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] 1-14 Give a graph of the rational function and label the <O~ 4 57 -
ordinates of the stationary points and inflection points. Show * 5 - ot A 7
the horizontal and vertical asymptotes and label them with their 1. . 8. 2 - ! 9. = ~ -t 3
equations. Label point(s), if 28Y: where the graph crosses a hor- -1 32 4 X7 x4 1
izontal asymptote. Check your work with a graphing utility. 3(x 4 1)? (3x + 10? {\j’/
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& In cach part, make a rough sketch of the graph using
piotes and appropriate limits but no derivatives. Compare
oraph to that generated with a graphing utility.

3x2 —8 % 4 2x

.a)}’=x2_(4 ®) y= x? 1
2x — x* 2
a))’i Pgx—2 b)) y= Y2 _x =2

Show that y = x -+ 3 is an oblique asymptote of the graph of
#(x) = x%/(x — 3). Sketch the graph of y = f(x) showing
{his asymptotic behavior,

_. Showthat y = 3 — x? isacurvilinear asymptote of the graph
of flx) = 2+ 3x — x3)/x. Sketch the graph of y = f(x)
showing this asymptotic behavior.

] 1 9-24 Skeich a graph of the rational function and izbel the co-
ordinates of the stationary points and inflection points. Show
the horizontal, vertical, oblique, and curvilinear asymptotes and
label them with their equations. Label poini(s), if any, where the
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i 26. Skeich the general shape of the graph of y = x'/", and

then explain in words what happens to the shape of the |

graph as n increases if

\ (a) n is & positive even integer }
{b) n is a positive odd integer. |

27-30 True-False Determine whether the statement is true or

false. Explain your answer.

27. Suppose that f(x) = P(x}/Q(x), where F and Q are poly-
nomials with no common factors, If y = 5 is a horizontal
asymptote for the graph of f, then P and  have the same
degree.

28. Tfthe graph of f has a vertical asymptote at x = 1, then f
cannot be continuous at x = 1.

29. Tf the graph of f' has a vertical asymptote at x = 1, then f
cannot be continuous at x = 1,

30. If the graph of f has a cusp at x = 1, then f cannot bave
an inflection point at x = 1.

graph crosses an asymptote. Check your work with a graphinig 153 5455 Give a graph of the function and identify the locations
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of all critical points and inflection peints. Check your work with
a graphing vtility.

31, /A2 — 1 32, 34

33. 2x + 3x23 34, 232 — 3xH3

35, A4yl x4 36. S5x/? +x5/3
8 Bl /x — 1

47, BT 38, SWE—1)

2%—\3/5 x

] 39-44 Give a graph of the function and identify the locations
of al] relative extrema and inflection points. Check your work
with a graphing utility.

3G, x 4sinx 40. x —tanx
41, ~/3cosx 4 sinx 42. sinx + cosx
43, sin’x —cosx, —-m<x<3w

44, Janxy, O0<zx<n/2

' 45, The accompanying figure on the next page shows the
i graph of the derivative of a function & that is defined
! and continuons on the interval (—os, 400). Assume that
‘ the graph of 2’ has a vertical asymptote at x = 3 and !
| that

W(xy—+0% asx— —w
B (x)— —oo asx—> +oo
: {(a) What are the critical points for £(x)? i
| (b) Identify the intervals on which &(x} is increasing.
(c) Identify the x-coordinates of relative extrema for
hix) and classify each as a relative maximum or
relative minimuon.

h(x).

(d) Estimate the x-coordinates of inflection points for




e ahsolute maximum and minimum values of f,
+ven interval, and state where those values occur.

xt X 2, (_Ooa "}’m)
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18 Usea graphing utility to estimate the absolute maximum
4 minimum values of f,if any, on the stated interval, and then
i calculus methods to find the exact values.

