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Chapter 1

Lagrangian & Hamiltonian mechanics

1.1 Fundamentals

1.1.1 The Lagrangian

The Lagrangian L of a system is given by T−V, the difference between its kinetic energy and
its potential energy.

1.1.2 Hamilton’s principle

Hamilton’s principle states that

δ

t2∫
t1

L dt = 0

for a trajectory.

1.1.3 Euler–Lagrange equations

Hamilton’s principle leads to the Euler–Lagrange equations:

d
dt

∂L
∂q̇i
− ∂L

∂qi
= 0 for each i = 1, 2, ..., N

(Derivation in Section 1.4)

1.1.4 Symmetry and conservation laws

If for some particular qi, ∂L
∂qi

= 0, then from EL equations ṗi = 0, so pi is independent of t. In
other words, ‘spatial translation symmetry→momentum conservation’.

Other examples include ‘rotational symmetry → angular momentum conservation’ and
‘time transformation→ energy conservation’.
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1.1.5 The Hamiltonian

Defining pi as ∂L
∂q̇i

, the Hamiltonian H of a system is given by piqi − L (summing over i). Its
time derivative is:

dH
dt

=
d
dt
(pi q̇i − L)

=
dpi

dt
q̇i + pi

dq̇i

dt
− ∂L

∂qi

∂qi

∂t
− ∂L

∂q̇i

∂qi

∂t
− ∂L

∂t

= ṗi q̇i + pi q̈i − ṗi q̇i − pi q̈i −
∂L
∂t

(by EL equations)

=
∂L
∂t

So H is conserved if L has no explicit time dependence.

1.1.6 Hamilton’s dynamical equations

From the definition of the Hamiltonian, we have:

δH = q̇iδpi − ṗiδqi

and considering H = H(pi, qi), we have

δH =
∂H
∂pi

δpi +
∂H
∂qi

δqi.

Comparing terms gives Hamilton’s dynamical equations:

∂H
∂pi

= q̇i &
∂H
∂qi

= − ṗi

1.2 The wave equation

1.2.1 Derivation

Consider a 1D system of N masses m connected by springs of spring constant k. The displace-
ment of each mass is denoted by ϕi(t) and at equilibrium they are separated by a distance a.
The force on mass i is

−k(ϕi − ϕi−1)︸ ︷︷ ︸
from left spring

+ k(ϕi+1 − ϕi)︸ ︷︷ ︸
from right spring

The Lagrangian for the system is:

L = T −V

=
N

∑
i=1

1
2 mϕ̇2

i − 1
2 k(ϕi+1 − ϕi)

2

EL equations give equations of motion for the system:

mϕ̈i = −k [(ϕi − ϕi−1)− (ϕi+1 − ϕi)]

5



Taking the limit as N → ∞, keeping mN and a(N − 1) constant gives:

µ
d
dt
(ϕ̇)− ka

∂2ϕ

∂x2 = 0

where µ ≡ m
a . We let ν ≡ ka, so:

µ
∂2ϕ

∂t2 − ν
∂2ϕ

∂x2 = 0

This is the 1D wave equation; the physical interpretation is that any perturbation will propa-
gate through the system as a wave.

1.2.2 Notation

The 1D wave equation can be more conveniently expressed as:

µ∂2
t ϕ− ν∂2

xϕ = 0.

In general, the wave equation in 3D is:

∂2
t ϕ− (∂2

x + ∂2
y + ∂2

z)ϕ = 0

or, more conveniently:
∂2

t ϕ− (∇2)ϕ = 0

or, even more conveniently:
�ϕ = 0.

∇2 is called the Laplacian operator and � is called the d’Alembertian operator.

1.3 The Lagrangian density

The Lagrangian of the discrete 1D system discussed in Section 1.2.1 can be written as a sum of
parts:

L =
N

∑
i=1

aL

where L = 1
2 µϕ̇2

i −
1
2

k
a (ϕi+1− ϕi)

2. L is called the Lagrangian density of the system. As a→ 0,

L =
∫
L dx

and ϕi(t)→ ϕ(t, x), ϕi+1−ϕi
a → ∂xϕ.

In the simple linear case,
L = 1

2 µ(∂tϕ)
2 − 1

2 ν(∂xϕ)2

Recall the EL equations:

∂t

(
∂L

∂(∂tϕ)

)
+ ∂x

(
∂L

∂(∂xϕ)

)
− ∂L

∂ϕ
= 0

substituting L into the EL equations reveals:

µ∂t(∂tϕ)− ν∂x(∂xϕ) = 0
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⇒ µ∂2
t ϕ− ν∂2

xϕ = 0.

Generally L refers to a 3D Lagrangian density. In the 3D version of the ‘masses connected
by springs’ example, L would be given by:

L = 1
2 µ(∂tϕ)

2 − 1
2 ν(∇ϕ)2.

1.4 Deriving the Euler–Lagrange Equations

We will derive the EL equations for a scalar field ϕ(t, x). Given L(∂tϕ, ∂xϕ, ϕ, t, x), we use the
variational principle δS = δ

∫
Γ L dt dx = 0.

Since L is invariant under time translation t 7→ t+ τ and space translation x 7→ x + α, there
is no explicit dependence on t or x. Hence L = L(∂tϕ, ∂xϕ, ϕ), and:

δL =
∂L

∂(∂tϕ)
δ(∂tϕ) +

∂L
∂(∂xϕ)

δ(∂xϕ) +
∂L
∂ϕ

δϕ

So returning to the variational principle:

δS =
∫
Γ

δL dt dx

=
∫ [∫

∂L
∂(∂tϕ)

∂t(δϕ) dt
]

dx +
∫ [∫

∂L
∂(∂xϕ)

∂x(δϕ) dx
]

dt +
∫∫

∂L
∂ϕ

δϕ dt dx.

Integrating by parts gives the first term:

∫
∂L

∂(∂tϕ)
∂t(δϕ) dt =

[
∂L

∂(∂tϕ)
δϕ

]t2

t1

−
t2∫

t1

∂t

[
∂L

∂(∂tϕ)

]
δϕ dt

and a similar expression for the second term.
The boundary variations, i.e. δϕ(t1, x), δϕ(t2, x), δϕ(t, x1), δϕ(t, x2), are zero, which means

that the [ ]t2
t1

and [ ]x2
x1 terms vanish. This gives:

δS =
∫ (
−∂t

[
∂L

∂(∂tϕ)

]
δϕ− ∂x

[
∂L

∂(∂xϕ)

]
δϕ

)
dt dx

Since δS = 0 for any δϕ, the integrand multiplying δϕ must be zero, i.e.

