MA1123 Assignment10
[due Monday 25th January2016]

1. Solve (D -+ 2)%y = 0 in three steps. Note we did (D + a)?y = 0 in two steps.
2. Solve (D + 2)%y = 3z
3. Solve (D + 2}(D + 3)y = 2cos 3z

Now do the questions that are marked on the attached sheets.




The ipitial-value problem
; h ]
d—y =-=, y0)=1

& Y

has solution y(x) =
cAS

(ERCISE SET 8.2 M Graphing utility

8.2 Separation of Variables 575

—

.10 Solve the differential equation by separation of variables.
Tere reasonable, eXpress the family of solutions as explicit

nctions of x.
dy 7Y dy 2
—_= 2. — =41 X
| L=y e 1+
of 2d d 3
3 ﬂlz_x 4. (1+x4)_y=£
‘ i+y dx dx Y
5. (2+2y2)y’ =y 6. y'=4x2y

7. ¢Vsinx — y'cos”x =0 8. y—(1+x)1+y)=0

d 2
y_Y =Y _o

d
. - - 10.y4—ycscx=0
dx sin x dx

9
1-14 Solve the initial-value problem by separation of vari-
bles.
' 3x?

1.y = , N=mx

4 2y +cosy @

% y' —xe¥ = 2¢7, y(0) =0

T oody 2+l

B3, —= ; =1
it 2y —2 y©)

l4. y' cosh? x — ycosh2x =0, y(0) =5
[5. (a) Sketch some typical integral curves of the differential
equation y' = y/2x.
(b) Find an equation for the integral curve that passes
through the point (3, 1). ¢
16. (a) Sketch some typical integral curves of the differential
equation ' = —x/.
(b) Find an equation for the integral curve that passes
through the point (3, 4).

17-18 Solve the differential equation and then use a graphing
utility to generate five integral curves for the equation.

d
17. (2 + 4):11 +xy=0 18. (cos y)y = Cosx
x
19-20 Solve the differential equation. If you have 2 CAS with
implicit plotting capability, use the CAS to generate five integral
curves for the equation.
2

19. y' = 20, ¥y =

1—y? 142

21-24 True-False Determine whether the statement is true or
false. Explain your answer.

. Every differential equation of the form y' = f(y) is sepa-
rable.

" If a population is growing exponentially, then the time it
£ takes the population to quadruple i8 independent of the size
of the population. '
}i If a radioactive element has a half-life of 1 minute, and if
a container holds 32 g of the element at 1:00 p.M., then the
\3( amount remaining at 1:05 p.m. will belg.

A differential equation of the form

dy
h)- - =8 )
5
is not separable.

25. Suppose that the initial condition in Example 1 had been
y(0) = 0. Show that none of the solutions generated in
Fxample 1 satisfy this initial condition, and then solve the
initial-value problem

dy
e y(©0) =0

Why does the method of Example 1 fail to produce this par-

ticular solution?

= fdrxyz,

26. Find all ordered pairs (xp, yo) such that if the initial condi-
tion in Example 1 is replaced by y(xp) = Yo, the solution
of the resulting initial-value problem is defined for all real
numbers.

27. Find an equation of a curve with x-intercept 4 whose tangent
line at any point (x, y) has slope xe™.

[~ 28. Useagraphing utility to generate a curve that passes through
the point (1, 1) and whose tangent line at (x, y) is perpen-
dicular to the line through (x, y) with slope —2y/(3x%).

29. Suppose that an initial population of 20,000 bacteria grows
exponentially at a rate of 2% per hour and that y = (1) is
the number of bacteria present ¢ hours later.

(a) Find an initial-value problem whose solution is y ().

(b) Find a formula for ().

(c) How long does it take for the initial population of bac-
teria to double?

(d) How long does it take for the population of bacteria to
reach 45,0007

30. A cell of the bacterium E. coli divides into two cells every 20
minutes when placed in a nutrient culture. Let y = y(t) be
the number of cells that are present £ minutes after a single
cell is placed in the culture. Assume that the growth of the
bacteria is approximated by an exponential growth model.
(a) Find an initial-value problem whose solution is y(f).
(b) Find a formula for y(t).

(cont.)
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31.

32.

33.

35,

%

|

|

. Suppose that the town

'FOCUS ON CONCEPTS

5& 37. (a)

(c) How many cells are present after 2 hours?

