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Introduction

We study hypergeometric functions by using twisted homology and
cohomology groups.

Recently, some results for hypergeometric functions are applied to
algebraic statistics (and physics?).

When we apply the results, we often have to write down them in
explicit form. Twisted (co)homology groups are one of good tools
to obtain explicit formulas.

» Gauss’ hypergeometric function, contiguity relations
> Twisted cohomology groups

» Generalization — Aomoto-Gelfand hypergeometric function

2/38



Gauss' hypergeometric function o[

a,b,c € C are parameters, x € C is a variable (¢ ¢ Z<o).
Here, («), is the Pochhammer symbol defined as

(@) =a(a+1)---(a+n—-1)=

( for example, (1), =n!).

Note that

» a € Z<oorbe Z<y = oF is a polynomial
(we also call hypergeometric polynomial),

» a,b ¢ Z<y = oF) converges on {z € C| |z| < 1}.
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Euler-type integral representation

If Re(a),Re(c —a) > 0, then

F<C) h a—1 c—a—1 ot
I‘(a)F(c—a)(/ot (1—1) (1 — xt)~0dt.

Note that the integrand is a multi-valued function on
C—4{0,1,1/z} (t-space).

2F1(a’7 b7 671‘) =

= (a)p (b) o ) — b)n
2 F1(a,b,c;z) = gcnln Ea))nz_o ((1;n
= F(c a+n,c—a) (b)n "
(@I nZOB * (D
— F(C) ! a— 1 c a—1 E b)n
= ), ! (3 ) <RHSD)'
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Contiguity relations

There are several properties of hypergeometric functions.
Today, we focus on the contiguity relations.

What are contiguity relations?

Behavior of 2Fi(a,b, c; ) when a, b, ¢ are shifted by +1.

d
We denote F' = 3F(a,b,c;x), 0 = e 0p = x - 0y.
T
1
F|a%a+1 = 5(933 + CL)F,
1
Flosa—1 = (1 —2)0, —bxr+c—a)F,
c—a
c

F|c%c+l = m((] — I)()l +c—a— b)F,

1
Flesemr = ——(0: + e~ 1F.

Since b and a are symmetric, F'|,_;11 is obtained by replacing
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1

(0,4 c—1)F,
c—l( +c )

1
F|a—>a+l = E(‘g:r: + a)F) F’c—)c—l =

1
Flosa-1 = (1—2)0, —bxr+c—a)F,

cC—a

(&
Floyer1 =———((1=2)0y+ c—a—b)F
et (c—a)((:—b)(( 7)0z + ¢ —a—b)
By using (a+ 1), = (a+1)(a+2)---(a+n) = 42 (a),,
0.x™ = nz", and so on, blue relations are easily obtained.
How about green ones?
(I) Straightforward calculation («+ if you know the answer.)

(I
|

) Division in the ring C(z)(0,) of differential operators.
(II1) Pfaffian system and inverse matrix.
)

(IV) Euler-type integral representation(<— today’s topic)
— essentially, blue and green can be obtained by a same
manner.
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(IV) Naive calculation (not so simple)

Integral representation of F' = 3 F}(a,b,c;x):

_(7 ! a—1¢1 _ 1\c—a—1 — —b
F_F(a)r(ca)/ot (1— 1)1 — 2t)~bdt
(
(

1
C_a)/o (1 —t)c—au—xt)—bt(ldf it

Since 0, - (1 — xt) ™0 = bt(1 — at) =071,

F(C) ! a1 — Y] — ¢ —b bdt
F(a)F(c—a)/O N (T

We consider the case ¢ — ¢+ 1. Since I'-part is easy, we see only
integrations.