∂t

(
∂L

∂(∂tϕ)

)
+ ∂x

(
∂L

∂(∂xϕ)

)
− ∂L

∂ϕ
= 0,

the Euler–Lagrange equations for a scalar field ϕ(t, x).
In 1+3 dimensions, y and z terms appear. We can write:

∂µ

(
∂L

∂(∂µϕ)

)
− ∂L

∂ϕ
= 0

where ∂µ is the operator
(

1
c

∂
∂t , ∂

∂x , ∂
∂y , ∂

∂z

)
.

The field can have many components: ϕα, α ∈ {1, 2, ..., n} and EL equations may be written
for each α.
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Chapter 2

Relativistic field theory

2.1 Lorentz transformations

For an event (t, x) in frame S, its coordinates (t′, x′) in frame S′ which moves relative to S with
velocity v in the x direction are obtained by Lorentz transformation:

t′ = γ(t− vx/c2)

x′ = γ(x− vt)

where γ−2 = 1− v2/c2.

2.1.1 Rapidity

The Lorentz transformations can be rewritten:

ct′ − x′ =
√

1 + v/c
1− v/c

(ct− x)

ct′ + x′ =
√

1− v/c
1 + v/c

(ct + x)

Or, defining the rapidity ζ as log
√

1+v/c
1−v/c ,

ct′ − x′ = eζ(ct− x)

ct′ + x′ = e−ζ(ct + x)

Note that for successive Lorentz transformations,

ct′′ − x′′ = eζ(v′)(ct′ − x′)

= eζ(v′)eζ(v)(ct− x)

= eζ(v′)+ζ(v)(ct− x)

i.e. one can ADD RAPIDITIES, by contrast with velocities.
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2.1.2 Hyperbolic angles

We let β = v/c. Expanding ζ gives:

ζ(β) =
1
2

log
(

1 + β

1− β

)
= 1

2

[
log(1 + β)− log(1− β)

]
= 1

2

[
(β− 1

2 β2 + 1
3 β3 − ...)− (−β− 1

2 β2 − 1
3 β3 − ...)

]
for |β| < 1

⇒ ζ(β) = β + 1
3 β3 + 1

5 β5 + ... for |β| < 1.

So when v≪ c, ζ ≈ v/c.
How does β depend on ζ? Working from the definition of ζ,

e2ζ =
1 + β

1− β

1 + β = (1− β)e2ζ

β(1 + e2ζ) = e2ζ − 1

β =
eζ − e−ζ

eζ + e−ζ
=

2 sinh ζ

2 cosh ζ
= tanh ζ.

This of course means that ζ = arctanh β.

2.1.3 Matrix form

From the definition of γ,

v = c tanh ζ

γ−2 = 1− tanh2 ζ

= sech2 ζ

γ2 = cosh2 ζ

γ = cosh ζ

We rewrite the Lorentz transformations as:

ct′ = γ(ct− βx)

x′ = γ(x− βct)

and, noting that βγ = tanh ζ cosh ζ = sinh ζ, this gives:

ct′ = ctchζ − x sin ζ

x′ = xchζ − ctshζ

y′ = y

z′ = z

where ch ≡ cosh and sh ≡ sinh.
We now write (ct, x, y, z) as the vector (x0, x1, x2, x3), allowing the Lorentz boost along the

x1 axis with velocity v to be expressed as a matrix Λ operating on the vector:

Λ =


chζ −shζ 0 0
−shζ chζ 0 0

0 0 1 0
0 0 0 1
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This is a hyperbolic rotation in the x0-x1 plane.
Any proper Lorentz transformation can be written as a product of a rotation Λ(R) which

aligns z-axis with direction of motion, a boost along the new z-direction ΛB, and another rota-
tion Λ(R′), i.e. Λ = Λ(R′)ΛBΛ(R).

2.2 Tensors

2.2.1 Light rays

A light ray passing through the origin has coordinates which obey:

c2t2 − x2 − y2 − z2 = 0

A 4-vector xµ is called:

• time-like if xµxµ > 0

• light-like if xµxµ = 0

• space-like if xµxµ < 0

where xµ = (x0, x1, x2, x3) and xµ = (x0,−x1,−x2,−x3).

2.2.2 Metric tensor

For the purposes of this course, g00 = 1, g11 = −1, g22 = −1, g33 = −1, and 0 otherwise. The
indices ensure that signs are accounted for; to raise index xµ for µ ∈ {0, 1, 2, 3}:

xµ = gµνxν = gµ0x0 + gµ1x1 + gµ2x2 + gµ3x4

(summing over repeated index ν on the left). This gives x0 = x0 and x1,2,3 = −x1,2,3.

2.2.3 Lorentz transformations and tensors

For x′µ in S′, xµ in S:
x′µ = Λµ

α xα

A light-ray obeys both:

gµνx′µx′ν = 0 and

gαβxαxβ = 0.

So for all xα and xβ,

gµνΛµ
αΛν

βxαxβ = gµνxµxν

= gαβxαxβ

So the Lorentz group is defined by matrices which obey:

gµνΛµ
αΛν

β = gαβ.
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Examples:

• Any 4-vector Aµ transforms the same way as xµ: A′µ = Λµ
ν Aν.

• The EM tensor Fµν transforms as F′µν = Λµ
αΛν

βFαβ.

• The angular momentum tensor Mλµν transforms as: M′λµν = Λλ
α Λµ

βΛν
γ Mαβγ

Note: Must observe ‘grammar’ of indices; i.e. one lower λ on left ⇒ one lower λ on right;
lower and upper µ on left⇒ no µ on right, etc. For example:

gλµgµν = gν
λ

2.2.4 Lorentz scalars

gαβaαbβ = aαbα

and
a′µb′µ = aµbµ,

which is a scalar, and invariant under LT. We call aµbµ a Lorentz scalar.
Analogous to a⃗ · b⃗, which is invariant under rotation in 3D.

2.2.5 Invariant tensors

Scalar time increment: dτ is defined:

c2dτ2 ≡ gµνdxµdxν

(= dxµdxµ)

c2dτ2 is invariant under LT, and can be used to construct a 4-velocity:

Vµ =
dxµ

dτ

Metric tensor: g′µν = Λµ
αΛν

βgαβ = gµν

Levi–Civita tensor: An important tensor, defined as:

ϵαβγδ =


+1 if αβγδ is an even permutation

−1 if αβγδ is an odd permutation

0 otherwise.

Under LT, ϵ transforms:

ϵ′µνρσ = Λµ
αΛν

βΛρ
γΛσ

δ ϵαβγδ

= ϵαβγδ det Λ

(by definition of the determinant.)
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2.2.6 Proper and improper Lorentz transformations

If det Λ = 1, Λ is called a proper LT, and if det Λ = −1, Λ is called an improper LT. So ϵ is
invariant under a proper LT, and for an improper LT, ϵ′ = −ϵ.

