
MA3432: Classical Electrodynamics

David Whyte dawhyte@tcd.ie

March 5, 2011



Contents

1 Solving electrodynamic equations 3
1.1 Aim . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 Green function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2.2 Calculation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.2.3 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.3 Time dependence in electromagnetic equations . . . . . . . . . . . . . . . . . . . . 6
1.3.1 First integral . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.3.2 Second integral . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.3.3 Covariant form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.4 Solving Maxwell’s equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
1.4.1 Static limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2 Radiated fields 13
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.1.1 Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.1.2 Orthogonality properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.2 Wave-like solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.2.1 Static solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.2.2 Velocity field with E⃗ and B⃗ . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.3 Larmor’s power formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.4 Total power emitted . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.5 Relativistic radiation formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.6 Angular distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.6.1 Angle for maximum radiation . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.7 Computation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.8 Total power . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2



Chapter 1

Solving electrodynamic equations

1.1 Aim

We seek solutions to the equation:
∂µFµν = 1

c Jν,

where Jν(xρ) = (cρ, J⃗) is a given four-current as a function of spacetime. We need to solve
this in terms of Aµ, where Fµν = ∂µ A′

ν − ∂ν A′
µ, using a gauge change: A′

µ = Aµ + ∂µϕ for
some scalar field ϕ, to ensure that ∂µ Aµ = 0. So we need ∂µ A′

µ − ∂µ∂µϕ = 0, or in other words,
= ∂µ A′

µ.
�ϕ = ∂µ A′

µ can be solved when given some function A′
µ(xρ). Solving �ϕ = f (x) = ∂µ Aµ

gives the required function ϕ(xρ).
Using ϕ(xρ), we have ∂µ Aµ = 0, the Lorenz gauge condition. So:

∂µFµν = 1
c Jν

∂µ(∂µ Aν − ∂ν Aµ) =
1
c Jν

∂ν∂µ Aν − ∂ν∂µ Aµ = 1
c Jν.

But ∂µ Aµ = 0, so:
�Aν = 1

c Jν.

Solving this d’Alembertian equation for Aν(xρ) given Jν(xρ) eventually provides the elec-
tromagnetic field Fµν = ∂µ Aν − ∂ν Aµ.

1.2 Green function

1.2.1 Definition

George Green introduced a method for solving equations of the form � f = g for given g.
Define a Green function:

�G = δ4(xµ − x′µ)

= δ(x0 − x′0)δ
3(x⃗ − x⃗′) (1.1)

Write zµ = xµ − x′µ so that ∂
∂xi =

∂
∂zi , treating x′µ as constant.
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Finding a function G(zµ) which obeys �zG = δ4(z) enables a solution to be written as:

f (xµ) =
∫

d4x′ G(xµ − x′µ)g(x′µ).

The reason is that:
� f (xµ) =

∫
d4x′�G(xµ − x′µ)g(x′µ).

But G has been constructed to obey (1.1), so:

� f (xµ) =
∫

d4x′ δ4(xµ − x′µ)g(x′µ)

= g(xµ),

the equation we wished to solve.
We need to evaluate a Green function obeying �G = δ4(xµ − x′µ). Using g → 1

c Jµ and
f → Aµ, the four-potential is:

Aµ(xρ) =
1
c

∫
d4x′ G(xν − x′ν)Jµ(x′ν)

1.2.2 Calculation

We will study Laplace’s equation ∇2G = δ3(x⃗ − x⃗′) first, and �G later. We will use these
definitions of the Fourier transform and its inverse:

f̃ (k) =
1√
2π

∞∫
−∞

f (x)e−ikx dx, f (x) =
1√
2π

∞∫
−∞

f̃ (k)eikx dk

The FT of the δ function is:

δ̃(k) =
1√
2π

∞∫
−∞

δ(x)e−ikx dx =
1√
2π

,

which means that the δ function can be represented as:

δ(x) =
1

2π

∞∫
−∞

eikx dk,

generalising this to 3 dimensions:

δ3(x⃗) =
1

(2π)3

∫
d3k ei⃗k·⃗x (1.2)

G(x⃗) obeys:
∇⃗2G(x⃗) = δ3(x⃗) (1.3)

and has FT:

G̃(⃗k) =
1

(2π)3/2

∞∫
−∞

d3x G(x⃗)e−i⃗k·⃗x, G(x⃗) =
1

(2π)3/2

∞∫
−∞

d3k G̃(⃗k)ei⃗k·⃗x.
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Substituting the above expression for G(x⃗) and (1.2) into (1.3) yields:

∇⃗2 1
(2π)3/2

∞∫
−∞

d3k G̃(⃗k)ei⃗k·⃗x =
1

(2π)3

∞∫
−∞

d3k ei⃗k·⃗x.

Taking everything inside the integrals and noting that ∇⃗2ei⃗k·⃗x = −ei⃗k·⃗x, this becomes:
∞∫

−∞

−d3k G̃(⃗k)⃗k2ei⃗k·⃗x =

∞∫
−∞

1
2π

d3k ei⃗k·⃗x

This is only true for all x if the integrands agree, thus:

G̃(⃗k) = − 1
(2π)3/2

1

k⃗2
.

