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Prologue

This is a course on gravity, from the black death to black holes.

In 1665, a plague outbreak forced the University of Cambridge to close, sending Isaac Newton
back to his family home (and apple trees). There, he began to develop a theory of gravity,
explaining why moons and fruit fall the same way, and leading to the famous expression

Gm1m2 7

F=— : (0.1)

rZ
detailing the gravitational force between two objects of mass m; and mo separated by the vector
7 of length » = |r]. This is an attractive, long-ranged force between any two massive bodies
in the universe, which is relevant on extremely large length-scales. However, on the scale of
individual particles, gravity is “weak”. For instance, the gravitational force between a proton and
an electron is 39 orders of magnitude less than the electrical force expressed by Coulomb’s law,

F.= 0% which is the other classic inverse square force law in physics.
€T dmwey 12 0

Newton’s Law of Universal Gravitation is not universal, and the whole Newtonian system
of the world is an approximation to relativistic physics. At high velocities, excluding gravity,
the theory of Special Relativity applies. The absolute time of human intuition and Newtonian
dynamics breaks down, with the introduction of spacetime as the setting for physics. Special
relativistic spacetime is characterised by the invariance of the speed of light, ¢, in all inertial (non-
accelerating) frames. Energy and mass are related via Einstein’s catchphrase equation E = mc?.
More accurately, this equation is a consequence of the relativistic relationship between energy
and momentum, and so applies also to massless particles, such as the photon.

The special relativistic spacetime is a fixed structure, criss-crossed by the coordinate axes of
privileged observers in inertial frames, whose worldviews are related by Lorentz transformations.
General relativity elevates this spacetime from a background in which physics happens to a
dynamical geometry which evolves in time and interacts with the matter it contains. Gravity
is reinterpreted in terms of the curvature of the geometry, which is related dynamically to the
energy and momentum content of the matter.

The Einstein field equations, which are the explicit mathematical statement of the relation
between curvature and matter, are not quite as catchy as £ = mc?. However, we can extract
from a solution of these equations a particularly striking expression, involving (as it should) not
only m and ¢ but also GG, the gravitational constant. This is the expression for the Schwarzschild
radius: rs = 2Gm/c?, which defines a black hole. The idea here is the following. As Einstein
gravity interacts with all energy and momentum, it impacts the motion of both massive and
massless particles: light bends in gravitational fields. If enough mass is gathered in a small
enough spatial volume, the impact on light will be severe. If a total mass m is contained within
a spherical region of radius rg, then this region forms a black hole, defined by the property that
no light (and hence no other matter) can propagate from r < r5 to r = cc.

Black holes can be viewed as the simplest things in the universe. No matter what matter went
into their formation, they are in a sense formed of pure geometry, characterised solely by their
mass M, as well as perhaps by their electric charge and angular momentum. Simultaneously, for
a variety of reasons both classical and quantum, they are the most complicated things in physics.

1.4 billion years ago, a pair of black holes collided and merged. These black holes were 36

and 29 times the mass of the Sun, and combined into a single black hole 62 times the mass of



the Sun. The remaining 3 solar masses was transformed into energy (by E = mc?) and radiated
away in the form of gravitational waves: localised perturbations in the structure of spacetime
itself, travelling outwards from the merger at the speed of light. At the instant of collision, to an
observer capable of “seeing” in both the electromagnetic and gravitational spectrum, this was the
single most powerful source of energy in the entire visible universe, far exceeding the mundane
electromagnetic output of all the stars in the sky.

On Earth, 1.4 billion years ago, there were no such observers. The lifeless super-continent
Columbia was in the process of breaking up, the ocean home to single-celled organisms. As the
gravitational waves travelled outwards through the vacuum, on Earth, continents wandered, seas
and mountains appeared, disappeared, reappeared, and an incomprehensible number of lifeforms
lived brief (but meaningful) existences. With the timeless inevitability of the laws of physics
in vacuum, the gravitational waves of this long-ago merger finally reached and passed through
Earth, on the 14th September, 2015, just after one set of the great-great-descendants of those
single celled organisms had turned on a new scientific sense.

The idea of the LIGO gravitational wave detector is to split light from a laser into two
separate beams, which then travel in orthogonal directions down “arms” of length L, reflect off
a mirror before being recombined in a detector (see figure . If the distances travelled by the
two beams are the same, then they will still be in sync when they recombine. If the distances
travelled are not the same, then they will be out of sync, and the difference in distance can be
inferred from the resulting interference observed in the light received.

A gravitational wave will briefly cause the lengths of each arm to fluctuate, with one arm first
stretching while the other compresses, then vice versa. The amount of fluctuation is minuscule:
perhaps 1072! L. The arms used by LIGO are about 4 km long, meaning that the length changes
detected are of the order of 10_18mE| The radius of the proton is 10~®m. Think about that the
next time you read that general relativity is the theory of large scales and quantum mechanics
the theory of small scales.

The fluctuations 6 L/ L (known as the strain) detected from that first gravitational wave signal
are shown in figure 2| As the gravitational waves propagate through the apparatus, 6 L/L begins
to oscillate, with increasing frequency, before the oscillations suddenly damp and die away.

This reflects the pair of black holes beginning to spiral closer together (in the “inspiral” phase
of the merger), gaining angular velocity while radiating away energy. This angular velocity is
directly related to the frequency of the oscillations measured by the detector, and it peaks at the
instant of the merger, after which the signal drops off (in the “ringdown” phase).

LIGO is now observing gravitational wave signals (involving both black holes and neutron
stars) at the rate of about one a week. Future detectors may have sufficiently high sensitivity to
upgrade this to the order of several hundred a day. These signals link us to events that happened
at immense distances from Earth, involving objects whose existence and fundamental properties
we still do not fully understand. In order to begin to describe gravitational waves, black holes,

and indeed the whole history of the universe, we need to study General Relativityﬂ

'In fact, to be able to observe this sort of change, the light in each arm is reflected multiple times between the
original mirror and a second one, to allow the difference in path length travelled to build up.

2Many courses on General Relativity begin by motivating the subject with a discussion of GPS satellites, the
time-keeping of which requires knowledge of the effects of curved spacetime described by the theory. For this
author, there is more of a scientific thrill to detecting one billion year old black hole collisions than there is to
ordering an Uber.
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Figure 1: Gravitational wave detector. A passing gravitational wave causes the lengths of the
paths taken by the split laser beam to fluctuate, for instance in the order shown with ¢t < to < t3.
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Figure 2: A chirping comes across the sky: the first gravitational wave detection. The strain is
O0L/L, where L is the length of the arm that the laser light travels, and JL is the fluctuation
(positive and negative) due to the passage of the gravitational wave. Hanford and Livingston
are the locations of LIGO’s two detectors. The frequency increases as the merging black holes
draw closer together (“inspiral”) and is directly related to the angular velocity of their orbits
as they rotate around each other, before cutting off at the merger. The data here for the
graphs is taken from https://www.gw-openscience.org/events/GW150914/, and the original
detection paper is: B. P. Abbott et al. [LIGO Scientific and Virgo Collaborations]|, “Observation
of Gravitational Waves from a Binary Black Hole Merger,” Phys. Rev. Lett. 116, no. 6, 061102
(2016), arXiv:1602.03837.
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1 Spacetime

1.1 Newtonian space and time

In Newtonian physics, time and space form a four-dimensional continuum whose individual points
we call events. An observer using Cartesian spatial coordinates associates to each event a set of
four numbers, (¢, z,y, 2).

There is a clear distinction between the temporal coordinate ¢ and the spatial coordinates
(z,y, z). For any two events p and p, with p = (¢, z,y, 2), p = ({, &, 7, Z), we can order them such
that p occurs before p (t < #), p occurs after p (t > t), or the events are simultaneous (t = t).
Furthermore, these distinctions are absolute: all observers agree on the time interval At between
any two events. Thus the time interval is an invariant of the Newtonian world.

The other invariant is the spatial separation between simultaneous events, given by the

Cartesian expression:
(As)® = (Az)” + (Ay)* + (A2)%. (1.1)

This is the same in all choices of Cartesian coordinates: it is clearly invariant under a shift of
the origin, & — ¥’ = ¥ + d, and also under rotations,  — & = AZ, where A is an orthogonal
matrix, obeying AT A = I, such that

(As')? = AZTAZ = ATT AT AAT = AZTAZ = (As)?. (1.2)
In index notation, let’s write #° = (z,y,z), with i a three-dimensional spatial index. Then

equivalently we have 2 s 2/ = Aijxj and we require d;; = Ak, Al jOk1, where

5ij = (1.3)

o O =
o = O
= o O

The symmetric matrix d;; is a first example of a “metric™ it measures the norms of vectors in

R3, or equivalently the distances between points, with (As)? = 5ijA£L'iAZE‘j .
1.2 Special relativistic spacetime

The postulates of special relativity

In special relativity, we again have a four-dimensional continuum of events. However, there is
no longer an absolute separation between time and space, and there is no well-defined notion
of whether two events are simultaneous. We call this continuum spacetime. Our description of

physics in spacetime is governed by the postulates of special relativity.

Postulates of special relativity

1. The laws of physics are the same in all inertial (non-accelerating) frames.

2. The speed of light in vacuum is a constant, ¢, in all inertial frames.

There is therefore a preferred class of observers: inertial (non-accelerating) observers, each of

which labels events in spacetime by a set of coordinates (¢, z,y, z) associated to their frame. In



practical terms, we view (z,y, z) as a Cartesian coordinate system, which could be constructed
using a series of rigid rods extended through space. These are accompanied by synchronised
clocks placed at every point in space. Then measurements can be taken.

The invariant of the spacetime of special relativity is the spacetime interval:
(As)? = —(cAt)? + (Az)? + (Ay)? + (Az)?. (1.4)

It is convenient to introduce an index notation. We use Greek indices, u, v, p,0o,... as labels
for four-dimensional components. Thus our coordinates are x* = (ct,z,y,z). We also write
ot = (20, 2%), with 4 = 1,2,3 labelling the spatial components as before, and z° = ct. Notice
that the speed of light gives 2 the dimensions of length.

We rewrite the spacetime interval in terms of the Minkowski metric:

-1 0 0 O
0 1 00
v = 5 1.5
a 0 01 0 (1.5)
0 0 01
so that
(As)? = n Azt Az” . (1.6)

The inverse metric is denoted by n*".

Null, timelike and spacelike trajectories

We can distinguish between three classes of spacetime intervals.

e (As)? =0, then the interval is null. Massless particles, or light rays, travel on null trajec-

tories.
e (As)? > 0, then the interval is spacelike.

e (As)? <0, then the interval is timelike. Massive particles (and hence observers) travel on

timelike trajectories.

If two events p and ¢ are timelike separated, then it is possible for an observer starting at p to
travel between them. On the other hand, if they are spacelike separated, then it is impossible
for an observer starting at p to travel to q.

The lightcone of a point p consists of all points ¢ such that the spacetime interval between p
and ¢ is null. Thus it is the set of all points which can be reached by a light ray passing through
P.

This causal structure is shown in figure

A special role is played by straight paths (whether timelike, null, or spacelike): they represent
geodesics of Minkowski spacetime (paths minimising, or maximising, the “distance” between two
points). The proper time AT experienced by an observer travelling on a straight path is defined
by

(cAT)? = —(As)?. (1.7)
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Figure 3: Causal structure of Minkowski spacetime

More generally, an arbitrary path can be viewed as a curve z#()\) in spacetime, parametrised
by some parameter A € R. We can measure distances along such a curve by integrating the

infinitesimal line element:
ds? = N dxtdz” (1.8)

leading to the following general expressions for proper distance As (on a spacelike curve for which

[ dxt dzv
As = /d)\ ’mﬂ,ﬁﬁ, (19)

and proper time AT (on a timelike curve for which ds? < 0 always):

ds? > 0 always):

dzh dz”
CATZ/d)\ —nﬂyﬁﬁ. (1.10)

(For a path between p and ¢ such that x#()\g) are the coordinates of p and x*()\;) are the
coordinates of g, the range of integration is from Ag to A;.)

This means that time experienced is observer dependent. Consider two observers, Alice and
Bob (who may or may not be twins). Suppose they take two separate journeys through spacetime,
depicted on the diagram [l We work with coordinates such that the point p corresponds to
(0,0,0,0), where Alice and Bob start with synchronised clocks. Alice does nothing and eventually
ends up at the point p’, corresponding to (ctf,0,0,0). Meanwhile, Bob shoots off with velocity
v in the z-direction, before accelerating and decelerating about the turnaround point ¢ and
returning to Alice with velocity —v in the z-direction, arriving back at p’ to meet Alice.

According to the inertial coordinates we have chosen, Alice’s worldline is given by x#(\) =
(cA,0,0,0), with A € [0,¢7]. The elapsed proper time for Alice is

tp
TA—/ dX. (1.11)
0

The precise details of Bob’s worldline are in fact unimportant. We know it is of the form

10
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Figure 4: Alice and Bob, a spacetime odyssey.

x*(X\) = (e, 2%(N\)). The proper time that elapses for Bob is

tr v2(\) dx' da?
= d\/1 — . =6 1.12
= /0 V 2 U TN (1.12)

The factor 1/1 — % is less than one because v(\) is not identically zero for his worldline, and

the Euclidean norm means that v> > 0. As a result, no matter what path is taken by Bob, it

must be the case that the integral of 75 comes out less than the integral for 74. Thus:
TB < TA, (1.13)

and Bob returns to find that Alice has aged more. (This result holds regardless of the precise
details of the decelerating/accelerating turnaround phase. We would need to work out the details
of this to repeat the calculation from Bob’s rest-frame. This rest-frame, however, is obviously
not inertial. If it was then we would naively find the infamous twin paradox, namely that both
Bob and Alice would by relativity calculate that the other had aged less.)

In fact, this thought experiment has been carried out in reality, for instance by synchronising
atomic clocks and sending one off in a plane, leading to the expected result.

Transformations between inertial frames

The transformation from one inertial frame, with coordinates z*, to another, with coordinates
x'", is achieved by a Poincaré transformation. These transformations include spacetime transla-

tions by a constant four-vector a*,
ot s 2t =2t +at (1.14)
and Lorentz transformations (spacetime “rotations”):
ot = o = AtV (1.15)
where to preserve the spacetime interval we require
Nuw = NP A% u1po - (1.16)

The set of all matrices A obeying (|1.16)) forms the Lorentz group O(1,3). This is the gener-

alisation of the orthogonal group of spatial rotations, O(3), to spacetime transformations. By
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taking the determinant of both sides, we see that det A = +1. We can restrict to the “proper
orthochronous” Lorentz group SO(1,3)T consisting of those elements of O(1, 3) with det A = +1
and A% positive. This is the group of transformations preserving the direction of time: it is also
the component of O(1,3) which can be continuously connected to the identity matrix.

The combination of Lorentz transformations and spacetime translations forms
what is known as the Poincaré group. As the symmetry group of Minkowski spacetime, it is of
fundamental importance in special relativistic theories, especially quantum field theory. We will
not study it in detail here, but you should certainly do so elsewhere!

To gain some understanding of the transformations that are allowed, we can write down for

example the Lorentz transformation generating rotations in the xy plane:

1 0 0 0
0 0 ing 0
AF, = cosy - sm . 0el0,2m), (1.17)
0 —sinf cosf@ 0
0 0 0 1

and that generating what you might have previously thought of as a genuine Lorentz transfor-

mation, namely a so-called “boost” acting on t and x:

cosh¢p —sinh¢y 0 O
—sinh¢ cosh¢ 0 0
0
1

AV, = , € (—00,00). 1.18
e (1.13)
0 0 0
This leads to
ct' = ctcosh ¢ — xsinh ¢,
¢ ¢ (1.19)

x' = —ctsinh ¢ + x cosh ¢ .

The point 2’ = 0 corresponds to the worldline defined by z = cttanh ¢ in the original frame:
thus relative to this frame it is moving with velocity v = ctanh ¢. Rewriting in terms of v, the

transformation ([1.19) takes the form usually written in elementary treatments of relativity:

(1.20)

At - v /),
.

t/
' (x —ot),

where v =1/4/1 — (v/c)?.
Exercise 1.1 (Lorentz transformations)

Show that (A%)? > 1.

Verify that the transformations ((1.17)) and ((1.18)) indeed obey the defining condition ([1.16]),
and that the expressions (1.19)) and (1.20) are equivalent.

12



1.3 Physics, vectors and tensors
Physics in inertial frames

The laws of physics are the same in all inertial frames, which are related to each other by Lorentz
transformations and spacetime translations. What form do these laws take?

Let’s begin with the laws governing the motion of particles. Consider a curve x*()\) in
Minkowski spacetime, parametrised by some parameter A € R. The rate of change of the curve
with respect to A is %, and at each particular value of A gives the tangent vector to the curve
at that point. What can we do with this tangent vector? We can use the Minkowski metric to
measure its norm: at any given point on the curve, the tangent vector will be timelike, spacelike,
or null, and the curve is said to be timelike, spacelike or null (for a given range of the parameter
A) according to whether the tangent vector % is timelike, spacelike, or null.

Massive particles travel on timelike curves. Let’s use proper time 7 as the parameter for such
a curve. Then the tangent vector is the four-velocity:

_dat(7)

Ut = 1.21
7, (121)

and as c2dr? = —Nuvdxtdz” we have
NuUPUY = —c*. (1.22)

In the rest frame of the particle, we have U* = (¢,0,0,0). If m is the rest mass of the particle,

then we can also define the momentum four-vector

p =mUH, (1.23)
which obeys n,,p'p” = —m?c®. This equation effectively defines the rest mass in a Lorentz
invariant manner: up to a factor of —c?, it is given by the norm of the four-momentum. The
time component is p° = E/c, where E corresponds to the energy of the particle: in general,
E = ¢y/m?c2 + p2. (You can see why only the = 0 version of this equation caught on.)