The parity transformation ΛP flips the sign of all spatial coordinates:

ΛP = diag(1,−1,−1,−1)

and the time reversal transformation ΛT flips the sign of the time coordinate:

ΛT = diag(−1, 1, 1, 1)

Any LT can be written as the product of a proper LT and one of {1, ΛP, ΛT, ΛPT}. The Lorentz
group O(1, 3) has four disconnected subsets corresponding to LTs of the form Λ, ΛΛP, ΛΛT, ΛΛPT

for Λ proper.
The subgroup consisting of orthochronous LTs (i.e. those which preserve time direction) is

denoted O+(1, 3).

2.2.7 4-velocity and 4-momentum

Recall:

c2dτ2 = dxµdxµ

dτ2 = dt2 − dx⃗2

c2

dτ2 = dt2
(

1− 1
c2 (

dx⃗
dt

)2
)

= dt2
(

1− v2

c2

)
= dt2 (1− β2)

⇒ dt = γdt
d

dτ
= γ

d
dt

4-velocity is defined as:

dxµ

dτ
= γ

dxµ

dt

= γ
d
dt
(ct, x⃗)

= γ(c, v⃗).

4-momentum of a particle with mass m is defined as:

pµ = m
dxµ

dτ

and it transforms under LT as: p′µ = Λµ
ν pν.
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The time component of pµ is p0, with expansion: p0 = mγc = mc(1− v⃗2/c2)
1
2 .

cp0 = mc2

[
1 +

(
−1

2

)(
− v⃗2

c2

)
+

1
2!

(
−1

2

)(
−3

2

)(
− v⃗2

c2

)2

+ . . .

]

cp0 = mc2 +
1
2

mv⃗2
(

1 +
3
4

v⃗2

c2 + . . .
)

= rest energy +
1
2

mv⃗2 + higher powers.

The constant mc2 has no dynamical effect, since EL equations only depend on partial deriva-
tives.

If we denote cp0 by E , the relativistic energy of a particle with mass m:

E = mc2 +
1
2

mv⃗2 +
3
8

m
v⃗2

c4 + . . .

Thus p0 = E
c , and pµ =

( E
c , p⃗
)
.

Recall xµ = (ct, x⃗). Then xµ pµ = E − x⃗ · p⃗, a Lorentz scalar. Another scalar is:

pµ pµ = mγ(c, v⃗) ·mγ(c, v⃗)

= m2γ2(c2 − v⃗2)

= m2 c2(1− v⃗2/c2)

1− v⃗2/c2

pµ pµ = m2c2.

which means that for massless particles, pµ pµ = 0. In 1+3 dimensions this describes a light
cone:

pµ pµ = (p0)2 − (p1)2 − (p2)2 − (p3)2 = 0.

For m > 0, we have c2 pµ pµ = E2 − c2 p2 = m2c4, giving:

E = ±c
√

p2 + m2c4

where p2 = (p1)2 + (p2)2 + . . .

2.2.8 Volume element

The volume element d4x = cdt dx1 dx2 dx3 in 1+3 dimensions is invariant under Lorentz trans-
formation: ∫

d4x′ =
∫
|J| d4x

where Jα
β = ∂x′α

∂xβ . For a LT, |J| = ch2ζ − sh2ζ = 1, so d4x′ = d4x.
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Chapter 3

Field theories

3.1 Covariant field theory

3.1.1 Formulation

Formulation in terms of a variational principle is useful; to do this we need a Lorentz scalar
action:

S =
1
c
L d4x.

If L is scalar, this ensures S is scalar.
We consider a scalar field ϕ(xµ) and a scalar Lagrangian densityL(ϕ, ∂µϕ), e.g. ϕ, ϕ2, ∂µ∂µϕ,

∂µϕ∂νϕ, etc. (These are all scalars since indices are saturated.)
The EL equations for a scalar field are:

∂µ

[
∂L

∂(∂µϕ)

]
− ∂L

∂ϕ
= 0.

3.1.2 Example

L = 1
2 ∂µϕ∂µϕ + f (ϕ), then first term in EL equations reads:

∂L
∂(∂µϕ)

=
∂

∂µϕ

[
1
2

∂νϕ∂νϕ + f (ϕ)
]

=
∂

∂µϕ

(
1
2

∂νϕ∂νϕ

)
=

1
2

∂(∂νϕ)

∂(∂µϕ)
∂νϕ +

1
2

∂νϕ
∂(∂νϕ)

∂(∂µϕ)

=
1
2

δ
µ
ν ∂νϕ +

1
2

∂νϕ
∂(∂νϕ)

∂(∂µϕ)

=
1
2

∂µϕ +
1
2

∂νϕδ
µ
ν

=
1
2

∂µϕ +
1
2

∂µϕ

= ∂µϕ.
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so the EL equations give:

∂µ(∂
µϕ)− ∂ f

∂ϕ
= 0

or in other words,

�ϕ− ∂ f
∂q

= 0

If f = − 1
2 σϕ2, for some constant σ, then the EL equations give:

�ϕ− ∂

∂ϕ

(
− 1

2 σϕ2) = 0

�ϕ + σϕ = 0

or simply (�+ σ) ϕ = 0.

Solutions are of the form ϕ = A exp(−ikµxµ). Noting that:

∂µϕ = A∂µ exp(−ikνxν)

= −iAkµ exp(−ikνxν)

this gives:
1
2 ∂µ∂µϕ = (−i)2 Akµkµ exp(−ikνxν)

Substituting into ∂µ∂µϕ + σϕ = 0:

−A(kµkµ − σ) exp(−ikνxν) = 0.

kµkµ = σ.

This means that kµ is


time-like if σ > 0.

light-like if σ = 0.

space-like if σ < 0.

For kµ = (ω
c , k⃗), we write exp(−ikνxν) = e−i(ωt−⃗k·⃗x) where k0 = ω/c. ω is the angular

frequency of a wave moving in the direction indicated by k⃗.
In quantum field theory, σ has a natural interpretation. E = h̄ω = h̄ck0 and p⃗ = h̄⃗k, so

pµ = h̄kµ.

pµ pµ = m2c2 = h̄2kµkµ

m2c2 = h̄2σ

σ =
(mc

h̄

)2

σ−1/2 =
h̄

mc
= λ-C.

where λ-C = λC/2π = h̄/mc is the reduced Compton wavelength of the particle.
So the equation of motion ∂µ∂µϕ + σϕ = 0 in quantum mechanics reads:[

�+
1

λ-2
C

]
ϕ = 0

15



In more realistic theories, f (ϕ) would involve other terms, e.g.

f (ϕ) = −1
2

( c
h̄

)2
m2ϕ2 + λϕ4

for an interaction of the ϕ4 form. Setting m = 0 for massless particles (e.g. photons) gives
wave-like solutions with velocity of light.

