MA1123 Assignment5
[due Tuesday 28 October, 2014]

. Use Mathematical Induction to provethe (fifo... fu) = fifo. . . fut o fufe. . fl. Try

to be very clear in the induction process.

. For the following functions find all asymptotes, where they increase or decrease, have local

extrema, different concavities, points of inflection, etc. Then draw a rough graph.

@ v = G

®) ¥ = 7

. Do 11-14, 45,49 from the book, pages 195/196 are atached

. Do 12, 17-20 28, from pages 222 and 223, also attached.
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3.1 Analysis of Functicns I: Increase, Decrease, and Concavity

lﬁ Exercise 7 to make a table that shows the
sd f" over the intervals (1,2), (2,3), 3, 4),

art is presented for the first and second deriva-
'ﬁ'o' f. Assuming that f is continnous everywhere,
ntéfvals on which £ is increasing, (b) the intervals
decreasing, (c) the open intervals on which f is
the open intervals on which f is concave down,
coordinates of all inflection points. *

SIGN OF f"(x)

SIGN OF /(%)

INTERVAL  SIGN OF f'(x) SIGN OFf “(x)

+

+

1-14 True-False Assume that f is differentiable every-
here. Determine whether the statement is true or false. Explain
your answer.
UL I £ is decreasing on [0, 2], then £(0) > £(1) > £(2).
12, T £(1) > 0, then f is increasing on [0, 2].
13. If § is increasing on {0, 2], then f(I) > 0.
14. If ' is increasing on [0, 1] and f' is decreasing on [1, 2],
then f has an inflection pointat x = 1.

15-26 Find: (a) the intervals on which f is increasing, (b} the
intervals on which f is decreasing, (c) the open intervals on
which f is concave up, (d) the open intervals on which f is
concave down, and (e) the x-coordinates of all inflection points.

i
=1

IS, f(x) =x*—3x +8 16, f(x) =5 —4x —x%

17, f(x) = (2x + 1) 18. f(x) =5+ 12x — x*
19, fix) =3x* —4x° 20, f(x) = x* — 523 4+ 9x*
-2
21, -
Jx) = x+1)2 22, f(x) = 2+2
23, f(x) = \/xz +x-4+1 24 flx)=x¥3 — 2
C28. f(x) = (x¥% - 1)? 26, f(x)=x¥ —x

~427-32 Analyze the trigonometric function f over the specified
interval, stating where f is increasing, decreasing, concave up,
and concave down, and stating the x-coordinates of all infiection
points. Confirm that your results are consistent with the graph
of f generated with a graphing utility. #

27, f(x) =sinx —cosx; [—m, 7]
28. f(x) =secxtanx; (—n/2, n/2)
29, f(x)=1—tan(x/2); (—m, 7)
30. fix) =2x +cotx; (0,7

31. f{x) = (sinx + cosx)?; [~m, 7]
32, F(x) = sin® 2x; [0, %]

33, In parts (a)-(c), sketch a continuous curve y = f{x)
with the stated properties.
(ay fFy =4, ff{(2) =0, f'(x) > Oforallx
) f@) =4, f1(2) =10, f'(x) < 0for
x <2, f/(x)» Oforx > 2
¢y f(2)=4, f"(x) <Oforx #2and
lim, o+ f1(x) = too, limy o f/(x) = —
. In each part sketch a continuous curve y = f(x) with
the stated properties.
(&) f@2)=4, f/(2)=0, f"(x) <O0forallx
M) f2y =4, f'2)=0, f'{x) > 0for
x <2, f'"x)<Oforx>2
(©) f(2)=4, f"(x) > O0forx # 2and
lllmx%gj f’(x) = —Gg, limx..;,g—- f’(x) =

4 35-38 If f is increasing on an interval [0, &), then it follows
from Definition 3.1.1 that f{0) < f(x) for each x in the interval

{0, b). Use this result in these exercises. ¥ .

35. Show that &1 +x <14 %x if x > 0, and confirm the in-
equality with a graphing utility. {Hinz: Show that the func-
tion f(x} =1+ %x —~ YT ¥xis increasing on [0, -w0).]
Show that x < tanx if 0 < x < /2, and confirm the in-
equality with a graphing utility, [Hint: Show that the func-
tion f(x) = tanx — x is increasing on [0, 7/2).]