The equation governing the motion of free massive particles is:
d d?
—p* (1) =m—=z"(7) =0. 1.24
dTp ( ) dT2 ( ) ( )
Now, under a Lorentz transformation, z# — x'* = A#,x", the tangent vector transforms in the
same way:
dzt dz'* dz”
Ul=— s Ut=—"—=A!
dr dr Ydr

hence also p* — p/* = A", p”. Suppose we have a particle that is not free, but responding to some

= A" U, (1.25)

force. The requirement that the laws of physics remain invariant under Lorentz transformations

means that this force must also be a four-vector, f*, such that

d d?

() = mo gt (7) = (1.26)

and under Lorentz transformations f* — f'* = A*, f".

Indeed, all other physical quantities that enter into the description of relativistic physics in

13



inertial frames must have a well-defined transformation under Lorentz transformations: and all
physical laws must be written in a way that is covariant under such transformations. This will

ensure that the form of these laws is indeed the same in all inertial frames.

Vectors and tensors in special relativity

Fundamentally, this means that all physical quantities that we will use have a well-defined
geometric definition. We will make this very precise in section However, let’s set out the
basic definitions now in a slightly simpler fashion.

In special relativity, we can define a vector to be a quantity X* transforming under Lorentz

transformations “the same way” as the coordinates, that is:
XHis XH = AP, XY, (1.27)

Examples of vectors are provided as above by the tangent vectors to curves, such as particle
worldlines, through spacetime. Indeed the general definition of a vector on a more general
spacetime is in terms of tangents and curves.

As well as vectors, we have covectors, which carry a lower index. Denoting a covector by wy,

we specify its transformation under Lorentz transformations to be:
Wy Wy, = (A™H 4w, . (1.28)

Covectors are dual to vectors, in grossly simplified terms you can think of them as “row vectors”
while vectors with upper indices are “column vectors”. This in particular means that given a
vector and a covector we can form a scalar quantity w,X* which is invariant under Lorentz
transformations: w, X* = wj, X!,

More generally, we have tensors carrying r upper indices and s lower indices (which we can

refer to as an (r, s) tensor), transforming under Lorentz transformations as

T'ul'"'urul...us — T,m"'mvl...ys — Ampl . 'Aurpr (A—1>01V1 L (A_l)USuSTpl"'pral...o (1_29)

s

The most important tensor in relativity (special or general) is the metric. The metric is a (0,2)
tensor field which is symmetric and non-degenerate. Hence we can write it in components (in
special relativity) as 1,, = 7,,, and there exists an inverse 7 such that n**n,, = é5. The
Minkowski metric of special relativity is of course invariant under Lorentz transformations, but
not invariant under more general coordinate transformations, while the Kronecker delta d} is a
(1,1) tensor and invariant under all coordinate transformations. The metric gives a map taking
two vectors, X,Y and giving a scalar n(X,Y") = 1, X*Y". Thus it defines an inner product on
vectors, which we can use to measure norms, amongst other geometrically useful quantities.

Another important practical consequence of the metric’s existence is that we can use it to
identify vectors and covectors: if X* is a vector then 7,, X" is a covector, and if w), is a covector
then n*w, is a vector. To reduce the number of indices in expressions, we actually use the
metric to raise and lower, meaning we write X, = 7,, X" and w’ = n*”w,. In special relativity,
the metric is constant, and diagonal, so the only thing to be concerned about here is the fact
that the minus sign means Xo = — X% X; = X (i = 1,2,3).

Here we are automatically using the fact that one can sum over, or contract, repeated upper

14



and lower indices, whether on different tensors, or on the same tensor. In the latter case, we
obtain what is known as a contraction of a tensor. For instance, given an (r,s) tensor, we can
generically produce rs individual contractions which are themselves (r — 1, s — 1) tensors, given
by:

/ 7 e i— jee o —
(T ),Ufl HPr 1]/1...I/ 4 :Tlu’l Hi—1 - or 1V1...Vj71HVj~~-VS—1’ (130)

s

where here we contract the i upper index with the j* lower index. Mechanically, the process
is just so: one takes the tensor components and contracts one upper index with one lower index
by labelling each with the same dummy index instructing us to sum over them. The result gives
the components of a new tensor.

We will also have cause to impose symmetry properties on tensors, as already apparent from

the existence of the metric. We define symmetrisation by
(B1--pn) L ;
T k) = — (TH#* 4 permutations of 1,...,n) , (1.31)
n!
and antisymmetrisation by
(1] 1 - f : :
T M= (T " + signed permutations of 1,...,n) , (1.32)
n!
where the sign is +1 for even permutations and —1 for odd permutations. For example,

ur) %(TMV + TV,

1 (1.33)
T(urp) — ~(THYP 4 TVPH 4 TPHY | THPY L TVHP | TPVR)
6 )
1
T — ~(TH — T
: (1.34)
Tlvel — —(THVP  TVPH 4 TPHY _ TRPY _ TVHP _ TPVI)
6
Symmetry properties can be useful when contracting:
ool ) ! _
T HIT e =0, (1.35)
T(m'"un)T;il..,un - T(mmun)T(lm...un) ’ T[m--#n}Tl’“mun — T[Mm“n]T[lm...un] )

If we have a tensor such that Sy, ., = S(u..pu,) We say that it is symmetric on the indices
p1 - pin. If a tensor such that Ay, ., = Ay, ..., We say it is antisymmetric on the indices
M -

Physical fields in special relativity (and more generally) are tensors of various types. The
simplest are scalar fields, ¢(z), which are just functions on spacetime. More interestingly, the
electromagnetic field strength F'* is an antisymmetric tensor, F** = —FH*. Its components
give the electric field E* and magnetic field By, with F% = %E’ and F9 = €9k B,.. Maxwell’s

equations in the presence of a source J* = (cp, J%) are:
o't =Jv, a[uFup] =0. (1.36)
We can solve the latter equation by writing F),, = 20, 4,], where A, is the electomagnetic gauge

potential. Notice here we are raising and lowering indices using the Minkowski metric without a

15



second thought. In the presence of an electromagnetic field, the relativistic generalisation of the
Lorentz force law for the motion of a particle is of the form with f# = qUYF*,, where
q is the charge of the particle. This can be checked to reduce to F = q(E + U X é) for small
velocities.

Note that in defining the components of the B-field, we used the alternating symbol €%
which is totally antisymmetric. The four-dimensional covariant version of this is the Levi-Civita
symbol €,,,s defined such that epi23 = +1. (This is not a true tensor as under certain Lorentz
transformations it changes sign: more generally it transforms under general coordinate transfor-
mations up to a Jacobian factor. This means that more precisely it is something known as a
tensor density, or a pseudo-tensor.)

Any physical system will have an energy-momentum tensor, 7, which is symmetric, and
conserved, 9,T"" = 0. We can view T"" as the conserved quantity resulting from invariance
under spacetime translations. Intuitively, it describes the flux of four-momentum across surfaces
of constant x#. The energy-momentum tensor will play an important role in general relativity,

and we will describe it in more detail later in the course.

Vectors and tensor in mathematics

Before bringing gravity into the picture, let’s have a first look at how one should really think
about vectors and tensors mathematically. Physicists tend to refer to, if not think of, the objects
XH,wy,... as vectors, covectors and tensors in their own right. This is not mathematically
accurate. In fact, X* and w, are not the vector and covector themselves, but instead are the
components of a particular vector and covector in a certain basis. The Lorentz transformations,
which we naively used above to “define” tensors, are then particular examples of a change of
basis.

The other mathematical distinction that needs to be made concerns how and where exactly
a vector is defined. Any vector must be an element of a vector space. Hence geometrically we
have to associate a vector space to every point of spacetime. Then the objects X*(z) which
we naively call ‘vectors’ are really the components of so-called vector fields, which at each x in
spacetime give a vector which is an element of a particular vector space at .

This is called the tangent space at . The name is due to the fact that we can intrinsically
define all vectors in the tangent space as being tangent vectors to curves through the point x.
An intuitive basis for the tangent space at x is provided by the coordinate basis. We can define

curves which correspond to moving away from the point x along the coordinate axes:

2oy (A) = (2% + A at,a?,2%),

zy(\) = (20, 2t + X, 22, 23) |
m) = ) )

2y (N) = (20, 2,22 + 2, 2%),

r(3)(\) = (29, 2, 22, 23 + \).

The bracketed indices label the curves themselves.
For each of these curves we can define a tangent vector which we denote here by
A ()

= 1.38
e(#) d\ ’ ( )



such that ey = (1,0,0,0), ey = (0,1,0,0) and so on. This is perhaps a complicated way to
define the usual unit vectors which are the standard basis for the vector space R*. Note the

brackets around the p on e This notation is used to label the vectors themselves, so (u)

DN
should not be thought of as the component index itself. It is common to write these coordinate

basis unit vectors as

0

The reason for this notation is because tangent vectors at x can be used to describe the rate of
change of functions along curves through x. In particular, the rate of change of a function f(x)

in the direction y is
d driy | of _ of
ﬁf(m(“)(A))‘A:o D

_ =
A0 O oz

(1.40)

We identify the basis tangent vector e(,) with the differential operator that gives us the rate
of change along the curve z(,)()\) i.e. with % of functions evaluated on this curve, leading to
(1.39). For an arbitrary curve x(\) we have

_dzt

d
)| _ =T

of _dit
\—p OTH ~dA

e (f) (1.41)
A=0

which defines a tangent vector whose components with respect to the basis e, are %.

More abstractly, given the basis e(,), then a general vector consists of a linear combination
of the e(,) and so can be written
X = X“e(u) . (142)

So it is the components X* of the vector X in the coordinate basis given by the e(,) are what

o
we were previously thinking of as the vector itself.
The vector X, and not its components X*, is independent of the choice of basis. The

transformation rule of X* under a Lorentz transformation follows from the requirement that
1 _ !
X 6(“) =X e(u) y (143)

where by definition of the coordinate basis

0 ozr¥ 9
/ _ _ _ —1\v
W T gun T oxm gz (A7) e

(1.44)

We can similarly discuss bases for covectors. In general we will denote the basis for covectors by
0(#) . Again, the index here is not a component or coordinate index but merely labels the basis
covectors. We want our basis to be dual to the basis e(,) in the sense that there should be a

natural pairing between vector and covector with
0 (e(,)) = oL (1.45)
A general covector is then expanded as
w= wlﬁ(“) , (1.46)

with w, 0 = w/’ﬁ’(“) such that ') = A#,00) wl, = (A™1)"4wy,. The basis dual to the
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coordinate basis is provided by the diffentials of the coordinates:
o) = dgt (1.47)

which will be clearer later when we give more careful definitions of vectors and covectors.

One can already in special relativity begin to generalise the treatment of vectors and tensors.
First of all, although the coordinate basis is convenient, it is not mandatory, and one could
take at any point x an arbitrary basis for the tangent space. More generally, one can note that
Lorentz transformations are a very special class of coordinate transformations z# — x/# = A#,z¥
which preserve the form of the Minkowski metric. (They are therefore called isometries of the
Minkowski metric: we will see more about this in section ) When more properly defined,
vectors transform also under arbitrary coordinate transformations, which will generically change
the form of the metric. An obvious example would be to switch to spherical spatial coordinates
instead of Cartesian coordinates. Physics in Minkowski spacetime can be formulated in such
coordinates, however explicit physical expressions will not be as simple as in the special inertial

frames related by Lorentz transformations.
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2 Gravity and equivalence principles

Andrés Iniesta to El Pais (7th Sep 2010)

Cesc gave me a pass, Newton appeared ... When I control the ball, I know it’s going to be a
goal. I just had to wait for it to come down to kick it. And why did it come down? Because

of the law of gravity.

Although from Iniesta’s perspective, “the apple was the ball and Newton’s head was my foot,”
in this section we will realise we can also view the 2010 men’s World Cup Final from the point
of view of the freely falling ball: which saw Iniesta’s boot, and the Earth, accelerating towards
it at about 9.8 metres a second squared. This simple change of perspective will lead us to the

idea that gravity can be described in terms of a curved spacetime.

2.1 Newtonian gravity

Newton’s law of gravitation states that the attractive gravitational force of a mass M located at

7 felt by a mass m located at ¥ (see figure ) is:

GMmx -2
r2 r

F=-— . r=|7—4. (2.1)

Figure 5: Newtonian gravity
This force is the gradient of a gravitational potential,

F=-VV(@), V(@ =md&), &)= —fi. (2.2)

Newton’s second law is then:

mx =mg, (2.3)
where the acceleration due to gravity is
G=-Vo. (2.4)
In this case, .
ﬁz—%#x;f. (2.5)

The equations ([2.3) and (2.4)) hold for general gravitational fields due to different distributions
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of matter, specified by a matter density p such that
V20(%) = 4nGp(T) . (2.6)

2.2 Equivalence principles

A more careful treatment realises that in Newtonian theory, we could choose to distinguish
between two types of mass. There is inertial mass, which appears in Newton’s second law
relating acceleration to force:

F =ma, (2.7)
and gravitational mass, which appears in the equation describing the gravitational force due to
a gravitational field g:

—

F=m,g. (2.8)

In principle, these need not be equal: however the following Principle asserts that they are.

Weak equivalence principle (WEP)

Inertial mass equals gravitational mass,

m; =My . (2.9)

The WEP has been experimentally verified to high accuracy. To be precise, there is a scaling
ambiguity on the right-hand-side of , as we could send my — Amy, § — g/A. We can
therefore fix m; = my for one test mass, thereby defining ¢ unambiguously, and then calculate
1 —m;/my for all other bodies. The discrepancy here is found to be of order 107!2 confirming
the WEP.
As m; = myg, the motion of a test body in the presence of a gravitational field is given simply
by:
i = g&1),t), (2.10)

and is independent of its mass. We can therefore restate the WEP as follows:

- Weak equivalence principle (WEP) ~

The trajectory of a freely falling test body depends only on its initial position and velocity

and is independent of its composition.

By freely falling, we mean that the gravitational force is the only force acting on the body. By
a test body, we mean that we are assuming we can neglect the gravitational self-interaction

of the body (if it is a composite object rather than some idealised point particle), and that

its size is less than the scales on which g varies.

- J

Let’s define a new frame (', 2") which is accelerating with respect to our original coordinates Z:

(2.11)
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In the new frame, the equation of motion is

= — —
r =g—a

g (2.12)

This means that uniform acceleration and the presence of a gravitational field are equivalent:

e If ¢ # 0, we can take @ = § in our definition of the new frame, to find that in the latter

there is no gravitational field, g’ = 0.

e If on the other hand there was initially no gravitational field, § = 0, we find that the new

frame has a gravitational field, §' = —a.
We should distinguish between whether or not § is uniform:

e If § is uniform, we can define an inertial frame as that in which the laws of physics are

simplest, which in this case is the freely falling frame with @ = g.

e If ¢ is non-constant, we can approximate it as uniform in a small enough region. Then
in this region, we can define a local inertial frame (t, ) using same coordinates we would
define in flat Minkowski spacetime, and the laws of physics will be the same as in special

relativity.

The Einstein equivalence principle generalises the WEP to encompass not just the motion of

test bodies, but all non-gravitational physics.

~ FEinstein equivalence principle (EEP) ~
1. The WEP holds.

2. In a local inertial frame, the results of all non-gravitational experiments are indistin-

guishable from the results of the same experiments performed in an inertial frame in

Minkowski spacetime.

& J

It is important to understand the local nature of this statement. The claim of the EEP is that
in any theory of gravity, it should still always be possible to locally ignore the presence of the
gravitational field by defining a freely falling frame as above. However, if we try to extend the
region in which this frame is valid, it will in general not be possible to eliminate all gravitational
effects. For instance, there can be “tidal effects” caused by the non-uniformity of a gravitational

field, which will cause test bodies separated by a distance to fall differently.

2.3 Gravitational time dilation

Time runs slower the deeper you are in a gravitational potential.

Gravitational time dilation from equivalence principle

This is illustrated (literally, if inartistically, in ﬁgure@ by Alice and Bob sitting in a gravitational
field g = (0,0, —g) at different positions on the z-axis. We put Bob at z = 0 and Alice at z = h.
Alice sends light signals to Bob at regular intervals Ar4. These will be received by Bob at

intervals A7g. How are these intervals related?
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z=nh Alice

z2=0 Bob

Figure 6: Alice and Bob are in a gravitational field.

We use the equivalence principle to analyse this in the frame where both Alice and Bob are
accelerating with acceleration —g in Minkowski space. This frame, with the sequence of light
transmissions, is shown in figure [} We can choose this frame such that at ¢ = 0 both Alice
and Bob are at rest. We will neglect special relativistic effects by assuming that throughout
the course of this experiment, our observers do not reach relativistic speeds. As their common

velocity in the positive z direction is v = gt, this means we assume that gt/c is small.

ZJ\

\
7
ta g L
ta+ ATy
tg + At

Figure 7: Using an inertial frame, in which Alice and Bob are accelerating. The red lines denote
light signals sent from Alice to Bob. The blue and green curves denote their trajectories.

