
MA2331: Coordinate systems and Vector Operations

The two dimensional case is ignored. To get the formulas in the two dimen-
sional case remove the z coordinate from Cartesian or Cylindrical coordinates
to get the formulae for Cartesian or Polar coordinates respectively. Remem-
ber, Curl does not exist in two dimensions.

1 Coordinate ranges

1. Cartesian

x ∈ R
y ∈ R
z ∈ R

2. Cylindrical

ρ ∈ [0,∞)

φ ∈ [0, 2π)

z ∈ R

3. Spherical

r ∈ [0,∞)

θ ∈ [0, π)

φ ∈ [0, 2π)

2 Relations between coordinates

1. Cartesian - Cylindrical

x = ρ cos(φ)

y = ρ sin(φ)

z = z

2. Cartesian - Spherical

x = r sin(θ) cos(φ)

y = r sin(θ) sin(φ)

z = r cos(θ)
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3. Cylindrical - Cartesian

ρ =
√
x2 + y2

φ = tan−1
(y
x

)
z = z (1)

4. Cylindrical - Spherical

ρ = r sin(θ)

φ = φ

z = r cos(θ)

5. Spherical - Cartesian

r =
√
x2 + y2 + z2

θ = cos−1

(
z√

x2 + y2 + z2

)
φ = tan−1

(y
x

)
6. Spherical - Cylindrical

r =
√
ρ2 + z2

θ = tan−1
(ρ
z

)
φ = φ

3 Measure

1. Cartesian

dV = dxdydz (2)

2. Cylindrical

dV = ρdρdφdz (3)

3. Spherical

dV = r2 sin2(θ)drdθdφ (4)
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4 Dot product

1. Cartesian

F ·G = FxGx + FyGy + FzGz (5)

2. Cylindrical

F ·G = FrGr + ρ2FφGφ + FzGz (6)

3. Spherical

F ·G = FrGr + r2FθGθ + r2 sin2(θ)FφGφ (7)

5 Gradient

1. Cartesian

∇ψ =

(
∂ψ

∂x
,
∂ψ

∂y
,
∂ψ

∂z

)
(8)

2. Cylindrical

∇ψ =

(
∂ψ

∂ρ
,

1

ρ

∂ψ

∂φ
,
∂ψ

∂z

)
(9)

3. Spherical

∇ψ =

(
∂ψ

∂r
,
1

r

∂ψ

∂θ
,

1

r sin(θ)

∂ψ

∂φ

)
(10)

6 Divergence

1. Cartesian

∇ · F =
∂Fx
∂x

+
∂Fy
∂y

+
∂Fz
∂z

(11)

2. Cylindrical

∇ · F =
1

ρ

∂(ρFρ)

∂ρ
+

1

ρ

∂Fφ
∂φ

+
∂Fz
∂z

(12)

3. Spherical

∇ · F =
1

r2
∂(r2Fr)

∂r
+

1

r sin(θ)

(∂Fθ sin(θ))

∂θ
+

1

r sin(θ)

∂Fφ
∂φ

(13)
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7 Laplacian

All formulae can be derived from those above, combined with the definition
∇ · ∇ψ = ∇2ψ

1. Cartesian

∇2ψ =
∂2ψ

∂x2
+
∂2ψ

∂y2
+
∂2ψ

∂z2
(14)

2. Cylindrical

∇2ψ =
1

ρ

∂

∂ρ

(
ρ
∂ψ

∂ρ

)
+

1

ρ2
∂2ψ

∂φ2
+
∂2ψ

∂z2
(15)

3. Spherical

∇2ψ =
1

r2
∂

∂r

(
r2
∂ψ

∂r

)
+

1

r2 sin(θ)

∂

∂θ

(
sin(θ)

∂ψ

∂θ

)
+

1

r2 sin2(θ)

∂2ψ

∂φ2

(16)

8 Curl

1. Cartesian

∇× F =

(
∂Fz
∂y
− ∂Fy

∂z

)
ex

+

(
∂Fx
∂z
− ∂Fz

∂x

)
ey

+

(
∂Fy
∂x
− ∂Fx

∂y

)
ez (17)

2. Cylindrical

∇× F =

(
1

ρ

∂Fz
∂φ
− ∂Fφ

∂z

)
eρ

+

(
∂Fρ
∂z
− ∂Fz

∂ρ

)
eφ

+
1

ρ

(
∂ (ρFφ)

∂ρ
− ∂Fρ

∂φ

)
ez (18)
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3. Spherical

∇× F =
1

r sin(θ)

(
∂ (Fφ sin(θ))

∂θ
− ∂Fθ

∂φ

)
er

+
1

r

(
1

sin(θ)

∂Fr
∂φ
− ∂ (rFφ)

∂r

)
eθ

+
1

r

(
∂ (rFθ)

∂r
− ∂Fr

∂θ

)
eφ (19)
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