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Arectangle is to be inscribed in a right triangle having sides
of length 6 in, 8 in, and 10 in. Find the dimensions of
the rectangle with greatest area assuming the rectangle is
positioned as in Figure Ex-6,

. Solve the problem in Exercise 6 assuming the rectangie is

positioned as in Figurg Ex-7.
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. Arectangle has its two lower corners on the x-axis and its

two upper corners on the curve y = 16 — x2. For all such
rectangles, what are the dimensions of the one with largest
area?

. Find the dimensions of the rectangle with maximum area

that can be inscribed in a circle of radius 10,

Find the point P in the first quadrant on the curve y = x ™2
such that a rectangle with sides on the coordinate axes and
a vertex at P has the smallest possible perimeter.

A rectangular area of 3200 ft? is to be fenced off. Two
opposite sides will use fencing costing $1 per foot and the
remaining sides will use fencing costing $2 per foot. Find
the dimensions of the rectangle of least cost.

Show that among all rectangles with perimeter p, the square
has the maximum area.

Show that ameng all rectangles with area A, the square has
the minimum perimeter.

A wire of length 12 in can be bent into a circle, bent into a
square, or cui into two pieces to make both a circle and a
square. How much wire should be used for the circle if the
tota] area enclosed by the figure(s) is to be

{a) a maximum (b) a minimum?

A rectangle R in the plane has corners at (£8, £12), and
a 100 by 100 squaze S is positioned in the plane so that its
sides are parallel to the coordinate axes and the lower left
corner of § is on the line y = —3x. What is the largest pos-
sible area of a region in the plane that is contained in both
R and §7

Solve the problem in Exercise 15 if §is a 16 by 16 square.

Solve the problem in Exercise 15 i S is positioned with its
lower left corner on the line y = —6x.

A rectangular page is to contain 42 square inches of print-
able area, The margins at the top and bottom of the page
are each 1 inch, one side margin is 1 inch, and the other side
margin is 2 inches. What should the dimensions of the page
be so that the least amount of paper is used?

A box with a square base is tafler than it is wide. In order
to send the box through the U.S. mail, the height of the box
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and the perimeter of the base can sum to no more than 108
in. What is the maximum volume for such a box?

Abox with a square base is wider than it is tall. In order to
send the box through the U.S. mail, the width of the box and
the perimeter of one of the {(nonsquare) sides of the box can
sum to no more than 108 in, What is the maximum volume ~
for such a box?

An open box is o be made from a 3 ft by 8 ft rectangular
piece of sheet metal by cutting out squares of equal size
from the four corners and bending up the sides. Find the
maximum voleme that the box can have,

A closed rectangular container with a square base is to have
a volume of 2250 in®. The material for the top and bottom
of the container will cost $2 per in?, and the material for
the sides will cost $3 per in®. Find the dimensions of the
container of least cost.

Acclosed rectangular container with a square base is to have
a volume of 2000 cm®. It costs twice as much per square
centimeter for the top and bottom as it does for the sides.
Find the dimensions of the container of least cost.

A container with square base, vertical sides, and open top is
to be made from 1000 1 of material. Find the dimensions
of the container with greatest volume. -

A rectangular container with two square sides and an open
top is to have a volume of V cubic units. Find the dimen-
sions of the container with minimum surface area.

Achurch window consisting of a rectangle topped by a semi-
circle is to have a perimeter p. Find the radius of the semi-
circle if the area of the window is to be maximurn.

Find the dimensions of the right circular cylinder of largest
volume that can be inscribed in a sphere of radius R.

Find the dimensions of the right circular cylinder of greatest
surface area that can be inscribed in a sphere of radius R.

A closed, cylindrical can is to have a volume of ¥V cu-
bic units. Show that the can of minimum surface area is
achicved when the height is equal to the diameter of the
base.

A closed cylindrical can is to have a surface area of § square
units. Show that the can of maximum volume is achieved
when the height is equal to the diameter of the base.

A cylindrical can, open at the top, is to hald 300 cm® of
liquid. Find the height and radius that minirnize the amount
of material needed to manufacture the can.