Hence,

G(x⃗) =
1

(2π)3/2

∞∫
−∞

d3k G̃(⃗k)ei⃗k·⃗x

=
1

(2π)3

∞∫
−∞

d3k
1

k⃗2
ei⃗k·⃗x.

To evaluate this integral, first note that:
∞∫

−∞

d3k
ei⃗k·⃗x

k⃗2
= I = −

∞∫
−∞

d3k
∞∫

0

dα e−α⃗k2
ei⃗k·⃗x

=

∞∫
0

∞∫
−∞

d3k e− p⃗2
ei⃗x2/4α

where p⃗ ≡
√

α⃗k − i
2
√

α
x⃗. Since dpi =

√
α dki, this gives:

I =
∞∫

0

dα

(
1√
α

)3 ∞∫
−∞

d3 p e− p⃗2
e−x⃗2/4α

=

∞∫
0

dα α−3/2(
√

π)3e−4x⃗2/4α

Letting β2 = 1
4α , this gives:

I =
0∫

∞

(2β)3π3/2e−β2 x⃗2
(− 1

2 β−3 dβ)

=

∞∫
0

4π3/2e−β2 x⃗2
dβ

= 4π3/2
(

1
2
√

π

)√
1
x⃗2

=
2π2

|⃗x|
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Finally,

G(x⃗) = − 1
(2π)3

∫
d3k

ei⃗k·⃗x

k⃗2
= − 1

4π |⃗x| .

1.2.3 Example

For a static system of charges, ME1 states that ∇⃗ · E⃗ = ρ. But recall:

E⃗ = −∇⃗Φ − 1
c

∂A⃗
∂t

= −∇⃗Φ for time-independent fields.

So ME1 reads −∇⃗(∇⃗Φ) = ρ, i.e. ∇⃗2Φ = −ρ.
As we have discovered, this has solution

Φ(x⃗) = −
∫

G(x⃗ − x⃗′)ρ(x⃗′) d3x′

=
1

4π

∫
ρ(x⃗′)
|⃗x − x⃗′| d3x′.

For a single charge, ρ(x⃗′) = qδ3(x⃗′ − x⃗q), so:

Φ(x⃗) =
q

4π

∫
δ3(x⃗′ − x⃗q)

|⃗x − x⃗′| d3x′ =
q

4π

1∣∣⃗x − x⃗q
∣∣ ,

the expected potential function.
For many charges qi, Φ(x⃗) is simply a sum over i of x⃗qi terms.

1.3 Time dependence in electromagnetic equations

In 4D, Maxwell’s equations read ∂µFµν = 1
c Jν, or, using the definition of Fµν, ∂µ∂µ Aν − ∂ν∂µ Aµ =

1
c Jν. In the Lorenz gauge, ∂µ Aµ = 0, so this simplifies to:

�Aν = 1
c Jν.

We seek a 4D Green function D(zρ), where zρ = xρ − x′ρ, such that:

�zD = δ4(zρ). (1.4)

Using Fourier transforms yields:

D(z) =
(

1√
2π

)4 ∫
d4k D̃(k)e−ikνzν

,

denoting zρ by z and kρ by k. Substitute this expression in (1.4):

∂µ∂µ 1
4π

∞∫
−∞

d4k D̃(k)e−ikνzν
=

1
(2π)4

∞∫
−∞

d4k e−ikνzν
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Noting that ∂
∂zµ = ∂µ, we move the ∂µ∂µ inside the integral and multiply by 2π, giving:

−
∫

d4k D̃(k)kµkµe−ikνzν
=

1
(2π)2

∫
d4k e−ikνzν

For this to be true for all z, the integrands must match:

D̃(k) = − 1
4π2

1
kµkµ

.

So our 4D Green function is:

D(z) =
1

(2π)2

∞∫
−∞

d4kD̃(k)eik·z.

Here k · z = k0z0 − k⃗ · z⃗, the 4D scalar product, so:

D(z) = − 1
(2π)4

∫
d4k

e−ikνzν

kµkµ

= − 1
(2π)4

∫
d3k ei⃗k·⃗z

∫
dk0

e−ik0z0

k2
0 − k2

where k now refers to |⃗k|.

1.3.1 First integral

The dk0 integral can be performed using a countour method, treating k0 as a complex variable.
To arrange a decreasing exponential, we need z0 < 0 if Im k0 > 0, and vice-versa. We want
t′ 6 t, i.e. cause before effect, and since z0 = c(t − t′), this means z0 > 0 ⇒ Im k0 6 0.

Since the integrand has poles at ±k, we will evaluate the integral

∞∫
−∞

dk0
e−ik0z0

(k0 + k)(k0 − k)

using this contour:

k0

–k +k

Figure 1.1: The contour used to evaluate the integral

The residues are:

Res
k0=k

e−ik0z0

(k0 + k)(k0 − k)
=

e−kz0

2k
, Res

k0=−k

e−ik0z0

(k0 + k)(k0 − k)
= − eikz0

2k
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Ignoring the semicircle for now, Cauchy’s theorem gives:

∞∫
−∞

dk0
e−ik0z0

k2
0 − k⃗2

= −2πi

(
e−ikz0

2k
− eikz0

2k

)

=
πi
k
(eikz0 − e−ikz0

)

= −2π

k
θ(z0) sin(kz0)

where θ is the Heaviside step function, which distinguishes the retarded and advanced Green
functions.