(d) How long does it take for the number of cells to reach
1,000,0007

Radon-222 is a radioactive gas with a half-life of 3.83 days.

This gas is a health hazard because it tends to get trapped in

the basements of houses, and may health officials suggest

that homeowners seal their basements to prevent entry of

the gas. Assume that 50 % 107 radon atoms are trapped in

abasement at the time itis sealed and that y(¢) is the pumber

of atoms present ¢ days later.

(a) Find an initial-value problem whose solution is y(z)-

(b) Finda formula for y(£).

(c) How many atorms will be present after 30 days?

(d) How long will it take for 90% of the original quaniity
of gas to decay?

Polonium-210 is a radioactive clement with a half-life of

140 days. Assume that 20 milligrams of the element are

placed in a lead container and that y(£) is the number of

milligrams present ¢ days later.

(a) Find an initial-value problem whose solution is y(t)-

(b) Find a formula for y ().

(c) How many milligrams will be present after 10 weeks?

(d) How long will it take for 70% of the original sample to
decay?

Suppose that 200 fruit flies are placed in a breeding con-

tainer that can support at most 10,000 flies. Assuming that

the population grows exponentially at arate of 2% per day,

how long will it take for the container to reach capacity?

of Grayrock had a population of
10,000 in 2006 and a population of 12,000 in 201L. As-
suming an exponential growth model, in what year will the
population reach 20,0007

A scientist waats to determine the half-life of a certain ra-
dioactive substance. She determines that in exactly 5 days
a 10.0-milligram sample of the substance decays to 3.5 mil-
ligrams. Based on these data, what is the half-life?

Suppose that 40% of a certain radioactive substance decays

in 3 years.

(a) What is the half-life of the substance in years?

(b) Suppose that a certain quantity of this substance is
stored in a cave. What percentage of it will remain after
t years?

]

Make a conjecture about the effect on the graphs of |
y = ypet and y = yoe ¥ of varying k and keeping
yp fixed. Confirm your conjecture with 2 graphing |
utility. |
(b) Make a conjecture about the effect on the graphs of
y= yoek and y = yoe ¥ of varying Yo and keeping
& fixed. Confirm your conjecture with a graphing |
utility.

8/ Mathematica'l Modeling with Differential E

| 38. (a) What effect does increasing Yo

l\ 39. (a)

40.

41.

~ 42.

43.

quations

and keeping k fixed

have on the doubling time or half-life of an expo- \
nential model? Justify your answer.

(b) What effect does increasing k and keeping Yo fixed
have on the doubling time and half-life of an expo-
pential model? Justify your answer.

There is a trick, called the Rule of 70, that can be
used to get a quick estimate of the doubling time
or half-life of an exponential model. According to
this rule, the doubling time of half-life is roughly |
70 divided by the percentage growth or decay rate. ‘|
For example, we showed in Example 5 that with a
continued growth rate of 1.10% per year the world \
population would double every 63 years. This result |
agrecs with the Rule of 70, since 70/1.10 % 63.6. \
Explain why this rule works.
Use the Rule of 70 to estimaie the doubling time of
a population that grows exponentially at a rate of
2% per year. \
(c) Use the Rule of 70to estimate the half-life of a pop- |
ulation that decreases exponentially atarate of3.5%
per hour.
(d) Use the Rule of 70 to estimate the growth rate that
would be required for a population growing expo-
nentially to double every 10 years. |

(b)

Find a formula for the tripling time of an exponential growth
model.

Tn 1950, a research team digging near Folsom, New Mex-
ico, found charred bison bones along with some leaf-shaped
projectile points (called the “Folsom points”) that had been
made by a Paleo-Indian hunting culture. Tt was clear from
the evidence that the bison had been cooked and eaten by
the makers of the points, so that carbon-14 dating of the
bones made it possible for the researchers to determine when
the hunters roamed North America. Tests showed that the
bones contained between 27% and 30% of their original
carbon-14. Use this information to show that the hunters
lived roughly between 9000 B.c. and 8000 B.C.
(a) Use a graphing utility to make a graph of Prem versus f,
where Prem 18 the percentage of carbon-14 that remains
in an artifact after ¢ years.

