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o -Determing whether the statement s true or

answer. i

d
then a—;[ﬁ] =[x
yand u = X0 then dy/dx = f'(x) - &)
o(x)), then dy/dx = — sio[g'(x)].
3(3x%), then dy/dx = 27x2 5in? (3x%) cos(3x%).
spring is displaced vertically
i pquilibrium position Dy 2 small amount and re-
and if the aif resistance and the mass of the spring
" red, then the resulting oscillation of the obiect is

ic motion. Under appropriate condi-
from equilibrium in terms of thme

act suspended from a

. y = Acoswi

fiere A is the imitia] displacement at time ¢ = 0, and e is
onstant that depends on the mass of the object and the
tfness of the spring (see the accompanying figure). The
“constant |A} 18 called the amplitude of the motion and w the

angular frequency.
(a) Show that

d*y 5

: o @y

(b) Theperiod T is the time requited fo make one complete
oscillation. Show that T = 27/ .

{c) The frequency f of the vibration is the number of os-
cillaions per unit time, Find f in terms of the period T'.

(d) Find the amplitude, period, and frequency of an
object that is executing simple harmonic motion given.
by vy = 0.6cos 157, where ¢ is in seconds and y is in

cenfimeters.

:)*=Acosmt :

& Figure Ex-65

66. Find the value of the constant A sothaty = A sin 31 satisfles
the equation d?y
EEE +2)’ = 4 sin 3t

| !
. 67. Use the graph of the function £ in the accompanying
figure to evaluate ;

;; (V7 £

x=-1

68. Using the function f in Exercise 67, ev%ﬂuate

= & The Chain Rule

a2 -1 0 1 2 « Figure Ex-67

r=n/6

_d— (2sinx)} |
dx{f sinx) |

69. The accompanying figure shows the graph of atmospheric
PIESSUre p {Ib/ in?) versus fhe altitnde h {mi) above sea level.
(a) From the graph and the tangent {ine at A = 2 shewn on
the graph, estimate the vaiues of p and dp/dh at an
altitude of 2 mi.
(b) If the altitude of a space vehicle is increasing at the
rate of 0.3 mi/s at the instant when it is 2 mi ahove sea
level, how fast is the pressure changing with time at this

instant?

Pressure P (1b/in?)

0
012343567

Altitude & (mi} 4 Figure Ex-69

9. The force F (in pounds) acting at an angle 6 with the hor-

izontal that is needed to drag a crate weighing W pounds
along a horizontal surface at a constant velocity is given by

—L
" cosf + psind
where u 1s a constant called the coefficient of sliding fric-

tion between the crate and the surface (see the accompany-
ing figure). Suppose that the crate weighs 150 Ib and that

uo=0J3.
(2) Find dF/d6 when8 = 30, Bxpress the answer in units
of pounds/degree.

(b) Find dF /dr when 8 = 30° if 9 is decreasing at the rate
of 0.5° /5 at this instant,

- Figure Ex-70
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71, Recall that
1, x>0

S|
S =1

Use this result and the chain rule 0 find

x <0

4 (sinx|)
— ({8 x
dx

for nonzero x in the interval (—7, 7).

77, Use the derivative formula for sin x and the identity
U
cosx = sin (4 - x)
2
to obtain the derivaiive formula for cos x.

73, Let
sin L
xsin —,
flx) = x
, x =0
{a) Show that f is continuous at x = 0.
(o) Use Definition 2.2.1 to show that f/(0) does not exist.
(c) Find f{x} for x # 0.
(d) Determine whether EmO {'(x) exists.

74. Let

2 b
<lgin=, xF#F 0
X
, x=0

(a) Show that f is continuots at x = 0.

(b) Use Definition 2.2.1 to find F.

() Find f'(x) forx # 0.

() Show that f7 is not continuous atx = 0.
75, Given the following table of values, find the indicated de-

rivatives in parts (2) and {b).

flx) =

m6. Civenthat f/(x) = ~/3% + iand g(x) = x> — 1,find F(x)
if Flx)y = flgled).

77, Given ihat f(x) = =3
x*+1
Fi(x) if Flx) = Flgla-
78, Find f'(x) if E?E{ FlxH = %2

and g(x) = 3z —1, find

79, Find ji—[f(x)] if —d—-{f@x)] = 6x.
ax dx

80. Recall thata fupction [ is even if fl—x)= f(x?} and odd
if fl—x)= — F(x), forall x in the domain of f. Assuming
that f is differentiable, prove:

(a) f'isoddif f is even
b) f'is even if f isodd.

1. Draw some pictures t0 {flustrate the results in Exercise 80,
and write a paragraph that gives an informal explanation of
why the resulis are true.

