* dx
38, f__ix_
A3

40, f3x"" 3o
24 x2

35, [sin'?‘x cos 10x dx
37. fx\/x — x%dx

39, f tan® 2x dx

41-42 Approximate the integral using (a) the midpoint approxi-
mation Mg, (b) the trapezoidal approximation T}y, and (c) Simp-
son’s rule approximation Sy. In éach case, find the exact value
of the integral and approximate the absolute error. Express your
answers to at least four decimal places. m

L
dx 42, f dx
-2 ]. + xz

3
n [
1 x+1

43-44 Use inequalities (12), (13), and (14} of Section 7.7 to
find upper bounds on the errors in parts (a), (b), or (c) of the
indicated exercise. ®

[ S . —
17. j sinxcos3x dx 18. ] sin 2x cos dx dx
0

i9. fsin4 2x dx 20. /x cos” (x%) dx

21-26 Evaluate the integral by making an appropriate trig-

onometric substitution. =
W[ =
4 x%4/4 — x2

2
X
24, f Rk
Vx?—16
T+ 42
26. f—liidx
X

2
x
21. /‘———dx
V4 — x?
dx
23. —
f Vx|
¥
28, ]———dx
9+ x?

27-32 Evaluate the integral using the method of partial frac-
tions. =

271/_@_
224 d4x —5
2
29. fx 12 e
x+2

xz
31. —d
f xt+27 ™

dx
x2 L 7x 46

28. f
x2 +x—16
%f G-DE_ "

43, Exercise 41 44. Exercise 42
45-46 Use inequalities (12), (13), and (14) of Section 7.7 to
-find a number n of subintervals for (a) the midpoint approxima-
tion M,,, (b) the trapezoidal approximation 7}, and (c) Simpson’s
rule approximation S, to ensure the absolute error will be less
than 10~*. =

45. Exercise 41

46. Exercise 42

47-50 Evaluate the integral if it converges.

o 2 d.c
47. e 48. -
[o ° [m x2+4

¢ dx ! 1
49, / 50. ] dx
0 O—x 0 2% —1 !
51. Find the area that is enclosed between the x-axis and the 7'-‘:
curve y = (Inx — 1)/x% for x > e.

52. Find the volume of the solid that is generated when the re-
gion between the x-axis and the curve y = ¢~ for x > 0is
revolved about the y-axis.

53. Find a positive value of 4 that satisfies the equation

[ 1

! / dx
.}4“ x4 x
1

dx.

I —x

(a) Evaluate the integral using the substitution x = sec .
For what values of x is your result valid?

(b) Evaluate the integral using the substitution x = sin 8.
For what values of x is your result valid?

(¢) Evaluate the integral using the method of partial frac-
tions. For what values of x is your result valid?

33. Consider the integral /

34. Find the area of the region that is enclosed by the curves
y=&-=3)/x*+xY,y=0,x=1,and x = 3.

———gdx =1
0 x2+a2

- Consider the following methods for evaluating infegrals:
u-substitution, integration by parts, partial fractions, reduc
tion formulas, and trigonometric substitutions. In each pﬂﬂ‘-
state the approach that you would try first to evaluate the =
tegral. If none of them seems appropriate, then say so- b
need not evaluate the integral.

(a) fxsinxdx (b) fcosxsin:cdx




© [ tan” x dx (d) f tan’ x sec’ x dx

J
ax% 3" )
) fx3+1dl (f) [ o

(@ ftan—‘xdx (h) j\/4fx2dx
{1) fx\z4—x2dx

55-74 Evaluate the integral. =

35. j@%m 56. fxCOS4X dx

" a7 0 d sost 40
1 ( e
59: fﬂ o sin? 0 — 6sinf + 12
- s 2n,. By
59, f sin® 2x cos” 2x dx 27 dx
2x2)3{'2 dx

61 f ¥ cos 3x dx

dx 13
ot [
G- Dx+2E-3) . @GP
8 A in2
65.[ lx dx 66. S Lidx
4
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dx

