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4.2 The indefinite Integral 279

34. If C denotes a constant of integration, the two formulas

/cosxdx:sillx+C

fcosxdx = (sinx +7) 4+ C
are both correct equations.

35. The function f(x) = secx -+ 1 is a solution to the initial-

value problem
dy
— =secxtanx, y0)=1
dx
36. Every integral curve of the slope field
dy 1
dx  x?+1

1is the graph of an increasing function of x.

[~ 37. Use a graphing utility to generate some representative in-

tegral curves of the function f(x) = 5x* — sec? x over the
interval (—7/2, 7/2).

[~ 38. Use a graphing utility to generate some representative in-

tegral curves of the function f(x) = (x* — 1)/x? over the

1

AR

\m L:

cosd g

{& x vl da 16. f(2+y2)2dy interval (0, 5).
2 39-40 Solve the initial-value problems. ’
17 /\"\,1—\) dx 18. [(1+x}(2—x)dx e i
39, (a) —= = x, y(1) =2
. I - 2?3 dx | :ﬂ
9. / 20, d L . W &
[ ;ir : Gl ¥ ;
: e ]
M. {1vany —2sec’ x)dx 22, [ [esc?t —secttant] dt &y _Xxa (1) =0 |
/ ] (C)_dx \/_,)()
3, / wee visee v -+ tanx) dx 24, fcscx(sinx+cotx}dx PR T e S
p dx  (2x )3’ [
28, /i‘ o zs.f 2 4y _ o (Z) =
T - (b) . =sec”f —sint, y i =1 i
/ )

by

I sin- HL\CH(J’Q 30.

% f[ ¢]d¢

f secx —l- cosx d
2cosx

1
[
I +sinx

X

- valuate the integral

tiplying the numerator and denominator by an appro-

PrLe eapression,

2.1

¢ the double-angle formula cos2x = 2cos?x — 1 to

duate the inteeral

1 T[U(»

1
[
14 cos2x

False Determine whether the statement is true or

wplinn your answer,

f
Fivias an antiderivative of f(x), then

]f(l')dx:F(x)—er

dr
d

@) =223, y(0)=0
dx

41-44 A particle moves along an s-axis with position function

s = s(r) and velocity function v(t) = s'(t). Use the given in-

formation to find s(z).

41, v(t) =32t; s(0) =20 42. v(r) =cost; s(0)=2

43. v(1) =3./1; s@) =1 44, v(r) =sins; 5(0) =0

45. Find the general form of a function whose second derivative
is +/x. [Hint: Solve the equation f"(x) = ./x for f(x) by
infegrating both sides twice. ]

46. Find a function f such that f”(x) = x + cosx and such
that f(0) = 1 and f'(0) = 2. [Hint: Integrate both sides of
the equation twice.]

47-51 Find an equation of the curve that satisfies the given
conditions.

47. At each point (x, y) on the curve the slope is 2x + 1; the
curve passes through the point (=3, 0).

48. At each point (x, y) on the curve the slope is (x + 1)%; the
curve passes through the point (—2, 8).
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286 Chapter 4 / Integration

dit;

2. Supply the missing integrand corresponding to the indicated (b) / (3 —tanx)sec?’ x dx — f
u-substitution,

i #=3—tanx
(a) f5(5x—3)' dx:/‘_du; u=>5r—-3 e L T~
- (c)/%l__—ﬁdx:/ —du; w=8+ /5
x