As for the semicircle, we can write:

k0 = Re−iϕ = R(cos ϕ − i sin ϕ), dk0 = −iRe−iϕdϕ

So the integral over the semicircle is:

∫
S

dk0
e−ik0z0

k2
0 − k⃗2

= −i
π∫

0

dϕ
Re−Rz0 sin ϕeiα

R2e−2π − k2 .

This tends to 0 as R → ∞, since sin ϕ > 0 on [0, π], R
R2 → 0, and eiα is a phase factor of unit

length. So the contribution from the semicircle can indeed be ignored.

1.3.2 Second integral

We now have:

Dret(z) = − 1
(2π)4

∫
d3k ei⃗k·⃗z

(
−2π

k
θ(z0) sin(kz0)

)

We use spherical coordinates, and align the 3rd axis of k⃗ along z⃗, so that k⃗ · z⃗ = kz cos θ, where
θ is the angle between k⃗ and z⃗.

Since d3k = k2 dk sin θ dθ dϕ,

Dret(zρ) =
θ(z0)

(2π)3

∞∫
0

k2 dk
π∫

0

sin θ dθ

2π∫
0

dϕ
eikz cos θ

k
sin(kz0).

Letting y = cos θ,
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Dret(zρ) =
θ(z0)

(2π)2

∞∫
0

k dk
−1∫
1

(−dy)eikzy sin(kz0)

=
θ(z0)

(2π)2

∞∫
0

k dk sin(kz0)

1∫
−1

dy eikzy

=
θ(z0)

(2π)2

∞∫
0

dk

(
eikz0 − e−ikz0

2i

)
1
iz
(eikz − e−ikz)

= − θ(z0)

8π2z

∞∫
0

dk
(

eik(z0+z) + e−ik(z0+z) − eik(z0−z) − e−ik(z0−z)
)

= − θ(z0)

8π2z

∞∫
−∞

dk
(

eik(z0+z) − e−ik(z0−z)
)

= − θ(z0)

8π2z
(
2πδ(z0 + z)− 2πδ(z0 − z)

)
,

by the integral definition of the δ function.
Recall that z = |⃗z| > 0, and z0 > 0, so δ(z0 + z) = 0. Therefore:

Dret(zρ) =
θ(z0)

4πz
δ(z0 − z)

1.3.3 Covariant form

Note that δ(z0 − z) changes from frame to frame, so Dret does too. Is there a Lorentz scalar
form? We need the fact that:

δ(ab) =
δ(a)
|b| +

δ(b)
|a|

Recalling that zµzµ = z2
0 − z2 = (z0 − z)(z0 + z), this means that:

δ(zµzµ) =
δ(z0 − z)
|z0 + z| +

δ(z0 + z)
|z0 − z|

But as above, δ(z0 + z) = 0, so:

δ(zµzµ) =
δ(z0 − z)
|z0 + z| .

Since δ(z0 − z) = 0 except at z = z0, so this can be written:

δ(zµzµ) =
δ(z0 − z)

2z
.

Note that zµzµ is a covariant Lorentz scalar.
So a covariant expression for Dret is:

Dret(zρ) =
θ(z0)

2π
δ(zµzµ)
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1.4 Solving Maxwell’s equations

Recall that we initially defined D so that:

Aν(xµ) =
1
c

∫
d4x′ D(xµ − x′µ)Jν(x′µ)

and that Jν = (cρ, J⃗) for a single charge q located at x⃗q(t) is:

Jν(x′µ) = q
dx′ν
dt′

δ3(x⃗′ − x⃗q(t)).

Taking a single charge q and separating Aν into time and space integrals,

Aν(x0, x⃗) =
∫

dt′
∫

d3x′ D(x0 − x′0, x⃗ − x⃗′)q
dx′ν
dt′

δ3(x⃗′ − x⃗q(t′))

= q
t∫
dt′ D(x0 − x′0, x⃗ − x⃗q)

dxq

dt′

Here,

D =
θ(t − t′)

4π |⃗x − x⃗q(t′)|
δ
(
ct − ct′ − |⃗x − x⃗q(t′)|

)
Introduce R⃗(t′), the location of the observation point x⃗ relative to x⃗q(t′):

R⃗(t′) = x⃗ − x⃗q(t′)

Rµ(t′) = xµ − xµ
q (t′).

(t, x)→

→

→

(t′, x′)→

t

x
q
(t)

R

Figure 1.2: The past light-cone of (t, x⃗)

The four-potential can now be written:

Aν(x0, x⃗) =
q

4π

∫
dt′

θ(t − t′)
R(t′)

δ
(
ct′ − ct − R(t′)

) dxν
q

dt′
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We want to find δ (ct′ − ct − R(t′)), and for this we need:

δ( f (x)) = ∑
i

δ(x − xi)

| f ′(xi)|
,

where xi are the simple zeroes of f (x), i.e. where f (x) = 0 and f ′(x) ̸= 0.
There is only one root of f (t′), and

d f
dt′

= c − 0 − dR
dt′

.