3.2 Vector field theories

There are many more examples of vector field theories than scalars so far.
In a vector field theory, the field ϕ may have components ϕα, where α ∈ {1, ..., N}. We need

Lorentz scalars for L to provide a scalar action:

S =
1
c

∫
L d4x.

An obvious scalar is pµ pµ = m2c2; and for a 4-vector Aµ, another scalar is pµ Aµ, or Aµ Aµ.

3.3 Free field

3.3.1 Formulation

Relativistic action =
∫

L dt =
∫

Lγ dτ.
In order to have a covariant theory, we need Lγ to be a Lorentz scalar (since dτ is scalar).

L ∝ 1/γ will work.

1
γ
=

(
1− v⃗2

c2

) 1
2

= 1− 1
2

v⃗2

c2 −
1
2

(
− 1

2

)
2!

(
v⃗2

c2

2
)

. . .

And in order for L to have dimension of energy, we multiply by mc2:

mc2γ−1 = mc2 − 1
2

mv⃗2 − 1
8

m
v⃗4

c2 . . .

and we flip the signs so that the 1
2 mv⃗2 term is positive, as in the non-relativistic case.

L = −mc2

γ
=

1
2

mv⃗2 −mc2 +
1
8

m
v⃗4

c2 . . .

3.3.2 Interaction with a vector field

Lorentz scalars which can be added to L include pµ Aµ,
(

pµ Aµ
)2, Aµ Aµ, . . . where Aµ is a

4-vector field which depends on xµ.
To begin, we will use the simplest form, pµ Aµ. To connect this with electromagnetism, we

re call that eΦ and eA⃗ must have dimension of energy and so pµ Aµ should too. We choose mc
as a denominator. So L should include q

mc pµ Aµ. Again, we flip the sign to align this theory
with known properties of EM. So we choose:

L = −m2c2

γ
− q

γmc
pµ Aµ.
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The action for a particle of mass m located at xµ(τ) for invariant time τ with momentum
pµ = m dxµ

dt interacting with a 4-vector potential Aµ of strength q is:

S = −
∫ (

mc2 +
q

mc
Aµ pµ

)
dτ

But since pµ pµ = m2c2, this gives:

S = −
∫ (

pµ +
q
c

Aµ

)
dxµ.

We can use the variational principle:

δS = −
∫ (

pµ +
q
c

Aµ

)
δ(dxµ)−

∫ (
δpµ +

q
c

δAµ

)
dxµ

= −
∫ (

pµ +
q
c

Aµ

)
d(δxµ)−

∫ q
c

δAνdxν

Note: pµδpµ = 0 since pµ pµ = m2c2 = constant.
Noting that δAν = ∂Aν

∂xµ δxµ, we can integrate the first term by parts:

δS = −
[(

pµ +
q
c

Aµ

)
δxµ
]τ2

τ1

+
∫ (

dpµ +
q
c

dAµ

)
δxµ −

∫ q
c

δAνdxν

But, dAµ

dτ =
∂Aµ

∂xν
∂xν

∂τ , and δxµ(τ1) = δxµ(τ2) = 0. So:

δS =
∫ (dpµ

dt
+

q
c

dAµ

dt

)
δτ δxµ −

∫ q
c

∂Aν

∂xµ
δxµ dxν

=
∫ (dpµ

dτ
+

q
c

∂Aµ

∂xν

dxν

dτ
− q

c
∂Aν

∂xµ

dxν

dτ

)
dt δxµ

We want δS = 0 for all possible variations of the path, so we want integrand = 0, so:

dpµ

dτ
+

q
c

(
∂Aµ

∂xν
− ∂Aν

∂xµ

)
dxν

dτ
= 0

or

dpµ

dτ
=

q
c

(
∂Aν

∂xµ
−

∂Aµ

∂xν

)
dxν

dτ

=
q
c

Fµν
dxν

dt

where
Fµν = ∂µ Aν − ∂ν Aµ (3.1)

is the antisymmetric field tensor.
Another form of the equation of motion is:

dpµ

dτ
=

q
mc

Fµν pν,

the Lorentz force in 4D.

17



3.4 The electromagnetic tensor

To link this with E⃗ and B⃗, we arrange Fi0 = Ei i = 1, 2, 3 and Fij = −ϵijkBk. The sum over ν is
replaced by a sum over i:

dp0

dτ
=

q
c

F0i
dxi

dτ
.

But noting that raising a spatial index changes the sign, we know that F0i = −Fi0 = Fi0,
giving us:

dp0

dτ
=

q
c

Ei dxi

dτ
dp0

γdt
=

q
c

Ei dxi

γdt
dp0

dt
=

q
c

Ei dxi

dt
.

Recalling that pµ = ( Ec , p⃗)⇒ p0 = E
c , we have:

dE
dt

= qE⃗ · v⃗

where v⃗ = dx⃗
dt is the 3-velocity, qE⃗ is the electric force and qE⃗ · v⃗ is the rate of work done.

The spatial components of the Lorentz equation of motion are:

dpi

dt
=

q
c

Fiν
dxν

dτ

=
q
c

(
Fi0

dx0

dt
+ Fij

dxj

dτ

)
−dpi

dt
=

q
c

(
−Fi0 dx0

dτ
− (−1)2Fij dxj

dt

)
dpi

dt
=

q
c

(
Ei d(ct)

dt
+ ϵijkBk dxj

dt

)
dpi

dt
= qEi +

q
c

ϵijkvjBk.

or, in 3-vector form:

dp⃗
dt

= qE⃗ +
q
c

v⃗× B⃗

dE
dt

= qE⃗ · v⃗.

3.4.1 3-dimensional equations

We assumed:

Ei = Fi0 = ∂i A0 − ∂0Ai

= −∂0 Ai − ∂i A0

Ei =
1
c

∂

∂t
Ai − ∂

∂xi A0
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In other words, E⃗ = − 1
c ∂t A⃗− ∇⃗Φ, where Aµ = (Φ, A⃗).

For a magnetic induction field B⃗, if ijk is an even permutation, Bk = −Fij. Then:

Bk = −∂i Aj + ∂j Ai

= ∂i Aj − ∂j Ai (lowering spatial index)

= (∇⃗ × A⃗)k (kth component.)

So we have
E⃗ = −∂0 A⃗− ∇⃗Φ, B⃗ = ∇⃗ × A⃗,

the 3-dimensional versions of (3.1), given that Fi0 = Ei, and Fij = −ϵijkBk.