Consider Alice and Bob, travelling along the z-axis with trajectories z4(t) and zp(t) respec-
tively. Alice sends light signals to Bob at times ¢t = t4 and t = t4 + A74. The light signal

trajectories are:
z21(t) = za(ta) —c(t —ta), zo(t) =za(ta+ ATa) —c(t —ta — ATa). (2.13)
The first signal is received by Bob at time t = tp and the second at t = tg + A7p. That is, when
zA(ta) —c(tp —ta) = zB(tn), (2.14)

2A(ta+ A1) —c(tp —ta+ At — ATy) = 25(tp + A1) . (2.15)
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Subtracting the former from the latter, we obtain
2p(tp + A1) — 2p(tg) + AT = z4(ta + ATa) — 24(ta) + cATp (2.16)

We have assumed nothing about the trajectories of Alice and Bob so far. Let’s assume that the

time intervals involved are small, and that we can Taylor expand to first order to find:
(c+ 25(tg))ATp ~ (c+ 2/4(ta))ATa (2.17)

Denoting the velocities of Alice and Bob by vq = 2/y, vp = 275, we find:

1 + UA(tA)

Arp~ i e Arin (14 tata) Zeslte)) \ o (2.18)
1 + ’UB(tB) c

Therefore the perceived time dilation depends on Alice’s velocity when she emits the first signal,
and on Bob’s velocity when he receives the first signal. Note that if v4(t) = v4 and vp(t) = vp
are constant, we would find the usual non-relativistic Doppler effect. In the case we are interested
in, Alice and Bob have the same acceleration from the same initial velocity, so vg(tg) > va(ta).
As a result, we inevitably are led to Atp < AT1y4: time is running slower for Bob.

Let’s now specialise to the trajectories of Alice and Bob given by:

1 1
za(t) = h+ 5th, zp(t) = 5gt2. (2.19)

Hence, va(t4) = gta and vp(tp) = gtp. Now, we can approximate tg — t4 by the time it takes
light to travel from z = h to 2 =0, so (tg — t4) ~ h/c. Then we can write the result (2.18) as:
h
Arp ~ (1 = 92> Aty (2.20)
c
Less time has elapsed for Bob: time runs slower for the observer deeper down the gravitational
well.
We can rephrase this result in terms of wavelength, if Alice emits a continuous beam of
light. With A74 = Aa/c, Atp = Ap/c we find that the light is blueshifted (towards shorter

wavelengths):

~(1-9"

Conversely, light emitted by Bob would be redshifted (towards longer wavelengths). This effect
has been confirmed experimentally in the Pound-Rebka experiment.

In terms of the gravitational potential, ® = gz, the general result is:

Op—
Arp ~ (1 + BC2A> ATy (2.22)

Gravitational time dilation from curved geometry

We have found that in a gravitational field, clocks run at different speeds. This used the equiv-
alence principle to map the gravitational field to a situation with accelerating observers in an

inertial frame.
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In special relativity, we also found that clocks carried by different observers gave differ-
ent measurements for the proper time elapsed. This followed from the fundamental properties
of Minkowski spacetime, in particular from the definition of the spacetime interval using the
Minkowski metric.

Inspiration follows: can we try to account for the gravitational time dilation effect by sup-
posing it arises from having a metric that is not constant? Consider the following definition for

the proper time of an observer:

Adr? = <1 + 2¢;@> Adt? — (1 - 2(1223?)) d7® = —g,, (¥)dztdz” (2.23)
which replaces the Minkowski metric 7,, by
—1-20 0 0
20(%
9 () = 8 1= , e - nggf) 8 . (2.24)
0 0 0o 1220

(This particular metric is time independent, but more generally it could also depend on time.)
We assume that ®()/c? is small: in fact, this corresponds to a particular weakly curved limit of
a genuine background geometry solving the Einstein equation, which we will discover later on.

We now interpret Alice and Bob’s lightshow as if they were sitting in the spacetime where
distances are described using this metric. Let’s put Alice at £4 and Bob at . We don’t yet
know how to calculate the trajectories of photons in a curved geometry. This does not matter,
because the only difference between the first and second signal is the time they are sent at, and
the geometry is entirely time independent. Therefore each light signal takes the same path from
Alice to Bob, but shifted by a time At. We can say that Alice sends signals at t4 and t4 + At,
and these are received by Bob at tp and tp + At. This is depicted in figure [8]

TA

A

| | | |
\ \ \ \

ta tp ta+ At tg + At

S5\4

Figure 8: Signals in the curved geometry. The red curves denote the photon paths and are not
an accurate depiction: all that matters is that the two separate signals follow the same path at
different times.

We calculate the proper times measured in Alice and Bob’s frames, using (2.23). The dif-

ference in proper time comes from the explicit & dependence of this expression. We abbreviate
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by = P(7Fy) and Pp = ¢(Fp). We have:

(ATy)? = (1 + Q(I)A) (At)? = ATty ~ <1 + (I)A> At

c2 c?
20 d
(ATB)Q = (1 + CZB> (At)2 = ATB =~ <1 + CQB> At

from which we immediately obtain the same result:

b — D
ATp ~ <1—|—BQA> ATy .
c

(2.25)

(2.26)

(2.27)

The gravitational time dilation now comes from an intrinsic property of the curved spacetime.

~ Choice of units

where ¢ denotes the value of the speed of light in T'/L.

From now on, we set ¢ = 1.

“This is one Beethoven’s Ninth, if that helps younger readers.

N\

~

The speed of light in vacuum SI units is ¢ = 299, 792, 458 metres/second. There is nothing
special about metres or seconds. We are free to use whatever units we want to measure
length and time. What we want to do is choose units such that the speed of light is just
¢ = 1. This means our unit of time is the same as our unit of length, so that any time
interval At is measured by the distance that light travels in At. Put differently, we choose
to measure time using some unit 7/ = L and length also using the unit L. In a “conventional”
system of units where length is measured by some unit L (for example, the length of a king’s
forearm), and time is measured by some unit 7" (for example, the maximum duration of a

recording possible to be stored on an audio CI@, then we have the conversion T = ¢T”,
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3 Manifolds, vectors and tensors

The simplest example of a manifold is R"™, a set of points each labelled by n numbers. The
choice of the numbers with which we label the points is called a choice of coordinates. We can
use Cartesian coordinates, in which points in R™ are labelled by z# = (z!,...,2"), with each
¥ € R. Other coordinates are possible: for instance, we could translate or rotate our Cartesian
coordinates. We could also use n independent functions of the original Cartesian coordinates
instead. This is what we do in order to define polar coordinates in R? or spherical coordinates
in R3.

Examples of less trivial manifolds can be generated by considering surfaces embedded in R™.
The most obvious example is the unit sphere, S"~!, defined as the set of points in R” obeying

(in a choice of standard Cartesian coordinates)
(D2 ... (") =1. (3.1)

This is an (n — 1)-dimensional space, and so we should introduce coordinates on it which are
a set of n — 1 numbers. These coordinates of the sphere correspond to a subset of R"~!. For
instance, the unit circle with n = 2 can be parametrised using a single coordinate 6 € [0, 27).
(Later on, we will refine this description.) If we like, we can relate this to the coordinates in R?

by 2! = cosf and z? = sin6.

R 28

Figure 9: Spherical coordinates

In n = 3, we have the unit sphere. As coordinates we most obviously use the pair (0, ¢) where
now 6 € [0, 7] is the polar angle (running from the north to the south pole), and ¢ € [0,2m) is
the azimuthal angle (running around the sphere for a fixed value of #). The embedding in R? is
given by:

2! =sinfcosp, x°=sinfsing, z°=cosfh. (3.2)

However, these coordinates do not provide a perfect description of the sphere. When 8 = 0 or
0 = m, sinf = 0, and the value of ¢ can be arbitrary. This is problematic if we want a single
unambiguous mapping of points in R? to describe points on the sphere. (Ultimately this is not
possible: note that another way of constructing a sphere is to take the unit disc (z!)?+(22)? < 1
in R? and to identify all points on its boundary circle with each other.) For instance, if we are

taking a limit, or differentiating some function at § = 0 or § = 7, we will have difficulties if
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any value of ¢ is allowed, for example the derivative %‘9_0 = limpy0 7 (f(0,0 4+ h) — £(0,9)) is
naively not well-defined because the points (0,¢ + h) and (0, ¢) cannot be distinguished using
these coordinates. In fact, also the derivative with respect to 6 is problematic, because for
instance % o = limp, 0 % (f(m+ h,¢) — f(m,)), and there is no point on the sphere with 6
coordinate 7w + h for positive h. This problem is present whenever our coordinates take values
in a closed rather than open interval (and so is also present for the circle S!).

We therefore need to refine our description of coordinates on the sphere. To deal with
derivatives in general, we will need to be more careful about the ranges of our coordinates,
restricting them to open subsets. This is a mathematical requirement that will allow us to use
the theory of calculus on R™. (Later on, when we start doing physics in curved manifolds we
will not always be so particular in worrying about whether we write down the ranges correctly.)
To solve the ambiguity at the north and south poles, we will have to abandon the desire to have
only one set of coordinates describing our space uniquely.

This is the most important aspect of manifolds: they require multiple choices of coordinates.
For the sphere, you could object to this requirement by pointing out that points on the sphere
are perfectly labelled using the embedding coordinates (z!, 2%, 23) € R3. However, in general
a manifold need not have any description in terms of an embedding as a surface into a higher-
dimensional R™. Our ultimate goal is to describe the full spacetime universe as a manifold,
and this is meant to be reality itself, describable without introducing an inaccessible unphysical
space in which it is embedded. What we want is to describe manifolds in terms which are purely

mtrinsic.

3.1 Manifolds

A manifold makes mathematically rigourous our intuitive idea of a curved space. This is achieved
by regarding a curved space as looking locally like a simpler flat one: the names used below invite
you to think of the description of the surface of the Earth — to a good approximation, a sphere —
via an atlas consisting of individual charts which look like regions of flat two-dimensional space.
The important mathematics appears in the way that we glue different charts together to build
up a complete description of the space we are interested in.

We will define a manifold “backwards”, by beginning with the constituents: open sets in R",
which appear in charts describing some patch of the manifold; these charts are compiled into an
atlas to give a complete description covering the whole manifold. When reading these definitions,
keep an eye on figure depicting the scene.

We open with a technical definition:

~ Open ~N

The open ball B,(y) in R, with y € R™ and r > 0 some constant, consists of all points
x € R™ such that |z —y| < 7.

An open set V in R™ consists of an arbitrary (potentially infinite) union of open balls: V is

open if for all y € V, there exists some r > 0 such that B,(y) C V.
. J

The reason that we like open sets is that they are needed to define limits and derivatives.
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Recall for instance the definition of the derivative of a function f(z) at a point a is given by
limp_o(f(a + h) — f(a))/h, which requires being able to choose a point a + h close to the point
a in the first place. This will be guaranteed in an open set, but not a closed one.

We now suppose that M is some set, that we wish to view as a manifold by modelling it

locally as R™. The tool for carrying out this modelling is provided by the next definition:

Chart

A chart or coordinate system on a set M is a subset U of M together with a one-to-one
(injective) map ¢ : U — R”, such that the image ¢(U) is open in R™. We can then call U

an open set in M.

Practically, we will often write ¢ = (z!,...,2") or ¢ = (2*), where the individual z* are the
coordinate functions in the chart (U, ¢). If we are being precise, we will denote the coordinates
of the point p by ¢(p) = (z*(p)) or ¢(p) = (xh). Later on, we will begin to drop explicit mention
of the map ¢, and just refer to the coordinates z* in some chart. This is how physicists think in
practice.

Generically, it is impossible to describe a manifold with a single chart. We need to introduce

collections of (overlapping) charts:

- Atlas ~N

A (C®° or smooth) atlas on a set M is a collection of charts {(Uy, ¢o)}, labelled by some

index «, such that
1. M is covered by the U,, that is | J, Ua = M.

2. The transformations between charts are smooth; that is, if two charts overlap, U, N

Us # 0, then the following map:
b0 ¢y p(UaNUs) CR" = ¢a(Ua NUs) CR" (3.3)

is smooth.

We say that two atlases are compatible if their union is also an atlas: the union of all atlases

compatible with a given atlas is called a complete atlas (or a maximal atlas).
. J

All these ideas come together to define a manifold:

Manzfold

A (C*° or smooth) manifold is a set M together equipped with a complete (C°° or smooth)

atlas.

In practical terms, given two charts (Ua, ¢o) and (Ug, ¢g) as shown in ﬁgure we will write
¢a = () and ¢g = (2/*). Then the map ¢, o qﬁgl relating the two charts can be viewed just as
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Figure 10: A manifold, showing two charts, and the transformation between their overlap.

a change of coordinates in R™, ¢, o qb[;l =z (2'). As this is a map from R"™ to R", we can apply

all results from calculus, such as the chain rule.

Example: R”

It is always mathematically appealing to start with a trivial example. So, R™ is a manifold,
which can in fact be covered by a single coordinate chart, ¢ : (z!,...,2") — (z',...,2").
Example: S!

The unit circle is the set of all points (z,y) in R? obeying 22 + 32 = 1. It can be parameterised
by (z,y) = (cosf,sinf), with § € [0,27). However, this is not a good chart, because the interval
[0, 27) is not open.

We can define a first chart (Up, ¢1) by letting Uy be S with the point (1,0) removed, and
letting ¢1(p) = 01 € (0, 27).

A second chart (Us, ¢2) involves letting Us be S* with the point (—1,0) removed, and letting
¢2(p) =02 € (—m,m).

Clearly U3 UU, = S, and the overlap Uy NUs consists of the points (z,y > 0) and (x,y < 0).
On the former region, we have 0y = ¢9 oqbl_l(Gl) = 1. On the latter, we have 05 = ¢o o¢1—1(01) =

01 — 2m. These are obviously smooth.

Example: 52

The unit sphere is the set of all points (x,,2) in R® obeying 2% + y? + 22 = 1. It can be
parameterised by (z,y, z) = (sinf cos ¢, sin @ sin ¢, cos #), with 6 € [0, 7] and ¢ € [0,27). Again
these are problematic, due to not being open, furthermore at # = 0 or 7 (the north and south
poles) ¢ is arbitrary.

We define a first chart (U, 1) by restricting to 6 € (0,7) and ¢ € (0,27). This means that
U, is the sphere with the poles plus arc given by (z > 0,y = 0) removed, and ¢ : Uy — (6, ¢) €
{(0,7) x (0,27)} C R2.
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A second chart (Us, p2) compatible with the first, providing a covering of the sphere could
then be given by the parametrisation (z,y, z) = (—sin €’ cos ¢, cos #’,sin #’ sin ¢’) with 6’ € (0, ),
¢’ € (0,27). This means that U is the sphere with points (0,+1,0) plus the arc given by
(r < 0,2 = 0) removed, and o : Uy — (0, ¢') € {(0,7) x (0,27)} C R2.

Clearly S? = Uy U Uy, and ¢ o @51, P9 0 gpfl can be checked to be smooth on Uy N Us.

3.2 Everything in its right place: vectors and tensors at a point

On a manifold, we introduce coordinates in order to describe its geometry in terms of standard
coordinates on (subsets of) R™. Changes of coordinates give maps from R™ to R"™, which allow
us to apply results from calculus. We will develop these ideas into the theory of differential
geometry, which allows us to define functions on manifolds and take their derivatives, leading to
an intrinsic definition of vectors and other geometric objects, which can also be differentiated if
our manifold admits additional geometric structures.

We will start our study by concentrating on a single point in a manifold, at which differential
geometry reduces to linear algebra. It can be argued that the two most important ideas in
physics are calculus and linear algebra. Calculus is important because it allows us to make non-
linear problems linear; linear algebra is important because it allows us to solve these linearised
problems. We can then try to use calculus to build up the solution to the original non-linear
problem using the solutions of the linear problem.

In classical physics, for instance, we are fundamentally interested in knowing the future
position of a particle at time ¢ + dt, given its position at time ¢t. Calculus tells us that, at the
linearised level, Z(t + dt) ~ &(t) + Z(t)dt. The linear approximation to the position at time t 4 dt
is determined in terms of the velocity vector v = Z at time t. If we know all the velocities at
each point, we can build up the full trajectory as &(t) = [*dt'd(t').

In flat space, R3, velocities of particles are again vectors in R3. When learning classical
mechanics, you do not normally distinguish between the two copies of R? that appear. Intuitively,
it is clear that at each point in R? we can put the origin of another R3 consisting of all possible
velocity vectors of particle trajectories passing through that point. Each such space of velocity
vectors is however the same (isomorphic) to the original position space R3.

Now instead of flat space, let’s think about the simplest curved manifold to visualise, namely
the sphere S2. Trajectories on the sphere, in terms of the coordinates of an R? in which the sphere
can be embedded, correspond to Z(t) such that Z(t)-Z(t) = 1. Differentiating this condition tells
us that Z(t) - f(t) = 0. The velocity of a particle on a sphere is at each point on its trajectory
orthogonal to its position, in the embedding R3. The possible velocities of particle trajectories
through each point on the sphere therefore lie in an orthogonal “tangent plane” touching the
sphere at this point. The position space being S?, a two-dimensional manifold, each space of
velocity vectors is then a copy of R?. In this case, the two spaces are not isomorphic, though
they do have the same dimension.

In general, rather than speak of “velocity” vectors, we should think of curves through a
manifold, and tangent vectors to these curves. Then at each point p in the manifold M, we
can associate an n-dimensional vector space of all possible tangent vectors. This is called the
tangent space to M at p, denoted T,M, with T,M = R". This is the description we will now

make precise.
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Functions and curves

~ Smooth functions ~

A function on a manifold is a map f : M — R, and is smooth if and only if for any chart
(U, ) the map F = fo¢~!:¢(U) — R is smooth.

The set of all smooth functions on M is denoted by C*°(M).
. J

Note that we have introduced some extra notation here to distinguish between the function
f on the manifold itself, and the composition of the function with a choice of coordinates, F'. If
p € M has coordinates z in some chart, then we have f(p) = F(z) € R.

Conversely, a curve through the manifold can be viewed as a map from the real numbers to
the manifold.

Curves

A curve v on a manifold M is a smooth function « : I — M where [ is an open interval in
R. This means that ¢ o7 is a smooth map from I to ¢(U) C R™ for all charts (U, ¢).

