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ational function and can thus be
sult of Example 1 we obtain

x—1
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d of partial ﬁactibus is inappropriate. For example,
the integration

—

. Apartial fraction is 2 rational function of the form ————

or of the form

2, (2) What is a proper rational function? :
(b) What condition must the degree of the numerator and
of a rational function sat-

licable

the degree of the denominafor
isfy for the method of partial fractions to be app
directly?
(c) If the condition in part (b) is not gatisfied, what must

you do if you want fo Use partial fractions?

3. Suppose that the function f(x) = P(x) /0(x) is a proper
rational function.

(a) Por each factor of Q(x

tial fraction decomposi

sum of m partial fractions:

) of the form (ax + b)", the pat-

|
\
|
|
l
t/QUICK CHECK EXERCISES 7.5
tion of f contains the following

(b) For each factor of O

where ax? -+ bx + cisanirred
tial fraction decomposition of
sum of m partial fractions:

(x) of the form (ax? 4+ bx + )",

ucible quadratic, the par-
f contains the following

4. Complete the partial fraction decomposition.
=3 A 2

@ ——m= " el
x+DRx -1 x+1 2x—1

2x% —3x

1

W s e e
® rnex+  x+2 2+l

5. Evaluate the integral.

3
(@ f(x a2

2x% — 3x
) f @+ DGx+2) ax

|
& EXERCISE SET 7.5 CAS
-
| 2 8 -5
1-8 Write out the form of the partial fraction decomposition. 11. f —2—2x—j——8r—5 d 12. f g—;—x’r—i dx
{ (Do not find the numerical values of the coefficients.) ! 2x% 4 9% = xh— B =
{ 2% —9x —9 dx
! 1 e 2 5 13. 23— Ox d 2] 2er-1
T x—-3NEx+6) * alpd=—3) 2 2
5 x> =17 w41
! 3 Tx +1 15. 3 dx 16. ] dx
i 4. —’(x—4}3 x+ X =
3x* — 10 x2+1
g 1- 352 3x 17. m d 18. —————*2 3 2 dx
e e o o
‘ = 3x 1= 3x* 19. f Tl T dx 20. f = ——dx
—3x - 3x2 +2x —
% (x2 —2)? 8 x —3)(x2—2)? xs ; o J:f § f :
K4t 2 o —4x* 41
21, | ———dx | —————dx
x3—x x3 —4x

9-34 Evaluate the integral.

9 f,__ix——« 10 [_L
] x2—3x—10 ] x2—7x-8

2
23. f_z_x_ﬁdx
x(x —D?

3x2—x+1
%f x3 —x2 8
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(See page 514 for answers.)

7.4 Trigonometric Substitutions 513

= e

1. For each expression, give a trigonometric substitution that

will eliminate the radical.
b) var+x? —

(a) V& =X
p] S e
- fx =2sect and 0 < @ < m/2, then
(a) ginf = (b) cosf = — —
(©) tan8@ =
3, In each part, state the trigonometric substitution that you
would try first to evaluate the integral. Do not evaluate the
iptegral.
() f 04 x2dx

(b) f g—x2dx

(c) [ 1 —9x%dx

EXERCISE SET 7.4 [c] cas

(d) f x2—9dx
(&) f\/9 +3x2dx
(f)f 1+ (9x)2dx

4. In each part, determine the substitution u.

1

H=____
() [\/xz—ﬁx-i—de:f u? — 1du;

e _oail
22t 10

P
(C)[ 12—4x—x2dx=[ 42 — u? du;

U=

1-26 Evaluate the integral. ©

1. f\/9—x2dx

2 f 1— 4x*dx

x f x* P 4 f dx
] x .| —
A=t x2/9 — x?
dx x?
5. —_ 6. f dx
f(4+x2)2 -
2 —
1, f L 8. f
X

dx
x2y/x2 —4
10. fxB\/Sfxzdx

1 2
W[
t
v
22/ x* 4+ 25
16f dx
) 14+ 2x2 4+ x4
3 3
18. f-irdx
\/x2_25
20. f_f’fg—de
/2 —sin® 6

2 dx
jo (1 —x?)?