3.4.2 Gauge invariance

If another potential, A′µ = Aµ + ∂µϕ is introduced, the equations of motion are unaltered:

F′µν = ∂µ A′ν − ∂ν A′µ
= ∂µ(Aν + ∂νϕ)− ∂ν(Aµ + ∂µϕ)

= ∂µ Aν − ∂ν Aµ

= Fµν.

Adding a 4-gradient of some ϕ(xλ) does not alter Fµν, so obviously it does not alter E⃗ or B⃗.
This is analogous to a change in potential V ′ = V + C for constant C not altering the force in
1-dimensional classical mechanics.

Gauge invariance is very closely linked to conservation of charge.

3.5 Equation of motion for a free vector field

We seek a Lagrangian density for a free field (i.e. no interaction with charge/current) which is
a Lorentz scalar.

Remember that we used pµ pµ for the free particle case without interaction (where q = 0).
Recall also that for a scalar field ϕ(xµ) we used L = 1

2 (∂µϕ ∂µϕ− λ-2ϕ2).
Derivatives appear quadratically to yield linear equations of motion. For a field Fµν, the

obvious suggestion is:
L = C FµνFµν.

Also, we could include a term m2 Aµ Aµ which, like FµνFµν, is a Lorentz scalar. In fact, m2Aµ Aµ

corresponds to a vector field with mass m (in appropriate units, using h̄/c).
For simplicity’s sake, we assume m = 0, and use L with a constant C = −1/4, to agree

with the equation of motion for EM fields in Heaviside-Lorentz units, so that;

L =
1
4

Fβ
α Fα

β

(
= −1

4
FµνFµν

)
So the Euler–Lagrange equations of motion are:

∂

∂xµ

[
∂L

∂(∂µ Aν)

]
− ∂L

∂Aν
= 0.
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where we replace ϕ from before with Aν.
There are four EL equations, ν ∈ {0, 1, 2, 3}.

4L = −FµνFµν

= −(∂µ Aν − ∂ν Aµ)(∂
µ Aν − ∂ν Aµ)

Use µ→ ρ and ν→ σ, since µ and ν already feature in EL equations:

4L = −(∂ρ Aσ)(∂
ρ Aσ)− (∂σ Aρ)(∂

σ Aρ) + (∂σ Aρ)(∂
ρ Aσ) + (∂ρ Aσ)(∂

σ Aρ)

or, exchanging σ←→ ρ in second and third terms:

L = −2(∂ρ Aσ)(∂
ρ Aσ) + 2(∂ρ Aσ)(∂

σ Aρ)

= −2(∂ρ Aσ)(∂
ρ Aσ − ∂σ Aρ);

so in EL equations we have:

2
∂L

∂(∂µ Aν)
= −

∂(∂ρ Aσ

∂(∂µ Aν)
(∂ρ Aσ − ∂σ Aρ)− ∂ρ Aσ

∂(∂ρ Aσ − ∂σ Aρ)

∂(∂µ Aν)
.

In the second term, we raise ρ and σ and lower ρ and σ to leave the value unchanged. In the
first term, there is a nonzero contribution only when ρ = µ and σ = ν:

2
∂L

∂(∂µ Aν)
= −δ

µ
ρ δν

σ(∂
ρ Aσ − ∂σ Aρ)− ∂ρ Aσ ∂(∂ρ Aσ − ∂σ Aρ)

∂(∂µ Aν)

= −(∂µ Aν − ∂ν Aµ)− ∂ρ Aσ(δ
µ
ρ δν

σ − δ
µ
σ δν

ρ)

= −Fµν − (∂µ Aν − ∂ν Aµ)

= −Fµν − Fµν

= −2Fµν

∂L
∂(∂µ Aν)

= −Fµν.

Since L does not depend on Aµ explicitly, ∂L
∂Aν

= 0, as in the case of a free field.
So EL equations read:

∂µ [−Fµν]− 0 = 0,

or:
∂µFµν = 0 (3.2)

the dynamical equation of a free vector field.
In 3D, space these are the Maxwell equations for an electromagnetic field with no charge

and no 3-current:
ν = 0: ∂µFµ0 = 0. And since F00 = 0,

∂iFi0 = 0

⇔ ∂iEi = 0

⇔ ∇⃗ · E⃗ = 0,
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Maxwell’s first equation for free space.
ν = j:

∂0F0j + ∂iFij = 0

−1
c

∂

∂t
Ej − ∂iϵ

ijkBk = 0

−1
c

∂

∂t
Ej − ϵijk∂iBk = 0

−1
c

∂E⃗
∂t
− ∇⃗ × B⃗ = 0,

Maxwell’s second equation for free space.

3.5.1 Particle and field interaction

The Lagrangian density requires an interaction term Lint:

L =
1
4

Fν
µ Fµ

ν + Lint.

(Note that Fν
µ Fµ

ν = −FµνFµν)
Lint should be a Lorentz scalar. Recall for particle case,

Sint = −
q
c

∫
Aµ

dxµ

dt
dτ,

but we need
∫

d3x dτ =
∫

d4x.

3.5.2 Four-current for particles

Four-current density is:

Jµ(t, x⃗) = q
dxµ

dt
δ3(x⃗− x⃗q(t))

Current = charge× velocity. 3D Dirac delta function has dimension volume−1, and provides
current density.

In Jµ, x⃗q(t) is the 3-location of the charge q at time t. The zero-component J0(t, x⃗) = cρ,
where ρ is the charge density in a region. For a volume Ω, the total charge is:

1
c

∫
Ω

J0 d3x =
q
c

∫
Ω

dx0

dt
δ3(x⃗− x⃗q(t)) d3x

=
q
c

∫
Ω

δ3(x⃗− x⃗q(t)) d3x

= q.

Ji(t, x⃗) is the 3-current associated with the moving charge q.
Since − q

c Aµ
dxµ

dτ was the interaction for the Lagrangian L, and action Sint =
∫

L dt the gener-
alisation for density L,

Lint =
1
c

Aµ Jµ
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so that spatial integration gives a term like Lint. Lint is a Lorentz scalar as µ is summed, and
Lint is reference frame-independent.

So,

L =
1
4

Fν
µ Fµ

ν −
1
c

Aµ Jµ.

The Euler–Lagrange equations of motion are:

∂µ

[
∂L

∂(∂µ Aν)

]
− ∂L

∂Aν
= 0.

In the first term, Aµ Jµ does not contribute; only ∂µ Aν terms do. For the second term, only Aµ Jµ

contributes, and so:

− ∂L
∂Aν

=
∂

∂Aν

[
1
c

Aµ Jµ

]
=

1
c

Jν,

or simply:
∂µFµν = c−1 Jν.