Tangent vectors

Given a function f: M — R and a curve v : I — M, then fo~: I — R. Let’s parametrise the
interval, and hence the curve =y, by a parameter t € I. Then the rate of change of f along the

curve -y is given by: p p
S1( o] = ZIO). (34)

At a point p in M, we can consider all possible curves through p. Then for all possible functions
f on M we can compute how they change along these curves. Intuitively, this captures the
changes in f in all directions passing through p. These rates of change can be expressed in terms

of the tangent vector at p. An illustration of these ideas is to be found in figure

~ Tangent vector ~

Given a curve v : I — M with v(0) = p € M, then the tangent vector to y at p is the linear
map X, : C*°(M) — R such that

d

Xp(f) = |z (FO@OD| (3.5)
. J

This definition is such that the tangent vector, for any functions f and g¢:
e is linear: X,(aof + Bg) = aX,(f) + 5X,(g), where «, B are constants,
e obeys the Leibniz property (product rule), X,(fg) = X,(f)g(p) + f(p)Xp(9)-

A more useful explicit expression for the tangent vector X,, acting on f in a chart ¢, which

we will use below, is the following. We introduce a chart in the neighbourhood of p, which we
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write as ¢ = (z!,...,2"). In such a chart, a function f is described by F' = f o ¢!, by which
we mean f(p) = F(z(p)). We can write f oy = F o¢ o+, and apply the chain rule to the maps
F:R" -5 Rand povy:R— R" in order to write (i.e. using f(y(t)) = F(x(y(t))):

Xp(f) = (aF(x) > . (W)tzo : (3.6)

oxH

Observe that the first derivative only involves F' as a function of the coordinates in the chart,

while the second involves the parametrisation of the curve « in the same chart. Note that by

(8F(m))¢( ) we mean (8F(x)> ) i.e. we evaluate this quantity in the chart (U, ¢) at the point
p z=x(p

oxk oxH

¢(p) which has coordinates z*(p).

I>t
7
¢
f
¢(U)
R R—

F=fop !

Figure 11: Viewing a tangent vector in a chart

Tangent space

The set of all tangent vectors at p forms an n-dimensional vector space, called the tangent

space at p, denoted T, M.

Verifying that the tangent space is a vector space: To confirm that the set of all tangent
vectors at p is indeed a valid definition of an n-dimensional vector space, we need to check that
the vector space axioms hold, and that we can construct an n-dimensional basis.

For the former, consider 1, y2 two curves with 41 (0) = 72(0) = p, and corresponding tangent

vectors X, Y,. We define addition and multiplication by constants «, 8 in the obvious way:

(aXp + BYp)(f) = aXp(f) + BY,(f) - (3.7)
To confirm that this combination meets our definition of a tangent vector, let ¢ = (z*,...,2")
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be a chart, and define a curve v(t) with v(0) = p via:

v(t) = 7 (a(0(n (1) = 6(p) + Blo(2(1) — () + 6(p) ) . (3.8)

We can calculate the corresponding tangent vector at p using (3.6)):

oxH

70 = (%), (Gl o) o)+ 8 0u) —2 ) + 240

t=0

- (6‘5;:>)¢(p) (g on(e) + Biw"(w(t))>t:0

= aXy(f) + BY,(f)
= (aX, + 8Y,)(f).-

This true for all smooth functions f, and so we conclude that the definition for the usual
addition and multiplication by constants of vectors indeed produces another tangent vector at
p. We define the zero vector to be given by the tangent vector to the curve y(t) = p for all t.

Next, we need to show that the tangent space is n-dimensional. We will do this by construct-
ing a basis.

Using the same chart ¢ = (z!,...,2"), define the following n curves:

Yy () =7 (&), -, 2" (), 2 (p) + 2" (p), 2" () (3.10)

i.e. we have ¥ (v, (t)) = (z*(p), ..., z# 1 (p), #"(p) +t, 2"+ (p), ..., 2"(p)). Denote the tangent
vectors to these curves (temporarily) by (e(,)),. We have from ({3.6):

(eu)p(f) = <§fy>¢(m <W>t20 = <§§L)¢(p) : (3.11)

Thus these curves provide tangent vectors which in this chart are just the partial derivatives

with respect to the coordinate functions. Let us write these as

() o2

0 oF
(W> = (W>¢(p) | (3.13)

The subscript p here on the left-hand side means that we are differentiating functions defined

and by definition we have

at p in the chart z# around p, and evaluating these derivatives at p. The subscript ¢(p) on the
right-hand side corresponds to the fact that all quantities on the right-hand side are defined in
the chart with coordinates z* themselves, and evaluated at the point ¢(p) i.e. at the point x#(p).

The n tangent vectors form a basis for the tangent space. This is the coordinate basis.
To confirm they are indeed a basis, we have to check that they are linearly independent and span
the tangent space.

For linear independence, suppose first that there exist constants a* such that o#(9/0z"), =
0. Then a(9F(x)/0a*) 4 = 0 for all functions F = f o ¢!, However if we take F = z” for

each v, we get o¥ = 0 for all v. Thus we cannot have a linear combination of the (3.12)) equal to
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zero, and they are therefore linearly independent.
To check that an arbitrary tangent vector can be expressed in this basis, we note that for

any function f

X () = (dx#;;y(t))>to <8i”>p(f) = X, = (W)to (8(2#)]) , (3.14)

Therefore we have shown that the tangent space is a vector space, and found an n-dimensional
basis. -

Changes of basis

We constructed the coordinate basis (0/0xz"), above. A general basis need not be based on
coordinates. Suppose {e(u) : o =1,...,n} is an arbitrary basis for T,M. Then X, € T,M can
be written as X, = X}'e,). We call the X}/ the components of the tangent vector X, in the
basis €.
A change of basis can be implemented using some arbitrary invertible n x n matrix A, (an

element of the matrix group GL(n)), with
€(u) — el(u) = (A_l)uﬂe(,,) R Xﬁ — X}g“ = A“VXg . (3.15)

This means that the tangent vector itself is invariant, X, = X} e(u) = XI/,“ e’(“).

A special case is provided by a change of coordinate basis. Let ¢ = (z',...,2") and ¢/ =

(x'1,...,2"™) be two charts both defined in a neighbourhood of p. Then, starting with the basis
vector (3.12)) of the coordinate basis associated to the chart ¢ we can use the chain rule to

calculate as follows:
0 B 0 1
(50) 0= gar oo™
F #(p)

0
F a (@) o(p)

_ <6<F’£§;<x>>>>¢(p)

B <8:c’”) <8F’(m’)> B (8:16”’) ( 0 ) )
Ot ) gy \ 0T )y \OTH )y N0/,

Therefore for a change of coordinate basis we have:

v /e
<aau> - (gﬂ) <38/u> ,X= (?”) XY, (3.17)
T/ p TS op) \OT" ) p 7/ 6(p)

Again, notice the (irritating) subscripts. This is because we have so far only defined vectors

at a particular point p. Here z* and 2'* are two different sets of coordinates available in the

neighbourhood of the point p, with the coordinate of the point p itself being ¢(p) = ) or
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#'(p) = ). Also notice that we have the identity

<ax':> (8:0/2) = ot (3.18)
9% / 4y \OT ) 41

following from the chain rule.

Covectors

The idea now is to import everything we know from linear algebra. Given the tangent space
T,M at p, we can define the cotangent space 77 M which is the dual vector space. Elements of
Ty M are called covectors, and are linear maps from 7),M to R. Extending to multilinear maps

from products of T, M and T;M to R, we can define tensors.

- Covectors N

The dual space of the tangent space T,M at p € M is called the cotangent space, denoted
by Ty M, and consists of all linear maps from 7, M to R. Elements of the cotangent space
are called covectors. Hence if w, € TyM, w, : T,M — R is defined as a linear map

Xp = wp(Xp) € R
- J

Given a basis {e(,)} of T}, M, let’s denote the dual basis of T,y M as {6}, with ) (ewy) = 0b.
Then if X, = Xp'e(,) € T,M, we have 00 (X,) = X}, while using linearity
wp(Xp) = (Wp)u0W (X)) = (Wp)uXp 0™ (e() = (wp)u X - (3.19)

p

An example of a covector is the gradient of a function.

-~ Gradient N

The gradient (df), of the smooth function f : M — R at the point p is the covector
(df)p € Ty M defined by

(df)p(Xp) = Xp(f), VX, €T,M. (3.20)
(G 4

To find the basis dual to the coordinate basis for vectors, let’s consider the special case where
we choose the function f to correspond to one of the components of the coordinate map ¢, i.e.
we take f = x“ﬂ This is obviously a map from M to R. By the definition of the gradient,

w
(dzt),, < ay) _ < 31/) o = <89UV> =oh. (3.21)
0"/ 0"/, 02" / 4p)

Hence, the dual basis consists of the gradients (dz*),. In this basis, the components of the

gradient of an arbitrary smooth function f can be worked out by applying df to the coordinate

3That is, the function f(p) = 2*(p) gives the u component of the coordinates defined by (z*) = ¢(p). We then
have F(z) = z" (¢ (z)) = 2*(p) = ™.
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basis at p:

= (55) = (50) 0= (50s), (322

This is just the statement that df = 0, fdz" by the chain rule. There is an extra layer of
convolution here as we are making a distinction between objects defined on the manifold M and
how they appear in the chart ¢.

Under a change of basis, the pairing between the vector basis e, at p and its dual basis (1)
must be preserved, so that the value of the number w,(X,) is invariant under choice of basis.
This means that

e — €y = (A7) ey, Xp—= Xl =AM X)) (3.23)

and

0W) i ') = A1 0V (wp) > (W)l = (AN u(wp)y - (3.24)

For a change of coordinate basis,

m mwy oz v AN
@y @y = (Gg) @ o = () e @2

Tensors

Just as vectors are linear maps from functions on M to R, and covectors are linear maps from

vectors on M to R, then a tensor is a linear map from (products of) vectors and covectors to R.

-~ Tensors ~

An (7, s) tensor T, at p € M, or tensor of type (r,s) at p € M, is a multilinear map from r

copies of the cotangent space at p and s copies of the tangent space at p to R:

7;:T;M><~--xT;MprMx-~-prA4{—>R. (3.26)
hs s

(& J

Thus, given r covectors wy, ... ,w, € T7M and s vectors X1, ..., Xs € T)M (we have dropped
the subscripts p from these quantities to avoid unnecessary clutter: at the moment everything is

living in spaces at the point p), we have a map
Tp:wi,. oo wp, X1,y Xg = Tp(wi, .oy wp, X1, .0, Xg) €R (3.27)

which is linear in each entry. In an arbitrary basis {e(,)} for T,M and corresponding dual basis
{6} for Ty M the components of 7, are:

7;“1“.“7‘1/1.‘.1/3 = 7;)(0(“1)7 ce 79(%')’ €w)s s e(”S)) ’ (3'28)
such that
To(wi, - oywr Xu,y oo, X)) = T Wiy - Wi X7 X (3.29)

This should be invariant under choice of basis, hence under an arbitrary change of basis of the
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/

tangent space at p, /(W) = A+,0) €y = (A_l)yue(l,) we have
Tt g = A AR, (AT (AT TP o - (3.30)

A special case is the change of coordinate basis:

Tlm‘..ur _ (833/#1 > (8xlﬂr> <8.1‘01 ) (83305 ) Torpr
V1..Vs — ce o » c. Ve 01...05 *
g OxPr ] iy N 0T ] 4y NOT™ ) iy DT ) i P

(3.31)

There are various operations one can perform on tensors to produce new tensors, which we

will next discuss.

Tensor manipulations

Given two tensors, we can take a product.

- Outer product N

For S, an (m, n) tensor at p and 7, a (7, s) tensor at p, the product S,®7, is an (m+r,n+s)

tensor at p given by:

(Sp ®7;7)((U1, cee ,wm_H»,Xl, .. 'Xn+s)

= 8@l s Wi X1 oo X)) Ty (Wint 1 - > @i X1 - > Xt (3.52)
for arbitrary covectors wi,...,wn+r € Ty M and vectors Xy,..., Xpys € T, M.
. J
Then we can expand a tensor in a vector and dual covector basis p as:
Tp =TI i€y @+ @ €y @OV @ - @ 00 (3.33)
For example, in a coordinate basis
Ty = TH 0, (8> R ® ( o > @ (dz")p ® - -- @ (dz**), . (3.34)
ozt ) | Ozhr ) |
We can thus regard the tensor as being an element of a tensor product vector space:
TpeTLhM®: - @T,MT;M®---@T ;M. (3.35)

T S

When we gave a preliminary definition of tensors in the context of special relativity, in section
[I.3] we mentioned a number of other manipulations one can perform. These can all be defined

for tensors at a point in a general manifold. Let us give slightly more formal definitions here.
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-~ Contraction ~N

For 7, a (r, s) tensor at p, then we can produce an (r—1,s—1) tensor by contraction. There
are rs possible such contractions, obtained by inserting a single basis covector (") and a

single basis vector e(,) in one of the “slots” of the tensor 7, producing:

(7;)/((,4)1, N ,wrfl,Xl, N XS,I)

w (3.36)
= 7;(0.)1, ey Wi—1, o\ sy Wiy oo ,wrfl,Xl, ceey Xjfl, e(u)7Xj’ ce ,Xsfl) s
for arbitrary covectors wq,...,w,_1 and vectors Xi,..., Xs_1. Here we have contracted in
the i*™® covector slot and j™ vector slot.
. J
Exercise 3.1 (Contraction)
Show that the definition of contraction is basis independent.
In components, the above contraction is written as before as:
(7;’)#1---/%—11/1.“1/571 — (7;))/11---Mifluui---urﬂVlmyj_luyjmyﬁl ) (3_37)

Next, we can define symmetrisations/antisymmetrisations of tensors. For example, we could

define the symmetrisation or antisymmetrisation S4(7,) of a (0,2) tensor by

Se(Tp) (X1, Xo) = 5 (Tp(X1, X2) £ Tp(X2, X1)) (3.38)

N

where X7, Xy are arbitrary vectors at p. There are obvious generalisations to higher rank tensors
by appropriately permuting the vectors and covectors that they act on. Similarly, we can define
a tensor to be totally symmetric or totally antisymmetric if it is equal to its symmetrisation (on
all arguments) or antisymmetrisation (on all arguments). In components, this corresponds to
the definitions we wrote down in section We will not repeat these here.

3.3 Vector and tensor fields

We will now liberate ourselves from seeing only a single point in the manifold, and define notions
of vector and tensor fields, which will be defined on (possibly only subsets of) the manifold as a
whole, and which will give at each point a particular vector or tensor defined using the tangent

and covector spaces at that point.
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Vector fields

~ Vector field ~N

A wector field is a map X taking any point p € M to a tangent vector X, in the tangent
space T, M at p.

For any function f : M — R, given a vector field X we can define a new function X (f) :
M — R by X(f)(p) = X,(f). The vector field is smooth if this map is a smooth function

for any smooth f.
- J

(This definition assumes that the vector field can be defined on the whole of the manifold. In
practice, we may encounter vector fields which are only defined in some subset of the manifold,
i.e. not in all coordinate charts. This is not an important distinction for this course.)

In a chart with coordinates z*, we define the vector fields 9/9z* by the assignation 0/dz* :

p — (0/0zM),, so that
0 oF
<axu> (f):pes <8$M)¢(p) (3.39)

where recall F = f o ¢~!. This is smooth because f is smooth and hence derivatives of F are
smooth. These “coordinate basis vector fields” correspond directly to the partial derivatives with
respect to the coordinates in the chart.

We expand an arbitrary vector field in this coordinate chart as:

X = X+ (6) (3.40)

oxH

and X is smooth if and only if the components X* are smooth functions.
Under a change of coordinates, the transformation rule for vector fields is exactly that of
vectors, (3.17), but with the subscripts removed:

o\ [0z 0 o (0T L,
(8:(;“) B <8xl‘> (830”’) , XU = <8xl’>X ' (3.41)

By definition, a vector field obeys the linearity and Leibniz properties, in particular X (fg) =
X(f)g+ fX(g) for functions f,g.

The coordinate basis vector fields provide at each point in a chart a set of basis vectors for

the tangent space at that point. In general, a set of n vector fields which are linearly independent
at each point in the chart provide a (generally non-coordinate) basis for the tangent space at

each point. For instance, for the sphere S? in the chart with coordinates (6, ¢), the coordinate

basis is 5 5
— — 3.42
90’ 9¢’ (342)
while an equally good basis (recalling that 6 € (0, 7)) is
0 1 9
80’ sinf d¢ (3:43)

(we will see in the next section that this is an orthonormal basis when measured in the usual

metric on a sphere). In general, it is not guaranteed to be able to find a set of vector fields which
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provide at all points on the whole manifold a basis for the tangent spaces. Indeed, for the sphere
S? it is famously impossible to find a vector field which is nowhere vanishing (this is known as
the hairy ball theorem), which means in turn that it is impossible to find two vector fields which
are everywhere linearly independent, which is what we would need to get a tangent space basis
at each point.

If we have some vector fields, we can test whether or not they are the vector fields coming
from some coordinate basis using the following idea. Given two vector fields, X and Y, we can

construct a new vector field as follows:

~ Commutator ~N
The commutator of two vector fields X and Y is the vector field [X, Y] defined by
(X, Y](f) = X(Y(f)) = Y(X(F), (3.44)

for arbitrary smooth function f.
- J

In a coordinate chart, we have

0 oF
X, Y =Xt— (Y - (XY
XY =0 (v ) - (e )
O*F oY" OF
= XHYyV 5 (XY 3.45
OxHoxY ozt Oxv (X = Y) ( )
oYyv oXV\ OF
— [ x~ _YH
< Ozt Ot > ozv’
from which we see that [X,Y] = [X,Y]#(9/0z") with
oY H oXH
X, YH = (X" -Y? 3.46
X, Y] < oxV oxV > (3.46)
For the basis vector fields, we have
o 0
—~  “Z | =o. 4
] o
Conversely, if X1,...X;, (m < n) are commuting vector fields that are linearly independent
everywhere, then in a neighbourhood of any point p one can introduce coordinates (#',...,7")
such that X; = 9/97" for i = 1,...,m. This means that if one is given a basis of vector fields, to

check whether or not they are a coordinate basis, one just checks the commutators. For example,

for the sphere we have for the basis of vector fields in ([3.43))

[8 1 6}_ cosf O (3.48)

90’ sinf ¢ sin?609¢

which is not identically zero.

