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448 Chapter 6 / Exponential, Logarithmic, and Inverse Trigonometric Functions

EXERCISE SET 6.5 I Graphing utiliy  [€] cas

Reso $E.5

1-2 Evaluate the given limit without using L'Hdpital’s rule, and
then check that your answer is correct using L'Hopital's rule. =

; xt—4
Ligl s

sin x

2. (a) lim
x—0 tan x

2x -5
b) L
()x—>IEm3x+7

2 __
(o i 51

x—+ix3¥1

3-6 True-False Determine whether the statement is true or

false. Explain your answer. =

In
3. I’Hopital’s rule does not apply to lim =,
Xp—= x
4. For any polynomial p(x), lim p() =0.
N
: : ; . (nx)"
5. If n is chosen sufficiently large, then lim = oo,
X—+oa X
6. lim (sinx)"* =0
x—>0t
7-43 Find the limits.
1 in 2
7. lim & 8. lim o
x—0 sinx x—0 gin 5x
tan te'
9. lim 22 10. lim —¢
g—~0 @ t>0]1 —ef
i, fm, S5 12. sin x
x=at X — =0t x2
3x
1%, Tim, 4. lim &
X—>—+m x X —r 4 xz
cot x 1—Inx
5. Ii 6. _
1 x—»nOl"' Inx 1 x— 0t eI/’-'
100 In(si
17. lim = 18, Ly G0
X e @k x—0* In(tan x)
19. lim xe™ 20. lim (x — x) tan %x
‘X —> o0 X—=>m
. . T .
21. lim xsin=— 22. lim tanxInx
X —++oo X x>0t
23. lim sec3xcos5x 24. lim (x — m)cotx
x—m/2- X
25. lim (1 —3/x)* 26. Lim (1 + 2x)~%*
X— 4w x—=0
27. lim (&* + x)/* 28. lim (1+a/x)>
x—0 " x— -+t
29. lim (2 — x)tenlle/2)a] 30. lim [cos(2/x)]
x— 't x— 4o
. ) 1 cos 3x
31. lim(cscx — 1/x) 32. lim [ — —
x>0 x—0\ x2 X2
1 1
33. lim (vVx2+x—x) 34. lim (— — )
X 4o x—=0\x ¥ —1

35, lim [x —In(x*4+1)]  36.

x>

XI_I)IEQQ[IHX —In(l + x)]

37. lim x¥"* 38. lim (¢¥ — 1)
x—0+ x—0t
l X
39, lim [-——J 40. lim x/*
x—0t hlx x =40
41. lim (Inx)"* 42. lim (—Inx)*
X—> oo x -0+

43. lim (tanx)®/2-*

x> /2

44. Show that for any positive integer n

. Inx . o
(a) xy;:[gl-lm xn =1 (b) ):I—1>H+1m Inx = e,
FOCUS ON CONCEPTS — T
45. (a) Find the error in the following calculation:
i ¥ —x24x-1 - T 3x2 —2x + 1
x—1 x3 — x2 =1 3x2 _ 2y
i 6x —2 _
- xl—i-ml 6x —2

(b) Find the correct limit.
46. (a) Find the error in the following calculation:

) g3 =12x+12 . (6x — 12)83x2-12x+12
m ————— = lim =(
x—=2 x4 — 16 x—=2 4x3

L (b) Find the correct limit.

1 47-50 Make a conjecture about the limit by graphing the fun

tion involved with a graphing utility; then check your conjectu
using L'Hdpital’s rule.

In(l
4. Jim PUBE) . lim x*
X =>4 2 x—>0+
. . . 4 tan
49. lim (sin x)*/1nx 50, lim —lon%
x>0+ x—(x/2)- 1 +secx

] 51-54 Make a conjecture about the equations of horizonts
asymptotes, if any, by graphing the equation with a graphm{
utility; then check your answer using L’Hépital’s rule. ® |