(b) Use the graph to estimate the percentage of carbon-14

that would have to have been present in the 1988 testof
the Shroud of Turin for it to have been the burial shrovd
of Jesus of Nazareth (see Example 7).

(a) Tt is currently accepted that the half-life of carbo
14 might vary £40 years from its nominal value ?
5730 years. Does this variation make it possible that the

Shroud of Turin dates to the time of Jesus of Nazare
(see Example 7)?

(b) Review the subsection of Section
Propagation, and then estimate the pcrcentage ertor

29 enitled B

2
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. Suppose
= ygek
is known that y ==y ift = f;-
for k in terms of ¥, ¥1:

(a) Show that if a quantity ¥ =Y

o

tyIna certain 1-hour period

" Suppose that P do
of r % 100%. If th
account at the end of the ye
be compounded annud.

results in the computed age of an artifact fl
error in the alf-life of carbon-14.

that a quantity ¥ has an exponential growth model
t or an exponential decay model y = yoe , and it
In each case find a formula
and f1, assuming that £ 7 0.

() has an exponential

model, and if yt)=n and y(t2) = Y2 then the dou-

bling time or the half-life T is

{ty — O ln Z

Mz TRl o
n(y2/ y1)

the number of bacteria in

es by 30%. Assuming an exponential
the doubling time for the coleny?

flars is invested at an anmual inferest raie
e accurnulated interest 18 credited to the
ar, then the interest is said to
ily, ifitis credited at the end of cach
is said to be compounded senianni-
ally; and if itis credited at the end of each 3-month period,
{hen it is said to be compounded quarterly. The more fre-
quently the interest is compounded, the better it is for the
jpvestor since mMore of the interast is itself earning interest.

(2) Show that if interest is compounded 7 fimes a year at
equally spaced intervals, then the value 4 of the invest-

ment after 1 years 18
py ot
A=P (1 + f)
n
est to be compounded each day,

(b One can imagine inter
e, and so forth. Cartied to the

each hour, each minut
Jimif one can conceive of interest compounded at each
instant of time; this 18 called confiniious compound-

ing. Thus, from part (&), the value A of P dollars after
f years when invested at an annual rate of r x 100%,

compounded continuonsly, 18

a colony increas
growth model, what is

6-month period, then it

Fn
A= Gim P 1+—)
n—+ e n

Use the fact that limy o {1+ x)” * .= g to prove that
A= Perl.

(c) Use the result in part
at continuons compou

portional to the amount present.

47. (@) £$10001s invested at 7% per year co
nously (Bxercise 46), what will the investm

after 5 years?
(b) M itis desired that an investment at 7% per year COm-

pounded continuously should have & value of £10,000
after 10 years, how much should be invested now?

(c) How long does it take for an investment at 7% per year
compounded continuously to double in value?

() to show that money invested
nd interest increases ata rafe pro-

mpounded contin-
ent be worth

rom an r% 48.

49. Assume that

50. Use your answer 1o Exerci

3 51. The graphofa solution to the logi!

8.2 Separation of Vatiables 377

¢ annual interest rate for an interest rate
ded continuousiy?
logistic equation with

What is the effectiv
of r % per year compoun
y = y({1) gatisfies the
yo = y(0) the initial value of y.

(a) Use separation of variables to derive the solution
_ yoL

YT S+ (L -y

(b) Use part (2) to show that r1_'>un+my(t) =L.

se 49 to derive a solutio
isease [Bouation {6} of Section

n to the

model for the spread of d

8.11.
stic equation is known as

and if yo > 0, it has one of four general

shapes, depending on the relationship between Yo and L. In
gach part, assume that k = 1 and use 2 graphing wtility to
plot a logistic cuIve satisfying the given condition.

(@ yo>L () yo =L

© L2y <l (d) 0 < yo < L/2

a logistic curve,

52-53 The graph of a logistic model
voL
—kt

y o= ————
o + (L — Yo)e
15 shown. Estimate Yo. L,and k. *

200 600 10C0

I} 54. Plota solution to the initial-value problem

Q:o.%(u%)y, yo =1

55, Suppose that the growth of a population ¥ = y(1) s given

by the logistic gquation
60

MW P
(a) What is the population at time ¢ = 07
(b) What is the carrying capacity L1?