To see how this works, we need to find a way to associate a curve to a vector field.
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Integral curves

~ Integral curve ~N

Given X a vector field on M and p € M, then an integral curve of X through p is a curve
through p whose tangent vector at every point is given by the vector field X at that point.

In a coordinate chart, the integral curve «(¢) is specified by the first order ODE

dat(~(t))

LD~ XP@(r (1), #(0) = ol

(3.49)

for which a unique solution always exists locally.

\ J

Suppose we have two vector fields, X and Y. Given a point p with coordinates x4, we can

consider the integral curves of both X and Y through that point. Let us use t as the parameter
on the integral curves of X and s as the parameter on the integral curves of Y. Then starting
at p we can define the integral curves of X and Y passing through points in the neighbourhood
of p as shown in figure

Intuitively, we want to see if we can use these integral curves as “coordinate axes” to label
the points near p. That is, we would like to say a point has coordinates (¢, s) if it is located
at the point found by following an integral curve of X a particular parameter distance t from
p, and then following an integral curve of Y a parameter distance s. However, for this to make
sense, this point better be the same as the one found by first following an integral curve of Y
a parameter distance s from p, and then switching to an integral curve of X for a parameter
distance t. In this case, it is natural to define the coordinates of this point to be (¢, s), i.e. we

can change to a coordinate basis in which X = % and Y = %.

S S S S

Figure 12: Integral curves in the neighbourhood of a point p.

More precisely (see ﬁgure, say we follow the integral curve of X an infinitesimal parameter
distance 6t from p, to a point ¢, and then follow an integral curve of Y a distance ds from ¢, so
as to reach a point we can call p/. Alternatively, we can start at p, follow an integral curve of Y
a parameter distance s, to a point r, and then follow an integral curve of X a distance dt from
r, in order to reach a point p”. The claim is that if X and Y commute, then p’ and p” are the
same.

To show this, let o/ (¢,2) denote the (coordinates of the) integral curve of X such that
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Figure 13: Following integral curves, one way, then the other: first from p to ¢ to p/, then from

ptortop”.
ok (t = 0,z) = z (and similarly for Y'). This obeys by definition

Sok(t,) = X¥(ox(t,2))

so to first order
ok (0 + 0t, ) ~ a# + 6t X" (x) .

The point p’ corresponds to

ol (8s,0x (0t xp)) = o’y (8t, z,) + dsYH(ox (8¢, xp))
~ xpy + 0t XH(xp) + 6sYH(xp + 6 X)

ol 4 OEXH () + 65Y () + 055t XV D,V (wp) .

Similarly, we have that p” has coordinates

o (0t oy (0s,xp)) = x4+ 0t X () + 6sYH () + 0s0tY" 0, X (1) .

The difference between the coordinates of p’ and p” is hence

ol (8s,0x (0t xp)) — o'y (8t, 0y (ds, ) ~ ds6t[ X, Y ]#

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

This means that our attempted coordinates for the points p’ and p” will not agree unless the

vector fields X and Y commute.

Exercise 3.2 (Vector fields)

1. Give an example of two linearly independent, nowhere-vanishing vector fields in R?

such that their commutator does not vanish. At each point, these provide a basis for

the tangent space at that point, however it is not the coordinate basis.

2. Construct and sketch the integral curves for the vector fields you have chosen.
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Covector and tensor fields

~ Covector field N

A covector field is a map w assigning to each point p € M a covector wy, € Ty M.

Then w(X) defines a function from M to R for any vector field X, given by w(X)(p) =
wp(Xp) using the map wy, : T,M — R at each p. The covector field will be smooth if w(X)

defines a smooth function from M to R, for any smooth vector field X.
- J

In this language, we can define the gradient as a covector field obeying

df (X) = X(f), (3.55)

for arbitrary vector fields X. To find the components of the gradient in a coordinate basis, let’s

evaluate df acting on the coordinate basis vector fields:

df <8‘;) =0.f. (3.56)

We can further take f = x¥, as each coordinate x” itself in a chart can be viewed as a function
from the manifold to R. Then 5
dz” <> = 0ua” =6, (3.57)

OxH

Therefore we see that dz* define the basis of covector fields dual to the coordinate basis of vector
fields. We can expand:
df = Oufdx", (3.58)

and more generally for a covector field w,
w = wydzh . (3.59)

Under a change of coordinate basis, we have

oxt y ox"
dzt = (830’”) da’,  w), = <8x’#> Wy - (3.60)

~ Tensor field ~

A tensor field (of type (r,s)) is a map 7 assigning to each point p € M a tensor 7, (of type

(r,s)).

Then a tensor field defines a function from M to R given any set of r covector fields and s vec-
tor fields, with T (w1,...,wpr, X1,..., Xs)(®) = Tp((Wi)p, -5 (Wr)p, (X1)p, -+, (Xs)p). The
tensor field will be smooth if T (w1,...,wr, X1,...,Xs) defines a smooth function from M

to R, for any r smooth covector fields wq,...,w, and any s smooth vector fields X1, ..., X;.
. J
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In a chart, tensor fields admit the natural expansion in terms of the coordinate basis

0
s g & G

T = THi-br RAr" ® -+ - Q dx¥s , (361)

Note that T is a smooth tensor if the components 7#1#r, ., in a coordinate basis are smooth

functions. Under a change of coordinate basis

oz ozt 9zt 0z
V1eVs —

TIHL TPLPr . (3.62)

OxPr =7 QxPr Ozt T Oxlvs TL-Ts

Imprecision of language

From now on, we will often write simply vector, covector or tensor instead of vector field,
covector field or tensor field. It should be obvious from context whether or not we really

mean a tensor at a particular point or not.

Differential forms

An important set of tensors are differential forms, which can be defined on any manifold with-
out introducing any extra structure, and then differentiated and integrated. Let’s very briefly

introduce these important objects.

Differential form

A differential form is a totally antisymmetric (0, p) tensor field, also called simply a p-form.

By definition, functions are 0-forms, and covectors are 1-forms. More generally, if w is a

p-form, we can write it in a coordinate basis as
— M1 Ce Hp —
W= Wy, T @ @ AT Wy = Wiy ) - (3.63)

Given two differential forms, we can use an antisymmetrisation of the tensor product to define a

new differential form.

~ Wedge product ~N

Given w a p-form and 7 a g-form, the wedge product w A 7 is a (p + ¢)-form defined in

components by

(p+9q)!
(@WAD prpiprg = W”[m---uﬂupﬂ---qu] : (3.64)
This obeys

wAn=(—1)PpAw. (3.65)

. J
A basis for p-forms is provided by the wedge products of the basis 1-forms; thus
1 151 Hp

w = Ewﬂl---ﬂpdx A Adxte . (3.66)
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This is just the explicit antisymmetrisation of equation (3.63)), note for instance that
dzt A dz¥ = da* @ dx¥ — dx¥ @ dzt . (3.67)

We can also differentiate a p-form to get a (p + 1)-form. This extends the notion of the gradient

of a function, i.e. a O-form, which we saw produced a covector i.e. a 1-form.

-~ FExtertior deritvative ~

The exterior derivative d takes p-forms to (p 4 1)-forms, and is nilpotent: d*> = 0. For w a

p-form, dw is the (p + 1)-form with components

(dw>u1---up+1 =+ 1)a[u1wu2...up+1] . (3.68)
. J

The simplest example is indeed the gradient of a function, (df), = 9, f. The most important
physical example is electromagnetism. We can view the electromagnetic gauge potential as a 1-
form, A = A,dz". Then the field strength is a 2-form, F' = dA, with components F),, = 20|, 4,,.
Because d squares to zero, two of Maxwell’s equations follow as an identity, dF' = 0. To define
the other two Maxwell equations however we do need to introduce extra structure, in the form
of a metric on the manifold. As it happens (though we will not have much else to say about

differential forms in this course), this is what we are going to do next.

Exercise 3.3 (Fun with forms)

Verify explicitly from the above definitions that d(dw) = 0, for w a p-form, and that w Anp =

(—=1)Pin A w for w a p-form and 7 a g-form.
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~ A summary

Stripping away the precision, what are the key points to take away? On a manifold, we do
not in general have access to coordinates x* which cover the whole space (unlike in R™ or
Minkowski spacetime). We have to use multiple sets of overlapping coordinate charts. So,
coordinates are “local”. Changes of coordinates x# — a'¥(x) give maps from R" to R™. In

particular, we can differentiate 2’ with respect to x#.

A function on the manifold boils down to a map f(z) from R™ to R in terms of local
coordinates x. This too can be differentiated: the natural derivative operators correspond
to vectors on the curved manifold. At a particular point with coordinates x, a general vector
can be expanded as X = X*0, and X(f) = X*0,f gives a directional derivative of the

function. A change of coordinates requires X* — X'# = %ﬁf X". Alongside functions and

vectors, we have covectors. A particularly important covector is the gradient df = 9, fdz",
and the one-forms dx* give a basis for covectors dual to the coordinate basis 9, of vectors.
A general one-form is expanded w = w,dz*, such that given a covector w and vector X at
the point z, w,(xz)X*(x) is a number. A change of coordinates requires w,, wL = %wy.
Building on vectors and covectors, there is a notion of tensors, characterised by a set of

components THt#r . transforming under changes of coordinates in the obvious way.

All of this is formalised by thinking of there being at each point p of the manifold a tangent
space 1,M, an n-dimensional vector space in which we place all vectors defined at p; the
dual vector space is the cotangent space Ty M and is home to the covectors defined at p.
Vector fields associate to each point p a vector in T, M, and in a coordinate chart correspond
to what we have intermittently being referring to just as the vector X*(z). (More properly,

we can lump together all tangent spaces on M into a “tangent bundle”, and then general

vector fields should be viewed as coming from this bundle.)
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4 Metrics

4.1 The metric tensor

The raison d’étre of a metric is to allow us to measure the norms of tangent vectors. So a metric

is a tensor that takes two vectors and delivers a real number. The natural definition is as follows:

-~ Metric ~

A metric tensor g at p € M is a symmetric (0,2) tensor which is non-degenerate. That is,

9(X,)Y) =g, X) for all X,Y € T,)M,

g(X,Y)=0for all Y € T,M if and only if X = 0.
. J

The metric tensor is symmetric, and therefore an orthonormal choice of basis for T),M exists
in which the metric tensor is represented in components by a diagonal matrix with all diagonal

entries equal to 1 (as it is non-degenerate).

Signature

A metric has signature (¢, s) if with respect to an orthonormal basis it has ¢ negative and s

positive eigenvalues. By Sylvester’s law of inertia, this is basis independent.

Riemannian and Lorentzian signature

For an n-dimensional manifold, a Riemannian metric has signature (0, n) while a Lorentzian

metric has signature (1,n — 1).

field of Riemannian/Lorentzian signature. (A Lorentzian manifold is also called pseudo-

Riemannian.)

From now on, we will just say “metric” when we mean a “metric tensor field” on a manifold.

Signature conventions

Riemannian and Lorentzian manifold

A Riemannian/Lorentzian manifold (M, g) is an n-dimensional manifold with a metric tensor J
The overall sign of a metric is a matter of convention. The “East Coast” convention is that
Lorentzian signature is “mostly plus”. The “West Coast” convention is that Lorentzian s1gna—
ture is “mostly minus”, i.e. the four-dimensional Minkowski metric is 1, = diag (+1, —

In these notes, we are using the mostly plus convention, which is obviously correct.
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Properly speaking, we should write the metric as a tensor in a coordinate basis as
g = gudz! @ dz”. (4.1)

However, in physics it is conventional to write the metric as a “line element”, namely:
ds? = g dztdz” . (4.2)

This is not a mathematically precise expression, but it captures the intuition that a metric allows
us to measure the length of curves through the manifold, as we will discuss in section [£.2]

Using this notation, let’s write down some examples of metrics:

e The Euclidean metric on R" is:
ds* = (dz')? + - + (dz™)?. (4.3)

This is valid everywhere on the manifold, and is obviously of Riemannian signature. The

coordinate basis of vector fields e(,) = 9/0z* is an orthonormal basis.

®)

e The Minkowski metric on R™ is:
ds* = —(dz®)? + (dz')? + - - - + (dz" V). (4.4)

This is valid everywhere on the manifold, and is obviously of Lorentzian signature. The

coordinate basis of vector fields e(,) = 9/0z* is an orthonormal basis.

D)

e The round metric on a sphere S? in a chart with coordinates (6, ¢) is:
ds® = df? + sin? 0d¢? . (4.5)

This is not invertible at 6 = 0, but this is excluded from our coordinate chart by definition.
This is the metric in the coordinate basis, which admits (in this chart) the following basis
of vector fields:

eo) =09, ey =0s. (4.6)
This is not an orthonormal basis: ggg = g(ew), ) = 1, goo = 9(e(e); €(p)) = sin? 6,
though the basis vectors are orthogonal ggy = g(e(g),e(¢)) = 0. An orthonormal basis,

which is not a coordinate basis, is provided by

R . 1
6(9) = 89, €(¢) = Sin96¢ . (47)

(Note this is well-defined in this coordinate chart as 6 € (0,7).) In this basis, g(é), és)) =

A~

1, g(€(g), €(¢)) = 1. As expected, this has Riemannian signature.

On a Riemannian/Lorentzian manifold, we can always choose an orthonormal basis €(u) at a
point p such that the metric at p is equal to the Euclidean/Minkowski metric, g(€(,.), €()) = Muvs
, g(é(g), é(¢)) = 0. As is shown by the sphere example above, this will not in general be possible

at all points on the manifold simultaneously.
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4.2 Curves and geodesics

With a metric in hand, we can begin to investigate the structure of worldlines in a curved
manifold. We can say that a non-zero tangent vector X € T,M is timelike, null or spacelike
if g(X,X) <0, g(X,X) =0 or g(X,X) > 0 respectively. It is very important to realise that
because the metric now varies over the manifold, the nature of what is timelike, null and spacelike
can vary from point to point. Put differently, the causal structure of a general Lorentzian manifold
is local.

If v: I — M is a smooth curve, then we say that it is timelike, null or spacelike if its tangent
vector is everywhere timelike, null or spacelike. The proper distance along a spacelike curve ()

with tangent vector X is given by

s = /Id)u/g(X, X)) 5 (4.8)

while the proper time along a timelike curve is given by

r= /Id)\\/m. (4.9)

In coordinates, the proper time 7 can be related to the parameter A via

dr\ 2 det dz¥
) ot da (4.10)

dr? = —gpdatda’ = | — ) = —gu——o.
Inw (d)\ T =an "dx
In special relativity, we saw that straight paths in Minkowski spacetime maximised the proper
time of any timelike paths between two points. We can find the analogy of a “straight” path,
i.e. a path of maximum (or in principle minimum) proper time, by finding the Euler-Lagrange

equations which extremise the functional:

1
bl = [ AL, L)) =y gula)in. (4.11)

describing the proper time on timelike curves between (0) = p and (1) = ¢, for p,q some

points in M. Here &+ = %. We cannot yet use proper time to parametrise these curves because

the value of 7 at ¢ is different for each path, and this does not lend itself to a valid extremisation
problem starting with the integral in (4.11). Varying with respect to x, we have the usual

equations

d 0L oL
X0 fan O (12
implying
dx \_ LIt ) g Ondvet =1 '

Now, from (4.10) we see that we have dr = LdA or % = L%. At this point it is valid to view
our curve as being directly parametrised by proper time. The equation (4.13) becomes

d dz” 1 dz” dx?
i (o0 ) 30w gy =0, (419
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or after writing %gw = 3pgu,,%,

d2zt " dz¥ dx”

pdatdat 11
d7'2+ P dr dr 0 (4.15)

where a certain mysterious combination of metric derivatives has appeared:

1
Fup“ = §g“>\ (al/gp/\ + apgu)\ - a/\gup) . (416)

These are not the components of a tensor! Note that they are symmetric in the lower indices,
Iyt =Tt These are known as the Christoffel symbols, and they are going to become very
important in section [p| where we will discover that they are the components of the Levi-Civita
connection.

The equation describes the curves on which massive particles travel in Lorentzian
manifolds. It is known as the geodesic equation, and we will discuss it in more generality in the
next section. In the special case of Minkowski space, we can take g, = 1, everywhere, so that

d2zH
dr?

I'y,t =0, and we rediscover the equation = 0 for a free particle.

- A summary ~

Our basic manifold comes with local coordinates, z*, in terms of which we choose to describe
functions, vectors, covectors and tensors. We introduce some extra structure by focusing on
manifolds which are equipped with a metric. A metric is a special tensor that allows us to
compute norms of vectors. In a chart, we denote the components of the metric as g, (x),
and can treat it as a symmetric invertible matrix. The norm of a vector X is g, X*X".
Spacetime will be described by a manifold with a metric of Lorentzian signature: if we
choose an orthonormal basis for tangent vectors, the diagonal form of the metric will be
equal to the Minkowski metric, with one —1 and three +1s on the diagonal. This means
that we can talk of vectors, and curves via their tangent vectors, as being null, timelike and

spacelike, and define lightcones at each point.

