Two soliton bundles

The purpose of these notes is to define principal bundles and connections in principal bundles,
and use the definitions to construct the monopole and instanton bundles. We follow the book
by Nakahara and notes from course 448: K-theory and Solitons given by Dr. Sergey Cherkis.
Corrections/suggestions to cblair[at]maths.tcd.ie.
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1 Fibre bundles

A (differentiable) fibre bundle consists of a total space E, base space M and fibre F' (with F, M and
F being differentiable manifolds), and a surjection 7 : E — M called the projection such that 7=1(p) = F
for all p € M, such that given an open covering {U;} of M there is a diffeomorphism ¢; : U; x F — 7= 1(U;)
such that o ¢;(p, f) = p. The map ¢; is called a local trivialisation.

The intuitive idea is that we have a space E which in local neighbourhoods U; looks like (i.e. is diffeomor-
phic to) a simple product of two spaces, U; x F'; we think of the total space as being formed by attaching the
fibre F' to every point on M. The projection 7 then tells us where on M we are (but ignores any information
about the fibre). The local trivialisations are the maps that make the fibre bundle “look like” the product
Ui x F.

Given two open sets U; and U; with local trivialisations ¢;, ¢;, then on U; N U; we relate the two
trivialisations as follows: suppose we are in the U; trivialisation, so that our fibre bundle has the (local)
form U; x F. We use ¢; to map from U; x F' to Y U; N U;) and then use qbi_l to map to U; x F. The
composition

tij(p) = &; ' 0 ¢y
is called a transition function, and if we have u € E such that 7(u) = p (i.e. u is a point in the fibre
bundle with base space coordinate p) then the local expressions of u in the ¢; and ¢; trivialisations are

o, () = (p, fi) &7 (u) = (p, fy)
with
fi=ti;(p)f;

Transition functions can be thought of as mappings from U; N Uj into a particular set of transformations of
the fibre, called the structure group of the fibre bundle.

Properties of transition functions: We have that transition functions satisfy t;;(p) = identity,
tij(p) = t;;'(p) and ti;(p) o tju(p) = tik(p). Given two local trivialisations {¢;} and {¢;} with
transition functions ¢;; = ¢ logjand iy = $7loq~5j define the function relating the two trivialisations

K2 K
to be ¢g; = gi);l o ¢;, then we can write

z -1 —1 -1 7
lij=¢; 0¢io¢, opjog; og;
so the transition functions transform as
z —1
tij = 9; lijg;

Indeed, two sets of transitions functions for a fibre bundle are equivalent if there exists a set of maps
g; relating them in this way.

A section of a fibre bundle is a smooth map s : M — E such that 7o s =id,.

2 Principal bundles

A principal bundle is a fibre bundle such that the fibre F' equals the structure group G. We denote this
by P(M,G), and sometimes call this a principal G-bundle over M.



Transition functions act on F on the left. We also have a right action of G on F (i.e. on itself). Given
a local trivialisation ¢; : U; x G — n~*(U;) with ¢;*(u) = (p, g;) we define the right action on 7=*(U;) by

¢ (uh) = (p,gih)  heG

or
uh = ¢i(p, gih)

All that is happening here is that we have some local trivialisation where we map a point v in the principal
bundle to the pair (p, g;) with p € M and g; € G, and then define a right action of the group G on itself via
gi — gih.

The right action commutes with the left action, and is transitive and free (in other words given two points
uy, ug in 7~ 1(p) we can find a group element h such that u; = ush, and we have uh = u = h = e).

Canonical local trivialisation: There is a nice way to define a local trivialisation on P(M, Q)
using a section s;(p) defined on some open set U;. Given some section s;(p) then clearly there
exists a unique g, € G such that u = s;(p)gu for u € 7 '(p). Then we define a trivialisation
¢i : Ui x G — m~Y(U;) by specifying how it takes an element of 7' (p) to U; x G, namely

¢ (u) = (p,gu) uem '(p)

So the trivialisation chooses one point s;(p) in each fibre over U; and maps other points in the fibre
to the group element that transforms the first point s;(p) into the second by the right action. In
this trivialisation s;(p) = ¢:(p,e) and by definition ¢;(p,g) = ¢i(p,e)g = si(p)g. Two sections s;
and s; on the intersection of U; and U; are related by si(p) = s;(p)t;i(p)-