00 = (6 = 20% (—0, +o0)
b Fr) = (= DP 420 (o, +o0)
. fly= xm(zo —x); [—1,20]

. Sy = 2+2 [—1,4]
33, F(x) _Hm- {0, +=)
2x% —3x 43
34. f(x)ﬁ—z“‘a—_i_fQ [1, 4oo)
38 o) = 2o 4, 374
| sin x
‘ 36, fix) = sin? x + cosx; [—iT, 7]
} 37. F(x) = sin(cosx): [0, 27]
38. f{x) = cos(sinx); [0, 7]
\
39. Find the absolute maxirmum and mnimum values of
- dx — 2, x <1
fo) = x—=2D{x—-3), x>=1
on [}, 7}
40. Let f(x) = x* + px + g. Find the values of p and g such

that f(13} =3 is an extreme value of f on [0,2]. Is thus
value a maximum or minirum?

41-42 If f is a periodic function, then the locations of all ab-
solute extrema on the interval (—oo, 400} can be obtained by
finding the locations of the absolute extrema for one period and
using the periodicity to locate the rest. Use this idea in these
exercises to find the absolute maximum and minimum values of
the function, and state the x-values at which they occur.

42, f(x) :3605% + 2 cos ad

4l. f(x)=2cosx +coslx 5

%.4 Absolute Maxima and Minima 223

43-44 Ouneway of proving that f(x) < g(x) forali x ina given
interval is to show that 0 < g{x) — f(x) for all x in the inter-
val; and one way of proving the latier inequality is to show that
the absolute minimum value of g{x) — f(x)} on the interval is
nonpegative. Use this idea fo prove the inequalities in these
exercises.

43, Prove that sinx < x for all x in the interval [0, 27].

44, Prove that cosx > 1 — (x%/2) for all x in the interval
[0, 2x).

45, What is the smallest possible slope for a tangent to the graph
of the equation y = x° — 3x% + 5x7

46. (a) Show that f(x) = secx -+ csc x has a minimum vaiue
but no maximum valee on the interval (0, 7/2).
(b) Find the minimum value in part {(a).

47, Show that the absolute minimum value of
2
f(x)_x +(8 x)za
oceurs at ¥ = 10 by using a CAS to find f'(x) and to solve
the equation f/(x) = 0.
48. The vertical displacement f(¢) of a cork bobbing up and
down on the ocean’s surface may be modeled by the func-
tion

x> 8

f(t) = Acost + Bsin¢
where A > 0 and B > 0. Use a CAS to find the maximum
and miniimum values of £(7) in terms of A and B,
49. Suppose that the equations of motion of a paper airplane
during the first 12 seconds of flight are
y=2-—2cost C=<¢r=<12)
What are the highest and lowest points in the trajectory, and
when 18 the airplane at those points?

x =1t—2sint,

50. The accompanying figure shows the path of a fly whose
eqguations of motion are
cost
T 24sing’
{2} How high and low does it fiy?
(b) How far left and right of the origin does it fly?

y =3 +sin(2t) — 2ein? ¢

0 =<t <2Zm)

AY

W -
Y
G v

¢ Figure Ex-50

51, Let f(x) =ax® +bx+¢, where a > 0. Prove that
Flx) = Oforall x if and only if 5* — 4ac < 0. [Hint: Find
the minimum of f(x).]

52, Prove Theorem 3.4.3 in the case where the extreme value is
& minimum.

53. Wiriting Suppose that f is continnous and positive-valued
everywhere and that the x-axis is an asyraptote for the graph




37.

38.

3.

40.

41,

42,

g%_

LSup

s to be made from a wire of length L, what should
ions be to obtain a box of greatest volume?

4 Figure Ex-33

Figure Ex-32
pose that the sum of the surface areas of a sphere and 2

cobe s & constant.

‘{4) Show that the sum of their volumes is smallest when

e diameter of the sphere is equal to the length of an

adge of the cube.
(b) When will the sum of their volumes be greatest?

_ Find the height and radius of the cone of slant height L

whose volurme 18 as Jarge as possible.

A cone is made from a circular sheet of radius R by cutting

out a sector and gluing the cut edges of the remaining piece
together (Figure Ex-36). What is the maximum volume
attainable for the cone?

& Figare Ex-36

A cone-shaped paper drinking cup is to hold 100 cm? of wa-
ter, Find the height and radius of the cup that will require
the least amount of paper.

Find the dimensions of the isosceles triangle of least arca
that can be ciroumscribed about a circle of radius R.

Find the height and radivs of the right circular cone with
least volume that can be circumscribed about a sphere of
radius R.