0 F =
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We put U = (1 — t)*"%(1 — t) ™
Integration by part: (Note: Ulcmsep1 = U - (1 — 1))

Fleens <—>/ v :/ =11 e (1 — pt)~bdt
0 ' 0
11" 1! -
:[U] —/ U(—C a, be >dt
a |g alo 1—¢t 1-—uat
1 —_—
:/ U c—a 1 _bﬁ 1 gt
0 a 1—t al-—uxt
Partial fraction decomposition:
to[1 1
F — | dt
H/ i L) e

1
3F<—>/ bt /U- b Ny
1 —t)(1 —at) 0 1l—xz\1—-t 1—ut

x
1—¢ 1—at

We eliminate
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Therefore, we obtain

I
0 t

/1 c—a—>b dt 1—z b dt
= U + 5
0 c—b t(1—t)  c—b(1—1t)(1—uxt)

1 (Consider I'-factors.)
_ clc—a—0b) c(l—x)
Fleven = a0 e ae-p

O, F.

We regard them as a relation between the differential forms in
some sense (— (de Rham) cohomology).

Though this computation is hard, twisted cohomology groups
enable us to obtain such relations systematically, in the framework
of the linear algebra.
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About twisted (co)homology groups

To derive contiguity relations, we use the theory of twisted
cohomology groups.

» Twisted (co)homology groups are geometric tools to study

special functions expressed by integrations. Aomoto applied
this theory to study of hypergeometric functions.

Intersection pairings of such (co)homology groups are defined
in [Steenrod, 1943].

By [Kita-Yoshida, 1994], intersection numbers of twisted
homology groups can be evaluated in terms of homological
intersection numbers and branches of the multi-valued
function.

— Monodromy representations.

By [Cho-Matsumoto, 1995] and [Matsumoto, 1998],
intersection numbers of twisted cohomology groups is express
by residues of logarithmic forms.

— Pfaffian equations, contiguity relations.
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Twisted cohomology group

We consider (homology and) cohomology group based on the
integral of a multi-valued function:

/1 (1 — ) (1 — @) bdt (= (const.) - 2 Fy)
0
r o podt ! dt
:/O (1 — )1 — at) bt(l_t)_/o Um
(U=1"(1—-t)"*(1—at)™").
We fix z # 0, 1.

We put T'=C — {0,1,1/2} = P* — {0,1,1/z,00} (: t-space).
U(t) = t*(1 — t)°=%(1 — )~ is a multi-valued function on 7.
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We consider an integration of multi-valued function:

v: k-simplex
AUQP ( : k-form ) '
When we consider such an integral, the branch of U on « is given.

Thus, we regard ~ as a simplex loading a branch of U, and we
denote this integral (o, y®@U) (+ pairing).

By using this notation, Stokes’ formula is expressed as follows
(separate U and differential forms):

.00 9 Ular) = [ o= [ awe) = [ (@ nv+vay)

- v (der(gAt)) - [U-90) = Fw)o00)
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(Usual) de Rham theory:

Stokes’ formula: / 1/12/d¢
do o

boundary and coboundary: 0 +— d
Twisted de Rham theory:

Stokes’ formula: (1,0 (o0 @ U)) = (V(¢),0 @ U)
(Y (c®U) =00 ®Uls,)
boundary and coboundary: 8V «— V
. . du
To define the twisted cohomology group, we use V =d + —A

U
instead of the exterior derivative d.

(The twisted homology group is defined by using 9V.)
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Definition of twisted cohomology group

We put
QNT) : the space of rational I-forms on P*
that have poles along 0,1,1/z, 0o,
au dt dt dt
= — =a— — (c— b QNT).
w a (c a)l—t+ T € (T)

U t

Since V = d + wA satisfies V o V = 0, we have a complex
0= 29T) % 2Y(T) % %(T) =o.
We call its cohomology group
HY(Q%(T),V) =ker(V : 2/(T) — 2"1(T))/v(2(T))
the [-th twisted cohomology group.
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For example,

dt
t(1—t)’

p1 = dlog (t/(1 1)) =

(1 —z)dt

pr = dlog (1-20)/(1=1) = 757 —2py

form a basis of H'(2°(T), V).
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Since (0,1) ® U is a “twisted cycle”, integrations on it depends
only on cohomology classes:

= in HY(Q*(T :>/ Up = /0

By using

> 0=V(l)=w= a%f(cfa)ﬂerx dt

» partial fraction decomposition,

we have the following relation:

dt c—a—25 b . 1/ e
Pl gol—i—c_bnpg in H(2°(7),V).