Interlude: pullback to course 224

We need to recall some important facts about pushforwards and pullbacks. Let us start by recalling the
notion of a tangent vector to a manifold M. A tangent vector v is a linear map from smooth functions on
M to R, such that v satisfies the Leibniz property, v(fg) = v(f)g + fv(g). Given some curve v(t) through
M then a tangent vector v to the curve is defined by vf = %f(’y(t)) for an arbitrary smooth function f.
The set of all tangent vectors at a point x € M is called the tangent space to M at x, T, M, and the set
of all tangent spaces to M is called the tangent bundle, TM.

A differential one-form is a mapping which takes tangent vectors to R. The space of one-forms at
x € M can be thought of as dual to the tangent space T, M, and is notated T M. Given some function f
then we define a one-form df called the differential of f, defined by

i.e. the action of df on a tangent vector v is given by the action of v on f.

Given some differentiable map ¢ : M — N between manifolds (or from a manifold to itself) then we have
the following important features: given some map f : N — R then we can define the pullback of f under
¢ by

¢*f(x) = f(o(x))

which says that the action of the pullback of f on « € M is given by the action of f on ¢(x) € N. The map
¢ also induces the pushforward ¢, which maps the tangent space T, M at x € M to the tangent space
Tyz)N at ¢(x) € N. Tt is defined by

pw0(f) = v(9"f)

for arbitrary smooth f: N — R, i.e. the action of ¢,v on a function f in NN is given by the action of v on
the pullback of that function, so by the action of v on f(¢(x)). If v is the tangent vector of some path v(t),
then p

Ba0(f) = (") = v(F 0 6) = duulf) = 5

(6(v(1)))



We can also pullback one-forms: if w a one-form on N then ¢*w is a one-form on M defined by

¢*W|x(’0) = w|¢(z)¢*v

where v € T, M, i.e. the action of the pullback ¢*w on a tangent vector at z is given by the action of w on
the pushforward of that tangent vector at ¢(z).

We can extend the idea of one-forms to produce multilinear functions acting on two and more tangent
vectors. An r-form 7 is an alternating (i.e. skew-symmetric) real-valued form which maps r tangent vectors
to R. We denote by Q" (M) the space of all r forms on the manifold M, where we view functions f : M — R
as zero forms.

We also have the exterior derivative d : Q"(M) — Q"1 (M) which takes an r-form to an (r + 1)-form.
For example, df =3, g ; dx’ is the one-form obtained by applying d to a function f.

Careful referral to these definitions should guide you through the next section of these notes.

3 Connections

We now want to develop a method whereby we can distinguish (loosely speaking) motion in the fibre (vertical)
direction from motion in the base space (horizontal) direction. We do this by studying the tangent space
TP to the principal bundle P(M, G).

Let us first recall some facts about Lie groups.

Properties of Lie groups and Lie algebras: Let G be a Lie group (i.e. a differentiable manifold
with a group structure). We define the left and right actions by Lsh = gh and R4h = hg for
g,h € G. We have an induced map of tangent spaces, Ly« : T1(G) — Tyh(G), and have the notion
of left invariant vector fields X which satisfy Lg«X|n = X|gn. The Lie algebra g of G is defined to
be the tangent space of G at the identity, and consists of left-invariant vector fields (as left-invariant
vector fields are specified by their value at the identity). We have the adjoint action ad : G — G
defined by adgh = ghg™', which induces the adjoint map Ad : Ty(G) — Tyng-1(G). The latter
maps g onto itself.

Given a principal bundle P(M, G) with v € P(M,G) and fibre G,, at m(u) = p, then the vertical subspace
VP of the tangent space T, P is defined to be the subspace of T}, P which is tangent to G, at u. More
precisely, we define V,, P to be ker .|, where 7, : T, P — T,y M is the differential or push-forward of the
projection m. Now 7. (v)(f(u)) = v(7* f(u)) = v(f(7w(u))) = v(f(p)) so we see that the vertical space consists
of tangent vectors which vanish when applied to functions evaluated on the base. We define the horizontal
subspace H, P of the tangent space 1), P to be a complement of of V,, P in T, P.