Asoup can in the shape of aright circular cylinder of radius
r and height 7 is to have a prescribed volume V. The top
and bottom are cut from squares as shown in Figure Ex-32
on the next page. If the shaded comers are wasted, but there
is no other waste, find the ratio /A for the can requiring the
least material (including waste).

A box-shaped wire frame consists of two identical wire
squares whose vertices are connected by four straight wires
of equal length (Figure Ex-33 on the next pags). If the




e is to be made from a wire of length L, what should
imensions be to obtain a box of greatest volume?

4 Figure Ex-33

-Suppose that the sum of the surface areas of a sphere and a
‘cube is a constant.

‘(a) Show that the sum of their volumes is smallest when
the diameter of the sphere is equal to the length of an
edge of the cube,

{b) When will the sum of their volumes be greatest?

Find the height and radius of the cone of slant height L
whose volume is as Jarge as possibie.

36. A cone is made from a circular sheet of radius R by cutting
out a sector and gluing the cut edges of the remaining piece

together (Figure Ex-36). What is the maximum volume
attainable for the cone? -

4 Figore Ex-36

37. A.cone-shaped paper drinking cup is to hold 100 e’ of wa-
ter. Find the height and radius of the cup that will require
the least amount of paper.

38. Find the dimensions of the isosceles triangle of least area

that can be circumseribed about a circle of radins R.

Find the height and radius of the right circular cone with

least volume that can be circumsceribed abou
radius R.

39,
t a sphere of
40. A commercial cattle ranch currently atlows 20 steers per
acre of grazing land; on the average its steers weigh 2000 th
at market. Estimates by the Agriculture Department indi-
cate that the average market weight per steer will be reduced
by 50 Ib for each additional steer added per acre of grazing
land, How many steers per acre should be allowed in order

for the ranch to get the largest possible total market weight
for its cattle?

41

A company mines low-grade nickel ore. If the company
mines x tons of ore, it can sell the ore for p = 225 — 0.25x
doilars per ton. Find the revenue and marginal revenue

functions. At what level of production would the company
obtain the maximum revenue?

42. A fertilizer producer finds that it can sell its product at a
price of p = 300 — 0.1x doliars per unit when it produces
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x units of fertilizer, The total production cost (in dollars)
for x units is

C(x) = 15,000 4 125x + 0.025x2

i the production capacity of the firm is at most 1000 units
of fertilizer in a specified time, how many units must be
manufactured and sold in that time o maximize the profit?

43. (a) A chemical manufacturer sells sulfuric acid in buik at a

price of $100 per unit. ¥ the daily total production cost
in dollars for x units is

C(x) = 100,000 + 50x + 0.0025x2

and if the daily prodnction capacity is at most 7000
units, how many units of sulfuric acid must be manu-
factured and sold daily to maximize the profit?

{(b) Would it benefit the manufacturer to expand the daily
production capacity?

{¢} Use marginal analysis to approximate the effect on
profit if daily production could be increased from 7000
te 7001 units,

44

A firm determines that x units of its product can be sold
daily at p dollars per unit, where

x =1006~-p
The cost of producing x units per day is

C(x) = 3000 + 20x

{#) Find the revenue function R(x).

(b) Find the profit function FP{x).

(c) Assuming that the production capacity is at most 500
units per day, determine how many units the company
must produce and seil each day to maximize the profit,

(d) Find the maximam profit,

(e) What price per unit must be charged to obtain the max-
imum profit?

45. In a certain chemical manufzcturing process, the daily

weight y of defective chemical output depends on the totai
weight x of all oatput according to the empirical formula
y = 0.01x + 0.00003x2

where x and y are in pounds. If the profitis $100 per pound
of nondefective chemical produced and the loss is $20 per
pound of defective chemical produced, how many pounds
of chemical should be produced daily to maximize the total
daily profit?

46,

An independent truck driver charges a client $15 for each
hour of driving, pius the cost of fuel. At highway speeds of
v miles per hour, the trucker’s rig gets 10 — 0,07v miles per
gallon of diesel fuel. If diesel fuel costs $2.50 per gallon,
what speed v will minimize the cost to the client?

47. A trapezoid is inscribed in a semicircle of radius 2 so that

one side is along the diameter (Figure Ex-47 on the next
Page). Find the maximum possible area for the trapezoid,
(Hint: Express the area of the trapezoid in terms of 6.]