Use a graphing utility to make a conjecture about the relative
sizes of x and sin x for x > 0, and prove your conjecture.

36.

37.

38. Use a graphing utility to make a conjecture about the rela-
tive sizes of I — x2/2 and cosx for x > 0, and prove your
conjecture. [Hint: Use the result of Exercise 37.]

1 39-40 Use a graphing wiility to generate the graphs of f7 and
f7 over the stated inferval; then use those graphs to estimate
the x-coordinates of the inflection points of f, the intervals on
which f is concave up or down, and the intervals on which [ is
increasing or decreasing. Check your estimates by graphing f.

39. F(x) =x* —24x% + 12x,
40. f(x) =

—S5<x<5

<x =<5

1
1+x2: =
41-42 Use a CAS to find f” and to approximate the x-

coordinates of the inflection points to six decimal places. Con-
firm that your answer is consistent with the graph of f. #
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10x — 3 o —8x 4T
41. — ———Tg 42. =T
FO) =53 55+ 8 f(x) T

43. Use Definition 31,1 to prove that f(x) = %% is fncreasing
on {0, +)-

44. Use Definition 3.1.1 to prove that f =1 /x is decreasing
on (0, +=).

a5-48 Dete ina whether the gtaternents ar¢ ue or false. |

| .
| Ha staternent is false, find functions for which the statement |

| fails to hold. “

45, () I f and g are ipcreasing on &n interval, then SO is
| f + 8-
\ (h) I f and g &€ jpcreasing on an interval, then SO is
' £ ‘
| 46. (@) If f and g are copcave up on an interval, then sO is \
\ oy X f and g are concave up on ag interval, then 80 is |
f&
47. Tneachpatt find functions fandg that are increasing oo
(--08, ) and for which f —ghas the stated property- |
| (@ f—8 ig decreasing o1t (o2, 4-co). \
' o f- g is constant o1 (o0, +0)- \
} © f—8 is increasing on (o0, +9). \

-

| 48. In each part, fnd functions f and g {hat are positive '\
and increasing onL (-0, -+¢) and for which f /g has the |

\ stated property. \

| (a) flgis decreasing on (% o). |

| o f [gis constant on (=% o). \%
© flgis increasing on (% o).

| @R S

49. (a) Prove that a general cubic polynomial
fix) = ax’ +bxttex +d (a #0)
has exactly oné inflection point.

{by Prove that if a cubic polynomial has three x-intercepts,
then the inflection point OCCUTS at the average value of
the intercepts.

(c) Use the result in past (b) to find the inflection peint
of the cubic polynomial flx) = 3 - 3% 2%, and
checlk your result by using 1o determine where f
i§ concave up and concave down.

= 50. From Exercise 49, the polynomial fx)y = x3 4 bx? 4 1has
one inflection point. Use 2 graphing piility to reach a €0
clusion about the effect of the constant b on the location
of the inflection point. Use fto explain what you have
observed graphicaily.

V QUICK CHECK ANSWERS 3.1

51. Use Definition 3.1.1 to prove:
(a) If fis nereasing on the intervals {a,c] and ¢, b), then
fis increasing on {a,b).
(by If f is decreasing on the intervals (@, ¢}and[c, b), then
fis decreasing on {a,b)-
52, 1Jse part (a) of Rxercise 31 10 show that f (x)=x+ Sin X
is increasing on the interval {—% 4-00).
53, Use patt ) of Exercise 51 to show that f(x) = co8 x—Xx
ig decreasing OB the interval (—o2, co}
54, Lety = /(L +?). Find the values of x for which ¥ is
increasing most rapidly 0f decreasing most rapidly.

55-58 Suppose that water 18 flowing at a constant rate into |
| the container showi. Make a rough gketchof the graph of the %1
\ water level y Versus the time f- Make sure that your sketch |
] conveys where the graph is concave up and concave dOWI, |
| and label the y-coordinales of the inflection points. = [

| ss. Y 56.
5

.