To construct the vertical space, take A € g. We can exponentiate A to get a element in G, and use the right
action Reyp(ia)t = uexp(tA) to generate a curve through u in P. As exp(tA) € G, n(u) = m(uexp(tA)) = p,
so this curve lies within G),. We then define a vector in the tangent space to P at u by

A# f(u) = % Fluwexp(tA))|i=o

for f: P — R an arbitrary smooth function. We call A# the fundamental vector field generated by A.
The vector A% is in fact tangent to G, at u, and so A# € V,,P. This gives us a map # : g — V,, P, which is
a vector space isomorphism.

For example, consider the group U(1) of unit complex numbers, U(1) = {e?? : 0 < ¢ < 27}. An element
of its Lie algebra u(1) is a purely imaginary complex number, u(1) = {iA : A € R}. Then the fundamental
vector field generated by iA is given by

0
AV = A—
(14)* = Ay
as then 9
(") — j A P
A&pf(e) iAf'e



and
AV F(e9) = & F(6% exp(it Ao = ' 2 exp(it A))|i—o = iAf'e'*

There remains the question of how precisely do we separate the tangent space into its vertical and horizontal
components. The answer comes in the form of the following abstract definition and the somewhat more
practical one that follows it:

A connection on a principal bundle P is a unique separation of the tangent space T, P into vertical and
horizontal components V,, P and H, P such that

y1,P=H,P®V,P

ii) a smooth vector field X on P is separated into smooth vector fields X# € H,P and XV € V, P, with
X=X"4+XV.

ili) HugP = Ry H, P for u € P and g € G, i.e. horizontal subspaces H, P and H,,P on the same fibre
are related by a linear map induced by the right action.

A connection one-form is a Lie algebra valued 1-form, w € g ® T* P which is a projection of T,, P onto
the vertical component V,, P & g, satisfying

i) w(A#)=A

ii) Riw = Adg-w, ie. for X € T, P, Riwy(X) = wug(Rge X) = g7 'wu(X)g.

We then define H, P = ker w.

The second condition in the definition of the connection one-form may seem rather mysterious, but it
ensures that H,,P = Ry H,P. For let H,P = {X € T,P : w(X)} = 0, and take X € H,P so that
Ry X € T,y P, then

W(Rg«(X)) = Ryw(X) = g7 'w(X)g =0
hence R4 X € H,q4, and as Ry, is an invertible linear map any vector in H,,P is expressible in the form
Ry. X for some X in H,P.

Locally, given an open covering {U;} of M and o; a local section defined on U;, we can pull back w to
give a Lie algebra valued one-form A; on U;:

Ai=ofwe g QN (Uy)

In fact the converse is true: given a Lie algebra valued one-form A; on U; and a section o; : U; — 7T_1(Ui),
then there exists a connection one-form w with A; = o;w. To construct this one-form, we define

w; = g; ' Aigi + g; ' dy

where d is the exterior derivative on P and g; is the canonical local trivialisation formed using o; (see section
1), i.e. we have ¢~ (u) = (p, g;) for u = 0;(p)g;. Hence g; can be thought of as the function on G that gives
the group element g;(u) such that u = o;(p)g;(u).

Proof that ofw; = Az let X € T, M. Then 0:. X € Ty, P, and if we note that g; = e at oi(p)
by the properties of the canonical local trivialisation we find

01 wilp(X) = wilo, (p) (0ix X) = 7" Ai (06 X) + dgi(0:: X)

but o; as a section satisfies m o 0; = id, hence 7. o g;x = ids; also as g; = e along ;. X we have
dgi(0ixX) = 0, so we find ojw;(X) = A;(X) as wanted.

Proof that w; satisfies properties of a connection one-form: first we show that wi(A#) = A.
First note that if A# € V,, P then m.A = 0 by definition. Hence we just have

_ _ _ d _ d
Wi AP) ) = (g7 dgs) (A7) () = g7 (W) AT (93(w)) = 97" () s osCwexp(tA)| _ = g7 (w)gs() - exp(tA)

t=0

=A



Secondly, we want to show Rjw = Ad;-1w for h € G. So let X € T}, P, then we have
Rywilu(X) = wilun(Rn=X) = g7 ' (wh) Ai(m Ry X) gi (uh) + g; ' (uh)dgi(uh) (Rp. X)

= g A X)gi(a)h + B () i (R)

= h Vg M (w) Ai (X ) gi(w)h + h’lgil(U)%gi (v(t))‘tzoh
(W) Ai (1. X) gi (u)h + b~ gi (w)dga (w) (X )R

where we have used that TR, X = X, and that g;(uh) = g:(u)h, as can be seen by considering that
oi(p)gi(uh) = uh so o;(p)gi(u)h = uh, and we also had that v(¢) was a curve through v(0) whose
tangent vector at u was X.