We also have:

R2 = R⃗2 ⇒ 2R
dR
dt′

= 2R⃗
dR⃗
dt′

⇒ dR
dt′

=
R⃗
R
· dR⃗

dt′
,

giving:
d f
dt′

= c +
R⃗
R
· v⃗,

where v⃗ =
dx⃗q
dt , the velocity of q. Defining n̂ as R⃗

R , we have:

d f
dt′

= c − n̂ · v⃗.

|n̂| = 1 and |⃗v| < c, so d f
dt′ > 0. Hence: ∣∣∣∣ d f

dt′

∣∣∣∣ = d f
dt′

So finally,

δ( f (t′)) =
δ(t − t0)

c − n̂ · v⃗
,

where t0 is the location of the root of f . This means that:

ct − ct0 − R(t0) = 0

⇒ c2(t0 − t)2 = (x⃗ − x⃗q(t0))
2

Or in other words,
RµRµ = 0.

This equation describes events on the light-cone with apex (t, x⃗) as seen in Fig. 1.2.
So we can now write the four-potential as:

Aν(t, x⃗) =
q

4π

∫
dt′

dxµ
q

dt′
θ(t − t′)

R(t′)
δ(t′ − t0)

c − n̂ · v⃗

=
q

4π

dxν
q

dt
1

R(t0)(c − n̂ · v⃗)
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Splitting this into components, we obtain:

Φ(t, x⃗) =
q

4π

c
cR − v⃗ · R⃗

∣∣∣∣
t0

A⃗(t, x⃗) =
q

4π

v⃗
cR − v⃗ · R⃗

∣∣∣∣
t0

These are called the Linard–Wiechert potentials.
In covariant form, where four-velocity Vµ = γ(c, v⃗),

Vσ(xσ − xσ
q ) = γ(V0R0 − V⃗ · R⃗).

Here R0 = x0 − x0
q = R. We can now write:

Aµ(t, x⃗) =
q

4π

γ(c, v⃗)
γ(cR − v⃗ · R⃗)

∣∣∣∣∣
t0

=
q

4π

Vµ

VσRσ

∣∣∣∣
τp

where τp refers to the past light-cone. Note that τ0 obeys RµRµ = 0, i.e.

(xσ − xσ
q (τ0))(xσ − xq σ(τ0)) = 0.

All this means that the electromagnetic potential Aµ(xρ) receives a contribution from one
event only: xµ

q (τ0), the spacetime location of the charge q as it passes through the past light-
cone of the event xµ = (ct, x⃗) where the radiation is observed.

The cause at (ct′, x⃗′) produces an effect at xµ at the limiting speed c.

1.4.1 Static limit

We have:

4πΦ =
q

R − β⃗ · R⃗

∣∣∣∣∣
τp

As v⃗ = cβ⃗ → 0,
Φ → q

4πR
,

the expected electrostatic potential.
We also have:

4πA⃗ =
qv⃗

cR − v⃗ · R⃗

∣∣∣∣
τp

As v⃗ → 0, A → 0. So a charge at rest produces no magnetic field.
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Chapter 2

Radiated fields

2.1 Introduction

In order to find the radiated fields from a charge q, we need to find ∂µ Aν. This invites consid-
eration of xµ and xµ + ∆xµ, as in Fig. 2.1.

xµ
 + Δxµ

xµ

τ

τ + Δτ

q

Figure 2.1: Light-cones of xµ and xµ + ∆xµ

Using the expression for Aν which we calculated, we have:

4π

q
∂µ Aν = ∂µ

(
Vν

RσVσ

)
=

∂µVν

RσVσ
− Vν

(RσVσ)2 (Rρ∂µVρ + Vρ∂µRρ). (2.1)

So we need to determine ∂µVν, and ∂µRσ.
Recall first that:

4π

q
Aν =

Vν

RσVσ
, and RσRσ = 0.

Consider Rσ as a function of xρ and τ:

Rσ(xρ, τ) = xσ − xσ
q (τ) (2.2)

Since q’s path intersects the past light-cone of xρ once, we can regard the invariant time τ as
τ(xρ).
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From (2.2) we have:

∂µRσ =
∂Rσ

∂xµ
=

∂xσ

∂xµ
−

∂xσ
q

∂τ

∂τ

∂xµ

= δσ
µ − Vσ∂µτ. (2.3)

We know that RσRσ = 0, therefore:

∂µ(RσRσ) = (∂µRσ)Rσ + Rσ∂µRσ

= 2Rσ∂µRσ = 0.

So (2.3) gives:
Rσ(δ

σ
µ − Vσ∂µτ) = 0.

Hence,

∂µτ =
Rµ

RσVσ
.

We can now find ∂µVν:

∂µVν =
∂Vν

∂xµ
=

∂Vν

∂τ

∂τ

∂xµ

= V̇ν Rµ

RσVσ

=
RµV̇ν

RσVσ
(2.4)

Substituting (2.4) into (2.1) yields:

4π

q
∂µ Aν =

RµV̇ν

(RσVσ)2 − Vν

(RσVσ)2

[
Rρ

RµV̇ρ

RλVλ
+

(
δ

µ
ρ − Vρ

Rµ

RλVλ

)
Vρ

]
=

RµV̇ν

(RσVσ)2 −
RρV̇ν

(RσVσ)3 RµVν − VµVν

(RσVσ)2 +
VρVρ

(RσVσ)3 RµVν.

The third term is symmetric in µ ↔ ν and so disappears in the expression for Fµν. Also,
VρVρ = γ2(c2 − v⃗2) = γ2c2γ−2 = c2.