By the above Remark, we have

1 dt 1 c—a—2>b b
U.-— U —— — .
/0 t /0 ( c—b SDl—i_c—b(m)
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! dt ! c—a—> b
0 U't_/o U< c—b (p1+c—b¢2>
1 g —

:/ g e b dt n b (1 —2x)dt

0 c—b t(l—t) c—b(1l—1t)(1—uxt)
/1 c—a—0b dit 11—z b dt

= U + .

0 c—b t(1—t) c—b(l—1)(1—uat)

As seen before, this implies the contiguity relation

c(c—a—0») i c(l—x)

Flesers = c—ae—b’ T ecac—pn>
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Usual de Rham cohomology?

In fact, it is known that twisted cohomology group is also defined
as the cohomology group with coefficients in a (non-trivial) local
system of rank 1. This local system corresponds to the
multi-valuedness of U.

As well-known, (usual) de Rham cohomology of
T=P' —{4pts.} ~ Stvstvslis

homotopy
H%(T,C)~C, HYT,C)~C3.
I different
HO(Q%(T),V) ~0, HYQ*(T),V)~C2
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Intersection pairing

We can define the intersection pairing Z between H'(02%(T), V)
and H(02*(T), V"), where V¥ = d—wA (which corresponds to
the dual local system).

It is known that there is an isomorphism
HY(0%(T),V) = HYE Y gf T £2),
7

where £F is the space of C* k-forms on T' with compact support.
The intersection pairing is defined as

I(souz/J)—/TJ(w)Aw-

Note that we regard T'=C — {0,1,1/z} as a 2-dimensional real
manifold.
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Fact 2 ([Cho-Matsumoto, 1995])

There are explicit formulas of Z(¢, 1) for logarithmic differential
forms ¢, ¥. For example,

<I(90i790j)).. _27“/_—1,(%;% ﬁl)

4,7=1,2

(memo) U =t"(1—t)"“(1—at)”’
@1 =dlog (t/(1 —t))
@2 =dlog ((1—at)/(1—1t))

20/38



1t —a—b .
For ¢ = (—, we showed ¢ = €4 1+ 2, by using
t c—b c—b

» 0=V(1) =win HY(N*(T),V), and

P partial fraction decomposition.

In fact, the intersection pairing Z gives a more systematic method
to obtain the relation.

Since 1 and 3 form a basis, we have ¢ = A1 + A2y for some
A1, Ao. It is known that

(I(’% ¢1),Z(¢, <P2)) = 277\/—71<270)-
By © = A1 + Aawa and bilinearlity of Z, we also have
(I(%(Pl),z(%wz)) = (M, A2) - (I(%'#Pj))
Therefore, the coefficients A1, A9 is obtained as

o= (o) (FheE Lo ) = (St L)

c—a
v

ij=1,2"
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Generalization — Aomoto-Gelfand hypergeometric function

(Aomoto (1970's —), Gelfand (1980's —), and many others... )

We consider a generalization based on the integral representation

1
/ 71— )71 — wt) ~Pd.
0

h (1 _ t)’Yz(l _ :L't)%
— 4 points {0,1,1/z, 00} C P!
— 4 hyperplanes C P!

4

hyperplane arrangement in P*
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We consider (k + n + 2) hyperplanes in P* defined by
Lo=1, Lj=t; 1<j<k),
Lipyj=1+timj+ -+ tgag (1 <j <n),
Liynyr=1+101+-- + 1,

where we regard (Lo = 0) defines the hyperplane at infinity. This

arrangement corresponds to the following (k + 1) x (k +n + 2)
matrix (each column corresponds to the above linear form):

Lo Ly -+ Lg Lkyr -+ Lgtn Lktntr
1 1 o -- 0 1 e 1 1
t1]1 O 1 0 T11 R AT 1
tr. \ O o - 1 Th1 ceo Tkn 1

Today, we assume that these hyperplanes are in general position
(i.e., every (k + 1)-minor of this matrix is not 0).
x = (z;) is k x n variables of hypergeometric function.
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Hypergeometric integral of type (k + 1,k +n + 2)

a = (ap,a1,...,Qp4n+1) parameters (we put ap = — Z a;.)
i=1

We assume «; ¢ Z (In fact, we often consider integer cases in an

application).