(c) What is the constant k7
(d) When does the population reach half of the carrying

capacity?
(¢) Find an initi
56. Supposc that the growth of a population
by the logistic equation

al-value problem whose sojution is (1)
y = y(t}1is given

500
Y= 14990

(a) What is the popuiation at time ¢ = 0?
(b) What is the carrying capacity L
(cy What is the constant k7

(cont}
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V’QUICK CHECK EXERCISES 8.4

(See page 594 for answers.)

1. Solve the first-order linear differential equation
dy
7 TPWY =g
%

by completing the following steps:

Step 1. Calculate the integrating factor p =

Step 2. Multiply both sides of the equation by the integrat-
ing factor and express the result as

d i
Py =

Step 3. Integrate both sides of the equation obtained in Step
2 and solve for y =

EXERCISE SET 8.4 [ Graphing Utility

2. An integrating factor for

dy |y
o T SEE
X x

iy

3. Attime ¢ = 0, a tank contains 30 oz of salt dissclved in 60
gal of water. Then brine containing 5 oz of salt per gallon
of brine is allowed to enter the tank at a rate of 3 gal/min
and the mixed solution is drained from the tank at the same
rate. Give an initial-value problem satisfied by the amount
of salt y(¢) in the tank at time ¢. Do not solve the problem.

1-6 Solve the differential equation by the method of integrating
factors.

d
y AR N

dy
2, —+2xy=3
dx dx+ . *

d

3. ¥ +y =sin(e") 4. 2—1—{—4)):3
dx

1

i d
X(x2+l)ﬁ+xy:0 6. L 4y

=0
dx 1—e*

7-10 Solve the initial-value problem.

d
7.x2 4 y—x y1)=3
dx

7 4
.x—y#y:xz, y()y=1
! dx
d
9. 2 opy—dx, yO)=3
dx

dy
10. = =2, y0)=3
dt+y ¥(0)

11-14 True-False Determine whether the statement is true or
false. Explain your answer,

11. Inamixing problem, we expect the concentration of the dis-
solved substance within the tank to approach a finite limit
over time.

12. If the first-order linear differential equation

dy
dx

+plx)y = q(x)

has a solution that is a constant function, then g(x) is a
constant multiple of p(x).

13. If y, and y, are two solutions to a first-order linear differ-
ential equation, then y = y; + y; is also a solution.

14. In our model for free-fall motion retarded by air resistance,
the terminal velocity is propertional to the weight of the
falling object.

15. A slope field for the differential equation y = 2y — x is
shown in the accompanying figure. In each part, sketch the

graph of the solution that satisfies the initial condition.
@ y(1)=1 By =-1 ( y(-1)=0

NN sy

S N gy
NN N N

i
[
trrd
[
[
1
[ vy
T avd

A e N N ]
N T T T TR O S U Y
F et T N S N 5 L O U W SO SR O 1
T e B S S U R U U O Y
R A S T S S T T T U S U Y
AT T T W W WA VO o T WO S T T W O ¥
AT O U O T T i S 00 g R O A 1
AT O U R T L U U T A

<4 Figure Ex-15

F16. Solve the initial-value problems in Exercise 15, and use @
graphing utility to confirm that the integral curves for these
solutions are consistent with the sketches you obtained from
the slope field.

FOEUS ON CONCEPTS

| 17. Use the slope field in Exercise 15 to make a conjecture
about the effect of yy on the behavior of the solution
of the initial-value problem y’ = 2y — x, y(0) = » 85
x— +, and check your conjecture by examining the
solution of the initial-value problem.

18. Consider the slope field in Exercise 15. il
' (a) UseEBEuler’s Method with Ax = 0.1to estimate (E)
for the solution that satisfies the initial conditio™

y(0) = 2.
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Ly=Ji(x)

Generated by Mathematica
A Figure 9.8.4

TECHNOLOGY MASTERY

Many computer algebra systems have
the Bessel functions as part of their li-
braries. If you have a CAS with Bessel
functions, use it to generate the graphs
in Figure 9.8.4.

Sometimes new functions actually originate as power series, and the properties of the
functions are developed by working with their power series representations. For example,
the functions

= (—1)kx2* %2 & 3
T o n LI SR M. SIS PRI
; 22 (k12 2102 T AN 25312
and
e (DR x? £
"o =2 e 2 Bma  swe O

which are called Bessel functions in honor of the German mathematician and astronomer
Friedrich Wilhelm Bessel (1784—1846), arise naturally in the study of planetary motion and
in various problems that involve heat flow.