Splitting Fµν into components, we have:

4πFµν
acc =

q
(RσVσ)2 (RµV̇ν − RνV̇µ)−

qRρV̇ρ

(RσVσ)3 (RµVν − RνVµ)

4πFµν
vel =

qc2

(RσVσ)3 (RµVν − RνVµ).

Both terms in Fµν
acc include V̇µ, the four-acceleration.

2.1.1 Comments

• Fµν
acc has V̇µ in every term, so if the charge moves at constant velocity, Fµν

acc = 0. A charge
at constant velocity does not radiate.
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• By contrast, Fµν
vel has no terms with V̇µ and so is non-zero in general. For v⃗ = 0, we see:

Ei
vel =

qni

4πR2 , i.e. E⃗vel =
qR⃗

4πR3 ,

the expected inverse square electric field. In fact, it is the static field boosted to a constant
velocity v⃗.

• Recall that Rµ = (R, Rn⃗) where R0 = R due to RµRµ = 0, and R⃗ = Rn⃗. So Fµν
acc has the

form 1
r as R → ∞ (the typical R-dependence of a radiative long-range field.

• By contrast, Fµν
vel has R-dependence 1

r2 .

2.1.2 Orthogonality properties

Consider the dual field F̃µν = 1
2 ϵµνρσFρσ and the contraction 2Rµ F̃µν = ϵµνρσRµFρσ. (Note that

every term in Fµν has an Rµ four-vector. So 2Rµ F̃µν = ϵµνρσRµRρ[. . .].)
Since ϵµνρσ = −ϵρνµσ but RµRρ = RρRµ, summing over µ and ρ yields zero. So Rµ F̃µν = 0

for both ‘acc’ and ‘vel’ elements.
With Rµ = (R0,−Rn⃗), we have:

Rµ F̃µν = R0 F̃0i + Rj F̃ji for ν = i.

So 0 = −RF̃i0 + Rjϵ
ijkEk or:

RBi = ϵijkRnjEk

and since R ̸= 0,
Bi = ϵijknjEk.

In vector form,
B⃗ = n⃗ × E⃗

(in Heaviside–Lorentz units.) This is true for B⃗rel and B⃗acc.
Is n⃗ ⊥ E⃗? Study RµFradµν.
Recall:

Fi0 = Ei, Fij = −ϵijkBk

F̃i0 = Bi, F̃ij = ϵijkEk

So:

Rµ4π(RσVσ)
3q−1Fµν

rad = (RσVσ)(RµRµV̇ν − RµRνV̇µ)− (RρV̇ρ)(RµRµVν − RµRνVµ)

= (RσVσ)RµRνV̇µ + (RρV̇ρ)RµRνVµ = 0

So RµFµν
rad.

ν = 0 :

RiFi0
rad = 0

−RiEi
rad = 0

RniEi
rad = 0

niEi
rad = 0

15



or
n⃗ · E⃗rad = 0.

In other words, n⃗ = R⃗
R is ⊥ E⃗rad.

ν = j:
RµFµj

rad = 0

leads to:
E⃗rad = B⃗rad × n⃗.

Summary:

Rµ F̃µν = 0 :

{
ν = 0 : n⃗ · B⃗ = 0

ν = i : B⃗ = n⃗ × E⃗

RµFµν
rad = 0 :

{
ν = 0 : n⃗ · E⃗rad = 0

ν = i : E⃗rad = B⃗rad × n⃗

2.2 Wave-like solutions

�Aµ = 1
c Jµ has homogeneous solutions where �Aν = 0, namely:

Aν
hom = Aν

0e−ikµxµ
. (2.5)

Substitute:
Aν

0(−ikµ)(−ikµ)e−ikµxµ
= 0,

where Aν
0 are four constants.

For (2.5) to obey �Aν = 0, we must have kµkµ = 0, or in other words (k0)2 = (⃗k)2. Homo-
geneous solutions are waves:

Aν
hom = Aν

0e−iωt+i⃗k·⃗x

Such Aν
hom may be added to a non-homogeneous solution of �Aν = 1

c Jν:

Aν = Aν
hom + Aν

non-hom.

Does Aν
non-hom obey the Lorenz condition (∂ν Aν = 0)? Recall:

Aν(xρ) =
1
c

∫
Dret(xρ − x′ρ)Jν(x′ρ) d4x′

and note that:
∂νDret(x − x′) = −∂′νDret(x − x′).

So:

∂ν Aν =
1
c

∫
d4x′ ∂νD(x − x′)Jν(x′)

= −1
c

∫
d4x′

[
∂′ν(x − x′)

]
Jν(x′).
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Using integration by parts:

∂ν Aν =
1
c

∫
d4x′ ∂′ν Jν(x′)Dret(x − x′)− 1

c

∫
Ω

d4x′ ∂ν[Dret Jν(x)].

Recall that ∂ν Jν(x′) = 0:

∂ν Aν = 0 − 1
c

∫
∂Ω

Dret(x − x′)Jν(x′) d3Σν

where Σν is the directed ‘area’ element on the boundary ∂Ω of the region Ω. For large Ω,
the boundary integral = 0. So ∂ν Aν = 0 for the solution obtained, recalling that ∂µFµν = 0
becomes:

∂µ(∂
µ Aν − ∂ν Aµ) = 1

c Jν

�Aν − ∂ν(∂µ Aµ) = 1
c Jν

�Aν = 1
c Jν

if ∂µ Aµ = 0.

