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Analysis on the Real Line I
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18 November 2013

. Let V' be the volume of the solid that results when the region enclosed by
y=1/z,y=0,z=2,and z =b (0 < b < 2) is revolved about the z-axis.
Find the value of b for which V' = 3.

. Find the volume of the solid that results when the region enclosed by
¥y =+/x, y =0, and z = 9 is revolved about the line y = 3.

. Use cylindrical shells to find the volume of the solid that is generated when
the region that is enclosed by y = 2%, y = 1, £ = 0 is revolved about the
line y = 1.

. As shown in the accompanying figure, a cylindrical hole is drilled all the
way through the centre of a sphere. Show that the volume of the remaining
golid depends only on the length L of the hole, not on the size of the sphere.

5

. Consider the curve y = z2/3,

(a) Sketch the portion of the curve between z = —1 and z = 8.

(b) Explain why the following formula cannot be used to find the arc
length of the curve sketched in part (a):

L—fb 1+(d—y)2dm
T J, dz

. (c) Find the arc length of the curve sketched in part (a).




6. Thecurvesegmenty:m2 fromz=1ltog=92m
thegraphofa::ﬁfromy: ltoy=4, Set up
the arc length of thig curve segment, one by integrating with respect to x,

and the other by integrating with respect to y. Demonstrate g substitution
that verifies that these two integrals are equal.

ay also be expressed ag

7. Let y = f(z) be a smooth curve on the closed interval [a, b]. Prove that if

m and M are nonnegative numbers such that m < IF"(@)| < M for al] &
in [a, b], then the arc length L of y = f(z che i

= f(z) over the interval [a.b] satisfies
(b—a)VIF m2 SL<(b- o)tz

8. Show that the areq, of the surface of sphere of radius r is 4mr?, [Hint:
Revolve the semicircle Y= v7? - 27 about the T-axis.]

9. The accompanying figure shows a spherical cap of height A cut from
sphere of radiys #+Show that the surface area S of

(=]

the cap is § = 2pp.
*+92 = 2 about the

[Hint: Revolve an appropriate portion of the circle z
y-axis.]

[a,8] and assume that

me-Value Theorem, the function f ‘
ue K and a minimum value f on (a,b]. Prove: If I is |
the arc length of the curve y = f(x) between z — @ and z = b, and if § !

is the area of the surfage ; that is g
o the z-axis, then

2rkL <5< orky,

Note (Extreme- Valye Theorem,):
If a function £ is conti
b

1uous on a finite closed interval [, 8], then f has
oth an absolute maxi

mum and an absolute minimum op [a, B].




