MA2331: Coordinate systems and Vector Operations

The two dimensional case is ignored. To get the formulas in the two dimen-
sional case remove the z coordinate from Cartesian or Cylindrical coordinates
to get the formulae for Cartesian or Polar coordinates respectively. Remem-
ber, Curl does not exist in two dimensions.

1 Coordinate ranges

1. Cartesian

reR

yeR

z€eR
2. Cylindrical

p € [0,00)
¢ € [0,2m)
zeR

3. Spherical

r € [0,00)
6 € [0,m)
¢ € 0,2m)
2 Relations between coordinates

1. Cartesian - Cylindrical

z = pcos(¢)
y = psin(¢)
z =z

2. Cartesian - Spherical
x = rsin(f) cos(¢)
y = rsin(f) sin(¢)

z =rcos(f)



. Cylindrical - Cartesian

. Cylindrical - Spherical

. Spherical - Cartesian

r=\/2? 4 y? + 22

0 = cos™! :
2+ y? + 22
—tan-1 (Y
¢ = tan (m)

. Spherical - Cylindrical

r=/p*+ 2>
0 = tan™* </—)>
z
¢=¢
Measure
. Cartesian
dV = dxdydz
. Cylindrical
dV = pdpdpdz
. Spherical

dV = r*sin*(0)drdfde



Dot product

3

. Cartesian
F-G=FG,+F,G,+ F.G,
. Cylindrical
F.-G=FG,+pF,Gs+ F.G,
. Spherical
E : Q = FTGT + T2F9G9 + T2 SiHQ(Q)F¢G¢
Gradient
. Cartesian
_ (O 0¥ Oy
Ve = (&r’ dy’ 0z
. Cylindrical
(O 10Y Oy
Vo= <8p’,08¢’ 32)
. Spherical
(oY 109 1 oy
Vo= (E’ r 90 rsin(6) 8_¢)
Divergence
. Cartesian
oF, O0F, OF
. F — T Yy z
vk ox + dy + 0z
. Cylindrical
10(pF,) 10F, OF,
F == -
VoK p Op p 0 * 0z
. Spherical
v. E _ i@(rZFT) i 1 (8F9 SlH(@)) 1 6F¢

r?  Or rsin(0) 06 i rsin(f) 0¢

(10)

(11)

(12)

(13)



7 Laplacian

All formulae can be derived from those above, combined with the definition

V-V =V
1. Cartesian

O 0% O
- 0x2 + 0y? + 0z (14)

V3

2. Cylindrical

2y 10 (00N  10% 0%
V=575, )t 5 T (15)
3. Spherical
b L0 (LO0) L0 (00N 1 o
V= 2o\ )T sin(#) 06 sin(6) 90 ) " sin?(0) 0¢?
(16)
8 Curl
1. Cartesian
0F, 0F,
vxE= ( oy E) ’
o, _oF.
0z oxr )
oF, O0F,
+ (% - dy ) € (17)
2. Cylindrical
10F, OF,
vaE= (35 -5 ) e
+ % — OF;
0z dp ¢
L (208) 05
+_ - €. 18
p( dp 99 (18)



3. Spherical