2.2.1 Static solution

We let c → ∞. Recall RµRµ = 0, therefore R2
0 = R2, ⇒ R0 = R.

Rµ = (R0, R⃗) = (R, Rn⃗) = R(1, n⃗).

Recall
Aν(x) =

1
c

∫
d4x′ Dret(x − x′)Jν(x′),

Dret(x − x′) =
θ(x0 − x′0)

4πR
δ(x0 − x′0 − R)

t − t′ = 1
c R from δ. As c → ∞, t − t′ → 0, i.e. t → t′. So the solution reverts to ‘action at a

distance’:

Ai =
1
c

∫
d3x′

Ji(x0, x⃗)
|⃗x − x⃗′|

2.2.2 Velocity field with E⃗ and B⃗

4πFµν
rel =

qc2(RµVν − RνVµ)

(RσVσ)3

Recall Rσ = R(1, n⃗).
Vσ = cγ(1, β⃗) = γ(c, v⃗).

We need:

RσVσ = R0V0 − RiVi

= cγR − cγRniβi

= cγR(1 − n⃗ · β⃗).
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For the electric velocity field, we need µ = i and ν = 0.

4π

qc2 Fi0
vel =

RiV0 − R0Vi

c3γ3R3(1 − n⃗ · β⃗)3

=
cγR(ni − βi)

c3γ3R3(1 − n⃗ · β⃗)3

Ei
vel =

q
4πR2γ2

ni − βi

(1 − n⃗ · β⃗)3
, i.e. E⃗vel =

q(⃗n − β⃗)

4πR2γ2(1 − n⃗ · β⃗)3

At rest, when β⃗ = 0, this reverts to:

E⃗vel =
q⃗n

4πR2 ,

the expected inverse square law.
We know that B⃗ = n⃗ × E⃗ for both ‘vel’ and ‘rad’, so:

B⃗vel = n⃗ ×
(

q
4πR2γ2

n⃗ − β⃗

(1 − n⃗ · β⃗)3

)

= − q
4πR2γ2

n⃗ × β⃗

(1 − n⃗ · β⃗)3

∣∣∣∣∣
t0

For β⃗ = 0, B⃗vel = 0 as expected.
Now,

4π

q
Fµν

rad =
RµV̇ν − RνV̇µ

(RσVσ)2 −
RρV̇ρ(RµVν − RνVµ)

(RσVσ)3

We need the acceleration terms V̇µ = dVµ

dτ = c d
dτ (γ, γβ⃗), oberving that β⃗ and γ depend on τ.

V̇0 = c
dγ

dτ
= cγ̇.

V̇i =
dVi

dτ
= c

d
dt
(γβi)

= c
dγ

dτ
βi + cγ

dβi

dt

= cγ̇βi + cγ2 dβi

dt

In a local frame, d
dτ = γ d

dt . We introduce α⃗ = dβ⃗
dt , so that c⃗α is acceleration of q (analagous to

how cβ⃗ is its velocity).
We use µ = i and ν = 0:

4π

q
(RσVσ)

3Fµν
rad = RσVσ(RµV̇ν − RνV̇µ)− RσV̇σ(RµVν − RνVµ)

4π

q
(RσVσ)

3Fi0
rad = cγR(1 − n⃗ · β⃗)(RiV̇0 − R0V̇i)− (R0V̇0 − RjV̇ j)(RiV0 − R0Vi)

= cγR(1 − n⃗ · β⃗)cR(niγ̇ − γ̇βi − γ2αi)− cR(γ̇ − njγ̇βj − njγ2αj)cγR(ni − βi)
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All γ̇ terms cancel, leaving:

4π

q
(cγR)3(1 − n⃗ · β⃗)3Ei

rad = −c2γR2(1 − n⃗ · β⃗)γ2αi + c2γR2njαjγ2(ni − βi)

4πcR
q

(1 − n⃗ · β⃗)3E⃗rad = n⃗ · α⃗(⃗n − β⃗)− (1 − n⃗ · β⃗)⃗α

So:

E⃗rad =
q

4πcR
n⃗ · α⃗(⃗n − β⃗)− (1 − n⃗ · β⃗)α

(1 − n⃗ · β⃗)3

∣∣∣∣∣
t0

and
B⃗rad = n⃗ × E⃗rad

Using vector relations allows n⃗ × [(⃗n − β⃗)× α] to be rewritten as n⃗ · α⃗(⃗n − β⃗)− (1− β⃗ · n⃗)⃗α.
Hence,

E⃗rad = q
n⃗ × [(⃗n − β⃗)× α]

4πcR(1 − n⃗ · β⃗)3

∣∣∣∣∣
ret

It follows directly that n⃗ · E⃗rad (because of “⃗n×” in the numerator). As R → ∞, E⃗rad and
B⃗rad → 1

R .

2.3 Larmor’s power formula

It is possible to arrange β⃗ = 0 at a particular instant using a Lorentz transformation, to obtain
non-relativistic expressions.

For β⃗ = 0, 1 − β⃗ · n⃗ = 1.

ENR
rad = q

n⃗ × (⃗n × α⃗)

4πcR
Since n⃗ × α⃗ ⊥ n⃗,

|⃗n × (⃗n × α⃗)| = |⃗α| sin θ.