82 Lety = filu) u = fH),r= f3(w),andw = falx). BEx-
press dy/dx in terms of dy/du, dw/dx, du/dv, and dv/dw.

g3. Finda formula for
d
T [flg{hx]
x

84, Writing The “ee™ in “cosing” COMIes from “complemen-
tary.” since the cosine of an angle is the sine of the comple-
mentary angle, and vice versa:

, m
sinx = cos (— — x)
2

Suppose that we define a function g tobe & cofunction of 2

function f if

T
cosx = sin (5 — x) and

g0y = f (g 4x) for all x

T Tt |
Li_‘lﬂi £ (i)_‘l “Thus, cosine and sine are cofunctions of each other, as &t
|rli.)1..,,L A cotangent and tangens, and also cosecant and secant. Ifgs
8L 3 L -3 ] the cofunction of f, state a formula that relates g’ and the
: cofunction of 7', Discuss how this relationship 18 exhibited
(a) g'(2), where g (x) =Lf (Ji)]B by the derivatives of the cosine, cotangent, and cosecant
(b) W (2), where hix) = flx) functions.
&’ GUICK CHECK ANSWERS 2.6
dy du 1 3

1. outside; nside; inside 2. —
- du dx

1. (2) 3cos(3x +2) (D) 4(x?1anx)’(2x tan x + %7 sec? x)

3. 10 2+59.2x:20x(2+59 By ——mm O =
(@) 1067 +3) 457" O 7 AT Jitox

20

1 1
5@ g (@ =200 f (gg@)) : —S-g'(3} =7

"




1he equation in part (b) o find an equation that
s dA/dr and dx/dt, ;
certain instant the sides are 3 ft long and in-
wising at a rate of 2 ft/min. How fast is the area
-nsing al that instani?

o (a)=(d), let A be the area of a circle of radius 7,
~ssume that ¥ increases with the time f.

Draw a pictare of the circle with the labels A and r .
Pl_aced appropriately.

Wiite an equation that relates A and 7.

{1se the equation in part (b} to find an equation that
'r.e]atES dA/df and d!’/df.

dy Ata certain instant the radius is 5 cm and increasing
at the rate of 2 cm/s. How fast is the area increasing
" gt that ipstan(?

Let V be the volume of a cylinder having height % and
sadius r, and assume that & and 7 vary with time.

“{a) How are dv /dr, dkjdt, and dr/d: related?

D{b) Ata certain instant, the height is 6 in and increasing
© at 1in/s, while the radius is 10 in and decreasing
at 11in/s. How fast is the volume changing at that
instant? Is the volume increasing or decreasing at
that instant?

ER

8. Let I be the length of a diagonal of a rectangle whose
sides have lengths x and y, and assume that x and y vary
with time.

() How are di/dr, dx/dt, and dy/d related?

{(») If x increases at a constant rate of % ft/s and y de-
creases at a constant rate of % fi/s, how fast is the
size of the diagonal changing when x = 3 ft and
y = 4 ft? Is the diagonal increasing or decreasing
at that instant?

=

Let & (in radians) be an acute angle in a right triangle,
and let x and vy, respectively, be the lengths of the sides
adjacent to and opposite 8, Suppose also that x and y |
vary with time.

(2) How are 46/dt, dx/dt, and dy/dt related?
{b) At a certain instant, x = 2 unifs and is increasing at .
1 unit/s, while y == 2 units and 1s decreasing at %
unit/s. How fast is # changing at that insiant? Is ¢
increasing or decreasing at that instant?

10. Suppose that z = x°y%, where both x and y are changing
with time, At a certain nstant when x = land y = 2, x 18
decreasing at the rate of 2 units/s, and y is increasing at the
rate of 3 units/s. How fast is z changing at this instant? s
z increasing or decreasing?

11. The minute hand of a certain clock is 4 in long. Starting
from the moment when the hand js pointing straight up,
how fast is the area of the sector that is swept out by the
hand increasing at zny instant during the next revolution of
the hand?

12. A stone dropped into a still pond sends out a circular ripple
whose radius increases at a constant rate of 3 fi/s. How

13

14

15.

16.

17.

i8.

19.

20.

21.

22,

23.
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rapidly is the area enclosed by the ripple increasing at the
end of 10 87

(i spilled from a ruptured tanker spreads in a circle whose
area increases at a constant rate of 6 mi®/h. How fast is the

radius of the spill increasing when the area is 9 mi*?

A spherical balloon is inflated so that its volume is increas-
ing at the rate of 3 fi*/min, How fast is the diameter of the
balloon increasing when the radius is 1 ft?

A spherical balloon is to be deflated so that its radius
decreases at a constant rate of 15 cm/min. At what rate
must air be removed when the radius 1s 9 cm?

A 17 ft ladder is leaning against a wali. If the botiom of the
iadder 15 pulled along the ground away from the wall at a
constant rate of 5 £i/s, how fast will the top of the ladder be
moving down the wall when it-is 8 ft above the ground?

A 13 ft ladder is leaning against a wall. If the top of the
ladder slips down the wall at a rate of 2 ft/s, how fast will
the foot be moving away from the wall when the top is 5 ft
above the ground?

A 10 ft plank is leaning against a wall. If at a certain instant
the boitom of the piank is 2 ft from the wall and is being
pushed toward the wall at the rate of 6 in/s, how fast is the
acute angle that the plank makes with the ground increasing?