0
1 dx
67. ———dx 68. | —————
f«/ex-}—l [x(x2+x+1)
1/2
69. f sin” xdx 70. [ tan® 4x sec* 4x dx
0
x+3 sec” @
71. ——dx 72. — —df
X2 42x+2 * ftang’@—tanzél

+oo %
73. N
[ﬁ i

= dx
74. L m, Cl,b>0

CHAPTER 7 MAKING CONNECTIONS

1 Recall from Theorem 6.3.1 and the discussion preceding it

3. The Gamma function, T'(x), is defined as

pt

that if f(x) > 0, then the funciion f is increasing and has
an inverse function. Parts (@), (), and (c) of this problem
show that if this condition is catisfied and if /7 is continuous,
then a definite integral of f —1 can be expressed in terms ofa
definjte integral of f.

(a) Use integration by parts to show that

b b
f ) dx = bf(b) — af(@) - f xf () dx

(b) Use the result in part (a) to show thatif y = f(x), then

b f(b)
F(x) dx = bf () — af(@) - f 1oy

o fla

(¢) Show that if we let @ = f(a) and B = fib), then the
result in part (b) can be written as

B | Eatt:)!
[ rwax =@ —er @ [, fwa
o o)
2. Ineachpart, usethe resultin Exercise 1 to obtain the equation,
and then confirm that the equation is comrect by performing

the integrations.

1/2 /6

Ix) = j Petdr
0
1t can be shown that this improper integral converges if and
only if x > Q.
(a) Find I"(1). -
(b) Prove: '(x + 1) = X0 (x) forall x > Q. [Hint: Use n-
tegration by parts.]
(c) Use theresults in parts (a) and (b) to find T"(2), I"(3), and
I'(4); and then make a conjecture about I"(n) for positive

integer values of .
(d) Show that I (3) = +/. [Hint: See Exercise 64 of Sec-

tion 7.8.]
(e) Use the results obtained in parts (b) and (d) to show that
r() = Jvamd r(F) = 1V

4. Refer to the Gamma function defined in Exercise 3 to show
that
(a) f (nx)"dx = (—=1)"I'(n + D, n=>0 '
0

[Hint: Tett = —1nx.]

- 1
w [ edx= T(E—t) n>0.
J0 n

[Hint: Lett = x". Use the result in Exercise 3(b).]

f<] 5. A simple pendulum consists of a mass that swings in a verti-

i
(a) ./0 sin"'xdx = % sin™! (%) - ,/0 sinx dx

e? 2
(b) f h]xdx:(Zez—e)—f e dx
e 1

cal plane at the end of a massless rod of length L, as shown in
the accompanying figure. Suppose that a simple pendulum is
displaced through an angle 6, and released fromrest. Jtcanbe




The initial-value problem
dy %
= -, 0) =
o v y(0)

1has solution y(x) = ——

ERCISE SET 8.2 M Graphing Utility CAS

8.2 Separation of Variables 575

p————

10 Solve the differential equation by separation of variables.
here reasonable, express the family of solutions 28 explicit

pctions of x.
dy Y dy 2
e B . "——:41
S o (1+y)x
&l 2d d s
5 Ji+xTay 4. (1+x4)_)_’:f_
14y dx dax ¥

6.y = —x%y

5, 2+ 20 =€ :
8. y —(1+x00+ y2) =0

7 ¢ Ysinx — Y costx =0
; o d
,f{)—ﬂyf,—zzo 10.y~rycscx:0
dx sin x dx
1-14 Solve the initial-value problem by separation of vari-
bles.

22. If a population is growing exponentially, then the time it

takes the population to quadruple is independent of the size
of the population. '

23. If a radioactive element has a half-life of 1 mioute, and if

a container holds 32 g of the element at 1:00 p.m., then the
amoant remaining at 1:05 P.M. willbe 1 g.