51 y=lInx — ¢ 52, y = x — In(l +2¢%)
53 (In )1/1: 54 x+ I)x
. = X . =
y p=5

55. Limits of the type
0/c0, /0, 0%, o0.co, oot (4a),
too— (), —ot(-w), —eo— (+2) S
are 7ot indeterminate forms. Find the folloWl'Ilg]J'm_jts i

inspection.
lim — g 2
(a) e (b) ok == :
(¢} Hm (cosx)?~ (d) Lm (Inx)cotx
x— (/2)~ x—>0*
(e) 1in(1)+ (xi - lnx) () lim (x+x")
x— X=—ca
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;""..q:i}ere is 2 myth that circulates among beginning calculus (b) Confirm this result using L’Hépital's rule. [Hint: Bx-
hudents which states that all indeterminate forms of types press the limit in terms of £ = 1 /x.]
5 ?0.0 0, and 17 have value 1 because “anything to the zero (c) If n is a positive integer, then it follows from part (a)
P‘O‘Wer is 17 and “1 to any power is 1.” The fallacy is that with x = n that the approximation
0, 0, and 1™ are not powers of numbers, but rather de- ) BTN
seriptions of limits. The following examples, which were n(«/E 1) ~Ink

should be good when n is large. Use this result and the
square root key on a calcnlator to approximate the val-
ues of In0.3 and In 2 with n = 1024, then compare the

quggested by Prof. Jack Staib of Drexel University, show
hat such indeterminate forms can have any positive real

value:

@ lm [x (na)/(+nx)] — 5 (form 0°) values obtained with values of the logarithms generated
S N — 5 directly from the calculator. [Hint: The nth roots for

(b) lim [x 1=a (forme) which 7 is a power of 2 can be obtained as successive

x—+=
) ljmo[{x + 1)ln X =4 (form 1%). square 100ts.]
e : 64. Find all values of k and [ such that

Verify these results.
k +coslx
lim —————

=4
7-60 Verify that L’Héopital’s rule is of no help in finding the x—=0 x2
imil: then find the limit, if it exists, by some other method. = _
x + sin 2% 2y '_ o 20 FOCUS ON CONCEPTS W
' h —_— i e T s
!7 e % F x—te 3x +sinx 65. Let f(x) = x*sin(1/x). .
x(2 + sin 2x) . x(24sinx) (a) Are the limits lim, o+ f(x) and limy o~ f(x) in-
. lim ———— 60. lim ———— ;
ot x41 xote x2 41 determinate forms?

(b) Use agraphing utility to generate the graph of f,and
use the graph to make conjectures about the limits
in part (a). '

(c) Use the Squeezing Theorem (1.6.2) to confirm that

1,. The accompanying schematic diagram represents an electri-
| cal circuit consisting of an electromotive force that produces
=i avoltage V, a resistor with resistance R, and an inductor

. with inductance L. It is shown in electrical circuit theory

hat if the voltage is first applied at time ¢ = 0, then the your conjectures in part (b) are correct. 8
| current I flowing through the circuit at time 7 is given by 66. (a) Explain why L'Hopital’s rule does not apply to the ¥
flkl I = K(l _ e—Rt/L) PIObleHl . x2 s'm(l/x)
el R lim ———

x—+0 Sin x

What is the effect on the current at a fixed time ¢ if the b) Find the limi
resistance approaches 0 (ie., R— 0%)? (b) Find the lt‘/
(1 )
® 67. Find im 2529 it exiss.
0+ sinx

l —MVW e

68. Suppose that functions f and g are differentiable at x = a
and that f(a) = g(a) = 0. If g'(a) # 0, show that

‘ 1|
- ‘ L i 0 _ F@
P ~— 4 Figure Ex-61 © xoag(x)  ga)
} . _ without using 1’ Hépital's rule. [Hint: Divide the numer-
) (@) Show thatxlirjxgﬂ(zr/Z —x)tanx = 1. ator and denominator of f(x)/g(x) by x —a and use the

{(b) Show that definitions for f'(a) and g'(a).]
_ti x) -0 69. Writing Were we to use L'Hopital’s rule to evaluate either

lim
x—/2 JT/Z—JC ) sin x 1N\ |
lim —— or lim (1+—) ;
x

. (c) 1tfollows from part (b) that the approximation w0 & s i ;
) tanx & ; 1 we could be accused of circular reasoning. Explain why. |
linit wl2—x i ; . :

70. Writing Exercise 56 shows that the indeterminate forms o°

should be good for values of x near 7/2. Use acalcula- - wogcaﬂ assume any positive real value, However, it is

tgr i ﬁnl(ii: tan x and 1/ (/2 i %) forx = 1.57; compare . often the case that these indeterminate forms have value 1.