We write the metric as ds? = g, dz#dz”, and can integrate this infinitesimal line element
to compute the lengths of curves in the manifold. Geodesics are the special class of curves
which extremise the proper time (or distance) between two points, and the equation for a

geodesic was:

d?xt dx¥ dxP
— ol —— =0, 4.17
dr? P odr dr 0 (4.17)
where the Christoffel symbols I',,#* were:
1
Fl/p'u - 79;»\ (&/gp)\ + apgz/)\ - 8)\gup) . (4'18)

2

These are a) not components of a tensor, and b) very important!
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5 Covariant derivatives

By introducing coordinate charts, and maps between coordinate charts, we found a way to trans-
late the geometry of a curved manifold into a description based on coordinates, and functions,
defined on R™. This allowed us to start doing calculus on manifolds. We have seen for instance

that the partial derivatives of a function defined a covector field. Under a change of coordinates,

_Of  ox of 0¥

(df):‘ Y Y s (df)v (5.1)

which confirms that the gradient transforms as a covector should.
However, if we try to take partial derivatives of vectors, covectors and higher rank tensors,

we run into trouble. Consider the partial derivative of a vector. Under a change of coordinates,

ve. (5.2)

oV daP 9 (0™ [\ daxPf dL'M OV daP Pa
oz 9z Oxr \ Ox° 9z Ox° dxP  Ox' DxCOxP

The first term here is the usual tensorial transformation rule, but the presence of the second

term means that the partial derivative of a vector does not transform like a tensor.

Exercise 5.1 (Problems with partial derivatives)

Show as well that the partial derivative of a covector, d,w,, does not transform as a tensor
would under a charge of coordinates z# +— z/*(x). Viewing the covector as a 1-form, show

that exterior derivative, (dw),,, = 20),w,] does transform as a tensor.

Another conceptual issue is that vectors and tensors really live in different vector spaces at
different points on the manifold. So how do we compare tensors at two (infinitesimally separated)
points? To resolve this and the problem of defining well-behaved derivatives, we introduce some

differential geometric technology.

5.1 Covariant derivatives

Differentiation of tensors on a manifold can be defined using a covariant derivative or connection,
which as the name suggests is a derivative operator which transforms covariantly, i.e. like a tensor,
and which can be used to connect and hence compare tensor at different points in the manifold.

Let’s start by thinking about functions f and vector fields Y. We know that the partial
derivative of a function is a covector, but the partial derivative of a vector is a disaster. The
goal then is to find a derivative operator, which we denote by V, which in coordinates replaces
the partial derivative. This will be our covariant derivative.

How should this derivative act? Given that the gradient df of a function f is a well-defined
covector, we suppose that acting on functions, we do not need to make any modifications, i.e.

we define the covariant derivative of a function f by
Vi=df. (5.3)

There is nothing more to be said here; this is part of our definition. Now we turn to vectors. What
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we want is VY to be a (1, 1) tensor (based on the fact that the partial derivative has one lower
index, or if you like by noting our definition on functions took a (0,0) tensor to (0, 1) tensor).
Schematically, in a coordinate chart we will have V = 0 + I', where I' denotes a non-tensorial
quantity (the connection components) which makes V into a covariant operator. We would then

further like the covariant derivative to have the same properties as a partial derivative:
e linearity acting on sums Y+ 2, V(Y + Z) =V(Y) + V(2),
e the Leibniz rule when acting on products of Y with functions, V(fY) = (Vf)Y + fVY.

Now, if VY is a (1,1) tensor then by acting on any covector field w and vector field X we get a
function on the manifold, VY (w, X). Alternatively, we can view a (1,1) tensor as allowing us to
define a map which takes a vector field and gives back another vector field, by “leaving out” the
covector w from the argument. Therefore given the (1,1) tensor we define a vector field called
VxY by

VxY =VY(,X), (5.4)

i.e. it is defined such that acting on an arbitrary covector w, we have VxY(w) = VY (w, X).
We call VxY the “covariant derivative of Y with respect to X”, and it must obey the linearity
property Vyx ,7Y = fVxY + gV Y if VY is indeed a tensor.

In effect, we are defining here two closely related geometric objects. The first, and most
natural to motivate, is the covariant derivative VY which is a recipe for constructing a tensor
in a derivative-like fashion, given one vector field. The second is what we call the connection,
and is how we normally define V itself. This is obtained by looking at V as a way to take two
vector fields, X and Y, and produce another vector field, VxY', which can be interpreted as the
covariant derivative of one with respect to the other. This second map does not define a tensor,
because it is not linear under Y — fY, owing to the Leibniz rule. Let’s now collect the formal

definitions, in which it is more natural to first define the connection.

- Connection N

A connection is a map V sending every pair of smooth vector fields X,Y to the smooth

vector field VxY', such that for arbitrary vector fields X,Y, Z and functions f, g, we have:

1. linearity conditions:

va+gYZ:fVXZ+ngZ, Vx(Y—i-Z):VXy—i-VXZ (5.5)

2. the Leibniz property:
Vx(fY)=(Vx )Y + fVxY, (5.6)

3. and the definition on functions

Vi =X(f). (5.7)
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~ Covariant derivative ~N
The covariant derivative of a vector field Y is the (1, 1) tensor VY defined by

VY : (w, X) = (VxY)(w) (5.8)

for arbitrary vector field X and covector w.
. J

We can extend our covariant derivative to act on covectors and then arbitrary tensors using

the Leibniz property. For instance, given a covector i then V7 is a (0, 2) tensor defined by

(V)(X,Y) = (Vxn)(Y) = Vx(n(Y)) =n(Vx(Y)) = X((n(Y)) = n(Vx(Y)). (5.9)

Let’s begin to demystify the somewhat abstract definition above. Suppose in some chart we
introduce a set of vector fields {e(,)} which are linearly independent and nowhere vanishing, i.e.
which gave a basis for the tangent space at each point. We define the action of the connection
on the basis vector fields:

VMC(,,) = Ve(we(y) = prep. (5.10)

Note this is the definition of some collection of (non-tensorial) objects I',,”. Then for two vector

fields X = X*e(,) and Y = Y"e(,) we find using the Leibniz property

VXY = Ve, (Yew))
=X (vew (Y")eqw) + YVV@(MG(V))

(5.11)
= XF (e (Y )ew) + Y T e ()
= X (e (V") + T Y?) e)
hence
(VxY)* =XV (eq)(Y*) +T,,'Y") . (5.12)

If you understand that e, (Y") means the action of the basis vector e,y on the components Y*,

o
which are themselves functions on the manifold, then you have grasped the essentials of dealing

with arbitrary bases.

Exercise 5.2 (Transformation of a connection)
Show that under a change of basis, e’(u) = (A1) e,y we have
Lyt = Al (A7) (AT 700" + A (A7) e (A7) - (5.13)

This is very much not the transformation of a tensor!

Let’s now specialise to a coordinate basis, e 0/0x*. We view the covariant derivative as

m =
a derivative operator V, such that on functions we have

Vuf=0uf, (5.14)
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on vectors we have,
(VX)) =0,X"+T,,"X". (5.15)

By slight abuse of notation we will usually write V, X" in place of (V,X)".

The transformation rule of the connection components I',,” under a change of coordinate
ox'H oz oz’ 0x° ox" 0z’

I, Hr= Ty — . 5.16

ve <6x“> (8;10’”) <6x’ﬂ> A7 <8:L"P> <6x”’) <8:L‘”8:U””> (5.16)

Exercise 5.3 (Covariant derivatives in a coordinate basis)

basis is:

1. Show explicitly that V,V* transforms as a tensor under a change of coordinates.

2. Show using the Leibniz rule on V,(w, X") that the covariant derivative on covectors
is
Vuwy, = 0wy — T fw), . (5.17)

Hence extrapolate to a general tensor:

v,u,TylmyTpl.,.ps :auTlll...l/TplmpS
+ F/LO'VITUMUTPL-.,DS + ...+ FMJVTTVL..U’DLHPS (518)
-T O‘TV1...VT

TV Uy

1P gops = Lpp, pr...0 -

Unlike partial derivatives, the action of covariant derivatives does not commute: V,V, #
V.,V ,. However, the commutator of two covariant derivatives acting on a tensor will again be a
tensor, and will in fact lead to quantities of geometric interest.

The simplest example is to consider a function f. A short calculation shows that
VuVuf = VoV f = 22T,V f . (5.19)

This antisymmetrisation of the connection coefficients defines a tensor, known as the torsion

tensor of the connection.

~ Torsion ~
In a coordinate basis, the components of the torsion tensor associated to a connection are:
Tm,p = QF[HV]I). (520)

More generally, we define the torsion 7" such that for arbitrary vector fields X,Y, T'(X,Y)
is the vector field given by:

T(X,Y)=VxY —VyX — [X,Y]. (5.21)

Then the torsion defines a (1,2) tensor such that for n a covector and X,Y vectors,
\T(U,X,Y) =T(X,Y)(n).
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Torsion-free connection

A connection is said to be torsion-free if its associated torsion tensor vanishes.

We have defined connections, and written down how they transform, but not said anything
about how to construct them in practice. We are interested in manifolds with metric. In this case,
the existence of the metric implies that there is a preferred connection. This is the Levi-Civita

connection.

Levi- Civita connection

On a manifold M with metric g, there exists a unique torsion-free connection V such that

the metric is covariantly constant, Vg = 0.

In general, a connection which annihilates the metric, V,g,, = 0, is said to be metric-
compatible, or just metric (as in, a metric connection obeys Vg = 0).

We will demonstrate the construction of the Levi-Civita connection in a coordinate basis.

Construction of the Levi-Civita connection: Firstly, suppose that there is a torsion-free

compatible connection with connection components I',,,”. As it is metric compatible, we have:

0= v,ugyp = 8ugup - F,uuggap - Fupagal/ ) (522)
0= vygpu = 81/9;);1 - prggau - Fuuagapa (523)
0= vpguu = OpGuv — Fp,uggm/ - Fpuogau ) (5'24)

Taking the combination (5.22)) + (5.23)) - (5.24)) and using I',,” =T',,* (as it is torsion-free), we
find

0= a,ugup + &/qu - 8pgw/ - 2F,ullagap ) (5'25)
hence 1
Fuup = 59’"’ (8ugya + augua - 8Jg;w) . (526)

This defines the components of the Levi-Civita connection, and shows that it is uniquely deter-

mined in terms of the metric. O

Exercise 5.4 (Transformation of the Levi-Civita connection)

To be sure that this is indeed a valid connection, check that (5.26]) transforms under coor-
dinate transformations as in (5.16)).

The connection components ([5.26]) are the very same as the Christoffel symbols (4.16]) that
we found in the equation determining the paths of extremal proper time. Let’s now show how
having a connection allows one an alternative definition of such paths, which go by the general

name of geodesics.
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5.2 Parallel transport and geodesics again

We said earlier some vague words about a connection allowing us to compare the value of tensors
at different points on the manifold. The idea that makes this work in practice is known as parallel
transport.

What we want to do is to consider taking a vector or tensor at a point p, and transport it
along some curve starting at p to another point ¢q. This is trivial to do in flat space: we just keep
the components of the tensor fixed, i.e. they obey 9,T##r, , = 0. To generalise this to an

arbitrary manifold with connection, we will replace the partial derivative with a covariant one.

Parallel transport

Given a curve v with tangent vector X, the parallel transport of a tensor 71" along ~ is defined

by the solution to the equation VxT = 0.

A tensor is therefore parallel transported along a path if it is covariantly constant along a

path. In coordinates, if the curve is z#(\), the tangent vector is then X# = %, and we define
the directional covariant derivative D dgt
= ﬁvu, (5.27)
we have
%T“l”"”ylmys = %vuTﬂL--ﬂrmmys =0. (5.28)

This is a first-order ODE with as usual a unique local solution once we specify the initial value
of the tensor components at some point on the curve.

A hugely important caveat is that parallel transport is path dependent: if we parallel transport
a tensor from p to g by two separate paths, we need not obtain the same result at ¢q. In fact the
result depends on the curvature of the manifold, as we will shortly see.

Parallel transport is connection dependent. If we use a metric-compatible connection, the
metric is always parallel transported with respect to it. Similarly, the norm ¢(X,Y) of two
vectors is preserved if we parallel transport X and Y between two points.

The condition for curves to extremise the proper time was found to be , which we

repeat:
d2zt dz¥ dx”
—_— vl —— =0, 5.29
dr? P dr dr 0 ( )

where the connection appearing is the Levi-Civita one. This is equivalent to:

D dz*

— =0 5.30
dr dr ’ ( )

i.e. that the tangent vector to the curve is parallel transported along it, using the Levi-Civita

connection. This is an example of a geodesic.
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Geodesic

An affinely parametrised geodesic is a curve along which its own tangent vector is parallel
transported (with respect to a particular connection V). Equivalently, given a vector field

X, an affinely parametrised geodesic is an integral curve of X such that Vx X = 0.

By affinely parametrised we mean that the geodesic equation is of the form VxX =0 or

D dx*

= — 31

dX d\ 0, (5:31)
while for a non-affine parameter we would have Vx X o X. This follows by considering choosing

some other parameter a(\). A short calculation gives the geodesic equation for the tangent

dxH
vector 55,
Ddett _d (drdat\ | da¥dat (dA)?
da dao do \da d\ YPdh dh \da
dA\\? [ d2xH dx¥ dxP dzt d dA
(22 r,,*——— - - 5.32
(da) <d)\2 tlve dA d)\> + dA da da ( )

_ () Ddar dat (da) (da)
~ \da ) d)\ dX da \ d)\? dA

-1
d d\ _ d\ d (?Ta) . Hence one has

having used J-95 = 95 %

D dz# dxzt
—— = fla)— 5.33
da do (@) da ( )
with f(a) = — (Z%) (%)_2. There is then a two-parameter freedom of affine parameter, with
o = aX + b also affine, for a,b constant.
For timelike curves parametrised using proper time 7, the normalisation g(X, X) = —1 fixes

a = 1. In this case, we can write the geodesic equation equivalently in terms of the four-velocity

UF = % or the four-momentum p* = mU*" as
U'v,U" =0=7p"V,p". (5.34)

For null curves, we have the full two parameter ambiguity. It is convenient to choose the
normalisation of the affine parameter on a null geodesic such that the momentum four-vector is
pt = % (note there is of course no rest mass in this case). Then for instance an observer with
four-velocity U* will measure the (intrinsic) energy of the massless particle to be £ = —p,U*".

In summary, we have uncovered a very important result. Affinely parameterised geodesics

obey the equation:
d?x dx¥ dz?
—+7T, w7
d\2 PdN dA

where I',,” are the components of a particular connection. A further special class of geodesics

0, (5.35)

are those which extremise the length functionals

S— / din/\guiiv| . (5.36)
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which are the geodesics obeying ([5.35|) for the particular choice of the Levi-Civita connection.

Free particles in general relativity

Free particles move on geodesics of the Levi-Civita connection: null geodesics for massless

particles and timelike geodesics for massive ones.

The equation (5.35)) can also be derived as the Euler-Lagrange equation following from the

action

L,
S = / d)\ig,wx“x : (5.37)

For a given metric, varying S’ is perhaps the most direct way to obtain the components of the

Levi-Civita connection.

5.3 Local inertial frames

We’re now going to connect our discussion of the mathematical description of Lorentzian man-
ifolds back to the physical ideas embodied in the Einstein Equivalence Principle. This claimed
that we can find local inertial frames, in which physics behaved exactly as you would expect it
to in a genuine inertial frame in Minkowski spacetime. This means that we should be able to
construct local coordinates on our manifold in which the metric becomes the Minkowski metric,
and the Christoffel symbols vanish.

The coordinates that we want are known as Riemann normal coordinates. To construct these,
we first choose an orthonormal basis for the tangent space at a particular point p € M. With
this basis, we can define geodesics whose tangent vectors at p are the elements of this basis.
We can then define coordinates in the neighbourhood of p according to their parameter distance

along these geodesics.

Exponential map

Given a point p € M, the exponential map from T,M to M is defined as the map which
sends X, € T,M to the point unit affine parameter distance along the geodesic through p
with tangent X, at p.

This map is locally one-to-one and onto, in a small enough neighbourhood around p. The
existence and (local) uniqueness of the exponential map is guaranteed by the usual ODE argu-

ment: we are solving the geodesic equation for a curve z#()), with initial conditions z#(0) = z},

LE(N=0) = X}

We now construct the desired coordinates.

-~ Riemann normal coordinates ~N

Given p € M and a basis {e(,} for T,M, then we define normal coordinates in a neigh-
bourhood of p by saying the coordinates of g near p are given by the components of the

tangent vector X# € T, M which maps to ¢ under the exponential map from 7,M to the

neighbourhood of p.
. J
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To recapitulate: given X*e(,) € T, M, we construct the geodesic through p whose tangent
vector is X¥e(,). At unit affine parameter distance along this geodesic, we come to the point g.
Then we say the coordinates of ¢ € M in this coordinate system are defined to be x*(q) = X*.
Note that x*(p) = 0 by definition.

From the definition of the exponential map, it follows if X is mapped a unit affine parameter
distance along the geodesic through p with tangent X, then tX gets mapped to the point on
the same geodesic which is at affine parameter distance ¢. To see this, consider the curve x#(\)
such that z#(\ = 1) is the point ¢. Rescale the parameter A by t to obtain a curve z*(t\) such
that at A = 1 it corresponds to the point at affine parameter distance ¢ along the original curve.
Then at A = 0, L 2#(t\)|r=o = XM

Therefore in normal coordinates, the geodesic itself is parameterised simply as z#(A) = AXH.
Inserting this into , we have

d?x dz¥ dxf

= — = _— =

T, (2(A) XV XP . (5.38)

Evaluating at A = 0 we find I',,*(p) X” X? = 0 which is true for arbitrary X* and from which

we can conclude that
F(w,)p(p) =0. (5.39)

For a torsion-free connection, we can conclude that
r'w’(p)=0, (5.40)

so in normal coordinates at p, the components of a torsion-free connection vanish at p. Given
this, we also know from the metric compatibility condition V,g,, = 0 evaluated at p that the

first derivatives of the metric are zero at p:

Ougup(p) = 0. (5.41)

We also should check that the basis {e(,)} coincides with the coordinate basis 9/0X*". We note
that the integral curve of the vector field 9/0X* through p (i.e. the curve whose tangent vector
at each point is 9/0X*) is given by X#(\) = (0,...,0,,0,...,0) and coincides with the geodesic
through p with tangent vector e(,) at p. Therefore we can identify e(,) = 9/90X".

