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(hat results from discarding the second term. We call E the 70. 1t is sometimes possible to convert an improper integral into

m”mﬁan error. . . .
; (@) Approximate the integral in Exercise-64 by applying

gimpson’s rule with n = 10 subdivisioas to the integral

3 2
f e dx
0 B s

Round your answer to four decimal places and compare
it to 3 /7 rounded to four decimal places.

(b) Use the 1es 1t that youqobta_ined in Exercise 52 and the
fact thate™ < +xe™ forx = 3 o show that the frun-
caion error for the approximation in part (a) satisfies

0< E<2Ix1077 : =
¢7. (a) Itcan be shown that

j"'m 1 T
—dx = =
0 X6+1 3

Approximate this integral by applying Simpson’s rule
with 7 = 20 subdivisions to the integral

i 1
] 2 dx
g, &1
Round your answer io three decireal places and compare
it to /3 rounded to three decimal places.

(b) Use the result that you obtained in Exercise 52 and the
£a0t that 1/(x® + 1) < 1/x8 for x > 4 1o show that the
truncetion error for the approximation in part (a) satis-
fles0 < E <2 x 107%

e dx converge?

68. For what valves of p does
; 0

9. Show that f dx/xP converges if p < 1 and diverges if

r=1 4

./QUICK CHECK ANSWERS 7.8

a “proper” integral having the same value by making an ap-
propriate substitution. Evaluate the following integral by
making the indicated substitution, and investigate what hap-
pens if you evaluate the integral directly using a CAS.

1 1 2
[ +ld}:;u:«/1—x
0

L==
71-72 Transform the given improper integral into a proper in-
tegral by making the stated u-substitution; then approximate
the proper integral by Simpson’s rale with n = 10 subdivisions.
Round your answer o three decimal places.

I o -
sin x
71. f Z dx u=.x
0 X
i cosx
T2 dx;, u= .\/T:;
0 A/1—x

73. Writing What is “improper” about an integral over an infi-
nite interval? Explain why Definition 4.5.1 for [? fx)dx
fails for [ f(x)dx. Discuss a strategy for assigning a
value to f:w fix)dx.

74, \Writing What is “improper” about a definite integral over
an interval on which the integrand has an infinite discon-
tinuity? Explain why Definition 4.5.1 for ¥ fix) dx fails
if the graph of f has a vertical asymptote at x = 4. Dis-
cuss a strategy for assigning a vaiue to fab F(x)dx in this
circumstance.

1. {a) proper (b) improper, since cotx has an infinite discontinuity at x = 7 {c) improper, since there is an infinite interval of
infegration (dj improper, since there is an infinite interval of integration and the integrand has an infinite discontinuity at x = 1
b

e 1 i L

b
.€r+limf ! dx 3 11;p>1

I {b) Lim

tim
bz Jla —’+ij x24+1
4. (2) 1 (b) diverges (c) diverges (d) 3
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| cotxdx (o) i dx—(d—hm
()b Vs ], x2 -1

bstw Jo x—1 D=k

1-6 Bvaluate the given integral with the aid of an appropriate

u-substitution. =
1
2 [ dx
Sec 7IX

1. f«/4+5xdx ]
« ,f d
3. f../cosx sin x dx %[ -
xnx
‘ “JE

x+4

dx

5, f}:tanz(xz) sec?(x?) dx 6.[
0

7. (a) Evaluate the integral

1
———dx
f A 2x — %2

three ways: using the substitution u = /%, using the
substitution u# = /2 — x, and completing the square.

(b) Show that the answers in part (a) are equivalent.
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¢ Evaluate the integral f
/xz

(a) using integration by parts
(b) using the substitution & = +/x* + L.

9-12 Use integration by parts to evaluate the integral. =

9. fxe“‘ dx

11. [111(2,15 + 7 dx

10. f xsindx dx

1/2
12. f tan~" (2x) dx
0

13. Evaluate [ 8x" cos 2x dx using tabular integration by parts.

14, A particle moving-along-the-x-axis-has-velocity function
v(t) = t2¢~". How far does the particle travel from time
t=0tot =47

15-20 Evaluate the integral. =

15. f sin® 60 16. [ sin® 2x cos® 2x dx
/6
17; f sin x cos 3x dx 18. f sin 2x cosdx dx
0

19. f sin* 2x dx fx cos® (x%) dx

21-26 Evaluate the integral by making an appropriate (rig-

onometric substitution. ™
21 [ * 4 2 f i
. | ———=dx 32, I
4 — x? x2a/d4 — x2
. dx x2
23. _/ﬁ 24, f——d}c
Ax% -1 x?2—16
s /T4 4x2
26. f o
X

27-32 Evaluate the integral using the method of partial frac-

X
25. f———d
/9 + x?