48. A drainage channel is to be made so that its cross section is

a trapezoid with equally sloping sides (Figure Ex-48 on the
next page). I the sides and bottom all have a length of 5 fi,
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< <mnf2)be chosen to yleld

how should the angle 0 (0
area of the channel?

the greatest cross-sectional

A Figure Ex-48
49, Alampis suspended above the centet of a round table of ra-
dius r. How high above the table should the lamp be placed

to achieve maxhnum_iﬂumination at the edge of the table?
[Assume that {ne itlumination is directly proportional 0

e of incidence ¢ of the Light rays and

A Figure Bx-47

gwims at a1al
Nancy jog in order to co
(a) the least amount of me

(by the greatest amo

5¢. A mman is fioating in
shoreline of a large jake.

diametrically opposite E {Figure Ex-35). Nancy
1o of 2 mi/b and jogs at g mi/h. How far should
mplete her training Toutine n

point W

unt of time?
a rowboat 1 mile from the (straight)
Atownis located o the shoreline
1 mite from the point on the shoreline closest to the man. As
intends to Tow in a straight

suggested_ in Figure Fx-56, he
line to some point P on the shoreline and then walk the re-
maining distance o the town. Lo what point should he row

ast time if

in order o reach his destination in the le
(a) hecan walk 5 mi/h and oW 3 mi/h
(o) he can walk 5 mi/h and row & mi/h?

the cosine of the angl
inversely proportional to the square of the distance I from
the light source (Figure Ex-49)]
50, A plank is nsed to reach over 2 fence % ft high to support 2 e
wall that is 1 ft hehind the feoce (Figure Ex-50). What is L
the length of the shortest plank that can heuged? [Hint Ex-
press the length of the plank in terms of the angle & shown
in the figure.]
(o
& Light A Pigure Ex-55 A Figure Ex-56
//\ source 57 Ap , . i ) . )
) . Apipe O negligible diameter is to be carried horizonally
lrl around a corner froma hallway 8 ft wide into a hatlway 4t
Hi - wide (Figure Ex-57). Whatis the maximum tength that the
: pipe can have?
cugsion of this probler in the case where the d-

A Figure Ex-50
t P on the curve

A Figure Ex-49
the coordinafes of the poin

Y= (x > 0)
of the tangent line at P that is cut off by

the coordinate axes has its shortest length.
52. Find the x-coordinate of the point P on the parabola
y.—:l-x2 w<xzl
s enclosed by the tangent line at P
s has the smallest area.
{1+ xz)'l Joes the tangent Hine

51. Find

where the segment

where the triangle that
and the coordinate axe

53, Where on the carve ¥y =
have the greatest slope?

54. A rectangular water tank has abase
ters. Water flows into the tank antil the amow
dditional flow into

the tank is 20 m’, at which point any &
Aow valve. Suppose that the
the tank s©

the tank is diverted by an ove
tank is tnitially empty, and water is pumped into
that after ¢ minutes, @ +Tt) 21D cabic meters of
water has been pumped into the tank. Af what time is the
height of the waler in the tank increasing most rapidly?
horeline of Circle Lakeis 2 circle with diameter 2 mi-
routine begins at point E on the easiern
She jogs along the north shore to a point
the straight line distance, if a0y, from P

of area four square 10¢-
at of water in

55, The s
Nancy’s training
shore of the lake.
P and then swims

Source! An interesting dis
the pipe is not negiected 8 given by

by, Vel 56, 1949, pp- 177-179.
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58. A concreie b
angle Tuns par

ft, the width ©
barrier i8 positioned on level groun
ht, stiff metal rod ©

the wall. A straig
has one end on the ground, the other end against the
and touches the top of the barrier (Figure Ex-38)

the minimum {ength the sod can have?