2 2

S —4

24, f Sl
Ji %

3

9. f _L dx
V11— x*

1. [ _dx
x2/9x% — 4

dx

i

15. f _dx
Jxt—16

dx
17. | ——=
f(4x2—9)3/2

19. [eﬂfl —eFdx

1
21.[ 5031 — x%dx
0

2
2. ] 4=
V2 x24/xr — 1

) \ 31. The integral

3 dx 3 xS
25. f _—— 26. f ————dx
1 xt/x*+3 0o (3 +x2?5/2

27-30 True—False Determine whether the statement is true or

false. Bxplain your answer. ©

27. An integrand involving a radical of the form +/ x? — a” sug-
gests the substitution x = acos .

28. The trigonometric substitution x = a sin @ is made with the
restriction 0 < 6 < 7.

29. An integrand involving a radical of the form +/a* — x? sug-
gests the substitution x = a sin 6.

30. The area enclosed by the ellipse x* + 16y? = 1is 2m.

FOCUS ON CONCEPTS .

x

———dx |
f X% |
‘. can be evaluated either by 2 trigonometric substitution \

‘ or by the substitution u = x* + 9. Do it both ways and |
. show that the results are equivalent. ‘
\ 32. The integral 48 |
——d
) f x4 4 * ‘
can be evaluated either by a trigonometric substitution

| or by algebraically rewriting the numerator of the inte-
| grand as (x* +4) — 4. Do it both ways and show that |
| the results are equivalent.

L N

33. Find the arc length of the curve y = Inx from x =1 to
=3,
34. Find the arclength of the curve y = x*fromx = Otox = 1.




i f gin® x cos? x dx %[ sin” x cos® x dx

13 [ sin 3x cos dx dx 14. f sin 30 cos 26 40

. fsjnx cos(x/2) dx 16. fcosmxs'mx dx
/2 7/2 x

17. fo cos® x dx 18. [0 sin® % cos’ % dx
/3 n

19. [ sin® 3x cos® 3xdx  20. f cos? 40 d6

0 -

/3 2m
21, f sindxcos2xdx 2. [ sin? kx dx
0 0

73. f sec?(2x — 1) dx 24, f tan 6x dx

25. fe—x tan(e ") dx 26. jc0t4xdx

27. f sec7x dx 28. f sec(y%) dx
X

29. f tan® x sec’ x dx

3 4
\}Oiftan xsec xdx

31, [ tan 4x sec’ 4x dx 32. f tan @ sec* 6 40

33. f sec? x tan® x dx 34. f tan® 6 sec 6 d
35. f tan® x sec x dx 36. f tan? x sec’ x dx
37. ftantsec3tdt 38. [tanx sec® x dx
3. [sec4 xdx 40. f sec® x dx

41. f tan® 4x dx 42. f tan* x dx

43. f A/tan x sec” x dx

}( tanx sec¥? x dx

/8 /6
45, f tan? 2x dx 46. f sec’ 26 tan 26 dO
0 0
/2
47. f tan’ o dx
5 2

49, f cot® xcsc® x dx

1/4
48. f sec 7x tan wx dx
0
50. f cot? 3t sec 3t dt
51. fcot3x dx 52, [csc4x dx

53-56 True-False Determine whether the statement is true or
false. Explain your answer.

53, The trigonometric identity
sino cos B = [sin(e — B) +sin(e + A

is often useful for evaluating integrals of the form
[ sin™ x cos” x dx.

7.3 Integrating Trigonometric Functions 507

54. To evaluate [ sin® x cos® x dx, use the trigonometric iden-
tity sin® x = 1 — cos® x and the substitution 1 = cos x.

55. To evaluate f sin® x cos® x dx, use the trigonometric iden-
tity sin? x = 1 — cos* x and the substitution i = cos x.

56. The integral [ tan® x sec® x dx is equivalent to one whose
integrand is a polynomial insecx.

?( Let m, n be distinct nonnegative integers. Use Formulas
(16)—(18) to prove:

" iig
3
@f sinmx cosnx dx =0
0

2
(b) f sinmx sinnx dx = 0.
0

2w
(c) f cosmxcosnxdx =0
0

58. Evaluate the integrals in Exercise 57 when m and n denote
the same nonnegative integer.

59. Find the arc length of the curve y = In(cos x) over the in-
terval [0, 7/4].

60. Find the volume of the solid generated when the region en-
closedby y =tanx,y = l,andx = 0is revolved about the
x-axis.