35-40 Use the IntegralTable to evaluate the integral. =

35. f sin 7x cos 10x dx >< [ G — x¥)e~* dx

! dx

37, | xv/x —x2dx 38. ] —

f x+/dx +3
3x—1

39, ftan2 2x dx 40, fax dx
2 4 x2

41-4% Approximate the integral using (a) the midpoint approxi-

‘mation Mg, (b) the trapezoidal approximation Ty, and (¢) Simp-

son’s rule approximation Syp. In each case, find the exact value
of the integral and approximate the absolute error. Express your
answers to at least four decimal places. =

1
TR 2 | —id
j; ~x 41 g [214—352

43-44 U_s?e inequalities (12), (13), and (14) of Section 7.7 to
find upper bounds on the errors in parts (a), (b), or (c) of the
indicated exercise. =

43, Exercise 41 44, Exercise 42

45-46 Use inequalities (12), (13), and (14) of Section 7.7 to
find a number n of subintervals for (a) the midpoint approxima-
tion M,, (b) the trapezoidal approximation 7,,, and (c) Simpson’s
rule approximation S, to ensure the absolute error wiil be less
than 107, =

45, Exercise 41 46. Exercise 42

47-50 Evaluate the integral if it converges. =

- 2 7k
47. f e “dx *
0 — )(.'2 + 4—

49 ]‘9 dx [
A . dx
0 v9—x' 25 —1

51. Find the area that is enclosed between the x-axis end the
curve y = (Inx — 1)/x? forx > e.

. 1
33. Consider the integral f 5
x3 —

tions.
dx 52. Find the volume of the solid that is generated when the re-
27. f W tdx—5 28. f 2+Tx+6 gion between the x-axis and the curve y = ¢~ forx = 08
5 revolved about the y-axis.
]X"Hd }0/\j i 53. Find a positive value of a that satisfies the equation
29, P (x " Da =37 . Find a positive value of  that satisfies the equatio

.:CZ
31. f _ dy >e<[
(x +2)° x4 x

dx.
X

(a) BEvaluate the integral using the substitution x = sec@.
For what values of x is your result valid?

(b) Evaluate the integral using the substitution x = sind.
For what values of x is your result valid?

(¢c) Evaluate the integral using the method of partial frac-
tions. For what values of x is your result valid?

34. Find the area of the region that is enclosed by the curves
y=@& -3/ +x*),y=0,x=1,andx =3.

+ 1
——dx =1
fn e

54. Consider the followmg methods for evaluating intc
u-substitution, integration by parts, partial fractions, red
tion formulas, and trigonometric substitutions. In each
state the approach that you would try first to evaluate 1655
tegral. If none of them seems appropriate, then say 50
need not evaluate the integral.

(a) f xsinxdx (b) f cos x sinx 4%




) tan’ x d% (d) ftatfx sec’ x dx
[ 3x% 3x? v

(e) j i dx (£ [ ——(x+1)3 dx

(2) an Tl xdx (h) ] Va4 —x2dx

o) fx-”*“xzdx

4 Evaluaie the integral.
& A
el (3 + x2)3f2

/4
57.[ an’ 0 d6
40

551

f X COS Ax dx

& cos B
i A ] de
sin?0 —6sin g +12
60.

4 T

o (x—20? e

59, [ sin” 2% cos® 2x dx

/42
fl. f e cos3x dx 62 [ (1= 2x2)3/‘2 dx
—1/42

P

————T

CHAPTER 7 MAKING CONN ECTIONS

1. Recall from Theorem 6.3.1 and the discussion preceding it
fhat if f7(x) = 0, then the fonction f 18 increasing and has
an inverse function. Parts (a), (b), and (c) of this probiem
show that if this condition is satisfied and if f' is continuous,
then a definite integral of f~! canbe expressed in ferms ofa
definite integral of f.

(2) Use integration by parts to show that

b b
f £ dx = bf(b) — af(@) = ] £f/(x) dx

(b) Use the result in part (2) to show thatif y = f (x), then
b fib)
f £x) dx = bf(b) —af@) = jf £ ) dy
a (a)

{e)-Show-that i we let @ = f(a) and g = f(b). then the
result in part (b) can be written as

oo dx
74 f x

s e ——T—— s ———
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[ dx RVET b
63 ] = Dx+2)& — ) 3 JO (4 —9x2)?

8, /x —4 102 :
65. f dx 66. f et — ldx
4 X 0

67 f——l—-a!x i
’ Jet 41

. P
x(xZ+x+1)
1/2
69. f sin” xdx 70.
0

can dx sect 4x dx

sec? 8

x+3
B . 72, f_T———z-*dQ
S 2x 42 tan® @ — tan® 0

+ X
3 — — —dx
’ j IR

1.

Jo @ F Pt a0

3. The Gamina Jfunctic, I'(x), is defined as

oo
r'x) = f Hle™t dt
0

1t can be shown that this improper integral converzes if and

only if x > 0.

(2) Find T'(1).

(b) Prove: Tx+1)= xT(x) for all x > 0. [Hini: Use in-
tegration by parts.]

(c) Usethe results in parts (a) and (b) to find T’ ), I'(3), and
T'(4); and then male a conjecture about I'(n) for positive
integer values of n.

(d) Show that T (§) = /7. [Hint See Exercise 64 of Sec-
tion 7.8.]

(e) Use the results obtained in parts (b) and {d) to show that
F() = tvmad °(§) = iVF

4. Refer to the Gamma function defined in Bxercise 3 to show
that

B il )]
[ rax=ps @ el @ [, fw

4w

2. Ineach part,use the result in Exercise 1 to obtain the equation,

and then confirm that the equation is correct by pertorming
the integrations.

fl/2 /6
(a) jo sin ' xdx = % sin™' (3) — fo sin x dx

]
(2) f (Inx)"dx = (=1)"T(n + 15, n>0
0

[Hint: Lett = — nx.}

e 41
(b) f e dx:T(”+ ), n> 0.
o T

[Hint: Letf = +". Use the result in Exercise 3(b))

5. A simple penduluin consists of 2 mass that swings in a verti-
cal plane ai the end of a massless rod of length L, as shown in
the accompanying figure. Suppose thata simple pendulum is
displaced through an angle 6y and released fromrest, 1tcan be




