5.1 Arez Between Two Curves 3532

K CHECK EXERCISES 5.1 (See page 355 for answers.)

pression for the area of the region between
Lvesy = 20— 332 and y = 3./x-and bounded on the
by;:Dandx = 218

iegral expression for the area of the parallelogram
Londed by ¥ = 2r+ 8, y=2x -3 x=-1, and x =5
' __ The value of this integral is

egral 6%

The points of intersection forihe circle x? + v* = 4 and
the line y = x + 2 are and

(b) Expressed as a definite integral with respect io x,
gives the area of the region inside the circle
52+ y* = 4 and above the line y = x + 2.
(¢) Expressed as a definite integral with respect 10y,
gives the area of the region described in
part {b).
4, The arez of the region enclosed by the curves y = x? and

y= s

EXERClSE SET 5.1 4 Graphing Utility CAS
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(-4 Find the area of the shaded region. *
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5-¢ Find the area of the shaded region by (a) integrating with
respect to x and {b) integrating with respect to y. ¥

\ > Ty /’/ 6 v

| s 51
| 4 F(2.4)

y= ax L -.::
y?' = 4x /
i / o) /

Ty=x? y=4x, x=15 2=1

B y=x3—dx, y=0, x =0, x =12

% y=cos2x, y=0, x =n/4, x=m/2

10, y = sec?x, y=2, x = —n/4, x = /4
U, x=siny, x =0, y=x/4 y=>3n/4

.J{Z:y’ x:y—z
2

7-14 Skesch the region enclosed by the curves and find its area.

Boy=2+x—1f, y=—2x47
14 y=x, y=4x, y=-x+2

] 15-20 Use a graphing utility, where helpful, to find the area of

the region enclosed by the curves.

18, y=x> —4x*+3x, y=0

16 y=x*~2x%, y= 2x% —3x

17. y =sinx., y =vosx, x =0, x =27
18. y = x? —4x, y=0
20, =y —4y?+3y, x=y" -y

19 x=y —y, x=0

21-24 True-%alse Determine whether the statement is true or
false. Explain your answer. [In each exercise, assurne that f
and g are distnet continuous functions on [z, b] and that A de-
notes the area of the region bounded by the graphs of y = fix,
y=gx)x=aadx=0b] %

21. If f and g differ by a positive constant ¢, then A=clb—a)
22. If &

[ 1761 = snde = =3

then A = 3.

23, If b
f {Fr) — g0 dx = 0

then the graphs of y = f(x} and y = g(x) cross at least
once on [a, bl.
24, If

h
A= ] [fxy— g(X)]dxll

then the graphs of ¥ = f{x) and y = g{x) don’t cross on
{a, b].

25. Use a CAS to find the area enclosed by y = 3 — 2x and

= x84 2% — x4 xR

26. Use a CAS to find the exact area enclosed by the curves

3

P _3yandy=x".

y =i —2x
27. Find a borizontal line y = k that divides the area between
y = x? and y = 9 into two equal parts.

Find a vertical fine x = k that divides the area enclosed by

x = /¥, x =2, and y = O info two egnal parts.
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19, (a) Find the arca of the region enclosed by the parabdla
y = 2% — +2 and the x-axis.
(b) Find the value of m so that the line y = mx divides the
region in part {a) into two regions of equal area.
%Find the area between the CUTYE ¥ = sin x and the line sCg-
{ Tmentjoining the points {3, 0) and (57/6, 1/2) on the curve.

51-3% Use Newton's Method (Section 3.7y, where needed, 10
approximate the +-coordinates of the intersections of the curves
to at least four decimal plases, and then use those approgimations
to approsimate the area of the region.

31. The region that lies telow the curve y = sinx and above
the ine y = 0.2x, where x = 0.

37. The region enclosed by the graphs of y = 2 and y = COSX.

23, The region that is enclosed by the curves ¥ = %2 —1 and
y = 2sinx.
34, Referring to the accompanying figure, use CAS to esti-
mate the value of k 0 that the areas of the shaded regions
are equal.

5ource: This evercise is based on Problem Al that was posedin the Fifty-Fourth
Annual William Lawell Putnam Mathermatical {Zompstition.