A softball diamond is a square whose sides are 60 ft long.
Suppose that a player running from first to second base has a
speed of 25 ft/s at the instant when she is 10 ft from second
hase. At what rate is the player’s distance from home plate
changing at that instant?

A rocket, tising vertically, is tracked by a radar station that
is on the ground 5 mi from the launchpad. 1low fast is the
rocket rising when it is 4 mi high and its distance from the
radar station is increasing at a rate of 2000 mi/h?

For the camera and rocket shown in Figure 2.8.5, at whatrate
is the camera-to-rocket distance changing when the rocket
is 4000 ft up and rising vertically at 880 ft/s?

For the camera and rocket shown in Figure 2.8.5, at what
rate is the rocket rising when the elevation angle is »/4
radians and increasing at a rate of 0.2 rad/s?

A satellite is in an elliptical orbit around the Earth, Is
distance 7 (in miles) from the center of the Earth is given by

4995

T 13002 c0s0

where 6 is the angle measured from the point on the orbit

nearest the Earth’s sarface {see the accompanying figure on

the next page).

(a) Find the altitnde of the satellite at perigee (the point
nearest the surface of the Earth) and at apogee (the point
farthest from the surface of the Earth). Use 3960 mi as
the radius of the Earth.

(b) Af the instant when & is 120°, the angle ¢ is increas-
ing at the rate of 2.7°/min. Find the altitude of the




h
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satellite and the rate at which the aliitude is changing at
this instant. Express the rate in units of mi/min.

=

_\_, Perigee

Apogee #—-————— —%

-« Figure Ex-23

24. An aircraft is flying horizontally at a constant height of

4000 ft above a fixed observation point (see the accom-

panying figure). At a certain instant the angle of eleva-

tion @ is 30° and decreasing, and the speed of the aircraft

is 300 mi/h.

(2) How fast is @ decreasing at this instant? Express the
result in units of deg/s.

(by How fast is the distance between the aircraft and the
observation point changing at this instant? Express the
result in units of ft/s. Use 1 mi = 5280 ft.

[N

4 Figure Ex-24

A conical water tank with vertex down has a radius of
10 ft at the top and is 24 ft high. If water flows into the
tank at a rate of 20 ft>/min, how fast is the depth of the
water increasing when the water is 16 1t deep?

. Grain pouring from 2 chute at the rate of 8 {t*/min forms a
conical pile whose height is always twice its radius. How
fast is the height of the pile increasing at the instant when
the pile is 6 ft high?

. Sand pouring from a chute forms a conical pile whose height
is always equal to the diameter. If the height increases at a
constant rate of 5 ft/min, at what rate is sand pouring from
the chute when the pile is 10 ft high?

Wheat is poured through a chute at the rate of 10 ft*/min
and falls in a conical pile whose bottom radius is always half
the altitude. How fast will the circumference of the base be
increasing when the pile is 8 ft high?

. Anp aircrait is climbing at a 30° angle to the horizontal. How
fast is the aircraft gaining aititude if its speed is 500 mi/h?

A boat is pulled into a dock by means of a rope attached to
a pulley on the dock (see the accompanying figure). The
rope is attached to the bow of the boat at a point 10 ft below
the pulley. If the rope is pulled through the pulley at a rate
of 20 ft/min, at what rate will the boat be approaching the
dock when 125 ft of rope is out?

Deck +# Figire Ex-30

. For the boat in Exercise 30, how fast must the rope be pulleq

if we want the boat to approach the dock at a rate of 12 ft/min
at the instant when 125 ft of rope is out?

. A man 6 ft tall is walking at the rate of 3 fi/s toward &

strestlight 18 ft high {see the accompanying figure).
(a} At what rate is his shadow length changing?
{b) How fast is the tip of his shadow moving?

4 Figure Ex-32

. A beacen that makes one revolution every 10 s is located

on a ship anchored 4 kilometers from a straight shoreline.
How fast is the beam moving along the shoreline when it
makes an angle of 45° with the shore?

. An aircraft is flying at a constant altitude with a constant

speed of 600 mi/h. An antiaircraft missile is fired on a
straight line perpendicular to the flight path of the aircraft
so that it will hit the aircraft at a point P (see the accom-
panying figure). At the instant the aircraft is 2 mi from the
impact point P the missile is 4 mi from P and flying at 1200
mi/h. At that instant, how rapidly is the distance between
missile and aircraft decreasing?

-4 Kigore Ex-34

. Solve Exercise 34 under the assumption that the angle

between the flight paths is 120° instead of the assumption
that the paths are perpendicular. [Hint: Use the law of
cosines.)

. A potice helicopter is flying due north at 100 mi/h and at a

constant altitude of } mi. Below, a car is traveling west on a
highway at 75 mi/h. At the moment the helicopter crosses
over the highway the car is 2 mi east of the helicopter,

(a) How fast is the distance between the car and helicopter
changing at the moment the helicopter crosses the high-
way?

{b) Is the distance between the car and helicopter increasing
or decreasing at that moment?