61. Find the volume of the solid that results when the region
enclosed by y = cosx, y = sinx, x = n/4, and x = /2 is
revolved about the x-axis.

62. The region bounded below by the x-axis and above by the
portion of y = sinx fromx = 0 to x = » is revolved about
the x-axis. Find the volume of the resulting solid.

63. Use Formula (27) to show that if the length of the equatorial
line on a Mercator projection is L, then the vertical distance
D between the latitude lines at ¢® and ° on the same side
of the equator (where o < B)is
D= i‘—ln sec B° +tan
27 |seca® +tana®
64. Suppose that the equator has a length of 100 cm on a Mer-
' cator projection. In each part, use the result in Exercise 63
to answer the question.
(a) What is the vertical distance on the map between the
equator and the line at 20° north latitude?
(b) What is the vertical distance on the map between New
Orleans, Louisiana, at 30° north latitude and Winnipeg,
Canada, at 50° north latitude?

FOCUS ON CONCEPTS

| 65. (2) Show that |
| fcscxdx:—]nlcscx+cotx|+c \
| (b) Show that the result in part (a) can also be written |
| * fcscxdx —In|cscx —cotx| +C |

\ and |
fcscxdx:]ﬂltan%x1+() \

:
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VQUICK CHECK EXERCISES 7.2

(See page 500 for answers.)

1. (a) If G'(x) = g(x), then
f Figyde= FEOGE) =

(b) Ifu = f(x) and v = G(x), then the formula in part (a)

can be written in the form [u dv =

2. Find an appropriate choice of # and dv for integration by
parts of each integral. Do not evaluate the integral.

(a) fxlnxdx; U=

(b) f(x —Ysinxdx, u=__ dv=

EXERCISE SET 7.2

o £ =

(c) fsin_lxdx; = du=__ -
@ f—x—dx; PO
Ax—1
3. Use integration by parts to evaluate the integral.
(a) f xe™ dx (b) f In(x — 1) dx

/6
(c) [ xsin3x dx
0

4. Use a reduction formula to evaluate [ sin® x dx.

1-38 Evaluate the integral.

1. fxe_zx dx
f}«:ze’t dx
fxzcosx dx

7. fxsin?:xdx

2

o

=

—_—
]
g
L
o
=

11. f (Inx)?dx
13. fln(3x —2)dx
15. f sin™! 2x dx
17. f tan~"' (3x) dx
19. fsin(]nx)dx
21. fe‘sinxdx

23. f xsec® x dx

25. fxBe"g dx

2
27. f xe>¥ dx
0

29. f 22 Inx dx
1

1
31. f In(x + 2)dx
—1

b

fxe’“‘ dx

fxze_zx dx
fxcos2xdx
’ fxz sinx dx
10. fﬁlnxdx

fn
v L E

b
‘?(fln(xz +16)dx

16. f cos™H(2x) dx

}./fxtan_l xdx

20. j cos(lnx) dx

&

&

o0

22. f e cos 2x dx
_/

4 2
33. f sec™! «/§d9 34. f xsec” x dx
2 1

T m
35. f xsin 2x dx 36. [ (x +xcosx)dx
0 0

3 2
37. f Jxtan~! X dx 38. f In(x*+ 1) dx
1 0

39-42 True-False Determine whether the statement is true ot

false. Explain your answer.

39. The main goal in integration by parts is to choose « and dv
to obtain a new integral that is easier to evaluate than the
original.