EXERCISE SET 4.3 P Graphing utility cAS

I8 Bvaluate the integrals using the indicated substitutions. 11. /(4x -3 dx 12. fXB /5 4+ x*dx
1 (@) f21(12+1'323 dx; u=x*+1 13. fs'm 7% dx 14. fcosgdx
b cos’ sinx dx; u = cos
®) f TR o8 15. fsec4xtau4xdx 16. fsecz5xdx
1
2. (a) f———s'm xdx; u=./x
J3E 5 vE vE 17. ft\/752+12dr 18. /k -
/4 _ <2
(b) -—x—f—; U=4x>1s 42 =
S Vaxr s / 6 x4+ 1
. 19. —— dx 20. —dx
| 9.3
| 3. (a) fsec2(4x+ dx: u=4x +1 (- —22) Va3 4 3x
x3 [ sin(1/x)
) fy«/1+2y2dy; = 1+2y2 2L f—**ﬁﬁxw Tehe 2. | S
in(5/x) [ sec?(./x) =
JEaa oy agf D o
4. (a) [ sin 7wl cos 8 df; u = sin w8 1 22 j 5
2 45 g
(b) f(2x+7)(1 TIx+3) " dx; u =221 7543 25, fcos43fsin3:a’t 26. /cos‘ZtsmSZrdt
5. (a) /cotx cse® xdx; u = cotx P f 2.2 - cos 49
7. d Z8. —_———— df
R e (1+ 2sindg)*
(b) /(I +sinf)9cosra'r; u=1+4sint
29. / cos46+/2 —sind40 4o 30, f tan® 5x sec? Sx dx
6. (a) /costdx; u=2x (b) fxseczxzdx; w=x?
31 f sec’ 2x tan 2x dx 32, / [sin(sin )] cos 8 40
7. (a) fxzx/1+xdx; u=1+x Fy
a3 / sl 34. / P 7 e
| (b) f[csc(siu x)*cosxdx; u =sinx vy +1
| =
| 3s. f sin® 26 d@
8. (a) fsin(xﬁar)dx; W=x—g
Sxt dry u =& 4| 36. f sec* 36 do [Hint: Apply a trigonometric identity.]
@+
e ) 7- H he 1 i i itive inte-
'Focus Qh_lliCONcEPI_S - SR 37-39 Eva[uaterf ¢ Integrals assuming that # is a positive inte

} ! gerand b £ 0.
- 9. Explain the connection between the chain rule for dif- | . n———

| ferentiation and the method of u-substitution for inte- | oL | o bx)" dx . 38, / 4t bmde
|

| gration.

| 10. Explain how the substitution u = ax + b helps to per- | 2 f sin’(@ + bx) cos(a + br) dx

| form an integration in which the integrand is f(ax + b),
where F(x) is an easy to integrate function.

| 40. Use a CAS to check the answers you obtained in Exercises
37-39. If the answer produced by the CAS does not match
yours, show that the two answers are equivalent. [Sugges-

11-36 Evaluate the integrals using appropriate substitutions. g?;;}ﬁjgaiﬁ:gg ;Stegz ii?vin]d it helpful to apply the




41. (a) Bvaluate the integral [ sinx COSX dx by two meth-
ods: first by letting # = gin x, and then by letting

y = cosX. |

®) Explain why the two. apparently different answers |
obtained in part (a) are really equivalent. [

42, (a) Evaluate the integral [(5x — 1)? dx by two meth-
ods: first square and integrate, then let u = S5x— 1.

(b) Explain why the two apparently different answers |
obtained in part (a) are really equivalent. ‘

43-ud Solve the initial-value problems.

day

p 2 =Bx+1 903 =-2
dx

A4, %}i — 2 -+ sin 3x, y(m/3) =0
X

P 45, (a) Evaluate f[x/f\/x2 I+ lldx.
{(b) Usea graphing utility to generate sOme typical integral
curves of f(x) = x/+/x% + 1 over the interval (=3, 5).
[ 46. (a) Evaluate [ 2x sin(25 — %) dx.
() Use a graphing utility to generate some typical inte-
gral curves of f (x) = 2xsin(25 — x%) over the interval
(—5,5)

1.4 The Déefinition of Area as a Limit; Sigma Notation 287

47. Find a function f such that the slope of the tangent line at
a point (x,y) on the curve y = f(x) 18 J3x + 1 and the
curve passes through the point (0, 1).

48. A population of minnows inalakeis estimated to be 100,000
at the beginning of the year 2010. Suppose that 7 years after
the beginning of 2010 the rate of growth of the population
p(1) (in thousands) is given by p'(1) = 3+ 0.126)%2. Es-
mate the projected population at the beginning of the year
2015.