4. A differential equation of the form

d
h) > =80

is not separable.

25. Suppose that the initial condition in Example 1 had been

y(0) = 0. Show that none of the soluticns generated in
Example 1 satisfy this initial condition, and then solve the
initial-value problem

3x? d
lLy= , 0) = 4y _ _Axy? (0 —
Y T 2y toosy’ _y__(_ ) x 4xy?, y(0) =0
.y —xed =2, y(0) =0 Why does the method of Example 1 fail to produce this par-
d 2t + 1 ticular solution? —_———
a2 _ET =1 _ _ o
dt 2y -2 26. Find all ordered pairs (x0, yo) such that if the initial condi-

4. y' cosh?x — ycosh2x =0, y(0) =5
15. (a) Sketch some typical integral curves of the differential
equation y' = ¥/2%.
(b) Find an equation for the integral curve that passes
through the point (3, 1).
16. (a) Sketch some typical integral curves of the differential
equation y' = —x/y.
(b) Find an equation for the integral curve that passes
throngh the point (3, 4).

17-18 Solve the differential equation and then use 2 graphing
utility to generate five integral curves for the equation.

d
17. (% + 4)d—y +xy=0 18, (cosy)y = cosX
x

] 19-20 Solve the differential equation. If you have a CAS with

implicit plotting capability, use the CAS to genperate five integral
curves for the equation.
X 2 ?
20. ¥ =
Y Iy

19. )r' =

1— 32

21-124 True-False Determine whether the staternent is true or

false. Explain your answer.

21. Every differential equation of the form y' = f(y) is sepa-
rable.

tion in Bxample 1 18 replaced by y(xg) = Yo, the solution
of the resulting initial-value problem is defined for all real
numbers.

27. Find an equation of acurve with x-intercept 4 whose tangent

line at any point (x, y) has slope xe™7.

I~ 28. Usea graphing utility to generate a curve that passes through

the point (1, 1) and whose tangent line at (x, v) is perpen-
dicular to the line through (x, ¥) with slope —2y/ (3x%).

29. Suppose that an initial population of 20,000 bacteria grows
exponentially at a rate of 2% per hour and that y = y(1) 18
+he number of bacteria present f hours later.

(2) Find an initial-value problem whose solution is y(f).

(b) Find a formula for y(£).

(c) How long does it take for the initial population of bac-
teria to double?

(d) How long does it take for the population of bacteria to
reach 45,0007

30. A cell of the bacterium E. coli divides into two cells every 20
minutes when placed in a putrient culture. Let y = y(f) be
the number of cells that are present f minutes after a single
cell is placed in the culture. Assume that the growth of the
bacteria is approximated by an exponential growth model.
(a) Find an initial-value problem whose solution is y(1).
(b) Find a formula for y(1). (cont.)
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31. Radon-222 is a radioactive gas with

(c) How many cells are present after 2 hours?

(d) How long does it take for the number of cells to reach
1,000,000?

2 half-life of 3.83 days.

This gas is a health hazard because it tends to get trapped in

the basements of houses, and many health officials suggest

that homeowners seal their basernents to prevent enfry of

the gas. Assume that 5.0 x 107 radon atoms are frapped in

a2 basement at the time it is sealed and that y(¢) is the number

of atoms present ¢ days later.

(a) Find an initial-value problem

(b) Find a formula for y(1).

(c) How many atoms will be present after 30 days?

(d) How long will it take for 90% of the original quantity
of gas to decay?

whose solution is y(£)-

%Polom’um-llo is a radioactive element with a half-life of

140 days. Assume that 20 milligrams of the element are
placed in a lead container and that y(t) is the number of
milligrams present ¢ days later.

(a) Find an initial-value problem whose solution is y(t).

(b) Find a formula for y(¢).