59, Writing An approaching stor canses the alf rmperali®®
to fall. Make 2 staternent fhat indicates there is ar mfiec
tion point in the graph of temperanire yersus tirme. Exphd®

how ihe existence of an inflection point follows from Yo
statement.

60. \Writing Explain what the sign analyses of F'(*) and /"¢

ol s abont the graph of y = f(x)-

i
5
]

L () foy < Fl) ® o) > fla) (© imoreasing (@ =0 2 @ 1.3 (b) (--e0, -1} and (3, ) (© D
@ @, -1y () [0, +=) ® (o, §) ro) (0 (3

4) 4 The graph is ipcreasing and concave down.
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V QUICK CHECK EXERCISES 3.4

{See page 224 for answers.)

1. Use the ACCOMPpANYing graph to find the x-coordinates of

the relative exirema and absolute extrema of f on (G, 6].

"« Figure Ex-1

2. Suppose that2 function f 18 continuous o [—4, 4] and has

critical points atx = —3,0,2. Usethe accompanying table

EXERCISE SET 3.4 K Graphing Utility CAS

to determine the ahsolute maximum and absolute minimam
yalues, if any, for f on the indicated intervals.
@ 1,4 ® 2,21 (© [—4,4]

_ . —— SR S s
l\x|1—4|~3‘|—2\f1\0‘|1‘2\3‘4'}
‘rfL{_L_f_AA—J._Q_ _ (AR S EE

(@ (—4,4)
-

\ I | o | \ |
o) 22241333 o 11603 | 2096|2203 1240|2717 6064/
e Jiod Il It M N i el R B

3, Let fxX) =% — 3% — 9x +25.  Use the derivative
Frxy =3+ Dix -3y to determine the absolute maxi-
mum and absolute minimum values, if any, for f on each
of the given intervals.

1-2 Use the graph to find x-coordinates of the relative eX-
trema and absolute exirema of fonl0,7] #

=

|
|
|

i 1
\ 3. Ta each part, sketch the graph of a contingous function f
| with fhe stated properties on the interval [0, 10].
(a) fhasan ghsolute minimerm at x = 0 and an absolufe
\ maximum at x = 10.
| (b) fhasan absolute minimum at x = 2 and an absolute

\ maximuam af x = 7.

i {(c) f has relative minima at x = 1 and x = 8, has el
‘ ative maxima af x = 3 and x =7, has an absolute
| minimumatx =3, and has an absolute maximum at

‘ x = 10
4. In each part, sketch the graph of a confipuous function f
with the stated properiies on the interval (—<, Joa).
{(a) fhasno relative exirema or absolite exirema.
(b) fhasan ahsolute minimum at x = 0 but no absolate

| maximum.
| (c) f hasan absolute maxjmum at X = —.5 and an abso-
1 jute minimum at x = 3.
‘l 5. Let 1 D<x<1
| fo=41-%
0

, x=1
\ Explain why { has a minimum value but no maximum

value on the closed interval [0, 11.

(a) [0,4] () 1-2.41 © 4,21
() [-5,10] e) (5.4 .
6. Let ()_‘x, O<x<1
F@=11 x=01 |

Explain why f has neither a minimum value nor a max- |
imum value on the closed interval {0, ], ‘I

7-16 Find the absolute spaximum and minimum values of f on
the given closed interval, and state where those values 0Ccur. #

7. flx) = dx - 120+ 107 11,2

8. f{x)=8x— x*; 10,6}

9. fi) = (x—2% (L4
10. f(x) = 73 4 3x% — 12x; r—3,2]
WL {0 = s (=11
Vax? 41
12. flx) = {x" 0¥ 12,31
13 fy=x-— 2sinxs [—w/4, /2]
14, f(x) = ginx — cosx; [0, 7]
15, fGoy =1+ - %" [=5.1)
16. f(x) =16 —4xl; [=3.3]

17-20 True-False Determine whether the staterent is Wue of

false. Explain your answer. #

17. 1f a function f i continuous on [z, bl, then f hasan abso-
Jute maximum on la, bl.

18, If a function f s continuous on {a, b), then f hasan abs0
lute minimum on (a,b).