49, Let y(r) dencle the number of E. colicellsina container of
nutrient solution minutes after the start of an experiment.
Assume that y(f) is modeled by the initial-value problem

d
% — 0.95(0.79 +0.0241*"%,

Use this model to estimate the number of E. coli cells in the
container 20 minutes after the start of the experiment.

50. Writing If you want to evaluate an integral by
y-substitution, how do you decide what part of the integrand
to choose for u?

y(0) =20

51. Writing The gvaluation of an integral can sometimes e~
sult in apparently different answers (Exercises 41 and 42).
Explain why this occurs and give an example. How might
you show that two apparently different answers are actually
equivalent?

¢/ QUICK CHECK ANSWERS 4.3 ———

L@ 1+x% 3x2dx (b) x5 2xdx © 14+9x% 18x dx

THE DEFiN

5. @ u? ) —u © 23u

ITION OF AREA AS A LIMIT; SIGMA NOTATION

Our main goal in this section 1s 10 USE€ the rectangle method to give precise mathema-
tical definition of the “area under a CUrve. 7

o af e oo

[ SIGMA NOTATION

To simplify our computations, We will begin by di scussing a useful potation for expressing

lengthy sums in a compact form. This notation is called sigma notation or summation

notation because it uses the uppercase Greek letter T (sigma) o denote various kinds of

gums. To illustrate how this notation works, consider the sum

in which each term is of
notation this sum can be written as

which is read “the summation of k?, where k Tuns from 1 to 5.7 The notation tells us to
form the sum of the terms that result when we substitute successive integers for k in the

ﬁ+f+§+ﬁ+§

the form k2, where k is one of the integers from 1 to 5. In sigma

5
z K>
k=1

expression k?, starting with k = 1 and ending with k = 5.




4.5 The Definite Integral 303

=
(b) f xdx
; —2
; - 5
Yy fg) DXk [y} ‘oo Axg. (©) xdx (d) j xdx
'iﬁ&a 0,b=4 n=3 g E
=000 T 14. (a) | (1—3x)dx (b)[ (1—3x)dx
‘fA;‘El—‘:l-Axﬁ_"]’Am:?"’ o —31
o 1. el
- © [ -t @ [0 ax
1 L.f(x)zcosx;a?—‘o,bzl'ﬂ:;n:‘l-; 5 = :
. — /4, Axs = /2, Axq = 7/4; 15. (a) A 2dx (b) j(; cosx dx
- * = S il 1 2 1
X = T(/d‘, Xq = T, Xg 37{/21 x4 77”/4 (C) f lzx _ 3\ e (d) f \fl___—xidx
5 f=4-3ha="3b=4% n=4 -1 !
= - i -5 13
i Axg =1, Axp=2,8x3 = 1, Axq = 3; 16. (a) f 6% ®) " sinx dx |
M x=—lx= lxp=3 ~1o a3
4 =2 a=-3b=%n="% © f |x — 2| dx @ f V4 —x2dx
9 Anp=1An=1A0n=2 0 ¢
By 5.y B 3 ; 17. In each part, evaluate the integral, given that
J-T:-Z,IZ*ZO,JC;?—D,X,T:Q, | 2 i
x— x
x) = { , BE
5.8 Use the given values of a and b to express the following ! x+2, x<0
limits as integrals. (Do not evaluate the integrals.) 0 2
: @ [ o ® [ feax
R Eu;)’,ﬁw, e = el =3 2
max Ax;— 0 et 6 ‘ rb
: ©) j FOx) dx @ | Ty
0 " ‘
6. maxlgj_’ 5 ;(XE)S Axi; a=1,b=12 18. In each part, evaluate fhe integral, given that ‘
. R 2-)6, x =< 1 i
; . ; fe) = { - :
7. maxlél;?_)o;tlx;(l—%k)zkxk; a=-3,b=3 2, x>1 \
Jzy 1 1
- (a) f J(x) dx (b) f flx)dx
8. lim Z(sin2 xNAx; a=0,b= /2 0 2 _
max Ax; =0 £ 10 5 |
@ [ fodx @ [ fwas |
9-10 Use Definition 4.5.1 to express the integrals as limits of ] 1 |
Rjemann sums. (Do not evaluate the integrals.) S ‘I
5 - ‘
9. (a) [1 2x dx (®) fu gy dx |‘ 19-20 Use the areas shown in the figare to find | k
X b - i
| 2 n/2 | . |
10, (a) f Jxdx ®) (1 + cosx) dx @ f flx)dx (b) fb flx)dx | |
1 /2 | | =
: & d \ E
£ | )
y @ [ o @f sodx | |
‘ ‘ ‘ | |
\ | 11. Explain informally why Theorem 4.5.4(a) follows from '\ ‘| 19, 20. I ‘
‘ Definition 4.5.1. i ‘ y y=Ff@) Y prea=10 Area=9 1
| 12. Explain informally why Theorem 4.5.6(a) follows from | | Area = 0.8 Area = 15/ ok N\ x |
1 Definition 4.5.1. I \ ~ \{ : /'C d\_; ‘|
R~ — — — — — - — ——J ! IC; \‘\ f "\ ‘
\ / \ /
1%-16 Sketch the region whose signed area is represented by | e ‘ F—— / "j y=fa |
Area = 2.6 N \