Power is given by Poynting’s formula (in HL units):

S⃗ = cE⃗rad × B⃗rad

Recall that cΘi0 = Si where Θµν has dimension energy density.
Energy radiated per second into solid angle dΩ = sin θ dθ dϕ is the element of power:

dP = |S⃗|R2 dΩ
dP
dΩ

= R2|S⃗|

For low velocities of q,
∣∣E⃗NR

rad

∣∣ = |qα sin θ| where α = |⃗α|. Note that since B⃗NR
rad = n⃗ × E⃗NR

rad,

|E⃗rad × B⃗rad| = |E⃗rad||B⃗rad| = |E⃗rad|2.

So |S⃗| = c|E⃗rad|2. In fact,
S⃗ = c|E⃗rad|2n⃗.
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So,
dPNR

dΩ
= cR2|E⃗NR

rad|2 =
q2α2 sin2 θ

16π2c
,

Larmor’s power formula.
Note that along the direction a⃗ = c⃗α, no radiation is emitted, forwards or backwards. There

is also no azimuthal dependence.

2.4 Total power emitted

Integrating over all angles,

PNR =

2π∫
0

π∫
0

dPNR

dΩ
sin θ dθ dϕ

= 2π

1∫
−1

dz
dPNR

dΩ

8πc
q2α2 PNR =

1∫
−1

(1 − z2) dz

= 4
3 .

So,

PNR =
q2α2

6πc
=

q2 |⃗a|2
6πc3

where a⃗ is the acceleration of the charge q at low velocity.

2.5 Relativistic radiation formula

Power is a Lorentz scalar. The generalisation of a⃗ is dVµ

dτ , and |⃗a|2 = dvi

dt
dvi

dt generalises to:

− dVµ

dτ

dVµ

dτ
= −

(
dV0

dτ

)
+

(
dVi

dτ

)2

(2.6)

Recall Vµ has components cγ(1, β⃗) and that γ−2 = 1 − β2, where β = |β⃗|. Use d
dτ :

−2γ−3 dγ

dτ
= −2β⃗ · dβ

dτ

⇒ c
dγ

dτ
= V̇0 = cγ3β

dβ

dt
γ

V̇0 = cγ4 β⃗ · α⃗

Also we need dVi

dτ in terms of α⃗ and β⃗ in (2.6):

dVi

dτ
=

d(cγβi)

dτ
= c

dγ

dτ
βi + cγ

dβi

dτ
dVi

dτ
= V̇0βi + cγ2αi
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So,

dVµ

dτ

dVµ

dτ
= −(cγ4⃗α · β⃗)2 + (cγ4⃗α · β⃗βi + cγ2αi)2

V̇µV̇µ

c2γ4 = −γ4(⃗α · β⃗)2 + γ4(⃗α · β⃗)2βiβi + 2γ2⃗α · β⃗βiαi + αiαi

= γ4(⃗α · β⃗)2(β⃗2 − 1) + 2γ2(⃗α · β⃗)2 + α2.

Using, γ−2 = 1 − β2,

P = − q2

6πc3 V̇µV̇µ =
q2c2γ4

6πc3

[
γ2(⃗α · β⃗)2 + α⃗2

]
P =

q2γ4

6π2c

[
α2 + (⃗α · β⃗)γ2

]
,

Liénard’s formula. Observe that when α⃗ ⊥ β⃗, as in circular motion,

P⊙ = −q2γ4

6πc
α2.

Also note that for β⃗ ≈ 0, γ ≈ 1 and P ≈ PNR.
Another form for P, useful for linear acceleration (i.e. α⃗ ∥ β⃗) uses:

(⃗α · β⃗)2 + γ−2⃗α2 = α⃗2 − (⃗α × β⃗)2

So,

P =
q2γ6

6πc

[⃗
α2 − (⃗α × β⃗)2

]
.

When α⃗ ∥ β⃗, α⃗ × β⃗ = 0, so

P =
q2γ6

6πc3 α⃗2.

As |⃗v| increases, γ = (1 − β2)−1/2 becomes large, and the radiation becomes substantial.
For accelerators, radiation loss needs to be minimised. For synchrotrons, radiation is enhanced
to arrange useful determination of chemical structures.

2.6 Angular distribution

Energy flux for the radiative part is given by:

S⃗ = cE⃗rad × B⃗rad.

So

S⃗ =
q2

4πcR2

∣∣⃗n × [(⃗n − β⃗)× α⃗]
∣∣2

(1 − n⃗ · β⃗)6
n⃗.

This component of energy flux in the direction R⃗ = Rn⃗ is the energy per area per second
observed at time t. The radiation was emitted by a charge q at the retarded time t′ = t− 1

c R(t′).
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Figure 2.2: The total energy radiated

The energy radiated from time t1 to time t2 as q accelerates is:

E =

t2∫
t1

S⃗ · n⃗ dt,

the energy/area at position x⃗ between times t1 and t2, where ti = t′i +
1
c R(t′i). (see Fig. ref-

fig:rad)
In terms of the charge’s coordinates,

E =

t′2∫
t′1

S⃗ · n⃗
(

dt
dt′

)
dt′

where S⃗ · n⃗ is evaluated at t′.
We need dt

dt′ . Recall that t = t′ + 1
c R(t′):

dt
dt′

= 1 +
1
c

dR
dt′

, (2.7)

so we need dR
dt′ . But R2 = R⃗2 ⇒ 2R dR

dt′ = 2R⃗ · dR⃗
dt′ . So dR

dt′ = −n⃗ · v⃗, where v⃗ = − dR
dt′ . (2.7) becomes:

dt
dt′

= 1 − 1
c

n⃗ · (cβ⃗)