A commercial cattle ranch currently allows 20 steers per
acre of grazing land; on the average its steers weigh 2000 1b
at market, Estimates by the Agriculture Department indi-
cate that the average market weight per steer will be reduced
by 50 Ib for each sdditional steer added per acre of grazing
land. How many steers per acre should be allowed in order
for the ranch to get the largest possible total market weight
for its cattle?

A company Inines low-grade nickel ore. If the company
mines x tons of ore, it can sell the ore for p =225 —0.25x
dotlars per on. Find the revenue and marginal revenue
functions. At what level of production would the company
obtain the maximum revenue?

A fertilizer producer finds that it can sell its product at a
price of p = 300 - 0.1x dollars per unit when it produces

3.5 Applied Maximum and Minimum Problems 235

+ units of fertitizer. The total production cost {in dollaxs)
for x units 18

C(x) = 15,000 4 125x + 0.0255>
If the production capacity of the frm is at most 1000 units
of fertilizer in a specified time, how many units must be
manufactured and sold in that time to maximize the profit?

43, (a) A chemical manufaceures sells sulfuric acid in bulk ata
price of $100 per unit. If the daily total production cost
in dollars for x vnits 18
C(x) = 100.000 - 50x +0.0025x"

and if the daily preduction capacity is-af most 7000
units, how many units of sulfuric acid must be manu-
factured and sold daily to maximize the profit?

(b) Would it benefit the manufaciurer to expand the daily
production capacity?

(¢) Use marginal analysis to approximate the effect on
profit if daily production could be increased from 7000
1o 7001 units.

44. A firm determines that x upits of its product can be sold
daily at p dollars per unit, where '
x=1000 - p
The cost of producing x units per day is
Cix) = 3000 + 20x

{a) Find the revepue function R(x}.

(b) Find the profit function P (x).

(c) Assuming that the production capacity is at most 500
units per day, determine how many vnits the company
must produce and sell each day to maximize the profit.

(d) Find the maximur profit.

(¢) What price per unit must be charged to obtain the max-
imum profit?

45. Tn & certain chemical manufacturing process, the daily
weight y of defective chemical output depends on the total
weight x of all output according to the empirical formula

y = 0.01x + 0.00003x%

where x and y are in pounds. If the profit is $100 per pound
of nondefective chemical produced and the Joss is $20 per
pound of defective chemical produced, how many pounds
of chemical should be produced daily to maximize the total
daily profit?

46. An independent truck driver charges a client $15 for each
nour of driving, plus the cost of fuel. At highway speeds of
v miles per hour, the trucker’s g gets 10 — 0.07v miles per
gallon of diesel fuel. If dicse] fuel costs $2.50 per gailon,
whatapeed v will minimize the cost 10 the client?

47. A trapezoid is inscribed in a semicircle of radius 2 so that
one side is along the diameter (Figure Ex-47 on the next
page). Find the maximum possible area for the trapezoid.
[Hint: Express the area of the trapezoid In terms of 6.1

48. A drainage channel is to be made 50 that its cross section is
a trapezoid with equaily sloping sides {Figure Ex-48 on the
next page). If the sides and bottom all have a length of 5 It




wo sources is the total intensity 2 minimum?

val [2, 5] on the x-axis that maximizes angle APB.

bserver stand?

path for which the total travel time is minimum. In a uni-
form medium, the paths of “minimum time” and “short-

uncbstructed, travels along 2 straight line. Assume that
we have a light source, a flat mirror, apd an observer
in 2 uniform medium. If 2 light ray leaves the source,
hounces off the mirror, and travels on to the observer,
then its path will consist of two line segments, as shown

or, since the medium is uniform, the path will be such
that the total distance traveled from A to P to B isag

dr/dx = 0, show that the light ray will strike the mirror

the “angle of reflection” 6,.

| Source Ak
T
— - (Ohserver) :
RN e
b RCRY: 5
I ‘
i e Mirror
\ P
| <—x»~—+|
D — < Figure Ex-64