] 41t

4 Figare Ex-57
59, Suppose that the intensity
proportional io the streng
postional tO0 the square of the distance
point light sources with strengths of S and
by a distance of 90 ¢m, Where 00 the line segme®
{he two souces is the total intensity 2 mninimum’

ATFigure Ex-58
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nts A(2, 1) and B(5, 4), find the point P in the

ven poi ; . .
' 5] on the x-axis that maximizes angle APB.

srval [2,
ower edge of a painting, 10 ft in height, is 2 ft above
abserver's eye level. Assuming that the best view is ob-
iod when the angle subtended at the observer's eye by
ainting is maximum, how far from the wall should the

abserver stand?

ormai’s principle (biography on p. 225} in optics states
hat light traveling from one point to another follows
that path for which the total trave} time is minimum, In

_a uniform medium, the paths of “minimum time” and
sghortest distance” turn out to be the same, so that light,
" if unobstructed, travels along a straight line. Assume

that we have a light source, a flat mirror, and an ob-
- gerver in a uniform medivm. If a light ray leaves the
" - source, bounces off the wmirror, and travels on to the ob-
.- server, then its path wilt consist of two line segments,
. as shown in Figure Ex-62. According to Fermat’s prin-
ciple, the path will be such that the total travel time ¢ is
minimum or, since the medium is uniform, the path wil
be such that the total distance traveled from A to P to B
is as small as possible. Assuming the minimum occurs
when dt/dx = 0, show that the light ray will strike the
mirror at the point P where the “angle of incidence” 6;
equals the “angle of reflection” &;.

Source A —
' A
-
é: {Chserver) //
™ | 4 | &
| \\ L |
b N 92! 8 I
l | Y N
| SN Mirrar |
P
4-——1‘—)—[
I |

<t Figure Ex-62

63. Fermat’s principle (Exercise 62) also explains why light
rays traveling between air and water undergo bending
(refraction). Imagine that we have two uniform media
(such as air and water) and a light ray traveling from a
source A in one medium to an observer B in the other
medium (Figure Ex-63). Itisknown thatlight travelsata
constant speed in a uniform medium, but more slowly in
a dense medium {such as water) than in a thin medium
(snch as air). Consequently, the path of shortest time
from A to B is not necessarily a straight line, but rather
some broken line path A to P to B allowing the light to
take greatest advantage of its higher speed through the
thin medinm. Srell’s law of refraction (biography on
p. 238) states that the path of the light ray will be such
that 8in £ _ sin &

2

U1 2
where vy 18 the speed of light in the first medium, vy is
the speed of light in the second medium, and 8; and 6,

67.
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are the angles shown in Figure Ex-63. Show that this
follows from the assumption that the path of minimuin
time occurs when df /dx = Q.

64. A farmer wants to walk at a constant rate from her barn

to a straight river, {ill her pail, and carry it to her house

in the least time.

(a) Explain how this problem relates to Fermat’s prin-
ciple and the light-reflection problem in Exercise
62.

(b) Use the result of Exercise 62 to describe geometri-
cally the best path for the farmer to take.

(c) Use part (b) to determine where the farmer should
fill her pail if her house and barn are located as in
Figure Ex-64.
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A Figure Ex-63

the measurements xy, xz, . .., x, often vary because of
uncontrollable factors such as temperature, atmospheric
pressure, and so forth. Thus, a scientist is often faced
with the problem of using » different observed measure-
ments to obtain an estimate ¥ of an unknown quantity x.
One method for making such an estimate is based on the
least squares principle, which states that the estimate ¥ |
should be chosen to minimize

S:(xl_i}2+(x2'“f)2+"'+(xn*i)z

which is the sum of the squares of the deviations between
the estimate ¥ and the measured values. Show that the
estimate resulting from the least squares principle is

]
|
} 65. If an unknown physical quantity x is measured n times,
\

.1
x:;(x1+xz+---+xn)

thatis, x is the arithmetic average of the observed values.

66. Prove: If f(x) > 0onaninterval andif f(x) has a max-

imum value on that interval af xy, then +/ f(x) also has
amaximum value at xp. Similarly for minimum values.
[Hint: Use the fact that /% is an increasing function on
the interval [0, 4ce).]

Writing Discuss the importance of finding intervals of pos-
sible values imposed by physical restrictions on variables
in an applied maximum or minimum problem.




mechanic’s rule for approximating square roots states

Al /3 7 Xy, Where

1 a
Xn-l—lza(xn‘i'—)s n=1273...