B LR Read the article “Indeterminate Forms of Exponential Type”

¥ (a) UseaCAS to show thatif k is a positive constant, then by John Baxley and Elmer Hayashi in the June-July 1978

T % (kl/I —1)=1Ink issue of The Americanl Mathematical Monthly, and write a

x>t short report on why this is the case.
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CHAPTER 6 REVIEW EXERCISES £ Graphing Utility

1. In each part, find f~!(x) if the inverse exists.

@ F0) = () +1
; () f(x) =sin 42}‘), ﬁﬁsxsf_ﬁn
© f) =

i+ 3tan~!x

2. (a) State the restrictions on the domains of sinx, cosx,
tan x, and sec x that are imposed to make those func-
tions one-to-one in the definitions of sin ™' x, cos~! x,

tan—! x, and sec™! x.

(b) Sketch the graphs of the restricted trigonometric func-

tions in part (a) and their inverses.

3. In each part, find the exact numerical value of the gwen
expression.

(a) cos[cos™!(4/5) + sin~'(5/13)]

(b) sin[sin~'(4/5) + cos™'(5/13)]

In each part, sketch the graph, and check your work with a
graphing utility.

(@) f(x)=73sin"(x/2)

(b) f(x) =cos™'x —m/2

| © f(x)=2tan""(—3x)

: (d) f(x) =cos~!x+sin~!x

|

|

\

|

]

|

=P

5. Suppose that the graph of y =logx is drawn with equal
scales of 1 inch per unit in both the x- and y-directions. If a
bug wants to walk along the graph until it reaches a height
of 5 ft above the x-axis, how many miles to the right of the
origin will it have to travel?

6. Find the largest value of a such that the function
f(x) = xe ™ has an inverse on the interval (—co, a].

7. Express the following function as a rational function of x:
31n (e*(e")?) + 2exp(In1)

8. Suppose that y = Ce*, where C and k are constants, and
let ¥ = Iny. Show that the ‘graph of ¥ versus ¢ is a line,
and state its slope and Y-intercept.

. (a) Sketch the curves y = £e¢~*2and y = ¢=*/2 sin 2x for
—7/2 < x < 37/2 in the same coordinate system, and
check your work using a graphing utility.

Find all x-intercepts of the curve y = e~/ sin 2x in the
stated interval, and find the x-coordinates of all points
where this curve intersects the curves y = 4e™/2,

(b

. Suppose that a package of medical supplies is dropped from
, a helicopter straight down by parachute into a remote area.
! ; The velocity v (in feet per second) of the package ¢ seconds
?1 ~ after it is released is given by v = 24.61(1 — e~ 1¥).

K * + (a) Graph v versusz.

(b) Show that the graph has a horizontal asymptote v = c.
Iﬂ L (c) The constant c is called the ferminal velocity. Explain
1 i . . what the terminal velocity means in practical terms.

i (d) Can the package actually reach its terminal velocity?

(e) How long does it take for the package to reach 98% of
its terminal velocity?

I~ 11. A breeding group of 20 bighorn sheep is released in a pro.
tected area in Colorado. It is expected that with carefy]
management the number of sheep, N, after ¢ years will be
given by the formula

220
T 1+ 10(0.83%)

and that the sheep population will be able to maintain itse|l

without further supervision once the population reaches u

size of 80.

(a) Graph N versus ¢.

(b) How many years must the state of Colorado maintain »
program to care for the sheep?

(c) How many bighorn sheep can the environment in (he
protected area support? [Hint: Examine the graph of
N versus ¢ for large values of £.]

Amn oven is preheated and then remains at a constant temper-

ature. A potato is placed in the oven to bake. Suppose thal

the temperature T (in °F) of the potato ¢ minutes later is

given by T = 400 — 325(0.97"). The potato will be consid-

ered done when its temperature is anywhere between 260°F

and 280°F.

(2) During what interval of time would the potato be con-
sidered done?

(b) How long does it take for the difference between the
potato and oven temperatures te be cut in half?

M 13. (a) Show that the graphs of y = Inx and y = x7 intersec.

(b) Approximate the solution(s) of the equation In ¥ = £
to three decimal places. ;

] 14. (a) Show that for x > 0 and & # O the equations

1 1
W =¢ and e s

x k

have the same solutions.
(b) Use the graph of y = (In x)/x to determine thﬁ V‘ﬂ‘“’
of k for which the equation x* = ¢* has two distinct
positive solutions.
(c) Estimate the positive solution(s) of =

15-18 Find the limits. ®
15. lim e

R
lim

14 5)
I =
X =>r4wx X

ural logarithm function. &

(x+1>(x+2>2) 20. y=In
n ((x+3)3(x+4)4 4

16. Lm In(sin26) — 0
g— 0t A

(1+ ii)b

17.