40. Applying the LIATE strategy to evaluate [ x° Inxdx, we
should choose z = x? and dv = Inx dx.

41. Toevaluate [ sin(ln x) dx using integration by parts, choose
dv =1In dx.

42. Tabular integration by parts is useful for integrals of the
form [ p(x) f(x) dx, where p(x) is a polynomial and fx
can be repeatedly integrated.

43-44 Evaluate the integral by making a u-substitution anri
then integrating by parts. il

43. f sin +/x dx 44, f eV dx
45. Prove that tabular integration by parts gives the ¢
answer for '
[ ot s

S

where p(x) is any quadratic polynomial and f(¥
function that can be repeatedly integrated.

46. The computations of any integral evaluated by répéﬂ“’
tegration by parts can be organized using tabular i
by parts. Use this organization to evaluate [ ¢" €%
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3

1
8. Evaluate the integral f X i
0o vVx?+1
(a) using integration by parts
(b) using the substitution u = +/x? + L.

9-12 Use integration by parts to evaluate the integral. =

9. [xef" dx

11. fln(Zx + T dx

10. / xsin3x dx

1/2
12. f tan~!(2x) dx
0

13. Evaluate [ 8x*cos 2x dx using tabular integration by parts.

14. A particle moving along the x-axis has velocity function
v(t) = t*e¢~!. How far does the particle travel from time
t=0tot =47

15-20 Evaluate the integral. =

15. f sin? 66 d6 16. f sin® 2x cos® 2x dx

n/6
17. [ sinx cos3x dx 18. f sin 2x cos4x dx
0

19. f sin* 2x dx 20. f xcos® (x%) dx

21-26 Bvaluate the integral by making an appropriate trig-
onometric substitution.

x dx
21. ——dx 22. [ —
f 4 —x? x2/4 — 2

2
X
24. f*dx
Vx:—16
1 2
26. f——'+4xdx
24

dx
23. ——
.[\/xzul
X
25. fgdx
9+ x2

27-32 Evaluate the integral using the method of partial frac-

tiO]lS‘ i
f

dx
27, | ———
f x2+4x —5

x*+2 24 x—16

29, 30. ——d
[z [ e
x2 dx

31. f ——dx 32. f

(x +2)3 X3 Fx

1
. Consider the integral f 5 dx.
x3—x

(a) Evaluate the integral using the substitution x = secf.
For what values of x is your result valid?

(b) Evaluate the integral using the substitution x = sinf.
For what values of x is your result valid?

(c) Evaluate the integral using the method of partial frac-
tions. For what values of x is your result valid?

34. Find the area of the region that is enclosed by the curves
y=x-3/E+x3),y=0,x=1,andx =3.

35-40 Use the Integral Table to evaluate the integral. =

35,

37.

39.

f sin 7x cos 10x dx

fx x —x2dx
ftan22xdx

36. f()c3 —xYe " dx

38 j___dx_
) x+/4x +3

f3x——1
M 2+x'2

41-42 Approximate the integral using (a) the midpoint approxi-
mation Mg, (b) the trapezoidal approximation Ty, and (c) Simp-
son’s rule approximation Sag. In éach case, find the exact value
of the integral and approximate the absolute error. Express your
answers to at least four decimal places. =

41.[ wdx
1 A/x+1

42/
1+x2

43-44 Use inequalities (12), (13), and (14) of Section 7.7 to
find upper bounds on the errors in parts (a), (b), or (c) of the
indicated exercise. T

43.

45-

Exercise 41 44. Exercise 42

46 Use inequalities (12), (13), and (14) of Section 7.7 to

find a number r of subintervals for (a) the midpoint approxima-
tion M,,, (b) the trapezoidal approximation T, and (c) Simpson's
rule approximation S, to ensure the absolute error will be less
than 1074, &

45.

Exercise 41 46. Exercise 42

47-50 Evaluate the integral if it converges.

47.

49.
51.

52.

53.

54.

o - J
fo e~ dx 48. f_ 3 m
f Y _d 50 f P TS
0 Vv9—x “Jo 2w =1
Find the area that is enclosed between the x-axis and the

curve y = (Inx — 1)/x* forx > e.
Find the volume of the solid that is generated when the re-

gion between the x-axis and the curve y = e for x > 01s
revolved about the y-axis.