We now must ensure that on an intersection U; N U; of open sets, we have w; = w;. First we note that if o,
o; are local sections over U;, U; and X € T, M with p € U; N U; we have

055X = Ryyu(00 X) + (155 dtiy (X)) 7
where t;; is the transition function between the trivialisations over U; and Uj.

Proof: We take a curve v : [0,1] — M with v(0) = p and %’y‘ = X. Now we have oj(p) =
t=0
oi(p)ti;(p), hence

01X = S0 _ = SO
= L) _ ) + i) Tt (0]
= Ruyye (00 X) + 03 (0)05 () 5t (0|

Now, ¢! (p)dti; (X) = t;;" (p) :tis (7(t))
(t;;'dti; (X))* at o;(p).

t=0

Let us now apply w to the above expression. We have
wojx X = why, 4 (0 X) + w(ti_jldtij (X))#
= 0} (w(X)) = Ry, w(ouX) + ;' dt;;(X)
and by property ii) of the connection one-form we obtain
o (w(X)) =t oFw(X)ts; + ti; dti;(X)

or
Aj =t Aty + t di

which gives the necessary transformation property for the A4;.
As an example, suppose we have two local sections o1 and o2, related by o2(p) = o1(p)g(p) for some
g(p) € G, then the local forms are related by

Ay =g ' Aig + g tdg

which is an example of a gauge transformation.



4 Horizontal lifts and parallel transport

Given v : [0,1] — M a curve through the base space M then we define a horizontal lift of v to be a curve
4 :[0,1] — P such that m o4 = v and the tangent vector to ¥ is horizontal, i.e. an element of H.P. From
the definition of the connection one-form, if X is tangent to the 4 then w(f( ) = 0. This gives an ordinary
differential equation for the horizontal lift and so locally there exists a unique solution. Hence if we have
v :[0,1] — M and ug € 7~ (7(0)) then there exists a unique horizontal lift ¥(¢) in P such that 5(0) = uy.

Proof: let U; a chart containing v and choose a section o; over U;. If the horizontal lift exists it
can be expressed as §(t) = oi(v(t))gi(t), where gi(t) = gi(v(t)) € G. Choose our section such that
oi(7(0)) = v(0), so g;(0) = e. Let X be a tangent vector to vy(t) at t = 0, then X = %, X is tangent
to 4 at ug. Applying the above result relating trivialisations o; and o; with o; =4 and t;; = g; we
find y
X = Ry, 1)+ (00 X) + (g ' (t)dgi(X))*
and applying w,

= _ _ d

w(X) =0=g; (Dw(0wX)gi(t) + 9 () - 9:(1)
so we obtain d
9i(t) = ~w(0i:X)gi(t)

or as w(oxX = ojw(X) = A;(X) we have locally

Lai(t) = —A(X)g:(0)

with formal solution for g;(0) = e and local coordinates z*

t dxt ~(t)
gi(y(t) = Pexp (— /0 Amﬁdt> =Pexp | — A (y(t)da”

~(0)
where P is a path-ordering operator.

If 4’(t) another horizontal lift of v with 4'(0) = 5(0)g then 7'(t) = F(¢)’g for all ¢.

Given a curve v : [0,1] — M and ug € 7~ 1(vy(0)) then the unique horizontal lift gives a unique point
up = §(1) € 77 1(y(1)), i.e. starting at up we follow the horizontal lift to arrive at the unique endpoint
uy. This point u; is called the parallel transport of ug along . This defines a map I'(y) : 7= (7(0)) —
7 1(y(1)) which commutes with the right action. We can also define an inverse, ' "*(y) = I'(y~!) where
v~ 1(t) = v(1 —t), and a composition, I'(3) o I'(a) = T'(a * 3) where a(1) = 3(0) and « * 3 is the path given
by a(2t) for 0 <t < 1/2and B(2t — 1) for 1/2 <t < 1.