the definite integral, and evaluate the integral using an appropri- 1
ate formula from geometry, where needed. e .| ‘




5e 4 calculating utility to find the midpoint approxi-
e integral using 1 = 20 subintervals, and then find ‘
ci yalue of the integral using Part 1 of the Fundamental

‘ of Calculus. 12

/2
--—;dx 32. f sinx dx ‘

0
5 1 ‘
34. =5 dx
1k -

fJ 538 Sketch the region described and find its area.

35 The region under the curve y = x% 41 and over the interval
e, 3]

3. The region below the curve y =X — x% and above the x-

axas.
37. The region under the curve y = 3 sin x and over the interval

[0. 2/3].

4.6 The Fundamental Theorem of Calculus 321

[ 46. (a) Use a graphing utility to generate the graph of [

fx)= 1Ti0(x+2)(x+1)(xf3)(x_5) !

and use the graph to make a conjecture about the ‘
sign of the integral ‘

5
f Flx)dx ‘

-2
(b) Check your conjecture by evaluating the integral. ‘

47, Define F(x) by

F(x)zf (32 = 3) dt
1

(a) Use Part 2 of the Fundamental Theorem of Calculus to
find F'(x).

(b) Check the result in part (a) by first integrating and then
differentiating.

48, The region below the interval [—2, —1] and above the curve 48. Define F(x) by

b :x3.

42 Sketch the curve and find the total area between the curve

and the given interval on the x-axis.

40, y =sinx; [0, 37/2]
x2—1

39, y=x*—x; [0,2]

X
F(x):f cos 2t dt
/4

(a) Use Part 2 of the Fundamental Theorem of Calculus to
find F’(x). .

(b) Check the result in part (a) by first integrating and then
differentiating.

i y=2x+1-3 03] 42 y=-——3 T E—
43. A student wants to find the area enclosed by the graphs of 49
y:cosx,y:(},x:O, and x = 0.8. fin

(a) Show that the exact area is sin 0.8.
(b) The student uses a calculator o approximate the result
in part (a) to three decimal places and obtains an in-

correct answer of 0.014. What was the student’s error? 50.

Find the correct approximation.

51.

FOCUS'ON CONCEPTS
- 44. Explain why the Fundamental Theorem of Calculus may
be applied without modification to definite integrals in
which the lower limit of integration is greater than or
~ equal to the upper limit of integration.

| 45. (a) If h'(2) is the rate of change of a child’s height

ical balloon measured in centimeters per second,

‘ what are its units? ‘

‘ what are its units?

what does the integral ff r'(#) dt represent, and

(c) If H(t) is the rate of change of the speed of sound |

‘ with respect to temperature measured in ft/s per °F, \

what does the integral f;fa H(t) dt represent, and

(d) If v(r) is the velocity of a particle in rectilinear
motion, measured in cm/h, what does the integral ‘
f!'f v(t) dt represent, and what are its units?

d X
49, (a) = ] sin(r?) dt
1

52.