[ rays traveling between air and water undergo bending

{such as air and water) and a light ray traveling from a
source A in one medium to an observer £ in the other
! medium (Figure Ex-63). Ttis known that light travels ata
' constant speed in a uniform mediom, but more slowly in
a dense medium (such as water) than in 2 thin medium
(such as air). Consequently, the path of shortest time
from A to B is not necessarily a straight line, but rather
i sotne broken line path A to P to B allowing the light to
take greatest advartage of its higher speed through the
thin medium. Swell’s law of refraction (biography on
i D. 238) states that the path of the light ray will be such
: that sin &) sin

Vi Un

distance of 90 cm. Where on the line segment between
ven points A(2, 1) and B(5, 4), find the point P in the

he Jower edge of & painting, 10 ft in height, is 2 ft above
n observer’s eye level, Assuming that the best view is ob-
ained when the angle subtended at the observer's eye by
e painting is maximum, how far from the wall should the

. Fermat’s principle (biography on p. 225) in optics states ‘:
that light traveling from one point o another foliows that .

est distance” turn out {0 be the same, so that light, if :

in Figure Ex-64. According io Fermat’s principle, the |
path will be such that the total travel tme 7 is minimum |

small as possible. Assuming the minimum oceurs when !

at the point P where the “angle of incidence™ 6, equals |

| 67. If an unknown physical quantity x is measured n times,

| 65. Fermat’s principle (Exercise 64) also expiains why light

(refraction). Imagine that we have two uniform media |

3.5 Applied Maximum and Minimum Problems 237

where v} is the speed of light in the first medium, v; is
the speed of light in the second mediurm, and 4; and &
are the angles shown in Figure Ex-65. Show that thig
follows from the assumption that the path of minimum
time occurs when dz/dxy = 0.

| 66. A farmer wants to walk at a constant rate from her barn

to a straight river, fill her pail, and carry it to her house

in the least time.

(a) Explain how this problem relates to Fermat’s prin-
ciple and the light-reflection problem in Exercise
64. ‘

(b) Use the result of Exercise 64 to describe geomeftit-
cally the best path for the farmer to take. [

(¢) Use part (b) to delermine where the farmer should ;
fifl her pail if her house and barn are located agin |
Figure Ex-686. ‘
A

—— " (Source}) | Medium 1 |
& ; :
|

a | ’ |
f g !
) \ B4l X
‘ R . |
P 1 J.m ﬁ-‘ .
e Barn |
Q———v\ﬁ—-ﬁ—-»;_’. ‘ C I;f .
|'92.\‘ I i ’/; 3 !
[ i b 3 ) House 4 ‘

W ., - V .
} 5l ] mi i A o
Medidm 2 (Observer)!; - . _River i

£ Figure Ex-65 4 Figure Ex-66

the measurements x, xy, ... , X Often vary because of
uncontrollable factors such as lemperature, atmospheric
pressure, and so forth. Thus, & scientist is often faced
with the problem of using n different observed measure-
meRts to obtain an estimate ¥ of an unknown quantity x.
One method for making such an estimate is based on the
least squares principle, which states that the estimate ¥
should be chosen te minimize

$= @D 4 - (-2
whichis the sur of the squazes of the deviations between |
the estimate ¥ and the measured values, Show that the
estimate resulting from the least squares principle is

1
X = ;;(X] +-X2+"‘+xn}
thatis, ¥ is the arithmetic average of the ohserved values.

» Prove: If f(x) > 0 on aninterval and if f(x) has a max- !
imum vaiue on that interval at Xg, then +/ f(x) also has
a maximum value at xp. Similarly for minimurm values.
[Hint: Use the fact that ./ is an increasing function on
the interval [0, 4-0).] :

69. Writing Discuss the ymportance of finding intervals of pos-
sible values imposed by physical restrictions on variables in
an applied maximum or minjmum problem.




cchanic’s rule for approximating square roots states
ﬁ Y X1, Where

] a
xn+1:§(xn+7), n=1203,...

'ln
4, is any positive approximation to ./a.
) Apply Newton's Method to
flxy= x*—a
- to derive the mechanic’s rule.
i) Use the mechanic’s rule to approximate V0.

24 Many calculators compute reciprocals using the approxima-

27.

28.

29,

won 1/a # Xap1, Where
Xn+1 **Xn(z CIX”), n = };2,3,...