To find the domains of these functions, we must determine where their defining power
series converge. For example, in the case of Jy(x) we have

lim | Yt A 2% (k12
O S e T | ke | 2O DI 2%
2
X
= I ———| B O << l
ke | Bk I 1)2

so the series converges for all x; that is, the domain of Jy(x) is (—oo, +o0). We leave it ag
an exercise (Exercise 59) to show that the power series for J;{x) also converges for all x.
Computer-generated graphs of Jy(x) and J;(x) are shown in Figure 9.8.4.

VQUICK CHECK EXERCISES 9.8  (See page 668 for answers.)

1. If f has derivatives of all orders at xp, then the Taylor series the radius of convergence for the infinite series

for f about x = xg is defined to be

@

k=0
2. Since

lim
k— +o0

is

3. Since

k— 4

@/ + 1)1‘
(3*xk) /!

the interval of convergence for the series ¥ ;. (3*/k!)xF is

(a) Since

(x — e+ 1
(x — )/ VE

lim
k— oo

ket kL
2k xk

the radius of convergence for the infinite series » . _o 2“x

S (VB —4ris
(b) When x =3,
DU SRS
— ik ~ Jk

k=1
=2[x|

Does this series converge or diverge?

(c) When x =5,

kyk

e

3x
k+1

- ke — oo

1 2 1
i __4k= -
ﬁ(x ) E«/E

=
Il

1

Does this series converge or diverge?

(d) The interval of convergence for the infinite 5"“--

Y (VR =i

- Je— 4o

=|x —4|




[c] cas

EXERCISE SET 9.8 ™ Graphing Utility

SR
1-10 Use sigma potation to write the Maclaurin series for the

Function.
1.e* 2. e 3. cosmx 4. sinmx
1
6. 7. coshx
5. In(1+x) = s
§. sinh x 9, xsinx 10. xe*

11-18 Use sigma mnotation fo write the Taylor series about
y = xp for the function.

1. &; xg=—1 12. e *; xp=1In3

13. —1—; xp=—1 14.
X

1
15. §inwwx; Xg = 3

s X =1
x2x0

16. cosx; xp =

vl s

17. lnx; x =1 18. Inx; xo=e

19-72 Find the interval of convergence of the pdwer series, and
find a familiar function that is represented by the power series
on that interval.
19, 1—x +x2—x3 44 (=1FxF 40
20, 14+x2+x 4+ x4 .
W l+x—-D+E -2+ =2+
22. l—(x+3)+(x+3)2¥(x+3)3
o (DR A
23. Suppose that the function f is represented by the power
series
A 2
=t P e B S
fx) >tT7 -3t +CED g+
() Find the domain of f.  (b) Find f(0) and f(1).
24. Suppose that the function f is represented by the power
series
x—4 (-4 -4’
foy=1-E2 4 T = S

(b) Find f(3) and f(6).

(a) ‘Find the domain of f.

25-28 True—False Determine whether the statement is true or

false. Explain your answer. ,

25, If a power series in x converges conditionally at x = 3, then
the series converges if |x| < 3 and diverges if |x| > 3.

96. The ratio test is often useful to determine convergence at the
endpoints of the interval of convergence of a power series.

27. The Maclaurin series for a polynomial function has radius
of convergence —+oo.

© k
28. The series Z % converges if [x| < 1.
k=0

29-50 Find the radius of convergence and the interval of con-
VETZENCe.

oo xk oo -] (—1)kxk
29, 30. 24’%" 31. Z
— 2k+3 £~ e k!
=B — 6" 2 &
32. ZT,x 33, Z & 34, Zm
k=0 k=1 k=2
@ xk * { z)kxk-H
35. 36.
; k(k + 1) Z k+1
k=1 k=0
« k 5 {_l)kx3k
37. S = g8 NiAH T
‘ :l;( ) W ?L:a (2k)!