53.

measured in inches per year, what does the integral i
0] Ot (f) dt represent, and what are its units?
(b) If r'(¢) is the rate of change of the radius of a spher- ‘ 55

56.

-52 Use Part 2 of the Fundamental Theorem of Calculus to
d the derivatives.

d '
(b) — [ 1 —costdt
dx vl

(@) dfx - ) dfx i
o o | e & (7. G
dx 0 I-f—.\ﬁ dx o) f2+3f—4

d 0
T f tsectdt [Hint: Use Detinition 4.5.3(b).]
x

X
dfuiid
du 0 i %

Let F(x) = fx V1?2 +9dt. Find
4
(a) F(4) (b) F'(4) (c) F"(4).
¥ cost .
Let F(x) = J[O m dt. Find
() FQO) (b) F'(0) (c) F"(0).
Let F(x) = _ "~ dtfor —w < x < 4o

1247

(a) Find the value (j% x where F attains its minimum value.

(b) Find intervals over which F is only increasing or only
decreasing.

(c) Find open intervals over which I is only concave up or
only concave down.

Use the plotting and numerical integration commands of a
CAS to generate the graph of the function F in Exercise 55
over the interval —20 < x < 20, and confirm that the graph
is consistent with the results obtained in that exercise.
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21. Water is Tun at aconstantrate of 1 £ /min to fill a cylindrical
tank of radius 3 ft and height 5 ft. Assuming that the tank is
initially empty, make a conjecture about the average weight
of the water in the tank over the time period required to fill
it, and then check your conjecture by integrating. [Take the
weight density of water to be 62.4 1b/18.]

22. (a) The temperature of a 10 m long metal bar is 15°C at
one end and 30°C at the other end. Assuming that the
temperature increases linearly from the cooler end to
the hotter end, what is the average temperature of the
bar?

(b) Explain why there must be a point on the bar where the
temperature i§ the same as the average, and find it.

23, A traffic engineer monitors the rate at which cars enter the
main highway during the afternoon rush hour. From her
data she estimates that between 4:30 p.v. and 5:30 p.M. the
rate R{f) at which cars enter the highway is given by the
formula R(t) = 100(1 — 0.0001¢2) cars per minute, where
¢ is the time (in minutes) since 4:30 P.M. Find the average
rate, in cars per minuie, at which cars enter the highway
during the first half hour of rush hour.

24. Suppose that the value of a yacht in dollars after ¢ years of

575000 f% What is the average value of

seis V=275

26. The function Jo defined by

1 T
Jolx) = - [o cos(x sint) dt

is called the Bessel function of order zero.

(a) Finda function f and an interval [a, b] for which Jo(1)
is the average value of f over [a, bl.

(b) Estimate Jo(1).

(c) Use a CAS to graph the equation y = Jo(x) over the
interval 0 < x = 8.

(d) Estimaie the smallest positive zeto of Jo.

7. Find a positive value of k such that the average value of
F(x) = /3% over the interval {0, k] is 6.

28. Suppose that a tumor grows at the rate of r(t) = kt grams
per week for some positive constant %, where ¢ is the oum-
ber of weeks since the tumor appeared. When, during the
second 26 weeks of growth, is the mass of the tumor the
same as its average mass during that period?

20, Writing Consider the following statement: The average
value of the rate of change of a function over an interval
is equal to the average rate of change of the function over
that interval. Write a short paragraph that explains why this
statement may be interpreted as a rewording of Part 1 of the
Fundamentai Theorem of Calculus.

A0 \iriting If an automobile gets an average of 25 miles per

|
e
!
!,

3
i
|
{
}

the yacht over its first 10 years of use?

95. Alargejuice glass containing 60 ml of orange juice is replen-
ished by a server. The accompanying figure shows the rate
at which orange juice is poured into the glass in milliliters
per second (ml/s). Show that the average rate of change of
the volume of juice in the glass during these 5 sis equal to
the average value of the rate of flow of juice into the glass.