“and x; is an inital approximation to 1/¢. This formula

makes it possible to perform divisions using multiplications
and subtractions, which is a faster procedure than dividing
directly.

(2) Apply Newton’s Method to

1
f==2-a
x
to derive this approximation.
{(b) Use the formula to approximate ﬁ

. Use Newton’s Method to approximate the absolate mini-

mum of f{x} = —14 +x% — 5x.

. Use Newton’s Method to approximate the absolute maxi-

mum of f(x} = xsinx on the interval [0, 7).

Use Newton’s Method to approximate the coordinates of the

the point on the parabola y = x that is closest to the point

(1,0

Use Newton’s Method to approximate the dimensions of

the rectangle of largest area that can be inscribed undes the

curve y = cosx for 0 < x < n/2 (Figure Ex-28).

(a) Show thal on a circle of radius r, the central angle & that
subtends an arc whose length is 1.5 times the length L of
its chord satisfies the equation & = 3 sin(#/2) (Figure
Ex-29).

{(b) Use Newion’s Method to approximate 4,

ALY

157
T y=cosx / o ‘\
| 7

-
=

eali)
."/.

4 Figure Ex-28 A Figure Ex-29

30. A segment of a circle is the region enclosed by an arc and

its chord (Figare Ex-34). If r is the radius of the circle and @
the angle subtended at the center of the circle, then it can be
shown that the area A of the segment is A = $r*(6 — sin8),

where 4 is in radians. Find the value of & for which the area

of the segment is one-fourth the avea of the circle. Give 2
to the nearest degree.

3.7 Newton's Method 251

& Figure Ex-30

37-32 Use Newton's Method to approximate all real values of

y satisfying the given equation for the indicated value of x,

I xy* +ady=1; x =1 32 xy - cos (%xy) =0, x=2

33. An annuity is a sequence of equal payments that are paid
or received at regular time intervals. For example, you may
want to deposit equal amounts at the end of each year into
an interest-bearing account for the purpose of accumulat-
ing a lump surp at some future time. If, at the end of each
year, interest of i x 100% on the account balance for that
year 15 added to the account, then the account is said to pay
i x 100% interest, compounded annually. Tt can be shown
that if payments of ¢ dollars are deposited at the end of
each year into an account that pays i % 100% compounded
annually, then at the time when the nth payment and the
accrued interest for the past year are deposited, the amount
S{n) in the account is given by the formula

ﬂmz%m+m—ﬁ

Suppose that you can invest $5000 in an inierest-bearing
account at the end of each vear, and your cbjective is to
have $250,000 on the 25th payment. Approximately what
annual compound interest rate must the account pay for you
to achieve your goal? [Hint: Show that the interest rate {
satisfies the equation 50¢ = {1 4+ i)® — 1, and solve it using -
Newton’s Method.] f

E‘ 34. (a) Use a graphing utility to ganerate the graph of
fe =5 | !
and use it to explain what happens if you apply New- |
ton’s Method with a starting value of x; == 2, Check
your conclusion by computing xq, x3, x4, and xs.
{b) Use the graph generated in part (z) to explain what
happens if you apply Newton’s Method with a start-
ing value of x; = 0.5. Check your conclusion by
coOmputing x;, X3, X4, and xs.

35, (a) Apply Newton’s Method to f(x) = x? 4+ 1 with a
starting value of x; = 0.5, and determine if the val-
ues of xo, ..., Xjp appear to converge,

(b) Explain what is happening.

* 36, In each part, explain what happens if you apply New-
ton’s Method to a function f when the given condition
1s satisfied for some value of n,

| (@ flx)=0 () xp41 = x, ;
i (€) Xpwz = Xy 7 Xny ,

—-
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14. One application of the Mean-Value Theorem s to prove that

a function with positive derivative on 21 interval must be
increasing on that interval.

15. Let f(x) = tanx. E
{a) Show that there is 00 point ¢ in the mterval (0, ) !
suchthat F'(©) =0, even though f(0) = flmy=0. )

(b) Explain why the Tesult in part {a) does not contradict |
Rolle’s Theorem. '\!