Let U(t) be a multi-valued function in ¢ (here we fix ) defined by
k+n+1
Ut)=U(t) = [ L)
i=1
(We regard g as the exponent of Lo(= 1). The above condition
means homogeneity.)

The hypergeometric integral of type (k+ 1,k + n+ 2) is defined by
dty A -+ Ndty

F(a;:z):/ U(t) ,
A byl
A={(ty,...,tx) eR¥ | t; <0,... tp <O, t; +---+ 1 > —1}.
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As an example, we consider the case of k =n = 1.
Lo L1 Ly Ls
e Io) = 1+,
t\0 1 a1 L3(t) =1+t
The hypergeometric integral of type (2,4) is

dt

Plosz) = / (14 2t (14 ) 2
(1,0 t

ds

= (_1)“'/(0,1) s1(1 — x8)*2(1 — )3 —. (s =—t)

S

This is nothing but the integral representation of o F}.
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Twisted cohomology (higher dimensional case)

(Here, we fix z.) We put

T="T,={t=(t,...,tx) € CF| Ly(t) # 0} c C* c P
k+n+1
=Pk — U (L, =0) (complement of hyperplane arr.)
=0
(we also regard (Lo = 0) as the hyperplane at infinity (after the
homogenization)), and put

QUT) : the space of rational I-forms on P*
that have poles along J,(L; = 0),

k+n+1 k+n+1
L;
w:dU_dlog< H L%) Z ald : Y(T).

Example (k=n=1)

dt xdt dt
_ ai Qz(1 4 $)93) = -
w=dlog(t*' (1 + xt)*(1 +)*) = m ; +a21+xt+a31+t
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By using V = d + wA : Q4(T) — 2*F(T), we obtain a complex
0= 29T L ') % . 5 1) % ok(T) =0,
and its cohomology group

HY(02°(T),V) = ker(V : QYT) — 2"1(T)) /v (2!71(T)).

This is called the [-th twisted cohomology group.
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Fact 3 (JAomoto-Kita, 2011])

0 (I#k)
im H'(02° = n
dim H'(2°(T), V) { (kﬂk— > (1= k)

We study only H*(2°(T), V) = QF(T)/V(2Y(T)).
For J = {jo,...,jx} € {0,1,...,k+n+ 1} (+ indices of
hyperplanes), we define the logarithmic differential form as

k
0 (J) = o jr) = [\ dlog(L;,/Lj,) € 2%(T)
p=1

Fact 4 ([Aomoto-Kita, 2011], [Kita-Matsumoto, 1997])

(1) H*(02*(T), V) is spanned by ¢(J)'s.
(2) Especially, for a fixed pair p # ¢, we can take
{o(J)|peJ, q¢ J} as a basis of H*(£2*°(T), V).
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Intersection pairing

We can also define the intersection pairing Z(-, ) between
H*(0*(T),V) and H*(0*(T),V"). Note that Z(-,) is a
non-degenerate bilinear form.

Fact 5 ([Matsumoto, 1998])

For J = {jo, ..., jr}, J' ={4b,-- -, Ji.}, we have

Z(p(J),p{J"))

{ Zje] &5

HjeJ 27

= (2rv/—1)* x (—1)pta ( #(JNJ) =k, )
J={pt=Jd" =i} )’

0 (otherwise).

(J = Jl)’

HjeJmJ' @y

\

It is not so hard to evaluate Z(p (J), ¢ (J')) for logarithmic forms.
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To study hypergeometric integrals

» On a “twisted cycle” AR U,
@ =1 in HY(Q*(T =>/Ucp /Uw

> HE(0*(T),V) is a finite dimensional vector space.
— We can study in the framework of the linear algebra.