Xn

4 x1 is any positive approximation to ,/a.
j Apply Newton’s Method to
fx)y=x*—a
" to derive the mechanic’s rule.
") Hse the mechanic’s rule to approximate 10,

Wany calculators compute reciprocals using the approxima-
tion 1/a & x,41, where

' Al = Xn(2—axy), m=123,...

and x) is an initial approximation to 1/a. This formula
»makes it possible to perform divisions using multiplications
and subtractions, which is a faster procedure than dividing
i directly.

(a) Apply Newton’s Method to

1
fxX)=——a
x
to derive this approximation.
(b) Use the formula to approximate .

. Use Newton’s Method to approximate the absolute mini-
o mmmof f(x) = Jx* 2% - 5x.

% 26. Use Newton’s Method fo approximate the absolute maxi-
v mom of f(x) = x sin x on the interval [0, 7.

27. UseNewton’s Method to approximate the coordinates of the
the point on the parabola y = x? that is closest to the point
(1,0.

28. Use Newton’s Method to approximate the dimensions of
the rectangle of largest area that can be inscribed under the
curve y = cos x for 0 < x < n/2 (Figure Ex-28).

28, (&) Show that on a circle of radius r, the central angle 8 that
subtends an arc whose length is 1.5 times the length £ of
its chord satisfies the equation 8 = 3 sin(#/2) (Figure
Ex-29).

(b) Use Newton’s Method to approximate 4.

ek
7

¥

y=rcosx

X
& Figure Ex-29

30. Asegment of a circle is the region enclosed by an arc and its
chord (Figure Ex-34). If r is the radius of the circle and &
the angie subtended at the center of the circle, then it can be
shown that the area A of the segment is A = 1r%(9 — sin 8),
where § is in radians, Find the value of 4 for which the area
of the segment is one-fourth the area of the circle, Give &
to the nearest degree.

4 Figure Ex-28

8
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< Figure Ex-30

31-32 Use Newton's Method to approximate all real values of

¥ satisfying the given equation for the indicated value of x.

31. xy4+x3y =1; x =1

33. An annuify is a sequence of equal payments that are paid
or received at regular time intervals. For example, you may
wanl to deposit equal amounts at the end of sach year into
an interest-bearing account for the purpose of accumulat-
ing & lump sum at some future time. If, at the end of each
year, interest of { x 100% on the account balance for that
year is added to the account, then the account is said to pay
i x 100% interest, compounded annually. Tt can be shown
that if payments of O dollars are deposited at the end of
each year into an account that pays i x 100% compounded
amually, then at the time when the nth payment and the
accrued interest for the past year are deposited, the amount
§(m) m the account is given by the formula

32, xy —cos (%xy) =0; x =12

S(n) = %[(1 +0"—1]

Suppose that you can invest $5000 in an interest-bearing
account at the end of each year, and your objective is to
have $250,000 on the 25th payment. Approximately what
annual compound interest rate must the account pay for you
to achieve your goal? [Hint: Show that the interest rate |
satisfies the equation 507 = (1 4- i)* — 1, and solve itusing
Newton’s Method.]

E? 34. (a) Use a graphing utility to generate the graph of
x

fG&) = X241 .
and use it to explain what happens if you apply New-
ton’s Method with a starting value of x; = 2. Check !
your conclusion by computing x5, x3, xa, and xs.

(b) Use the graph generated in part (a} to explain what
happens if you apply Newton’s Method with a stast-
ing value of x; = 0.5. Check your conclusion by
computing xz, x3, x4, and xs.

35. (a) Apply Newton’s Method to f(x) = x?+ 1 with a
starting value of xy = 0.5, and determine if the val-
ues of xa, ..., xjp appear to converge,

(b) Explain what is happening.

36. In each part, explain what happens if yon apply New-

ton’s Method to a function f when the given condition

: is satisfied for some value of n.

f (@ flx,) =0 (b) Antl = Xp

i (c) Xnd2 = Xy F i




UICK CHECK EXERCISES 3.8

(See page 259 fpr answers., )

3.8 Relle’s Theorem; Mean-VYalye Theorern 257

Sy =xt -,

©. Rolle’s Theorem is

“1n that interval that satisfy the conclusjon of the theorem.