It is clear that given two paths « and g with the same start and end points, and same initial data uy,
that the end points of the horizontal lifts may not be equal, &(1) # /3’(1) In particular if we consider a loop
7, i.e. ¥(0) = (1) then we may have 5(0) # ~(1). Thus this loop defines an action 7, : 7~!(p) — 7~ (p) on
the fibre over p = (0). This action is compatible with the right action, 7,(ug) = 7 (u)g.

Let Cp(M) denote the space of all loops y(t) with v(0) = (1), then the holonomy group at u is

b, ={9€G:7(u) =ug,y € Cpr(M)}

i.e. the set of elements in G corresponding to the transformations of u induced by the horizontal lifts of
loops based at p. The identity element is defined from the constant loop ¢ : [0,1] — p, and composition and
inverses follow from the above definitions.

5 Curvature

Recall the exterior derivative d which acts on r-forms to give (r + 1)-forms. An r-form 7 is an alternating
real-valued form acting on r vectors: n : TM A--- ANTM — R. We can generalise this to vector valued



r-forms ¢ € A"(P)Q@V,¢p: TPA---NTP — V, with V a k-dimensional vector space. Our general form of
¢is ¢ = 25:1 ¢" ® e, with {e,} a basis for V and ¢* € Q" (P).
We define the covariant derivative of ¢ € Q"(P)® V by

Do(Xy,.... X,) = dp(X{",... . X])

where X/ is the horizontal component of the tangent vector X; € T, P and d¢ = d¢® ® e,.

The covariant derivative can be thought of as an extension of the usual derivative that takes into account
the non-flat nature of the manifold. It leads to the idea of the curvature two-form 2 which is the covariant
derivative of the connection one-form w:

Q=DweQ*P)®g

It satisfies
* -1
R =g""Qg

Proof: First note that (Ry«X)? = Ry X and dRy« = Rg.d. Then we have
RQUX,Y) = QR X, RguY) = dw((Rg X)™, (Rg.Y)™)

= dw(Rg X" Ry Y'™)
=dRjw(X",Y")
= d(g~ wgw(x ", Y1)
=g 'dww(X", YTy
=g X, Y)g

where g is constant so dg = 0.

We can obtain a local form of the curvature by pulling back via a local section: F = ¢*€). This local form
is related to the local connection form via

F=dA+ANA

with
F(X,Y)=dA(X,Y) + [A(X), A(Y)]

for X,Y tangent vectors. In terms of local coordinates x*, F = %fwdx“dx”", with
Fuv = 0 A, — 0, A, + [Au, ALl
Note that in physics A, = iA,, where i* = —1 and A, is called the gauge potential or gauge field. For the
local curvature form we have F,, = iF),,, with F representing, for instance, physically observable fields.
6 Monopole bundle
A monopole is a hypothetical particle carrying magnetic charge. They can be described using a principal

U(1) bundle over the sphere S2, where U(1) is the group of complex numbers of modulus 1 (and is isomorphic
to the circle S'). We cover the sphere with two coordinate patches:

UN:{(9,¢):0§9<g+5,0§¢<2ﬂ} Us={(9,¢):g—ﬁﬁ9<ﬁ’oé¢<2ﬂ}

Qur trivialisations can be written as

ON' (u) = (p,e"*Y) € Uny x U(1)  ¢5"(u) = (p,e"**) € Us x U(1)



for m(u) € p. The intersection Uy N Ug is an e-neighbourhood of the equator and so homotopic to S'. The
transition function tys € U(1) can be written as e® Vs with e!®N = e!AnNsei@s Physically the magnetic
monopole field B= %f is given by the curl of a vector potential [f, B = V x A which motivates our definition
of a connection.

It may be instructive to start off in Cartesian coordinates. Consider the vector potentials

Ay = (_r(rg—|y- et z)’0> As = (r(rgf 2’ r(;g—xz)’())

where 7 = /22 + y2 + 22. It can be directly verified that these vield a magnetic field B = 2.