Y, thee

19. If a function f has an absolute minimum on (& b

there is a critical point of finla, b).
0. If a function f is continuous on [a, b] and f hasno relativt

extreme vahues in (a, 5), then the absolute rmaximum vah
of f exists and occurs eitheratx =aoratx = b.




he absolute maximum and minimum values of '
e given interval, and state where those values ocour,
&

J;—Z —x —=2; (oo, 4o0)

3 —dx — 2x%; (—o0, +c0)

=4x? = 3x%; (—o, fo0)

=x* + 4x; (~o0, 400

)= 2x% — 6x +2; (—oo, -0}
} =x - 9x+1; (—oo, 400)
P10

T a1

x—2
fl)y = —= (=15
f()v)-—x 19( ]

(753 _I)

-38 Use a graphing utility to estimate the absolute maximum
d minimum values of f, if any, on the stated interval, and then
alcalus methods to find the exact values, i

9, f(x) = (x" = 2x)%; (~oo, +-o0)
0. flx) = (x — 17 (x +2)% (—o0, 40)
- Fx) = 5320 - x); [~1,20]

. X
fx) = m, (—1.4)

=1 +§; (0, 4)

2x* —3x 43
. fix)y= P i1, 4-c0)
2—co

L35 fx) = _ﬂ [/4, 3n/4)

sin x
36 Flx) =sin?x +cosx; [—m, 7]
37, flx) = sin(cos x); [0, 2x]
38, f(x) = cos(sin x); [0, x]

39. Find the absolute maximurm and minimam valoes of
£06) 4x —2, x <1
(x) = G-D(x-3), rx1

40, Let fx) =x*+ px 4 g. Find the values of p and g such
that (1) =3 is an extreme value of f on [0, 2]. Is this

value a maximum or minimam?

41-42 If fisa periodic function, then the locations of all ab-
solute extrema on the interval (—co, 400) can be obtained by
finding the locations of the abgolute extrema for one period and
using the periodicity to locate the rest. Use this idea in these
exercises to find the absolute maximum and minimum values of
the function, and state the x-values at which they occur. ®

4l f(x)=2cosx +cos2x 42. f(x):3cos;—r+2cos£

3.4 Absolute Maximz and Minima 223

43-44 Oneway of proving that f(x) < g(x) forallx ina given
interval is to show that 0 = glx) — f(x) for all ¥ in the inter-
val; and one way of proving the latter mequality is to show that
the absolute minimum value of 8(x) — f(x) on the interval is

nonnegative. Use this idez to prove the inequalities in these
exercises,

43, Prove that sin x =< x for all x in the interval [0, 2],

44. Prove that cosx > 1 — (x%/2) for all x in the interval
{0, 2x].

45. Whatis the smallest possible slope for a tangent to the graph
of the equation y = x* — 332 4 547

46. (a) Show that £(x) = secx -+ cs¢ x has a minimum value
but no maximum value on the interyal (0, 7/2).
{b) Find the minimum value in part (a),

47. Show that the ahsolute minimum value of

2 x?
fx) =x"+ m,
oceurs at x = 10 by using a CAS to find Sf'(x) and to soive
the equation f/{x) = Q. '

x>8

48. The vertical displacement f{t) of a cork bobbing up and

down on the ocean’s surface may be modeled by the func-

tion &) = Acost - Bsiny

where A > Oand B > 0, Use a CAS to find the maximum
and minimum values of S} interms of A and B.

49, Suppose that the equations of motion
during the first 12 seconds of flight are

x =1—12sint,

of a paper airplane
y=2—2cost O=r=12)
What are the highest and lowest points in the trajectory, and
wher is the airplane at those points?
50. The accompanying figure shows the path of a fly whase
equations of motion are
_ cost
© 24sin?’
(a} How high and low does it fly?
(b} How far left and right of the origin does it fiy?

y=3+sin(2r) - 2sin* s (0 < <27

,,,,,,

] e

< Figure Ex-50

SL Let f(x) =ax® 4+ bx + ¢, where @ > 0.  Prove that
J(x) = Oforall x if and only if B2 — dge < (), [Hinz: Find
the minimum of Fix).]

- Prove Theorem 3.4.3 in the case where the extreme value is
a minimum,

33. Writing Suppose that J is continuous and positive-valued

everywhere and that the x-axis is an asymptote for the graph