= 1 − n⃗ · β⃗

So,

S⃗ · n⃗
(

dt
dt′

)
=

q2

4πcR2

∣∣⃗n × [(⃗n − β⃗)× α⃗]
∣∣2

(1 − n⃗ · β⃗)6
(1 − n⃗ · β⃗)
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The power radiated by q in its coordinates at t′ is:

dP′

dΩ
= R2S⃗ · n⃗

(
dt
dt′

)
=

q2

16π2c

∣∣⃗n × [(⃗n − β⃗)× α⃗]
∣∣2

(1 − n⃗ · β⃗)5
.

When v⃗ = cβ⃗ ∥ a⃗ = c⃗α,

(⃗n − β⃗)× α⃗ = n⃗ × α⃗

|⃗n × α⃗| = α sin θ.

So,
16π2c

q2
dP′

dΩ
=

α2 sin2 θ

(1 − β cos θ)5 ,

as 1 − n⃗ · β⃗ = 1 − |⃗n||β⃗| cos θ, and β⃗ makes angle θ with n⃗.

2.6.1 Angle for maximum radiation

Set x = 1 − β cos θ, i.e.

cos θ =
1 − x

β
, (2.8)

giving sin2 θ = 1 − β−2(1 − x2). Write:

4πc
q2α2

dP′

dΩ
= f (x) =

1 − β−2(1 − x)2

x5

We wish to find the maximum:

β2 f (x) =
β2 − 1 + 2x − x2

x5

=
β2 − 1

x5 +
2
x4 − 1

x3

β2 d f
dx

=
5(1 − β2)

x6 − 8
x5 +

3
x4 = 0

3x2 − 8x + 5(1 − β2) = 0

⇒ xmax =
4 −

√
1 + 15β2

3
.

From (2.8),

cos θmax =

√
1 + 15β2 − 1

3β
.

so as β → 0, cos θmax → 0. (see Fig. 2.3) dP(t′)
dΩ = 0 when θ = 0, and increases to a maximum at

θmax. Power is ∝ q2 and ∝ α2.
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β ≈ 0 α

θ
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Figure 2.3: The dependence of θmax on β.

For β → 1, γ → ∞. We relate θmax to γ when γ is large. Write cos θmax in terms of γ, a
useful relation. With γ−2 = 1 − β2, and β2 = 1 − γ−2,

cos θmax =

√
15 − 15γ−2 + 1 − 1

3(1 − γ−2)1/2

=
1
3

[√
16(1 − 15

16γ2 )− 1

]
(1 − γ2)−1/2

=
1
3

[
4
(

1 − 15
32γ2 + . . .

)
− 1
] (

1 +
1

2γ2

)
When

√
s are expanded in series, it is sufficient to keep only the 1/γ2 term. So,

cos θmax ≈ 1
3

[
3 − 15

8γ2 + . . .
] (

1 +
1

2γ2

)
≈
(

1 − 5
8γ2

)(
1 +

4
8γ2

)
≈ 1 − 1

8γ2 + O
(

1
γ4

)
But cos θmax ≈ 1 − 1

2 θ2
max. So for large γ, small θmax,

−1
2

θ2
max = −1

2

(
1

2γ

)2

.

So for large γ,

θmax ≈ 1
2γ

.

2.7 Computation

The cone of maximum radiation has an apical angle of about 1/γ. An approximate formula
for the radiation induced by a high-energy charge q at time t′ is:

dP(t′)
dΩ

=
q2⃗α2

16π2c
sin2 θ

(1 − β cos θ)5

16π2c
q2⃗α2

dP′

dΩ
=

(θ − 1
6 θ3 + . . .)2[

1 − β(1 − 1
2 θ2) + . . .

]5 , (2.9)
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expanding sin and cos to O(θ2).

β = 1 − 1
2γ2 + O

(
1

γ4

)
So (2.9) becomes:

16π2c
q2⃗α2

dP′

dΩ
=

θ2[
1 − 1 + 1

2γ2 +
1
2 θ2 + . . .

]5

=
32θ2

(γ−2 + θ2)5

=
32γ10θ2

(1 + γ2θ2)5

=
32γ8(γθ)2

(1 + γ2θ2)5

dP′

dΩ
=

2q2⃗α2γ8(γθ)2

π2c(1 + γ2θ2)5 .

In HL units, the maximum is:
dP′

max
dΩ

=
1
2 q2α2γ8

π2c
( 5

4

)5

The power generated is ∝ γ8⃗α2. So high γ and high acceleration provide considerable
synchrotron radiation.

2.8 Total power

P′ =

2π∫
0

π∫
0

dP′

dΩ
sin θ dθ dϕ.

This should match Liénard’s formula:

P′ =
q2γ6

6πc

[⃗
α2 − (⃗α × β⃗)2

]
,

which for α⃗ ∥ β⃗ gives:

P′ =
q2γ6

6πc
α⃗2.

Note: In astrophysics, γ ∼ 103, and in LHC, γ ∼ 4 × 103.
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