Proof: First, note that % = 2 for x; = x,y,z. We need

LA S (2ri+r+zi)—771 (r+z)2—fi
Ozr(r4+2)  r2(r+2)2 r r) r3(r42)2 T8
and
0 Z; T T; T; 1 x? 1
Ox; r(r + z) r2(r+z)2(rr+z7’)+r(r+z) r3(r+z)2(r+z)+r(r+z)
for x; = x,y. Then we find that
- - 0 gz gx
A = —— — I
(V % N)z Ozr(r+2z) 13
- . _g —gy _%
(V x AN)y T Ozr(r4z) 3
s 0 gz 9 gy 2g 1 2, 2
A = - _— = —_ 2
(VX N)z 8mr(r+z)+8yr(r+z) r(r + 2) T3(T+Z)2(T+Z)(JJ +y°)
2g 1

- r(r+z) 1r3(r+2)2 (@2r+2)(r" =)

or

= o) g 2 B B _ glr+2) 2 o2 _ 2
(VXAN)Z_ r3(r + 2)2 (2 (r+2) = @r+2)(r—2)(r+2) = r3(r + 2)2 (2r" —2r" + 22r —2r + 2°)
SO gz

(Vxdv) =35
The calculation for Ag is entirely similar.
Now let us write Ay as:
An — gy gx d
N Y

- _r(r—I—z)dx—’_ r(r+z)

and from z = rsinfcos¢ and y = rsinfsing we have dr = rcosfcos¢pdf — rsinfsingpde and dy =
7 cos 6 sin ¢ df + rsin 6 cos ¢ do, hence with z = r cos 6

AN:7%(cosf)cosgbdéfsinﬁsingbdgb)+%(cos&sin(bd&Jrschosédqﬁ)
) .9 2 . 2
:>AN:gsm O(sin” ¢ + cos ¢)d¢:g(1 cos e)dd):g(lfcosﬂ)dgﬁ

1+ cosf 1+ cosf

and similarly
As = —g(1+cosb)do



This gives us our two local connection forms:
An =ig(l —cos®)do Ag = —ig(1l + cos ) do

(Note that there is no group component, however representing an element of U(1) by e’¥ we see that under
a gauge transformation these forms pick up a term e™*?de’? = idy, so in fact we have

An =ig(1 —cos)de + idp
and similarly for Ag. Observe the action of this on a%, the fundamental vector field generated by i € u(1):
Ap(ia)* = iaid =i
N ~ B0 Y=

and again similarly for Ag.)

We now wish to find a transition function ¢y g defined on Uy N Ug such that the two potentials agree on
the overlap. Under the transition tyg, Ag — t;,gAsth + t&gdt;vs. Writing tys = €**~S and using the
fact that U(1) is abelian, we find

AS — AS + idANS

and we want this to equal Ag on the overlap, i.e.
ig(1 —cos ) dp = —ig(1 + cos0) dp + idAns

dAns
b

= 2igdp = idAngs = 2g

hence we find that
tns = e*9?

choosing the phase such that the constant of integration is zero. Now, we want the transition function to be
single-valued, i.e. €29 = ¢219(#+27) — 47902199 hence 4mg must be an integer multiple of 27, so we find
that

This also shows that the transition function is characterised by the integer 2¢g giving the number of times
we wrap the southern equator around the northern, and so by the element 2g of the fundamental group of
S1. The quantity 2¢g also gives the monopole charge. Note that for g = 0 the transition function is just the
identity and the bundle is in fact the trivial product S% x U(1).

We can also compute the local curvature form, F = %fwdm” A dz¥, where

Fuv = 8HAV - 6V-Au + [Axu Au}

As U(1) is abelian the commutator vanishes, and we are left with

_1[(04 04 045 04y
P[22 i (%0 ]

but Ag =0 and Ay = ig(1 — cosf) = JgAy = igsiné (for A = Ay), and we get
F =igsin0do A do

and in fact we obtain the same result for A = Ag, a consequence of the abelian nature of U(1).