'\_ 35, Two racers in adjacent lanes move with velocity func- i
' tions vt (z) m/s and () m/s, respectively. Suppose i
ihat the racers are even at Gme ¢ = 60 s. Tnterpret the
value of the integral

‘ &0
fo [at) — mi(O1dt

in this context.

. 3. The accompanying figure shows acceleration versus |
time curves for two cars that move along a straight rack, !
accelerating from rest at the starting line. What does the
, area A between the curves over the interval 0 <1 = T
represent? Justify your answer :

a= az(t)’,_/—\ Car 2 :
// Car 1

-
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' 37. The curves in the-accompanying figure modei the birth ¢

| rates and death rates (in millions of people per year) for
a coungry over a 50-year period. What does the area A
between the curves over the interval [1960, 20107 rep-
resent? Jastify youf auswer.

39.

40.

41.

42.

33.
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The accompanying figure shows the rate at which trans-

dermal medication 1s absorbed into the bloodstream of

an individual, as well as the rate at which the medication

is eliminated from the bioodstream by metabolization.

Both rates are in units of micrograms pet iour {ug/h)

and are displayed over an 8-hour period. What does

the arca’A between the curves over the interval {0, 8]

represent? justify your answer.

Absorpticn rate

o

Blimination rate

0l 2 4 8 3

Find the area of the region enclosed between the cur

/2 4 y!/2 = g/ and the coordinate axes.

$how that the area of the ellipse in the accompanying fign

is wab. [Hint:'Use a formuia fyom georneiry.]

- Figare Ex-40

\iricing Suppose that f and g are continaous OF o
but that the graphs of ¥ = f(x) and y = gy cross
eral times. Describe 2 step-by-step procedure o deternt
ing thie area bounded by the graphs of y = Fy = :
v =a,andx =b.

Wwriting Suppose that R and § are two regions et
plane that lie between 2 pair of tnes Li 20¢ Ly 02
parallel to the y-axis. Assume hat each line ber*™™" )
and L, that is paraflel to the y-axis intessects K 4 ‘
line segments’ of equal length, Give an informal asg! .
that the area of R is equal to the area of §. (Make reas?™
assumptions about the boundaries of R and S.)




False Determmine whether the statement is true or
,our answer. [In these exercises, assume that a
ime V is hounded by two parallel planes perpen-
axis at x == a and x = b and that for each x in
enotes the cross-sectional area of § perpendicular
E

or08s section of S perpendicular to the x-axis is a
“hen S 18 2 rectangu]ar parallelepmed (i.e., is box
). ’

cross section of S is a disk or a washer, then § is a
T revolution.

< in centimeters (cm), then A(x) must be a quadratic
“sian of x, since units of A(x) will be square centimeters
o)

- average value of A(x) on the interval [a, &) is given by

— ).

'35- Find the volume of the solid that results when the region
o e the x-axis and below the ellipse

)Q ¥
+2-=1

pia {fa>=0,b>0

: ]5 revolved about the x-axis,

26.“Let V be the volume of the solid that results when the region
enclosedbyy = 1/x,y=0,x =2, andx = b(0 < b < 2)
is revolved about the x-axis. Find the value of b for which
V=3

27. Find the volume of tne solid gemerated when the region
enclosedby y = /x + 1, ¥y = +/2x, and v = O is revolved

Find the volume of the solid generated when the region
enclosed by y = ./x, v =6 —x, and y =0 is revolved
about the x-axis. [Hint: Split the solid inte two parts.]

%bout the x-axis. [Hint: Split the solid into two parts.]

| © 29, Suppose that f 1s a continuous function o {a, b), and E
: let R be the region between the curve 3 = f(x} and .
| theline y = k fromx = atox = b. Usmg the method
‘ of disks, derive with explanaiion a formula for the vol- |

ume of 2 solid generated by revolving R about the line

¥ = k. State and explain additional assumptions, if any,
i that vou need about f for your formula. !

30. Suppose that v and w are continuous functions on [c, 4,
| and let R be the region between the cmrves x = v(y) and
X = w(y) from y = ¢ to y = 4. Using the method of
i washers, derive with explanation a formula for the voi-
i ume of a solid generated by revolving R about the line

x = k. State and explain additional assumptions, if any,
that you need about v and w for your formula.