Find a positive value of a that satisfies the equation

+0 1
f ———dx =1
o x%+a?

Consider the following methods for evaluating integrals: S
u-substitution, integration by parts, partial fractions, reduc:
tion formulas, and trigonometric substitutions. In each Pm' .
state the approach that you would try first to evaluate the in-
tegral. If none of them seems appropriate, then say so. Yol
need not evaluate the integral.

(a) fxsinxdx

(b) fcosxsjnx dx

(':[lﬂ'




(o [ @ [

59. [ sin? 2x cos® 2x dx

61. f e¥ cos3x dx

CHAPTER 7 MAKING CONNECTIONS

tan’ x sec® x dx
2

3x
) f—_—(x+1)3 dx
(h) f\/4—x2dx

3x?
(e) [ | a4x

1

() [tan' xdx

@) fx 4 —x2dx

! 55-74 Evaluate the integral.
dx
55. f (3+x2)31'2

n/4
57. [ tan’ 6 df
4]

56. [x‘cosl‘rxdx

0
58. f_‘—f - 6
sin*8 —6s8inf + 12

A |
60. — —d
fo 22

/42
62. j (1 —2x2)%% dx
—1//2

[c] cas

63.
65.
67.
69.
%
3.

74.
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1/3
64. f _
0 (4 - 9x2)2

f dx
(x — D(x +2)(x —3)

8 /x4 In2
f k- dx 66. f et —1ldx
4 X 0
1 dx
dx A -
fm ‘}{fxx2+x+1)
1/2
f sin"!xdx 70. f tan® 4x sec* 4x dx
0 ‘
3 2g
__Fd 72, f R
JEE 2+ 2 tan® § — tan’ @

[
L @y

R dx
fo P a,b>0

1. Recall from Theorem 6.3.1 and the discussion preceding it

that if £'(x) > 0, then the function f is increasing and has
an inverse function. Parts (a), (b), and (c) of this problem
show that if this condition is satisfied and if f* is continuous,
then a definite integral of £~ canbe expressed in terms of a
definite integral of f.

(a) Use integration by parts to show that

b B
f ) dx = bf(b) — af(@) — [ (%) dx

a

(b) Use the result in part (a) to show that if y = f(x), then

b fib)
f F(x) dx = bf(b) — af(@) — ff L Fwa

(c) Show that if we let @ = f(a) and § = f(b), then the
result in part (b) can be written as

B St
f Fydx = B (B) —af @) f f)dx
o )

. Ineach part, use the resultin Exercise 1 to obtain the equation,

and then confirm that the equation is correct by performing
the integrations.

1/2
(a) fg sinlxdx = %sin" (3) —j;

e’ 2
(b) f Inxdx = (2¢* —e) _f e dx
e 1

/6
sin x dx

3. The Gamma function, I'(x), is defined as

+oo
T'(x) = f Fle ! dt
0

It can be shown that this improper integral converges if and

“only if x > 0.

(a) Find I'(1). )

(b) Prove: T'(x + 1) = xT(x) for all x > 0. [Hint: Use in-
tegration by parts.]

(c) Use the results in parts (2) and (b) to find T'(2), I'(3), and
['(4); and then make a conjecture about I"(n) for positive
integer values of n.

(@ Show that T' (1) = /7. [Hint: See Exercise 64 of Sec-
tion 7.8.)

(e) Use the results obtained in parts (b) and (d) to show that
r() = Jvradr(3) = 3V

. Refer to the Gamma function defined in Exercise 3 to show

that
(a) f (Inx)"dx = (-1)'T(r+1), n>0
0

[Hint: Lett = —Inx.]

- 1
(b)f e dx:r("+ ) n>0.
0 I

[Hint: Lett = x". Use the result in Exercise 3(b).]

. A simple pendulum consists of a mass that swings in a verti-

cal plane at the end of 2 massless rod of length L, as shown in
the accompanying figure. Suppose that a simple pendulum is
displaced through an angle &g and released from rest. Itcanbe