16. Let f(x):x2/3,a.—:—1,andb:8. |
(a) Show that there is no poiat ¢ it (a, b) such that ‘|
b—a !

(b) Dxplain why the result in part (a) does not contradict !

the Mean-Value Theorem. !

17. (a) Show that if fis differentiable on {—=, -0, and if
y = f(x) andy = f'{x)are graphed in the samne co- |
ordinaie system, then between any two x-intercepts |
of f there is at least one x-infercept of f'.

(b) Give some exarnples that illustrate this. [

18. Review Formulas (8) and (9) in Section 2.1 and use ihe
Mean-Value Theorem 10 show that if f is differentiable
on (—eo, 4+, then for any interval [xo, %1) there is at
least one point in {xg, ¥1) where the instantaneous rate |
of change of ¥ with respect to x 13 equal to the average |

cate of change over the interval, ‘I

19-21 Use the result of Exercise 18 in these exercises.

i¢, An aulomobile travels 4 mi along a straight road in S min.

Show that the speedometer reads exactly 48 mi/h at least

once during the trip.

0. A1l am ond certain morning the ouiside tetnperature
was T6°F. At L1 B.M. that evening it had dropped to 52°F.

(a) Show that at some instant during this period the tem-
perature was gecreasing at the rate of 2°F/h.

{b) Suppose that you know the temperature reached a high
of 88° F sometime between 11 a.p. and 11 PM. Show
that at some instant during this period the temperature
was decreasing at a rate greater than 3°8/h.

21, Suppose that two runners in 4 100 m dash finish in a &e.
Show that they had the same velocity at least once GUTinNg
the race.

94, Use the fact that
d 4 2 3
4{;‘;(3)6 +x‘—4:c)-—*12x +2x—4

o show that the equation 12%% +2x — 4 = 0 has at least
one solution in the interval (0, 1).

73, () Use the Constant Difference Theorem (3.8.3) [0 show
thatif f/(x) = g'{x) for atl x in the interval {—eo, 400},
and if f and g have the same value at sOme point xp,

thea f(x) = g(x) forall x in (o0, 40).

d Applications

() Use the resuli in part (a) 10 confirm the trigonometric

identity gin? x +cos”x = L.

24. (2) Use the Constant Difference Theorem (3.8.3) to show
that if f/(x)= g (x) for all X in (—co, +0), and if
Flxg) — glaxg) =cat some point Xo. then
flxy—glx)=¢

for all x in {(—=, o).

(b) Use the resuit in part (2} 10 show that the function

Mw:u-mﬁ4f+%u-a

is constant for all x m (—<2, o), and find the constant.

(¢) Checkthe result in part (b) by multiplying out and sim-
plifying the formula for h{x).

=‘1 28, (a) Use the Mean-Value Theorem 10 show that if fis
‘1 differentiable on an interyal, apd if 1 ‘)l < M for '

| all values of x in the interval, then

| LF) — fO)1 < Mlx =) |
| for all values of * and v in the mnterval.
| (b) Use the result in part {a) to show that !

i lsinxfsinyiélx—y\ |
' for all real values of x and y. [

| 26, (a) Use the Mean-Value Theorem € chow that if f

\l is differentiable on an oper. jnterval, and if !
| 1f ot = M for all values of x in the interval, then !

| ) - FOI = Mix = |

| for all values of x and v in the interval.
! (b) Use the result in part (a) to show that

| \tanxftany\zlx—y\ ‘

| for all values of x and y in the interval (—7/2, 7).
I (c) Use the result in part (b) to show that |

. tanx + tan y| = 1x + V1 5

! for all values of x and y inthe interval (—7/2, a2
\ R

27, (2) Use

the Mean-Value Theorem to show that

y—X
S-S

o <x <)

(b) Usethe result in part (2) to show that f0 < x <X tht

JE < 3ty

58. Show that if f 18 differentiable on an open imterval 2

Flxy#00om the interval, the equation f (x) =0can e f

at most one real Toot in the interval.

29, Use the resuit in Exercise 28 to show the following:
{a) The equationx3 4+ 4x —1="0bhas exactly one ied! rant
(b) If B — 3ac < 0 and if a # 0, then the equation

ax3-}'-bx2—‘rcx+d=0

has exactly one real root.