* . 100 = k
‘;(Z —x* 40. 2(41)"*1]_"—_2
' = k! = t(ln k)

41 i £ 42 i(x—3)"

- “—__E . I(

k=0 1 + k k=0 3
= (x + DF N Gz 4)F

43. ) (- My (-5
k=1 k k=0 (k + 1)2
= 3Nk 2 2k + 131

45. Z(Z) (x +5)F . ZL;—)—(xusyk
k=0 2 k=1

2wz — D > 2x - ¥

47. z L I 48. Z e
2,
o 2k+1)! =3
49. Use the root test to find the interval of convergence of
(In k)

k=2
50. Find the domain of the function

*1-3-5.(2k—1)
f =2 2k — 2)! k

k=1
51. Show that the series

1

x x X

—atm et

is the Maclaurin series for the function
0 cos A/, x =0
X)) =
cosh/—x, x<0

[Hint: Use the Maclaurin series for cos x and cosh x to ob-
tain series for cos 4/, where x > 0, and cosh 4/ —x, where
x<0]

[~] 52. If a function f is represented by a power series on an ‘
interval, then the graphs of the partial sums can be used |

‘ as approximations to the graph of f. ! ‘
(a) Use a graphing utility to generate the graph of ‘

| 1/(1 — x) together with the graphs of the first four |

‘ partial sums of its Maclaurin series over the interval |

(-1, 1).
| (b) In general terms, where are the graphs of the partial ‘l
' sums the most accurate? |




percentage does a person’s weight change in going from
mean sea level to the top of Mt. Everest (29,028 11)?

Show that the Bessel function Jy(x) given by For-

mula (4} of Section 9.8 satisfies the differential equation

xy'+y +xy=0 (This is called the Bessel equation

of order zero. 3

(b) Show that the Bessel function Jj(x) given by For-
mula (5) of Section 9.8 satisfies the differential equation

y +xy + (x% — 1)y = 0. (This is called the Bessel

equation of order one.)

(c) Show that Jx) = — 1 (x).

45. (a)

¢/ QUICK CHECK ANSWERS 9.10

Chapter 9 Review Exercises 689

46. Prove: If the power series 3y, axx® and Y _ bix" have
the same sum on an interval (—r, r), then a, = by for all

values of k.

47. Writing Evaluate the limit
x —sinx
lim ————

x—=+0 x3
in two ways: using L’Hopital’s rule and by replacing sin x
by its Maclaurin series. Discuss how the use of a series
can give qualitative information about how the value of an

indeterminate limit is approached.

(_Dkff 2, Li=0; =1 =1%x* 3.1-3
]l k'_ b 3 2 2 ’2’

Wi A

CHAPTER 9 REVIEW EXERCISES

4. (a) —% (b) 4;1; ——

I )k+1 (x ]‘)k
4’ 18’ k- (kY)

1. What is the difference between an infinite sequence and an
infinite series?

tw.’l

. What is meant by the sum of an infinite series?

. (a) What is a geometric series? Give some examplcs of
convergent and divergent geometric series.

(b) Whatis a p-series? Give some examples of convergent
and divergent p-series.

(4.)

4. State conditions under which an alternating series is guar-
anteed to converge.

5. (a) Whatdoes it mean to say that an infinite series converges
absolutely? :

(b) What relationship exists between convergence and ab-
solute convergence of an infinite series?

6. State the Remainder Estimation Theorem, and describe
some of its uses.

7. Tf a power series in x — xg has radius of convergence R,
what can you say about the set of x-values at which the
series converges?

(=]

. (a) Write down the formula for the Maclaurin series for b
in sigma notation.
(b) Write down the formula for the Taylor series for f about
x = xg in sigma notation.

Are the following statements true or false? If true, state

a theorem to justify your conclusion; if false, then give a

counterexample.

(a) If 3 uy converges, then u; —> 0 as k— oo

(b) If uy— 0 as k— oo, then ) u; converges.

) If f(n) =a, for n=1,2,3,..., and if a,— L as
n— -+, then f(x)— L as x — +co.

(@) If f(n) =a, forn=1,2,3,..., and if f(x)—>L as
x — 4o, then a, — L as n— +oo.

(e) If 0 < a, < 1, then {a,) converges.

(f) If0 < uy < 1, then ) uy converges.