19. y=

T
w i



i e

1138 Find dy/dx. ®

oy =02 y = (nx)*
A= YEEFT 24. y=In(</x+10)
3 6 14logx
3, 9 = logl> ) 267 = T og
J/xcosx
vam@wJ1+ﬁ) %-y:m(jjjr
2 2x
g gl 3 y=1n (li}_e__g_)
. — €
3 a
AL,y = 206 Y=
3y = l tanﬁl 2% % y = ZSin_'X
e _
755 = 36 y=Q0+x"

38, y = +/cos™! x?

7y = SBCﬁ1 (2x + 1)

19-40 Find dy/dx using logarithmic differentiation.

L 5 % _yx—1
B =T R Py
{4 41. (2) Make a conjecture about the shape of the graph of

= 1x —Inx, and draw a rough sketch.

(b) Check your conjecture by graphing the equation over -

the interval 0 < x < 5 with a graphing utility.

(c) Show that the slopes of the tangent lines to the curve at
x = 1 and x = e have opposite signs.

(d) What does part (c) imply about the existence of a hori-
zontal tangent line to the curve? Explain.

(e) Find the exact x-coordinates of all horizontal tangent
lines to the curve.

42. Recall from Section 6.1 that the loudness B of a sound in
decibels (dB) is given by § = 101log(/ /1), where I is the
intensity of the sound in watts per square meter (W/m?) and
Iy is a constant that is approximately the intensity of a sound
at the threshold of human hearing. Find the rate of change
of B with respect to I at the point where
(@) I/l =10 M) I/Ip =100 (o) I/Iy = 1000.

43. A particle is moving along the curve y = x Inx. Find all
values of x at which the rate of change of y with respect to
time is three times that of x. [Assume that dx/dt is never
zero.]

44. Find the equation of the tangent line to the graph of
y=In(5 — x*) atx = 2.

45. Find the value of b so that the line y = x is tangent o the
graph of y = log, x. Confirm your result by graphing both
y = x and y = log, x in the same coordinate system.

46. Tn each part, find the value of k for which the graphs of
y = f(x) and y = Inx share a common tangent line at
their point of intersection. Confirm your result by graphing
y = f(x) and y = Inx in the same coordinate system.

(@) f(x)=x+k (b) f(x) =k/%
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47. If f and g are inverse functions and f is differentiable on

its domain, must g be differentiable on its domain? Give a
reasonable informal argument to support your answer.

48. In each part, find (f~')'(x) using Formula (2) of Section

6.3, and check your answer by differentiating f -1 diréctly.
@ fx)=3/Gx+1) () fx)=~e

49. Find a point on the graph of y = ¢3* at which the tangent

line passes through the origin.

50. Show that the rate of change of y = 5000e"%"* is propor-

tional to y.

51. Show that the function y = ¢®* sin bx satisfies

y" —2ay' + @+ By =10

for any real constants a and b.

% Show that the function y = tan~! x satisfies

y" = —2sinycos’ y

I~ 53. Suppose that the population of deer on an island is modeled

by the equation

95

FPO=507

where P (¢) is the number of deer ¢ weeks after an initial

observation at time £ = Q.

(2) Use a graphing utility to graph the function P (¢).

(b) In words, explain what happens to the population over
time. Check your conclusion by finding lim; - +e P(1).

(c) Inwords, what happens to the rafe of population growth
over time? Check your conclusion by graphing P().

54. The equilibrium constant k of a balanced chemical reaction
changes with the absolute temperature T according to the

law T—
o k= kO exp _g(__TO‘)
21T

where kg, g, and Ty are constants. Find the rate of change
of k with respect to T

55-56 Find the limit by interpreting the expression as an ap-
propriate derivative.

55. lim @_h)__l_
h—0

PR b . B

h x—oe(x —e)lnx

57. Suppose that lim f(x) = F-e0 and lim g(x) = +e. In each
of the four possible cases, state whether im[ f(x) — g®)]
is an indeterminate form, and give a reasonable informal

argument to support your answer.
58. (a) Under what conditions will a limit of the form

lim [£()/g )]

be an indeterminate form?

(b) Iflim,— q g(x) = 0, mustlimy; 4 [ f(x)/g(x)]beanin-
determinate form? Give some examples to support your
answer.

59-62 Evaluate the given limit. =