ν = 0: ∂0F00 + ∂iFi0 = 1
c J0. But F00 = 0, so we have ∂iEi = 1

c (cρ):

∇⃗ · E⃗ = ρ,

Maxwell’s first equation.
ν = i:

∂0F0i + ∂jFji =
1
c

Ji

−∂0Fi0 − ∂jϵ
jikBk =

1
c

Ji

−1
c

∂

∂t
Ei + ϵijk∂jBk =

1
c

Ji,

giving:
∂E
∂t

+ c∇⃗ × B⃗ = J⃗,

Maxwell’s second equation (using Heaviside–Lorentz units).
The remaining two Maxwell equations follow from ∂µϵµνρσFρσ = 0.

3.6 Dual tensor

We saw that ϵµνρσ was Lorentz invariant. The dual tensor of Fµν = ∂µ Aν − ∂ν Aµ is:

F̃µν = 1
2 ϵµνρσFρσ.

For example,

F̃01 = 1
2 ϵ0123F23 +

1
2 ϵ0132F32

= 1
2 ϵ0123F23 − 1

2 ϵ0123F23

= 1
2 ϵ0123F23 +

1
2 ϵ0123F23

= ϵ0123F23

= F23
[
= F23] .
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Recall that Maxwell’s first and second equations involved ∂µFµν. The 4-divergence of F̃µν

is:

∂µ F̃µν = ∂µ(
1
2 ϵµνρσFρσ)

= 1
2 ∂µϵµνρσ(∂ρ Aσ − ∂σ Aρ).

Swapping ρ↔ σ in negative term:

∂µ F̃µν = 1
2 ∂µ(ϵ

µνρσ∂ρ Aσ − ϵµνσρ∂ρ Aσ)

= 1
2 ∂µ(ϵ

µνρσ∂ρ Aσ + ϵµνρσ∂ρ Aσ)

= ϵµνρσ∂µ(∂ρ Aσ).

But for functions like Aσ, second derivatives are symmetric: ∂µ∂ρ = ∂ρ∂µ. So, swapping µ↔ σ,

∂µ F̃µν = ϵρνµσ∂ρ(∂µ Aσ)

= ϵρνµσ∂µ∂ρ Aσ

= −ϵµνρσ∂µ∂ρ Aσ

= −∂µ F̃µν

⇒ ∂µ F̃µν = 0. (3.3)

Recall that Fi0 = Ei and Fij = −ϵijkBk. We want the dual elements in terms of E⃗ and B⃗.
F̃i0:

F̃i0 = 1
2 ϵi0jkFjk

= − 1
2 ϵ0ijk(−1)2Fjk

= − 1
2 ϵijk(−ϵjkl Bl)

= 1
2 ϵijkϵjkl Bl .

But ϵijkϵjkl = 2δil . Thus,

F̃i0 = δil Bl

F̃i0 = Bi.

F̃ij:

F̃ij = 1
2 ϵijρσFρσ

= 1
2(ϵ

ijk0Fk0 + ϵij0kF0k)

= 1
2(ϵ

ijk0Fk0 + (−1)2ϵijk0Fk0)

= ϵijk0Fk0

= (−1)3ϵijk(−Fk0)

= ϵijkFk0

F̃ij = ϵijkEk.

So, to summarise, we have:

Fi0 = Ei Fij = −ϵijkBk

F̃i0 = Bi F̃ij = −ϵijkEk
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Now consider the components of F̃µν in (3.3).
ν = 0: We have ∂µ F̃µ0 = 0. Like Fρσ, F̃µν is antisymmetric, i.e. F̃µν = −F̃νµ. Thus, the

diagonal elements of F̃ are 0, so the sum over µ ∈ {0, 1, 2, 3} can be replaced by a sum over
i ∈ {1, 2, 3}.

∂i F̃i0 = 0

∂iBi = 0

∇⃗ · B⃗ = 0,

Maxwell’s third equation.
ν = i: We have ∂µ F̃µi = 0, i.e.

∂0F̃0i + ∂j F̃ji = 0

−∂0F̃i0 + ∂jϵ
jikEk = 0

−∂0Bi − ϵijk∂jEk = 0

∂0Bi +
(
∇⃗ × E⃗

)i
= 0

∂0B⃗ + ∇⃗ × E⃗ = 0,

Maxwell’s fourth equation.

3.6.1 Maxwell’s equations

We have now derived all four of Maxwell’s equations:

1. ∇⃗ · E⃗ = ρ

2. − ∂

∂t
E⃗ + c∇⃗ × B⃗ = J⃗

3. ∇⃗ · B⃗ = 0

4.
∂

∂t
B⃗ + c∇⃗ × E⃗ = 0

In other words,

c∂µFµν = Jν

∂µ F̃µν = 0

Here, Jµ is the four-current density with components (cρ, J⃗).

3.6.2 Charge conservation

For N charges ql , we have

Jµ(t, x⃗) =
N

∑
l=1

ql
dxµ

dt
δ3 (x⃗− x⃗l(t)) .

Integrating over a spatial region Ω containing all the charges,∫
Ω

Jµ(t, x⃗) d3x =
N

∑
l=1

ql
dxµ

l
dt

,
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the sum of (charge × 4-velocity) for the N particles.
Note that for µ = 0, J0 = cρ: ∫

Ω

cρ d3x =
N

∑
l=1

qlc

since x0
l = ct.

Recall that c∂µFµν = Jν. Observe that ∂ν acting here reveals c∂ν∂µFµν = ∂νFν. But ∂ν∂µ is
symmetric and Fµν is antisymmetric, so:

∂µ Jµ = 0,

i.e. conservation of charge.

∂0 J0 + ∂i Ji = 0
1
c

∂

∂t
(cρ) + ∇⃗ · J⃗ = 0

∂ρ

∂t
+ ∇⃗ · J⃗ = 0.

Consider a 3-volume Ω bounded by surface ∂Ω with charge density ρ and 3-current J⃗.∫
Ω

(
∂ρ

∂t
+ ∇⃗ · J⃗

)
d3x = 0

∫
Ω

∂ρ

∂t
d3x +

∫
∂Ω

J⃗ · dA⃗ = 0

(The 3D integral of a divergence ∇⃗ · J⃗ is a surface integral of the dot product of J⃗ with directed
element dA⃗ over ∂Ω.)

So,

∂

∂t

∫
Ω

ρ d3x

 = −
∫

∂Ω

J⃗ · dA⃗.

If current flows out of region Ω according to J⃗ · dA⃗, then the total carge inside Ω decreases.
Charge is conserved: ∂µ Jµ = 0; the idea generalises: ∂µTµν = 0 means Tµν is conserved.