» T is a non-degenerate bilinear form.
— It is useful as an inner product.
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Column vector to describe contiguity relations

We take a basis of H*(2°(T), V) by
{p(J)|0eJ, k+n+1¢J}

By straightforward calculation, we have correspondence:

dt
integral of ¢ (01--- k) (: P— ) +—— F(asx),

integral of another ¢ (0 j1 ---jx) ¢— a partial derivative of F(a;x).

For example, since Lyy1 =1+ t1x11 + - - - + tgxk1, we have
k+n+1

dt
—F (a; ) / L
83011 81‘11 i:l Z tl s tk

A

i#k+1

/HL%- 0 (0,k+1,2,--- k).
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Thus, we define the column vector F(«; x) whose entries are the
integrals of this basis.

We derive contiguity relations for the vector-valued function
F(o;z).
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Example (kK = n = 2, of type (3,6), 4 variables (z11, 12, 21, Z22))

' 242
d1mH2:< 5 ): F(a;x)
w1 OF(a;x)
©(012) ag Ozy
i 0(013) o  OF(0s2)
e e | a1 0o
F(a,x)—/Al_Ile]' 0(023) | = —z11 OF (o)
= 0(024) a3 Omn
0(034) —T12 OF (a; x)
ay 012
T11222 — 212821 O F(o;2)
a3y Ox110x2 /|

In fact, all of the first derivatives appear.
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Contiguity relations

We consider the parameter shift a; — «; + 1. In this case, the
parameter vector « changes into

i
ol = (o — 1o,y i1, @+ 1, Qi1 e Q)

By the definition, we have

' k+n-+1
F(a(l);x):/ H L?j-Li-g0<01-~k‘>.
A j=1 S———
m
, H* (T, V(@)
VW = d+dlog(U - Li)A —
U|u,7;—>u,,;+1/ H* (T, V)

Proposition 6

The multiplication by L; 2Y(T,) — 24T,); ¢+ L; - ¢ induces
a linear map A; : H*(2*(T), VW) - H*(Q*(T), V).
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We take the cohomology classes of
{p(J)|0€J, k+n+1¢ J} (+ corresponding to F)
as bases of [*(02°(T), V") and H*(02°(T), V).

Let A;(a;x) be the representation matrix of
Ai : HH(Q(T), VW) — H*(2°(T), V). Thus we have

Li-o(h) | = Aasa) - | oty | in HE(22(1), ).

By integratingon A@ U = A ® (Hfi?“ L?j), we obtain the
contiguity relation:

F(a®;z) = Aj(a;2) - Fos z).

We want an explicit expression of the matrix 4;(«;x).

35/38



Theorem 7 ([G.-Matsumoto, 2018])

The representation matrix A;(a;x) is expressed as

Ai(a;z) = C(@D)P(al) ™' D;(2)Qi(2)C(a) T,

where D;(z) is a diagonal matrix whose entries are ratios of
determinants of some matrix, and

Ce) = (T(o{D) 90I)) ) oerrmsngr

0 Jk+nt1¢J

Pi(a) = (1), 0(0)  oerigr -
k+n+1€J,0¢J

Qi(@) = (T, 29)  icropr
k+n-+1€J,0¢J

(These intersection numbers can be evaluated by Fact 5)
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Sketch of Proof.

First, we use other bases of the cohomology groups.

—> the representation matrix is diagonal.

Next, we evaluate the matrices that express the changes of the
bases. By using the intersection pairing (= inner product), we
obtain these matrices. Ol

Note that in [Aomoto, 1975], contiguity relations are also derived
in the frame work of twisted cohomology groups. However, he did
not use the linear map A; and the intersection pairing Z, and his
calculation is harder than ours.

Recently, some physicists also study hypergeometric integrals and
intersection theory. For example, in [Frellesvig, et al., 2019],
contiguity relations are considered in a similar idea to this talk.
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» Twisted cohomology groups and the intersection pairing are
useful tools to study hypergeometric functions.

> Aomoto-Gelfand hypergeometric function is a generalization
of the integral representation of o F}.

» Some properties (today: contiguity relations) are understood
by using twisted cohomology groups and intersection pairings.

Thank you for your kind attention!
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