This discussion is valid for any basis {e(,)} at p. Therefore we can choose an orthonormal
basis, so that the metric at p becomes the Minkowski metric: g(e(#), e(,,)) = Nu- This provides

us with a mathematical definition of a local inertial frame.

Local inertial frame

On a Lorentzian manifold, a local inertial frame is a choice of normal coordinates at any

point p, such that
9 (P) = N s Ougup(p) = 0. (5.42)
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~ A summary ~

To differentiate tensors, we use not partial derivatives but covariant derivatives, defined by
Vuf=0uf, V., VV=0,VV+T,"VF, (5.43)

on functions and vectors, and extended to arbitrary tensors using the Leibniz rule. The
connection components I',,P are not the components of a tensor, but transform in a par-
ticular way so as to cancel out the non-tensorial part of the transformation of the partial
derivative term. A covariant derivative, or a connection, provides an extra structure on a
manifold. In particular, on a manifold with a metric, there is a unique covariant derivative
annihilating the metric, V,,g,, = 0, which is torsion-free meaning I'f,,;” = 0. This unique

covariant derivative is known as the Levi-Civita connection.

A covariant derivative gives a way to parallel transport tensors along curves; if a curve x#(\)
has tangent vector X* = % starting with a tensor T' at some point on the curve, we parallel
transport it along the curve by solving the requirement of covariant constancy VxT = 0.
Parallel transport between two points depends on the precise choice of path between the

points (and also on the connection used).

A special class of curves are geodesics, defined by the condition that the tangent vector
X to the curve is itself parallel transported along the curve VxX = 0. A special class
of geodesics are the geodesics of the Levi-Civita connection, which extremise the proper
distance (or time) between two points. The components of the Levi-Civita connection are
exactly the Christoffel symbols we found in the previous section by finding the condition for

this extremisation. In general relativity, free particles move on this class of geodesics.

Geodesics can be used to locally map the structure of the tangent space at a point p to a
set of special coordinates in a neighbourhood of p. These are normal coordinates, and are
such that at p the metric evaluates to the Minkowski metric, and its first derivatives vanish.

This realises the idea of a local inertial frame: physical laws evaluated at p will agree with

those of special relativity.
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6 Curvature

6.1 Riemann curvature tensor

We are now going to combine two ideas that were mentioned in the last section: covariant deriva-
tives do not commute, and parallel transport is path dependent. These lead to the appearance
of the Riemann curvature tensor, which is a local measure of the curvature of a manifold.

Riemann tensor from curvature

We previously calculated the commutator [V,,V,]f = —T,,°V,f, where f was a function,
finding the torsion tensor 7},,” = 2I'},,)” of the connection used in the covariant derivative. Now

let’s repeat this calculation on tensors. We have:
[v;u VV]VP - Rpcr,u,uva - T,Lwavavp 3 (61)

where
Rpa;u/ = 8uruap - 8uruap + F;LAPFVUA - FVAPFMUA . (62)

The left-hand side of (6.1) is tensorial, and so is the term involving the torsion tensor on the
right-hand side. This means that the combination R’;,, must be the components of a tensor.

This can indeed be checked, and defines the Riemann curvature tensor.

Exercise 6.1 (Riemann tensor)

1. Verify (6.1)) and (6.2).

2. Hence or similarly show that
(Vs VulV, = =RV — T, VAV, (6.3)

and

[v,ua VU}VPL--,WGL“GS = - Tuugvavplmprol...os
+ Rpl )\MVVAWPTO'L..GS +---+ RpT)\uVVplm/\o‘l...a‘s (64)

A A
-R a'lpVVpl pr)\... - =R Us;val pral...)w

Os

For completeness, let’s give the more abstract definition of the Riemann tensor:

-~ Riemann tensor ~N

The Riemann curvature tensor of a connection V is defined as a map R acting on three

vector fields X, Y, Z to define another vector field given by

R(X,Y)Z =VxVyZ —VyVxZ —VixyZ. (6.5)
\ Y,

The Riemann curvature tensor of the Levi-Civita connection is a function of the second
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derivatives of the metric. Clearly if our manifold is equipped with the Minkowski metric, the

Riemann curvature tensor vanishes everywhere. In general:

e [f a coordinate system exists in which the components of the metric are constant, then the

Riemann tensor (of the Levi-Civita connection) vanishes.

e [f the Riemann tensor vanishes, then we can find a coordinate system in which the metric

components are constant.

An outline of the proof of these two statements is found in Carroll.

Parallel transport and curvature

Let’s now work out the effect of parallel transporting a vector from one point to another along
two separate paths. We will carry out parallel transport according to the picture shown in figure
14l Here X and Y are two commuting and linearly independent vector fields. We choose our
coordinates to be (s,t,...) with X = 9/ds and Y = 9/0t.

We start at p € M which we take to have coordinates (0,0,...,0). Then we will consider

parallel transport along:
e the curve joining p to the point ¢ = (ds,0,...,0) with tangent X, then
e the curve joining ¢ to the point r = (ds, 0t,...,0) with tangent Y,

and compare it to parallel transport along:
e the curve joining p to the point u = (0, dt,...,0) with tangent Y, then
e the curve joining u to the point r = (Js, dt,...,0) with tangent X.

Here ds, 4t are small.

u=(0,6t,...0) r = (0s,60t,...0)

p=1(0,0,...,0) q=(0s,0,...0)
Figure 14: Parallel transport.

We will work in normal coordinates at p, and use indices u, v, ... to refer to this chart. Then
we view s and ¢ as parameters along the curves with tangent X and Y respectively.

Consider a vector Z, € T,M. We will compute the parallel transport of Z, along pgr to
obtain a vector Z, € T.M, and compare this to the parallel transport of Z, along pur, which
gives a vector Z|. € T, M. We will assume we are using a torsion-free connection.

We start by computing Z,, in two steps.
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e First we parallel transport Z, along the curve pg with tangent X = % The parallel

transport equation VxZ = 0 is:
dzr d?zr

Kl 040
ds P ds?

= —0,(T,, ' 2" X") X7 . (6.6)

We use a Taylor expansion to write down

dz" 1 [d?zm
Zh=7F 4| =) 65+ = 6s%+ ...
q p+<ds>ps+2<d32>ps+

(6.7)
=7l — % (05(T,") 2" XPX7) 657,
using the result (I',,”), = 0 in normal coordinates for a torsion-free connection.
e Next we consider the result of parallel transporting Z, along gr. We have similarly
Zh =7k + (?) 5t+% <dZtZ;) o2+ ...
q a (6.8)

v 1 y
=Zl — (D, Z7YP) 6t — 3 (85 (T 2 Yp)YU)q 52

We then Taylor expand all the terms at ¢ in ds, and throw away all terms of order 3. For
instance, (') ,#ZVY?) 0t = (L, ZVY P)pot + (X0, (T ,H ZVYP))pdsot. This leads to:

1
Zh =7t — [2(agrypﬂ)zy (XPX76s* +YPY 5t + 2YPX"5t55)] +0(5%). (6.9
p

We can immediately calculate Z! by swapping X and Y and s and t.

]‘ 12 g ag (e
(Z)W = Zb — [2(8aryp“)z (XPX765% + YPY5t* +2XPY (5tés)L +0(6%) . (6.10)

As a result,

AZP = ZF = ZF = [0, 27 (YP X7 — XPY7)] 856t + O(6°)

\ (6.11)
= (BT — 8,T ") 2V XPY?) 655t + O(67)

Remembering we are using normal coordinates, we can identify here the components of the

Riemann tensor:

AZ} = [RMpe 2V XPY 7] S50t + O(6°)

T

(6.12)
= [R*,,c Z" XPY ] 656t + O(8°)

using the Taylor expansion to O(J) to convert the tensorial result at p into one at r. This gives

the tensorial result:

AZL
P Z' XPY?), = 1i .
(v = et

(6.13)
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Geodesic deviation and curvature

In flat space, geodesics are straight lines. In particular, this means that geodesics that are
initially parallel will always remain so. This is the parallel postulate of Euclidean geometry.

In curved space, geodesics may cross, and there is no well-defined notion of what “parallel”
should mean. However, we can study what happens to geodesics that are initially nearby.

Let 74(t) denote a one-parameter family of geodesics with affine parameter ¢, i.e. for each
s vs(t) is a geodesic. This collection of curves defines a two-dimensional surface parametrised
by both s and ¢. In a chart, we have coordinates x#(s,t), and can write the tangent vector T'

tangent to the geodesics as well as the deviation vectors S as:

ox* B oxH

T“ = Qa5 > S'u - g . (614)

Note that z#(s+0s,t) = x#(s,t)+6s5"(s,t)+0(55?); hence §sSH is the infinitesimal displacement

from one geodesic to a neighbouring one. We define the “relative velocity” of geodesics by:

Vit =(VpSHF =TV, S, (6.15)
and the “relative acceleration” by:

AF = (Vp V) =TV, VH. (6.16)

We can pick our chart such that s and t themselves are our coordinates, hence T' = 0/0t,
S = 0/0s and these commute, [S,7] = 0. This means that

S'V,T =T"V,S. (6.17)

We assume we are using a torsion-free connection. Then, we can compute the quantity A*.

Using (6.17), we write V¥ =T"V,SF = SYV,T* such that

(VoV)H = T"V,(S°V,TH)
= T"V,S°V ,T" + T"S?([V,,V,] + V,V,)T*" (6.18)
= 5V, TP T + T"SPN N, T + RV, , TV T S |

but because TV, T* = 0, the first term here is
SYN,TPN ,TH =V, (S'TPN , TH) -V, 8"TPV , 7" — S*T?V NV , T = -S"T*V,V,T" (6.19)

which cancels with the second term. Hence we find the geodesic deviation equation:

D2
Al = Vst = 28" = RYyp TIPS (6.20)

Thus, the Riemann curvature tensor measures how nearby geodesics which are initially close begin
to move apart or together. Later on, we will use this equation to describe how the Riemann

curvature tensor due to a gravitational wave affects observers at nearby points.
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6.2 Properties of the Riemann curvature tensor

The definition of the Riemann tensors implies that it is antisymmetric in its final two indices:
Rype = =R o) (6.21)
The Riemann tensor of a torsion-free connection obeys:
RF(ype) = 0. (6.22)
This follows automatically from antisymmetrising over the indices in . Note that

RF [vpo] — (Ruupa + R'upau + R'ugyp) (623)

W=

by antisymmetry in the final two indices.

The Riemann tensor of a torsion-free connection also obeys the Bianchi identity:
ViR o =0. (6.24)

(The bars indicate that the index o is not to be antisymmetrised.) We can prove this using normal

coordinates. At a point p, in normal coordinates we have, remembering that I',,”(p) = 0,

A A A
Vit ool = Oyl ool = 201,001 )s" =0, (6.25)

plo

as partial derivatives commute. This means that we have V[MR)‘MVP} = 0 in normal coordinates
at p. This is a tensorial equation, so it actually holds in any coordinates, and the point p was
arbitrary, so in fact it is true everywhere.

For the Levi-Civita connection, the Riemann tensor has further symmetries. Let us define
first

Ruvpe = g vpo - (6.26)

Then we have:
Ryvpo = Rpopw (6.27)

which implies
Ruvps = —Ruppo - (6.28)

To prove ([6.27)), we use Riemann normal coordinates at p. In these coordinates,

1
Ryvpe = 29,00,,T o) = 5 (00590 + 04059up = OuoGup) (6.29)

and (6.27) holds by inspection. Now we use the same argument as before, this is a tensorial
equation, so if it holds in one basis it holds in any, and the point p used was arbitrary, so ([6.27))

is true everywhere.
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- The Riemann tensor and its symmeitries ~

The Riemann tensor of a connection has components

Rl = 0,00 — 0T 1o? + TnPTue™ — TnPTuo™. (6.30)
It obeys:
Rl = —R’5,,  (by definition) , (6.31)
RP (6] = 0 (if torsion-free) (6.32)
ViR o =0 (if torsion-free) , (6.33)
Rvps = Rpop  (if Levi-Civita) (6.34)
S Ruvpe = —Ruupe  (if Levi-Civita) . (6.35))

Finally, let’s count the number of independent components of the Riemann tensor of the
Levi-Civita connection, on an n-dimensional manifold. We can view it as a tensor R[,,|,,] which
is symmetric in the antisymmetric pairs of indices [uv] and [po]. Before taking into account

other constraints, this gives

1/1 1 1
“(znn=1)) (znn—-1)+1)==(n*—2n3 + 3n* — 2n) (6.36)
2\2 2 8

components. Next, consider the constraint R,,,) = 0. This implies automatically that

Rpp0) = 0. Alternatively, we can require Rj =0, Ruvpoe = Rpopr and Rype = —Ruvop,

pvpo]
which then implies R}, ,,) = 0. This is easier to work with. We decompose the Riemann tensor
into a part which is totally antisymmetric and a part which is not: Ryupe = Rjuupe) + Xpuvpo
(where X, 00 = Ruvpo — Ry po) by definition). The totally antisymmetric part automatically
obeys the constraints we have already counted, which therefore apply only to X,,,,,. We then
need to count only the vanishing of this totally antisymmetric part. This gives (Z) more con-
straints (an antisymmetric tensor with p n-dimensional indices has (Z) independent components).
Subtracting these, we find a total of
Sn(n® — 1) (6.37)
components.
For n = 4, there are 20 components of the Riemann tensor. For comparison, for n = 3 there

are 6, for n =2 only 1, and n = 1 zero.

6.3 Ricci tensor, Ricci scalar and Einstein tensor

Other important tensors can be found by taking contractions of the Riemann tensor.

Ricci tensor
The components of the Ricci tensor, R, are defined by:

Ruu = Rpupu . (638)
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Ricer scalar
The Ricci scalar is obtained as the trace of the Ricci tensor:

R=g"R,, = R'),=R",, (6.39)

For the Levi-Civita connection, the Ricci tensor is automatically symmetric, R, = R,,.
Take the Bianchi identity V[MR)‘MW] and contract A and p and then with g¥?. The result is
the contracted Bianchi identity:

1
V'R, — §VMR =0. (6.40)
- Finstein tensor ~N
The Einstein tensor is )
Guu = R;,LV - iRguu . (641)
It obeys V¥G,, = 0.
\§ J
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7 General Relativity

General Relativity (summarised by John Wheeler)
[“Spacetime tells matter how to move; matter tells spacetime how to curve.” ]

There isn’t a better one sentence summary of a physical theory than that.

Indeed, it’s almost a shame to have to convert this into equations. To start doing so, let’s
go back to the beginning (i.e. the 1660s). The Newtonian gravitational potential, ®, obeys the
equation

V20 = 47Gp, (7.1)

where p is the density of matter. A test particle subsequently experiences an acceleration due to
gravity given by

i=-Vo. (7.2)
We need to explain how to describe the coupling of matter to gravity in general relativity. We
have already postulated that free particles on a manifold obey the geodesic equation. We need
to extend this discussion to describe the dynamics of all possible types of matter, and then to

explain the laws determining the spacetime metric itself. We also need to explain exactly in what
sense this generalises (7.1]).

7.1 DMatter

Special relativity

Let’s start by reviewing the types of physics we can describe in special relativistic settings.

e Individual particles. Massive free particles with four-momentum p* = mU* = m%
obeyed % = 0, subject to ptp, = —m?, while massless free-particles had null four-

momenta, p*p, = 0.

e Fields. Fields obey particular equations of motion. For instance, a scalar field ¢(x) obeys
the Klein-Gordon equation:

90" = m?e. (7.3)

The electromagnetic fields £}, in vacuum obey Maxwell’s equations:

8"Fu =0, 30,F,=0. (7.4)

e Fluids. We can also describe collections of particles as fluids. Then instead of using
their individual four-momenta, we use macroscopic quantities such as density, pressure,
viscosity, to describe the behaviour of the system as a whole. We can characterise a
fluid as having some overall 4-velocity, U*. Its properties are further characterised by an
energy-momentum tensor, T#”. This encodes the flux of 4-momentum p* across surfaces of
constant z¥. For example, T% gives the flux of energy across surfaces of constant time, and
so gives the energy density p. The components 7% = T% encode momentum density. The

purely spatial components 7% encode the flow of the i*® component of momentum in the
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plane orthogonal to the j directions. The diagonal components 7% (no sum) then give the
force exerted per unit area in the ¢ direction, which is just the pressure in the ¢ direction.
The off-diagonal components T% (i # j) then describe stresses due to for example viscosity.

The energy momentum-tensor is conserved:
0,T" =0. (7.5)

This in fact encodes the usual equations of fluid mechanics, in the non-relativistic limit.

e Perfect fluids. An idealised example of fluid is the case of a perfect fluid, which is
completely specified by its (rest frame) energy density p and (rest frame) isotropic (same
in all directions) pressure p. Thus in the rest frame we have T = diag (p,p, p,p). This

can be made Lorentz covariant by writing it as:
™ = (p+p)U*U" +pn, (7.6)

where U* is the four-velocity of the fluid. A perfect fluid is further characterised by an
equation of state relating the pressure and energy density, p = p(p). The three examples

which will be relevant later on for cosmology are:

— Dust (matter): p = 0. This describes a collection of particles at rest with respect
to each other, characterised entirely by their common four-velocity U* and by the
energy density, p, which for n particles of the same mass m is given by p = mn. This

can be viewed as a model for galaxies in the universe.