. 31, Consider the sclid generated by revolving the shaded
i region in Exercise 1 about the'line y = 2. |

32. Consider the solid generated by revolving the shaded |

5.2 Volumes by Slicihg; Disks and Washers 363

(a) Malke a conjecture as ¢ which 1s Jarger: the volume
of this solid or the volume of the solid in Exercise |
1. Explain the basis of your conjecture. ;

(&) Check your conjectare by calculating this volume
and comparing it to the volume obtained in Exer-
cise 1.

region in Fixercise 4 about the line x = 2.5, ‘

{a) Make a conjecture as to which is Yarger: the volume |
of this solic or the vojume of the solid in Exercise
4, Explain the basis of your comjecture. ;

{b) Check your conjecture by expressing the difference
in the two volumes as a single definite iniegral.
[Hint: Sketch the graph of the integrand.]

33.

X

35.

36.

37.

38.

39.
40.

41,

42,

43.

Find the volume of the solid that results when the region
enclosed by ¥y = ./x, ¥y =0, and x = 9 is revolved about
the line x = 9.

Find the volume of the solid that results when the region in
Exercise 33 is revolved about the line y = 3.

Find the volume of the solid that results when the region
enclosed by x = y? and x = y is revolved about the line
¥y = —L.

Find the vclume of the solid that results when the region in
Exercise 35 is revolved about the line x = —1.

Find the volume of the solid that results when the region
enclosed by y = x% and y = x3 is revolved zbout the line

x =1
Find the volume of the solid that results when the region in
Exercise 37 is revolved about the Iine y = —1.

A nose cone for a space reentry vehicle is designed so that
a cross section, taken x ft from the tip and perpendicular to
the axis of symmetry, is a circle of radius }x? ft. Find the
volume of the nose cone given that its length is 20 ft,

A certain solid is 1 ft high, and a horizontal cross section
taken x ft above the bottom of the solid is an annulus of
inner radius x? ft and outer radius +/x ft. Find the volume
of the solid.

Find the volume of the sclid whose base is the region
bounded between the curves ¥ = x and ¥ = x*, and whose
cross sections perpendicular to the x-axis are squares.

The base of a certain solid is the region enclosed by y = /%,
y =0, and x = 4. Every cross section perpendicular to the
x-2xis is a semicircle with its diameter across the base. Find
the volume of the sohd.

In parts {a)—(c) find the volume of the solid whose base is
enclosed by the circle x? -+ v? = 1 and whose cross sections
taken perpendicular o the x-axis are as indicated. {cont.}
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[el cas

EXERCISE SET 5.3

{4 Use cylindrical shells to find the volume of the solid gen-
erated when the shaded region is revolved about the indicated

axis.

5-10 Usc cylindrical shells to find the volume of the solid gen-
erated when the region enclosed by the given curves is revolved
about the y-axis.

5.y=x3, =1, y=0
}<y:\/§, x=4, x=9, y=0

Ty =1/x, y=0, x=1 x=3

8 y =cos(x?), x =0, x = 17 y=0

9, y=2x~—1, y=-2x+3, x=12

10. y-—:Zxﬂxz, y =10

11-14 Use cylindrical shells to find the volume of the solid gea-
erated when the region enclosed by the given curves is revoived
about the x-axis.

il yi=x, y=1 x2=0

}éx=2y, y=2, y=3, =0
13.y=x2,x:l,y=0 14, xy=4, x+y=35

15-18 True—False Determine whether the statement is true or

false. Explain your answer.

15. The volume of a cylindrical shell is equal to the product of
the thickness of the shell with the surface area of a cylinder
whose height is that of the sheil and whose radius is equal
to the average of the inner and outer radii of the shell.

16. The method of cylindrical shells is a special case of the
method of integration of cross-sectional area that was dis-
cussed in Section 5.2.

7. Tn the method of cylindrical shells, integration is over an n-
terval on a coordinate axis that is perpendicular to the axis
of revolution of the solid.

18, The Riemann sum approximation

Vs Z 2:rr:c,’ff(x;)mck (where xp = )-Ci%xii)
b=t ’

for the volume of a solid of revelution is exact when f is 4
constant function.

[c] 19. Use a CAS to find the volume of the solid generated whey
the region enclosed by y =sinxand y =0for0<x <5
is revolved about the y-axis.