6.1 Monopole bundle as Hopf fibration

The Hopf fibration is a famous fibre bundle where the base space is S2, the fibre is S* and the total space
is §3. It is in fact equivalent to the monopole bundle with g = 1/2 (i.e. the transition function is €!?). It is
convenient to view the spheres involved in terms of complex numbers:

S'={AeC: |\ =1}

5% ={(z1,22) : |z1]* + |22|* = 1, 21,20 € C}
S22 =cCpP! = {(#1,22) : (21,22) ~ (Az1,A22), 21,20 € C,A € C — 0}

where CP! is the complex projective line, i.e. the space of all complex lines through the origin in C2. It
is isomorphic to C with a point at infinity attached which is isomorphic to the Riemann sphere (recall that
the Riemann sphere is formed by identifying C = R? C R3 and projecting every complex number to the unit
sphere, with the north pole representing the point at infinity).

Now viewing S? as the projective space CP' means that when we project from S% to S? we will have
that points in S? differing only by an overall scaling will end up at the same point in S?. In particular we
define the projection 7 : % — S? by 7= 1([z1, 22]) = {(Az1, Az2) : |A| = 1} = S1, where the condition |\| = 1
ensures that the preimage lies in S3 (i.e. has norm one). What this is saying is that we when we project from
(21,22) € S3 to the equivalence class of (21,22) € CP! 22 5% an entire set of points from S® parametrised by
a unit complex number A end up in the same equivalence class.

In general we would write

7 ([21, 22]) = _Alze) A =13 =61
(12,22) { L *

Let us now take as two charts on the sphere the regions Uy and Us on CP!, corresponding to complex
numbers lying “within” in the Riemann sphere (i.e. inside the region bounded by the intersection of the
Riemann sphere and the complex plane) and to complex numbers lying “outside” the Riemann sphere.
Namely we have

Ox = {lz1151el = | 2] 21} € (vl 2 £ 0)
Us = {112l = |2 2 1] < (a1 20)

and local trivialisations defined by

(%QL4A>=<HJLV§12P>

(where we have explicitly included the base point on the right-hand-side). Now consider

(11,2, (m Lv€+vﬂ><“ b L+V4P> Q A 1+|Z_12> Q JLAA>

as on the intersection Uy N Ug the point [1,2] € Us corresponds to the point [z71,1] € Uy, so we see
that tyg = é i.e. a unit complex number, so tyg = €'?, corresponding to the monopole bundle with unit

monopole charge (recall that ST = U(1)).
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7 Instanton bundle

One of the simplest non-abelian generalisations of the monopole bundle takes SU(2) as the gauge group
and S* as the base space. This corresponds to the description of instantons, which arise as energy-
minimising solutions of the field equations arising in Yang-Mills theory (which is a non-abelian generalisation
of electromagnetism using SU(2)). In reality instantons are defined on R* but it is simpler to consider the
one-point compactification of R* which is S*. As before we take two open sets

Uy ={(z,y,2,t) :2* + > + 2> +t* < R* + ¢}

Us = {(z,y,2,t) : 2® + 9y + 22+t > R — ¢}

with the intersection Uy U Ug giving an e-neighbourhood of S3. The transition function is then a map from
S3 to SU(2) but as an element of SU(2) can be written

( v ”) lul® + o2 = 1
-V U

if we take u = t + iz, v = y + iz we find that in fact SU(2) = S3, and hence the transition function will
correspond to an element of the homotopy group 73(S%) = Z.
The transition function corresponding to 1 € m3(S?) is the map

. 1 t+iz y+ix B 5 5 —
f-(x,y,z,t)HR<_y+ix t_l.z> R=+\/22+12+ 22+t

while that corresponding to n € 73(S?) is given by f".

7.1 Instanton bundle as Hopf fibration

There exists a corresponding Hopf fibration for the instanton bundle too, this time consisting of fibring S3
over S* with total space S”. The construction is practically identical to that for the monopole bundle except
with quaternions instead of complex numbers. We view S as the space consisting of unit quaternions

S3={qeH:|q =1}

and S7 as
ST={(q1,q2) € H: |g|* + |g2|* = 1}

while S* corresponds to the quaternionic projective line
S* 2 HP' = {(q1,42) : (@1, @2) ~ (Aq1, A@2), @1, 2 € H, A € H — 0}

Proceeding as before we have a projection m : S7 — S* with 7= !([q1, ¢2]) = {(A\q1, A\g2) : [A\| = 1} C S7.
Taking similar local charts and trivialisations we find that the transition map for this Hopf bundle is given
by a unit quaternion, hence by an element of S =2 SU(2), and so by the unit element of w3(S?).
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