<4 Figure Ex-2

3 Let f(r) = x? — g,
(a) Find a point & such that the
through (0, 0) and b, fFB) is 1,

EXERCISE SEY 3.8 £~ Graphing Utitity

{a} An interval on which f satisfies the bypotheses of

(b) Find all values of ¢ that satisfy the conclusion of Rolle’s
. Theorem for the function f on the inferval in part (a),

Use the accompanying graph of £ {0 find sn interval [g, b]
" on which Rolle’s Theorem applies, and find al] values of ¢

slope of the secant line

(b) Find all values

10, b1, where b is the point found in part (a).
- Use the graph of J in the acc

[

Theorem an the interva)
(a) [0, §] (®) [0, 4].

01234

O-'*MUJALHON\J
| '

5678 910 <Figure x4

5. Find a function J such that th
(1, 5) and such that for eve
to the graph of # at X
graph of y = x2 at x,.

e graph of f containg the point
Ty value of xy the fangent Jine
is paralle! to the tangent line to the

1-4 Verify that the hypotheses of Rolle’s Theorem are satisfied
on the given interval, and find all values of ¢ in that interyal that
satisty the conclusion of the theorem.

L fx)=x? -85+ 15; [3, 5]
2 flx) = 23 — 342 +2x; [0, 2]
3. f(x) = cosx; [7/2, 37/2]
L&) =2 1)/ -, [-1,1]
5-8 Verify that the hypotheses of the Mean-Value Theorem are

satisfied on the given interval, and find all values of ¢ iy that
interval that satisfy the conclusion of the theorem, =
S f0) = x% - x; [-3, 5
6 flxy=x>+x -4 (—1,2]
T f0) =V T (0,3
"8 fix) :x—xl; [3, 4]

~ 9, (a) ¥ind an interval [a, 5] on which
‘ FGr=x"+x3- 2,

satisfies the hypotheses of Relle’s Theorem.

(b) Generate the graph of f'(x), and vse it to make rough
estimates of all values of ¢ in the interval obtained in
part (a) that satisfy the conclusion of Rolie’s ‘Theorem.

+ (¢) Use Newton’s Method to improve on the rough esti-
mates obtained in part (b).

~ 10.

Let f(x) = 23 — 4.

{a) Find the equation of the gec
(=2, f{=2)) and (1, £(1)).

(b) Showthat there ig only one point ¢in the interval =2,
that satisfies the conclusion of the Mean-Value Theorem
for the secant fine in part (a),

(c) Find the equation of
at the point (¢, Fle).

(d) Usea graphing utility to generate the secant line in part

(a) and the langent line in part (c) in the same coor

dinate system, and confirm visually that the two lines

seen paralle].

ant line through the points

the tangent line to the graph of f

T1-14 True-False Determine whether the staterment is true or

false. Explain your answer,

11. Rolle’s Theorem say
la, bl and f(a) =
b at which the curv

s that if f is a continuons fanction on
S(b), then there is 5 point between ¢ and
&Y = f(x) has a horizonta] tangent line.

12. If £ is continuous on a closed interval [q, bj and differen-

tiable on (a, b}, then there is a point between ¢ and b oat
which the instantaneous rate of change of f matches the
average rate of change of Jover[a, b).

The Constant Difference T
have derivatives that differ

13. heorem says that if two functions

by a constant op an interval, then

the functions are ¢qual on the interval,

of ¢ that satisfy the conclusion of the
Mean-Value Theorem tor the function J on the intervat

ompanying figure to estimate
all values of ¢ that satisfy the conclusion of the Mean-Value
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14, One application of the Mean-Value Theorem is to prove that -
a function Wil positive derivative on ai intervai must be
increasing on that interval.

| 15. Let f(x) =tanx. '
‘\ () Show that there 15 0O point ¢ in the interval (0, m
| such that f/(€) = 0, even though foy=f () =0. |
‘ (b) Explain why the resultin part (a) does not contradict |
\ Rolle’s Theoretm. %
| 16. Let f(x):xm,a:_l,andb:a. %

1 {a) Show that there i8 nO point ¢ 114 (a,b) such that '\

1 b — w
|‘ b—a |
! (b) Explain why the resultin part (a) does not contradict '\
] the Mean-Value Theorem- '\