[c! 20. Use a CAS to fud the volume of the solid generated whe)
the region enclosed by y =cosx,y =0, and x =0 for
0 < x < /2 is revolved about the y-axis.

21. Consider the region to the right of the y-axis, to the left of
the vertical line x = & (0 < k < 7), and between the curve
y = sinx qu the x-axis. Use a CAS tu estimate the value
of k so thatthe solid generated by revolving the region aboul
the y-axis has a volumne of 8 cubic units.

22. Let R, and R, be regions of the form shown in the ac-
companying figure. Use cylindrical shells to find a for-
‘ mula for the volure of the solid that resulis when
{a) region R; is revolved about the y-axis
‘ {b) region Ra is revolved sbout the x-axis.

} A Figure £x-22

| 23. (a) Use cylindrical shells to find the volume of the solid

" that is generated when the region under the curs

: y=x"~3x" +2x

| over [0, 1] is revolved about the y-axis.

\ (t) For this problem, is the method of eylindrica

! easier or harder than the method of slicing discusset -

| in the last section? Explain. :
24. Let f be continuous and nonnegative on (¢, b, and}

! R be the region that is enclosed by y = f(x) and ¥ :i

‘ for a = x < b. Using the method of cylindrical SHF-%};#

derive with explanation a formula for the volymﬂ oL
| solid geperated by revolving R about the Lne <
where k& < a.

| shelis

25-26 Using the method of cylindrical shels, setl blUE.

evaluate an integral for the volume of the solid geﬂe"al_"m

the region R is revolved about (a) the line & = 1 and (b) _

y = —1

28, R is the region bounded by the graphs of y = © ¥
x =1
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.op in the first quadrant bounded by the graphs 2. Use cylindrical shells to find the volume of the torus ob-
32, y=0,andx =0 , tained by zevolving the circle x? + ¥* = a® about the line
x = b, where b > a > 0. {Hinz: It may help in the integra-
tion to think of an integral as an area.]

cal shells to find the volume of the solid that
od when the region that is enclosed by y = 1 /x3,

2, y = 0is revolved about the Iine x = —1. 33. Let Vy and V, be the volumes of the solids that result when

_ _ ) the region enclosed by y = 1/x, y = 0, x = % andx = b

ihdﬁcal shelis to ﬁnd the vloiume of the solid th?t (b > —%) is revolved about the x-axis and y-axis, respec-
erated when the region that is enclosed by y = x7, tively. Is there a value of b for which V, = V,,?

= 0 is revolved about the Hne y = 1.

34, Viriting Faced with the problem of computing the volume
)‘;]_indrical shelis to find the volume of the cone gen- of 2 solid of revolution, how would you go about deciding

" when the triangle with vertices (0, ), (G, r), (h, 0), whether to use the method of disks/washers or the method
e > 0and k> 0, is revolved about the x-axis. of cylindrical shells?

35, \Writing With both the method of disks/washers and with
the method of cylindrical shells, we integrate an "area” to
get the volurne of a solid of revolution. However, these two
approaches differ in very significant ways. Write a brief
paragraph that discusses these differences,

region enclosed between the curve y2 == kx and the line
k is revolved about the line x = 2. Use cylindrical

“ihat the volume of the remaining solid depends only on the
“length L of the hole, not on the size of the sphere.

< Figare Ex-31

4 4
L@ 2mx(l + /%) (b) f drx(i+ Vi) dx 2. (@) 275 — x)(1 4+ /2) (b) f 27(5 — x)(1 + /%) dx
1 1

VIQU!CK CHECK ANSWERS 5.3
4

3. f 2myl4 — (y — 2)*)dy
8]

LERGTH OF A PLANE CURVE

I this section we will use the tools of calculus to study the problem of finding the length of
a plane curve.

=
7 ARC LENGTH
Our first objective is to define what we mean by the length (also called the arc length) of
a piane curve y = f{x) over an interval [a, b] (Figure 5.4.1}. Once that is done we will be
able to focus on the problem of computing arc lengths. To avoid some complications that
; ¥ would otherwise occur, we will impose the requirement that f” be continuous on [a, b], in
“ ' b which case we will say that y = f(x) is a smooth curve on [a, b] or that f is a smeoth
& Figure 5.4.1 function on [a, b]. Thus, we will be concerned with the following problem.