/ Mathematical Modeling with Differential E

quations

38. (2) What effect does increasing yo and keeping k fixed |
have on the doubling time ot half-life of an expo- %
nential model? Justify your answer. |

(b) What effect does increasing k and keeping Yo fixed
have on the doubling time and half-life of an expo- |
nential model? Justify your answer.

There is a trick, called the Rule of 70, that can be |
used to get a quick estimate of the doubling time
or half-life of an exponential model. According to ‘|
this rule, the doubling time or half-life is roughly | {
70 divided by the percentage growth or decay rate. | 3
For example, we showed in Example 5 that with a ‘| |
continued growth rate of 1.10% per year the world | ]
|
|
1

39. (a)

population would double every 63 years. This result |
agrees with the Rule of 70, since 70/1.10 = 63.6. |
Explain why this rule works. l‘
Use the Rule of 70 to estimate the doubling time of | ;
a population that grows exponentially at a rate of |
2% per year. I
(c) Use the Rule of 70 to estimate the half-life of a pop- ‘I
ulation that decreases exponentially ata rateof 3.5% |
per hour. [

(b)

(c) How many milligrams will be present after 1N weeks?
(d) How long will it take for 70% of the original sample to
decay?

33. Suppose that 200 fruit flies are placed in a breeding con-

34. Suppose that the town

35, A scientist wants {0 determine the half-life of a certain

taimer that can support at most 10,000 flies. Assuming that
the population grows exponentially at a rate of 2% per day,
how long will it take for the container to reach capacity?

of Grayrock had a population of
10,000 in 2006 and a population of 12,000 in 2011. As-
suming an exponential growth model, in what year will the
population reach 20,0007

ra-
dioactive substance. She determines that in exactly 5 days
a 10.0-milligram sample of the substance decays to 3.5 mil-
ligrams. Based on these data, what is the half-life?

36. Suppose that 40% of a certain radioactive substance decays

"FaCUS ON CONCERTS
g} 37. (@)

in 5 years.

(a) What is the half-life of the substance in years?

(b) Suppose that a certain quantity of this substance is
stored in a cave. What percentage of it will remain after
¢ years?

Make a conjecture about the effect on the graphs of ‘|

y = yoe“ andy = yoe X of varying k and keeping |
yp fixed. Confirm your conjecture with a graphing |
utility. i
Make a conjecture about the effect on the graphs of \
y = ypeM andy = yoe ™ of varying yo and keeping |
& fixed. Confirm your conjecture with a graphing |
utility. ‘,

(b)

e

40. Find a formula for the tripling time

41.

=,

(d) Use the Rule of 70 t'o"'é"tiiﬂﬁte‘ﬂle*grew&H-at&LhatJl_
would be required for a population growing expo- I‘
nentially to double every 10 years. |

of an exponential growth
model.

In 1950, a research team digging near Folsom, New Mex-
ico, found charred bison bones along with some leaf-shaped
projectile points (called the “Folsom points”) that had been
made by a Paleo-Indian hunting culture. It was clear from
the evidence that the bison had been cooked and eafen by
the makers of the points, so that carbon-14 dating of the
bones made it possible for the researchers to determine when
the hunters roamed North America. Tests showed that the
bones contained between 27% and 30% of their original
carbon-14. Use this information to show that the huntets

lived roughly between 9000 B.c. and 8000 B.C.

(a) Use a graphing utility to make a graph of Prem versus /.
where prem is the percentage of carbon-14 that remalns
in an artifact after ¢ yeazs.

(b) Use the graph to estimate the percentage of carbon-14
that would have to have been present in the 1988 testof
the Shroud of Turin for it to have been the burial shroud
of Jesus of Nazareth (see Example 7).

accepted that the half-life of carbon-ﬂ
140 years from its nominal value ol

42.

43. (a) It is currently
14 might vary

5730 years. Does this variation make it possible that the
Shroud of Turin dates to the time of Jesus
(see Example 7)7

(b) Review the
Propagation,

of Nazareth

subsection of Section 2.9 entitled Bt
ol that

and then estimate the percentage