Flow rate f (xml/s)

< Figure Ex-25

Time ¢ (s)

unncx CHECK ANSWERS 4.8

gallon of gasoline, then i(is also the case taton average-the
automobile expends 1/25 gallon of gasoline per mile. Tn-
terpret thie staternent using the concept of the averaye vaiic
of a function over an interval.

1
b—a

b
ff(x)dx 3. flxt) 440

1 n
1 ; ;ak 2.




7
I
]
A
N

L

7
i

Y+
A
NN

[
P

*
I
1
N
~

(.

s
I
1

A

N

[N

L]

N

/
i
i
\

/
I
1
Al

R v P i R

P D P DA S R S
F e i P v PV PN A

R T T T T T N R

B B NN

e e T S R S

B ] P S
Y

riv
NN
v
\ \
R e O T Y L

Nl

< Figure Ex-6

7. (a) Show that the substitutions # = secx and ux = tan x
produce different values for the integral

3
f sec” x tanx dx

(b) Explain why both are correct.

8. Use the two substitutions in Exercise 7 to evaluate the def-

inite integral ald

f sec? x tan x dx
0

and confirm that they produce the same result.
9. Evaluate the integral

P
f—a’x
AMxt4+2

by making the substitution u = x* -+ 2

Chapter 4 Review Exercises 343

17. Find the area under the graph of f(x) = 4x — x2 over the
interval [0, 4] using Definition 4.4.3 with Xy, as the right
endpoint of each subinterval,

18. Find the area under the graph of f(x) = 5x — x2 aver the
interval [0, 5] using Definition 4.4.3 with x;} as the lefi
endpoint of each subinterval.

19-20 Use a calculating utility to find the left endpoint, right
endpoint, and midpoint approximations to the area under the
curve y = f(x) over the stated interval using n = 10 subinter-
vals. ¢

19, 3 =1/x: [1,2] 20. y =tanx; [0, 1]

21. The definite integral of f over the interval [a, b] is defined
as the limit

b n
- — . *
].; Jx)dx = maxl’g:_w g_i Fx)Ax

Explain what the various symbols on the right side of this
equation mean.

22. Use a geometric argument to evaluate

1
f |2x — 1| dx
0

23. Suppose that

iy
<t

10. Bvaluate the integral
f V1+x3dx

by making the substitution y = 1 + x2/3,

] 11-14 Evaluate the integrals by hand, and check your answers

with a CAS if you have cne. ¥

11 cos 3x 4 12 f\/3+ﬁd
“ X o —F— dax
/5 + 25in3x Jx

8
13. f ——dx
(ax® + b)?

15. Express

14. f x sec?(ax?) dx

18
Z k(k — 3)
k=4

in sigma notation with
(a) k = 0 as the lower limit of summation
(b) k =5asthe lower limit of summation.
16. (a) Fill in the blank;
L4345+ +@n-1)=)"
k=1
(b) Use part (a) to prove that the sum of the first n consec-
utive odd integers is a perfect square.

1 2
f fydy =1 f fx)dx =1
Ja J1

3 1
ff(x)dx:—l, fg(x)dxzz
0 0

In each part, use this information to evaluate the given inte-
gral, if possible. If there is not enough information to eval-
uate the integral, then say so.

7 3 3
) dx b ‘) d. S5F(x)dx
@ f%f(»\) x ()flIf(x) 5 (© ]2! £) dax
@ f1 sdr @ [ gendr © fD (801 dx

24. In parts (a)~(d), use the information in Exercise 23 to eval-
uate the given integral. If there is not enough information
to evaluate the integral, then say so.

1 1
@ fo [FG) +g()ldx () [G Feetx) dz

1 1
© f I @ / [g(x) — 3f(x)]dx
o g(x) 0

25. Tn each part, evaluate the integral. Where appropriate, you
may use a geometric formula.

1
(a)f(1+\/1—x2)a’x
&
3
(b)f(x\/x2+ —+/8 ~x2)dx
0
1
(c) f xy/1—x%dx
0