(g) TfY " uy and Y vy converge, then 3 (uy + vg) diverges.
(h) Tf 3" uy and Y vy diverge, then ) (uy — ) converges.
(i) If0 < uy < v, and ) v converges, then > uk
converges.
(j) If 0 < uy < v and Zul diverges, then 3 vy
diverges.
(k) If an infinite series converges, then it converges
absolutely.
(1) If an infinite series diverges absolutely, then it diverges.
10. State whether each of the following is true or false. Justify
YOUr answers.
(a) The function f(x) = x> has a Maclaurin series.
(m1+g——+§—l+z—l+ 1
(@1+2—1+-——+~f_+
11. Find the general term of the sequence, starting with n = 1,
determine whether the sequence converges, and if so find
its limit.

3 4 5
(a} 22_12’32_22’42732
©) 1 23 4
ghogtey gEme

12. Suppose that the sequence {a;} is defined recursively by

ag = ¢, Qi41 = /0k
Assummg that the sequence converges, ﬁnd its limit if
(@) c=3 (b) c=3
13. Show that the sequence is eventually stri ctly monotone.
1007 +
- 10)* b) { ———
@ [(n-10*}7 (b) { D }”=l
14. (a) Give an example of a bounded sequence that diverges.
(b) Give an example of a monotonic sequence that diverges.

15-20 Use any method to determine whether the series con-
verge.
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= 1

- @ szc
w2k +5 Y A
)-<{a) YV ® XD (5=)

. 1
® D #rT
k=1

k=1
1

~ 1
;k3+2k+1 ®) Z(3+k)3/5

= Ink B3
?((a);fcf ()28k2+5k+1

22.

23.

24.

25.

b) Z cos(l/k)

k=1

Zf-H

—1/2 kL
0 e m 3 ED

3 4 sin’ & K1

. Find the exact error that results when the sum of the geo-

metric series 2;?:0(1/5)" is approximated by the sum of

the first 100 terms in the series.
n

1
Suppose: E ury =3 — —. Find
n
k=1

(a) w100 (b) lLim u;
k— 4=

© ) u.
k=l

In each part, determine whether the series converges; if so,
find its sum.

“ £ -5)

© Zk(f +3)

It can be proved that

(b) ) [n(k+ 1) — Ink]
k=1

(d) Y [tan™'(k + 1) — tan™" k]

k=1

i
a1
lim +/n! = +w and lim — = —
n—* -roa n—++4w p e
In each part, use these limits and the root test to determine
whether the series converges.
b =
o >k
k=0

(a) Z o
k=0
Let a, b, and p be positive constants. For which values of

o1 -
p does the series Z converge?

£ (a+bk)?

>é Find the interval of convergence of

27.

28.

@ R
Zi"—bTx”)— b > 0)

k=0

(a) Show that k* > k!

(b) Use the comparison test to show that Z k¥ converges.
k=1

(c) Use the root test to show that the series converges.

Doestheseries 1 — 2 +2 — 2+ 3 4 -

YOUur answer.

- converge? Justify

29.

30,

31

32.

33.

(a) Find the first five Maclaurin polynomials of the function
px) =1 —6x +5x% + 3x°.

(b) Make a general statement about the Maclaurin polyno-
mials of a polynomial of degree n.

Show that the approximation

P

sinx &~ x — — + —
3! 5!
is accurate to four decimal places if 0 < x < m/4.

Use a Maclaurin series and properties of alternating series
to show that | In{1 +x) — x| < x2/2if0 < x < L.

Use Maclaurin series to approximate the integral

fl 1 —cosx
—dx
0 X

to three decimal-place accuracy.
In parts (a)-(d), find the sum of the series by associating it

with some Maclaurin series.

o 27 8l
B B o b b B
o 7r7
eyl e
62 64 36
TR TR T
2 3
W) 1—1n3+(1n3) Hod)

34.

35.

36.

37.

3!
In each part, Wnte out the first four terms of the series, and
then find the radius of convergence.
= 1.2.3..k i
a x
(@ ;1-4-7---(%—2)

o) Y= 22K
k=1

1-3:5---(2k-1)

Use an appropriate Taylor series for J/x to approximate 28
to three decimal-place accuracy, and check your answer by
comparing it to that produced directly by your calculating
utility.
Differentiate the Maclaurin series for xe* and use the result
to show that © k41 ,
T 9
!

= ©
Use the supphed Maclaurin series for sin x and cos x to ﬁ“d _
the first four nonzero terms of the Maclaurin series for the. el
given functions. ’

smme(

k=0

2k+1
(2] + 1!

CosSX = Z( * (chk)'

(a) sinxcosx (b) 1 5 8in2x A