3.6.3 Bianchi identity

An alternate form of the equation ∂µ F̃µν = 0 is ∂ν F̃µν = 0, since F̃ is symmetric. Suppose µ = 0.
Then ∂ν F̃0ν = ∂ν

1
2 ϵ0νρσFρσ = 0, so we have ϵ0νρσ∂νFρσ = 0, i.e.(

ϵ0123∂1F23 + ϵ0132∂1F32

)
+
(

ϵ0231∂2F31 + ϵ0213∂2F13

)
+
(

ϵ0312∂3F12 + ϵ0321∂3F21

)
= 0.

But the two terms in each bracket are equal, and ϵ0123 = ϵ0231 = ϵ0312 = 1. Thus:

2∂1F23 + 2∂2F31 + 2∂3F12 = 0.

In general,
∂λFµν + ∂µFνλ + ∂νFλµ = 0 (λ, µ, ν not summed.)

This is called the Bianchi identity and is meaningful for λ ̸= µ ̸= ν.
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3.6.4 Parity of electromagnetic tensor and dual tensor

Recall the parity transformation P : (x, y, z)T 7→ (−x,−y,−z)T.
The field at location r⃗ of a charge q at origin is:

E⃗ =
q

4πr2
r⃗
r

.

Under P, r⃗ → −⃗r, but r2 = r⃗ · r⃗ is unchanged. So E⃗→ −E⃗ under parity; E⃗ is a polar vector.
The magnetic field for a charge q moving at a low velocity v⃗ is:

B⃗ =
1

4πc
q
r3 v⃗× r⃗.

As v⃗ = d⃗r
dt , v⃗ changes sign under P. But B⃗→ (−1)2B⃗, since v⃗× r⃗ → (−v⃗)× (−⃗r) = v⃗× r⃗. So B⃗

is unchanged under parity; B⃗ is an axial vector.
How do FµνFµν, Fµν F̃µν and F̃µν F̃µν behave under P? These are Lorentz scalars and could

be in L.

FµνFµν = F0jF0j + FijFij + Fi0Fi0 + F00F00

= (− f j0)((−1)2Fj0) + (−1)2FijFij − Fi0Fi0 + 0

= −Fj0Fj0 + FijFij − Fi0Fi0

= −Fj0Fj0 − Fi0Fi0 + ϵijkBkϵijl Bl

= −2EiEi + 2δkl BkBl

= −2E⃗2 + 2BkBk

FµνFµν = −2E⃗2 + 2B⃗2.

Fµν F̃µν = F0j F̃0j + Fi0F̃i0 + Fij F̃ij

= −2Fi0 F̃i0 + Fij F̃ij

= −2EiBi − ϵijkBkϵijlEl

= −2E⃗ · B⃗− 2δkl BkEl

= −2E⃗ · B⃗− 2B⃗ · E⃗
Fµν F̃µν = −4E⃗ · B⃗.

So FµνFµν is even under parity, and Fµν F̃µν is odd under parity. A Fµν F̃µν term in L violates
parity; there is no evidence that electromagnetic interaction can violate parity (although weak
interaction does.)

Note: The form F̃µν F̃µν is not used, since F̃µν F̃µν = −FµνFµν.

3.7 Canonical stress tensor

3.7.1 Construction

Recall in classical mechanics,

H =
∂l
∂q̇i

q̇i − L.
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Generalise this to:

Tν
µ =

∂L
∂(∂µϕ)

∂νϕ− δν
µL.

Here qi → ϕ(xρ), and d
dt →

∂
∂xµ for a scalar field ϕ(xρ).

For a vector field Aλ(xρ), we generalise again, ϕ→ Aλ.

Tµν =
∂L

∂(∂µ Aλ)
∂ν Aλ − gµνL,

the canonical stress tensor.
For a free electromagnetic field with L = − 1

4 FµνFµν,

Tµν = −1
4

∂(FρσFρσ)

∂(∂µ Aλ)
∂ν Aλ +

1
4

gµνFρσFρσ

From an earlier calculation, we have:

Tµν = − 1
4 (4Fµλ)∂ν Aλ + 1

4 gµνFρσFρσ

= −Fµλ∂ν Aλ + 1
4 gµνFρσFρσ,

the canonical stress tensor for a free electromagnetic field.
There are a number of difficulties with this Tµν:

• It is not gauge invariant as Aλ appears explicitly. Recall, Fρσ is gauge invariant.

• Tµν ̸= Tνµ, i.e. it is not symmetric.

Rewrite:

Tµν = −gµρFρλ∂ν Aλ + 1
4 gµνFρσFρσ

(obtained by lowering and raising λ and using gµρ to lower ρ in first term)
Recall Fνλ = ∂ν Aλ − ∂λ Aν, so that ∂ν Aλ = Fνλ + ∂λ Aν. Substitute in Tµν:

Tµν = −gµρFρλFνλ − gµρFρλ∂λ Aν + 1
4 gµνFρσFρσ

Write Fνλ as −Fλν and change λ to σ, and omit the second term to define a new tensor:

Θµν = gµρFρσFσν + 1
4 gµνFρσFρσ,

the symmetric stress tensor (now manifestly gauge invariant since it only involves Fµν and not
Aµ explicitly.)

3.7.2 Properties

Θ is symmetric (Θµν = Θνµ).
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The second term is in Θ is clearly symmetric, so to prove symmetry we will start by sub-
tracting it from Θνµ:

Θνµ − 1
4 gµνFρσFρσ = gνρFρσFρσ

= Fν
σFσµ

= FνσF µ
σ

= (−Fµ
σ)(−Fσν)

= Fµ
ρFσν

= gµρFρσFσν

⇒ Θµν = Θνµ.

Θµν is traceless:

Θν
µ = F σ

µ F ν
σ + 1

4 δν
µFρσFρσ

= F σ
µ F µ

σ − 1
4 δν

µF σ
ρ F ρ

σ .

tr Θ = Θµ
µ = F σ

µ F µ
σ − 1

4 δ
µ
µ F σ

ρ F ρ
σ

= F σ
µ F µ

σ − F σ
ρ F ρ

σ ,

since δ
µ
µ = 4. Notice that these are all dummy indicies, so:

tr Θ = Θµ
µ = F σ

µ F µ
σ − F σ

µ F µ
σ

= 0.

The trace relates to the mass of the vector field (see Proca equation later).
Also, ∂µΘµν = 0; the tensor is conserved.
Note: Θ00 is energy density and Θ0i is momentum density. These will be discussed in detail

later.

3.7.3 Angular momentum of a field

Recall clasically, L⃗ = x⃗× p⃗. Generalise to 1+3 dimensions:

Mµνσ = Tµνxσ − Tµσxν.