17, (@) Show that if f is differentiable on (% to0), and it |
\ y = f(xyandy = F'(x) are graphed in the same co-

I ordinate systen, then petween any two x-intercepts \
\ of f there s at Jeast one x-intercept of f'. ﬁ
| (b) Give some examples that ilustrate this. \

‘\ 18. Review Formulas {8) and (%) in ection 2.1 and use the
| Mean-Value Theorer 1o show that if 38 differentiable
! on {—oo, oo}, then for any interval {xo. x;] there is at |
i 1east one point in (xg. %10 where the instantaneous rate |
of change of ¥ with respect t0 X is equal to the average
rate of change OVel he interval. |

19--21 Use the result of Fxercise 18 in these exercises.

19. An automobile travels 4 mi along 2 straight road in 5 min.
Show that the speedometer reads exactly 48 mi/h at least
once during the rip-

20. At 11 Am. ond certain morning the outside temperatire
was 76°F At 11 p.M. that evening it had dropped 10 52°F.

(a) Show that at some instant doring this pericd the tem-
perature was decreasing at the Tate of 2°F/h.

{b) Suppose that you kKpow the temperafure reached a high
of 88°F sometime between 11 AM. and 11 P, Show
that at some instant during this period the temperatinte
was decreasing at a rate greater than 3°F/h.

21. Suppose that tWo unners in a 100 ™ dash finish in a tie.
Sphow that they had the same velocity at least once during
the race.

22. Use the fact that
d 4, 2 3
—~dt(3x 4oxt —dx) = 12xd 42— 4

to show that the equation 1253 - 2x — 4 = 0 has at least
one solution in the interval {0, 1)-

23, (a) Use the Constant Difference Theorem (3.83) 10 show
thatif £/(x) = ¢ (x) for all x in the interval (—o, +%);
and if f and g have the same value at sore point Xo,
then flx} = g(x) for all x in {—o 4-o0).

(b) Use the result in part (a) O confirm the trigonometric
(dentity sin’ x -+ costx = L.

24, {a) Use the Constant Difference Theorem (3.8.3) 10 show
that if f7(x) = g or all x in (—o teo), and i
flxg) — glxg) =cat some point xo. then

flxy—glx)=¢
for all x in (—o o0},
(b) Use the result in part (a) to show that the function
ix) = (x— 1~ (x4 Hx—3)
is constant for all x in (-, +oo), and find the consfant.
(c) Check the result in part (b) by multiplying out and sim-
plifying the formula for h{x}.

| 25. (8) Use the Mean-Value Theorem. to show that if f ig |
| differentiable on an interval, and if | f/0)L < M for
| all values of x in the interval, then

| lf{x)—f(y)iEM\x—-yl .
! for all values of x and y in the interval.
'\ (b) Use the cesult in part (a) to show that i

| Ls'mx—s'my{ < x— '
‘ for all real values of x and ¥. l
| 26. (2) Use the Mean-Value Theorem to show that if f i

|
is differentiable oo an open interval, and if .

\ Frol =M for all values of x in the interval, then |
\ Loy — [ = Mix =Y |

! for all values of X and y in the interval.
\ (b) Use the result in part (a) to show {hat

| }tanx’tanyl?_]xfy\

| for all values of x and ¥ in the interval (—mf2, 72
| (c) Use the cesult in part (b) to show that

| tan x + tan Y1 = x4+ ¥
‘ £or all values of x and y in the interval (702, 72 I
Is; —_— — — — e — —_— —————— 7 - l

27. {a) Use the Mean-Vaiue Theorem to show that
y— X
VRS TR
0 < x <Y
() Usethe result in part (8) t0 show thatif 0 < * < y, et
NE: L+ )

28, Show that if f 13 differentiable on ap. Opet jnterval and :
frxy#0on the interval, the equation F(xy = 0ot hav
at most one real oot in the interval.

29. Use the result in Exercise 28 10 show the following:

(a) Theequation 3 L4y —1=0has exactly onered

(b) Hh* —3ac < 0 and if a # 0, then the equation

ax3+bx2+cx+d:0

| [ON- E

has exactly one real TOOL