Is M conserved?

∂µ Mµνσ = ∂µ(Tµνxσ − ∂µ(Tµσxν)

= (∂µTµν)xσ + Tµν(∂µxσ)− (∂µTµσ)xν − Tµσ(∂µxν)

= 0 + Tµνδσ
µ − 0− Tµσδν

µ

= Tσν − Tνσ

̸= 0, since Tσν ̸= Tνσ.

But Θσν = Θνσ, so we define field angular momentum as:

Mµνσ = Θµνxσ−Θµσxν.

This is conserved: ∂µ Mµνσ = 0. Many conservation laws are implied here.
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3.7.4 Relation to electromagnetic field

Θ has 10 independent components: 4 of these relate to energy-momentum density. Recall:

Θµν = gµρFρσFρν + 1
4 gµνFρσFρσ

and:
FρσFρσ = −2(E⃗2 − B⃗2)

So when µ = ν = 0:

Θ00 = g0ρFρσFρσ − 1
2(E⃗2 − B⃗2)

= g00F0jFj0 − 1
2 (E⃗2 − B⃗2)

= (−1)2Fj0Fj0 − 1
2(E⃗2 − B⃗2)

= EjEj − 1
2 E⃗2 + B⃗2

= 1
2 (E⃗2 + B⃗2) ≡ U.

U is the energy density of the field (in Heaviside–Lorentz units).
µ = i, ν = 0:

Θi0 = giρFρσFρσ + 0

= (−1)2FiσF0σ

= −FiσFσ0

= −FijFj0

= ϵijkBkEj

= ϵijkEjBk

= (E⃗× B⃗)i, ≡ cpi.

p⃗ is the momentum density of the field.
µ = i, ν = j:

Θij + 1
2 (E⃗2 − B⃗2) = giρFρσFσj

= (−1)FiσFσj

= −Fi0F0j − FikFkj

= −Fi0Fj0 − FikFkj

= −EiEj − ϵikl BlϵkjmBm

= −EiEj + ϵkilϵkjmBl Bm.

But ϵkilϵkjm = δijδlm − δimδjl , so:

Θij + 1
2(E⃗2 − B⃗2) = −EiEj + (δijδlm − δimδjl)Bl Bm

= −EiEj + δijBl Bl − BjBi

= −EiEj − BjBi + δijB⃗2
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Noting that gij = −δij,

Θij = 1
2 δij(E⃗2 − B⃗2) + δijB⃗2 − EiEj − BiBj

= 1
2 δij(E⃗2 + B⃗2)− EiEj − BiBj

This is a symmetric tensor, and is equal to −Mij, whereMij is the Maxwell stress tensor (in
Heaviside–Lorentz units).

3.8 Interacting vector field

Introduce an external charge and current density Jµ = (cρ, J⃗). The Lorentz force is:

∂µFµν =
1
c

Jν.

For a free field, translational invariance leads to ∂µΘµν = 0 (as we will show.)
Consider:

∂µΘµν = ∂µ(
1
4 gµνFρσFρσ + gµρFρσFσν)

= 1
4 ∂µ(FρσFρσ) + ∂ρ(FρσFσν)

= 1
4 (∂

νFρσ)Fρσ + 1
4 Fρσ(∂

νFρσ) + (∂ρFρσ)Fσν + Fρσ(∂
ρFσν)

= 1
4 Fρσ(∂

νFρσ) + 1
4 Fρσ(∂

νFρσ) + 1
c JσFσν + Fρσ∂ρFρσ

2(∂µΘµν − 1
c JσFσν) = Fρσ(∂

νFρσ + 2∂ρFρσ)

One can write Fs in terms of As, or write one of the 2Fρσ∂ρFσν as:

Fρσ∂ρFσν = −Fσρ∂ρFσν = −Fρσ∂σFρν = Fρσ∂σFνρ.

So:

2(∂µΘµν − 1
c JσFσν) = Fρσ(∂

νFρσ + ∂ρFσν + ∂σFνρ)

= 0,

by Bianchi identity.
Hence,

∂µΘµν = 1
c JσFσν,

Energy-momentum conservation for particles and fields in combination.
ν = 0:

∂µΘµ0 = 1
c JµFµ0

∂0Θ00 + ∂iΘi0 = 1
c JiFi0

1
c

∂

∂t
U + ∂i

(
1
c Si
)
= − 1

c JiEi

∂U
∂t

+ ∇⃗ · S⃗ = − J⃗ · E⃗.
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ν = j:

∂µΘµj = 1
c (J0F0j + JiFij)

= − 1
c cρFj0 − 1

c JiFij

= −ρEj + 1
c JiϵijkBk

= −ρEj − 1
c ϵjik JiBk

∂µΘµj = ρEj − 1
c (⃗J × B⃗).

Compare this to:
dp⃗
dt

= qE⃗ +
q
c

v⃗× B⃗,

the Lorentz force of an electromagnetic field E⃗ and B⃗ on a charge q.
Define a force density f µ:

f µ = 1
c Fµσ Jσ

= − 1
c JσFσµ.

A spatial integral of f µ provides the force on the particles:∫
Ω

f ν d3x =
N

∑
n=1

dpν
n

dt
,

where pν
n is the 4-momentum of the nth particle.

The space integral of the energy-momentum density for fields and particles is:∫
Ω

(
∂µΘµν + f ν

)
d3x =

d
dt

(
pν

fields + pν
particles

)
= 0

Force q(E⃗ + 1
c v⃗× B⃗) acts on a charge q. Work is done at a rate F⃗ · v⃗ = qE⃗ · v⃗ [since v⃗ · (⃗v×

B⃗) = 0]
For a charge q with path x⃗n(t),

J⃗ = ∑
n

qnv⃗nδ3(x⃗− x⃗n)

Rate of work done is the power:∫
Ω

E⃗ · J⃗ d3x = ∑
n

∫
Ω

E⃗ · qnv⃗nδ3(x⃗− x⃗n) d3x

= ∑
n

qnE⃗(x⃗n) · v⃗n

Where particles convert energy to the fields, one can show from Maxwell’s equations (in
3D or 4D):

−E⃗ · J⃗ = 1
2

∂

∂t
(E⃗2 + B⃗2) + ∇⃗ · (E⃗× B⃗) =

∂U
∂t

+ ∇⃗ · S⃗.

Energy is imparted by particles (qm) to the fields in a volume Ω at rate:

−
∫
Ω

E⃗ · J⃗ d3x =
∫
Ω

∂U
∂t

d3x +
∫
Ω

∇⃗ · S⃗ d3x

=
∂

∂t

∫
Ω

U d3x +
∫

∂Ω

S⃗ · d⃗a.
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