— Radiation: p = %p. This describes, for instance, a fluid of massless particles. This
is relevant for modelling the very early universe, which was dominated by radiation
before atoms began to form.

— Vacuum energy: p = —p. In this case, T*"Y = —pn*¥, and this describes the
energy-momentum tensor due to the intrinsic energy of the vacuum of the universe.
This is believed to be relevant to the universe in the far future, and is related to the

cosmological constant.

In fact, we can obtain an energy-momentum tensor for any physical system. For theories de-
scribed by a Lagrangian, the energy-momentum tensor can be obtained as the conserved quantity
associated to spacetime translations (thought it may need to be “improved” by adding an iden-

tically conserved divergence to obtain a symmetric tensor). For example, in electromagnetism,

1 1
T = — <Fp“Fp” - 4FpUFpUn“”> . (7.7)

:47r

Minimal coupling

We have seen that in any Lorentzian manifold, we can choose to go to normal coordinates at a
point p, where the metric becomes the Minkowski metric, and its first derivatives vanish. This
defines a local inertial frame, in which the laws of physics should take their special relativistic
form. This suggests a procedure known as minimal coupling in order to extrapolate the known
special relativistic laws to equations that hold in general on an arbitrary spacetime manifold.

The idea is to reverse what happens in going to normal coordinates.
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- Minimal coupling ~

The laws of physics in a Lorentzian manifold are obtained by taking the known equations
valid in Minkowski spacetime, writing them in manifestly Lorentz covariant form, and mak-
ing the substitutions:

N = Guv s Ou = Vi, (7.8)

where V, is the Levi-Civita connection.

J

This procedure works! However it is not unambiguous. For instance, ordinary partial deriva-
tives commute: 9,0, = 0,0, but covariant derivatives do not: V,V, =V, V,+ terms involving
the Riemann curvature. In going to Minkowski spacetime itself, the curvature is of course zero.
Note though that the Riemann curvature does not vanish in normal coordinates at a point. Ulti-
mately, the correct physical equations have to be determined by either mathematical consistency
or by matching with experiment. However, minimal coupling works for all the cases we are
interested in in this course.

Let’s run through the sorts of physical quantities we used in special relativity: particles, fields
and fluids. Free particles now move on geodesics of the curved manifold, and can be described
by (timelike or null) vector fields U* which obey

Uu'v,ut =0. (7.9)
The scalar field equation becomes
gV, NV, = m?®, (7.10)
and electromagnetism in a curved background obeys the equations:
9V Fu =0, 3V, F,,;=0. (7.11)
The energy-momentum tensor of a perfect fluid is:
T = (p+ p)UPU" + pgh" , (7.12)

where now U* is a four-velocity vector field. The conservation equation of an energy-momentum
tensor becomes:

VT =0. (7.13)

7.2 Gravity
The General Theory of Relativity

For the coupling to gravity, we will assume that we can always describe matter by an energy-
momentum tensor obeying . The equation for the Newtonian potential had on its
right-hand side the matter density p, which in the relativistic setting is encoded by 79. This
motivates us to find an equation relating the properties of the curved manifold to the energy-
momentum tensor. We are looking for some symmetric two-index tensor involving the metric or

its derivatives, which we can equate to (some constant times) 7},,. Out of respect for Einstein’s
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hard work in getting the wrong answer first and not giving up, it is usual at this point to guess
R,, = kT,,. However, this doesn’t work because it requires V*R,,, = 0. By the contracted
Bianchi identity this then implies that V,R = 0, in turn implying V#T = 0 (where T' = T*,),
so both the Ricci scalar and trace of the energy-momentum tensor have to be constant, which is
far too restrictive.

Given that whatever tensor we use has to vanish when contracted with a covariant derivative,
by compatibility with , it is clear that the contracted Bianchi identity tells us that we should
be using the Einstein tensor

which automatically obeys VG, = 0. This suggests G, = xT},,. This is mathematically
self-consistent. The constant x has to be fixed by matching with the Newtonian limit - we will
do this shortly. The result is k = 87 G.

We are now able to summarise the theory of General Relativity:

~ General Relativity ~

1. Spacetime is a four-dimensional Lorentzian manifold with a metric, (M, g), equipped

with the Levi-Civita connection.
2. Free particles follow timelike or null geodesics.

3. The field equations governing the geometry are the Einstein equations:

L G =81GTy, . (7.15))

This little box is one of the crowning achievements of 20th century physics, scratch that, all of

physics.

The cosmological constant

There is one more thing. What we were looking for was a symmetric tensor, CNJW, such that
\Vid C;‘,“, = 0, which was a function of the metric and its first and second derivatives. For a four-
dimensional Lorentzian theory, the unique answer (up to rescaling) is that éuv = G + Aguw,

where A is a constant. This is known as Lovelock’s theorem. So we could also have:
1
R, — §ng’ +Agy = 8nGTy, . (7.16)

The constant A is the cosmological constant. If A is sufficiently large, this causes deviations from
the Newtonian theory in the non-relativistic weak field limit. For this reason, it was supposed
(modulo some blundering about by Einstein) that we should have A = 0. However, since the
mid-1990s, observations have indicated that there is a very small positive cosmological constant
present in our universe, which is, however, only relevant on cosmological scales. Explaining the
value of the cosmological constant is a major outstanding problem. We will see some cosmo-
logical consequences of the cosmological constant later on. Notice as well that we could take
the cosmological constant term over to the right-hand side of , in which case it can be
described as a perfect fluid with —p = p = A/(87G).
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7.3 The Newtonian limit

The general idea

We are going to take a particular limit of general relativity in order to show how it recovers

standard Newtonian theory.

- Newtonian limait ~

We will take the Newtonian limit, assuming:

e The weak field limit, namely that the metric is close to the Minkowski metric, g, (z) ~
Nuv + P (x), where the components h,, are small (note the metric components are

actually dimensionless in our conventions).

e Velocities are non-relativistic, so for a test particle on a curve z#(7) = (t(7),2*(7)),
dz?
dr

e The metric is static, i.e. time-independent, dyh,, =~ 0.

J

Note that we can be a lot more precise about what we mean by small, however this will not
be necessary for our purposes.
It is surprisingly easy to linearise the Levi-Civita connection, Riemann tensor and Ricci

tensor. We work to first order in h,. This means the metric and inverse metric are:
G R Muw + by s g =" = W (7.17)

We can think of this as splitting the metric into a “background” Minkowski metric 7, and a small
fluctuation h,,,. We will use the flat background metric to raise and lower indices in expressions
below. We will also define the trace

h=n""hu . (7.18)

The Levi-Civita connection has components
1
T.°~ 577% (Ouhwn + Ouhyr — Oy (7.19)

In the Riemann tensor, we can neglect the terms quadratic in the connection components, so
that

Rpcr;w ~ 8;11—‘1/0,) - auruap
. (7.20)
= 577 (auaah/\z/ + aya}\hua - 8M8)\hO'V - 8uaah/\u) .

Hence the Ricci tensor:

1aﬂa,,h, (7.21)

1
Ruw = 070 luyp = 50,0y — 5

and Ricci scalar
R~ 0"0"hy, — 0,0°h. (7.22)
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The linearised Einstein equation is then:

1 1 1
5000 s = 500k = S0y (970 hyo — 0,0°h) = KTy, (7.23)

8p8(ﬂhV)P - 2 2

where we assume 7),, is of the same order as h,,,, and write  for the constant of proportionality

which we will now determine from matching to the Newtonian theory.

The geodesic equation in the Newtonian limit

The geodesic equation is:

AP daf dz®  dPat dt\?
0=—— 4T, t'——~ — +Te"(— | , 7.24
T g gz T <dT> (724)
neglecting the spatial velocities. As ['gg* = —%n“”ayhoo, we have under our assumptions:
d*t dt
prhe 0= e constant , (7.25)
P 1 AN 2 A
= Z9'h =) = = 0% . 7.26
dr2 — 27 "% (d7> ez 27" (7.26)

This has the same form as the Newtonian expression ([7.2)), if we identify hgy = —2® (if you
like, this is the definition of the Newtonian gravitational potential in terms of a component of a

metric that is close to the Minkowski metric).

The Einstein equation in the Newtonian limit

Now consider the Einstein equation, G, = kT},,. The trace of this equation gives R = —xT,
where T' = T*#,. Let’s assume as well that our matter source is some massive body or bodies,
which we can model as dust, with 7}, = pU,U,. Let’s work in the rest frame of this “fluid”, with
UY=1+0(h), U* = 0. Then Tyy = p and all other components are zero. Then we have R = rxp,

or from ([7.22)),
Ok hyy — 0,0 h = kp. (7.27)

We substitute this into the 00 component of the linearised Einstein equation:

1 1
— 50k hoo + Skp = Kp = 0.0 heo = —rp = 00D = gp. (7.28)

To match with the equation obeyed in Newtonian theory, we need x = 87G as previously
stated.

It is possible to go on and check that the remaining components of the linearised Einstein
equation are solved by h;; = —20;;®, ho; = 0. This can also be more rigourously derived as
the solution at this order by a more technical analysis keeping track of the orders of all tensor
components, exploiting the symmetries of the linearised theories (which we will need to do when
we analyse gravitational wave solutions later on) and using Green’s functions. Note that then

the metric in this weak field Newtonian limit takes the form:

ds® = — (1 4+ 28(2)) dt* + (1 — 20(%)) di? (7.29)
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which was the very first curved metric we wrote down when analysing gravitational time dilation
in section 2.3!

This should hopefully convince you that the Einstein’s theory of gravity supersedes and

contains Newton’s.

We will return to the linearised theory in section [11], in order to study gravitational waves.

Our next goal will be to explore full non-linear solutions of the Einstein equation.
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8 Symmetries

As is frequently the case in physics, finding complete general solutions of the Finstein equations
is difficult. We will focus on solutions which are tractable because they have a high degree of
symmetry. First, we need to explain what we mean by a symmetry of a spacetime with metric.

8.1 Diffeomorphisms and isometries

We need a minimal amount of mathematical definitions to get started.

Diffeomorphism

A diffeomorphism is a map ¢ : M — M which is smooth, one-to-one, onto and has a smooth

1

inverse. (Smooth here means that ¢ o ¢ o '~* is smooth for all charts ¢, ¢’ of M.)

We can view a diffeomorphism as a change of coordinates. Let z# denote the coordinates of
a chart (U, ) in a neighbourhood of p € M. Under the diffeomorphism, p — ¢(p) € M. If y*
denotes the coordinates of a chart (U’,¢") in the neighbourhood of ¢(p), then we can view the
composition ¢’ o ¢ as defining a new chart in the neighbourhood of p, with the coordinates y*(x).
It rea-br, o, are the components of some tensor 7" in the original chart, then the components

of the tensor in the new chart with coordinates y are denoted T"#1+#r,, ,, and these are related

by:
oy oyt \ [ 0! Oz
) = (G ) (G ) (g ) -+ (5 ) T o) 63

A diffeomorphism ¢ is a symmetry of a tensor if T'Hi-—#r, = TH#r everywhere. We

are particularly interested in symmetries of the metric, which are important enough to warrant

their own name.

Isometry

An isometry is a symmetry transformation of the metric, i.e. a diffeomorphism such that

g:“j = g,u everywhere (i.e. in all coordinate charts).

In coordinates, the condition that a diffeomorphism be an isometry is that:

(52) (5) omtua) = g(0) 52

8.2 Killing vectors

An example of a diffeomorphism is the following. For each vector field X on our manifold M,

we can construct the integral curve of X through any point p. Let ¢; be the map which sends

p € M to the point parameter distance ¢t along this integral curve. This is a diffeomorphism.
Suppose then we have a vector field K generating a diffeomorphism in this manner. Let € be

infinitesimal so that arbitrarily close to 2* the diffeomorphism is defined by y* = x#+eK*+O0(e?).
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If we require (8.2)), we have:

OKP\ (. OK°
(55 te aw) <5V + 6W> (gpg(x) + eKAaAgpg(x)) = g (). (8.3)

Expanding to order ¢, we find the condition for K* to generate an isometry of the metric: it has

to be a Killing vector.

~ Killing vector ~

A Killing vector is a solution of the Killing equation:
K?0,9 + 0, K g, + 0,K" g,, =0, (8.4)
or in terms of a torsion-free metric-compatible connection,
VK, +V,K,=0. (8.5)

This is known as the Killing equation, and solutions K* are known as Killing vector fields.

Each Killing vector field, if it exists, describes an isometry of a metric.
. J

If the metric is independent of some coordinate z, then K = % is automatically a Killing

vector, as follows from the Killing equation in the form . Conversely, if we do have a Killing
vector, then we can always choose coordinates such that the Killing vector has the form K = %
with the metric independent of z.

For each affinely parametrised geodesic, with tangent vector X*, then K, X* is constant along

the geodesic. This provides constants of motion for test particles. To prove this, we differentiate:

d
TEX") = Vx (K, XH) = XV XUV, K, + KXYV, X =0, (8.6)

The second term is zero because this is condition for X* to be a geodesic. The first term
is zero because we automatically symmetrise and get the Killing equation: X"XH{V, K, =
XY XV, K = 0.

Given the energy-momentum tensor, 7),,, and a Killing vector K*, then J¥ = T# K" is
conserved: V,J# = 0. Thus in the presence of Killing vectors we can define a conserved current.

If K* is a timelike Killing vector, this leads to a definition of a conserved energy, for instance.

Killing vectors of flat space

In Minkowski spacetime, the Killing equation is:
oK, +0,K,=0. (8.7)
Differentiating again, we have

0= 9,0,K, + 0,0,K,, = —20,0,K,,, (8.8)
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so any solution is at most linear in the coordinates: K, = a, + wy,2", with a,, w,, constant.
Inserting this ansatz, we are required to have w,, = —w,,.
The constant Killing vectors, K, = a,, correspond to spacetime translations. There are

n of these (4 when n = 4). The linear Killing vectors, K, = wy,x", correspond to Lorentz

transformations. There are $n(n — 1) of these (6 when n = 4). In general, if an n-dimensional

manifold has %n(n + 1) Killing vectors then it is said to be mazimally symmetric. This is the
case here.

Killing vectors of S?

The metric on S2 is:
ds* = (df)? + sin® 6(dep)? . (8.9)

It is intuitively clear that the sphere should be invariant under the group SO(3) of rotations in
R3. We expect therefore that there are three Killing vectors, corresponding to rotations about
each axis. From our result for the Killing vectors of Minkowski space, we realise that these can

be taken to be, in three-dimensional Cartesian coordinates:
(Kiy)j = —6¢jkxk, (8.10)

SO

Ky =y0: — 20y,
K(g) = Zax - :L‘az s (8.11)
K3 = 20y — y0y .

In spherical coordinates we find:

K1y = —sin ¢y — cot 0 cos ¢p0y ,
K2y = cos ¢dy — cot § sin ¢9y , (8.12)

These are the Killing vector fields of S?. As this is a 2-dimensional manifold, and there are three

Killing vectors, it is also maximally symmetric.

Exercise 8.1 (Killing vector fields of S2)

1. Verify that (8.12) are indeed Killing vectors of the sphere.

2. Show that the K(i) obey:
[K i), K] = —€inB) (8.13)

under the commutator of vector fields. What is this algebra?
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9 Schwarzschild

Schwarzschild to Einstein (December 1915)

“As you can see, the war is friendly with me, allowing me, in spite of fierce gunfire at the

quite terrestrial distance, to take this walk in your country of ideas.”

Finding solutions to the Einstein equations is not simple. As usual in physics, it is useful to
consider situations with high amounts of symmetry. The Schwarzschild solution is the unique
spherically symmetric solution to the vacuum Einstein equations (i.e. in the absence of matter,
T, = 0). In fact, even as a vacuum solution it is immediately physically relevant, as it describes
the spacetime in the region outside of a spherically symmetric object. Some spherically symmetric
sources of gravitational fields include stars and planets. Therefore the Schwarzschild solution can
be used to model the motion of planets in orbit around the Sun, and improves on the Newtonian

predictions.

Spherically symmetric

A spacetime is said to be spherically symmetric if its isometry group contains an SO(3)
subgroup, whose orbits are 2-spheres. (The orbit of a point p is the set of all points obtained

by acting on p with elements of the isometry group.)

Birkhoff’s theorem

The unique spherically symmetric solution of the vacuum Einstein equation is the Schwarzschil

metric.

9.1 The Schwarzschild metric

The metric

We will not go through the derivation of the Schwarzschild solution from scratch. The solution

in Schwarzschild coordinates is as follows.

e The Schwarzschild solution ~
The Schwarzschild metric is
2GM dr? .
ds®> = — (1 - = > dt* + oo r2(d6? + sin® 0dp?) (9.1)

r

where t € (—o00,00), (0, ¢) are the usual coordinates on a sphere, and as r — —r is equivalent
to M — —M we can assume 7 > 0. The parameter M will be interpreted as a mass below,
hence we take M > 0.

& J

It should be clear from the metric (9.1)) that surfaces of constant ¢ and r are spheres of area

2

4rr®. In this sense r is like a “radial” coordinate (but the form of the metric shows that the

78



proper distance between rg and rq, with ry > rg, is not simply r1 — 7o, as it would be if r
itself was measuring the distance from some origin). As well as being spherically symmetric, the
Schwarzschild spacetime is also invariant under ¢ — ¢ + ¢, thus it is time-independent. Thus, in
addition to the three Killing vectors associated to spherical symmetry, we have a timelike Killing
vector T' = 0/0t.

Now, we know that in practice a coordinate chart may only cover some portion of the manifold
it is describing. In the Schwarzschild metric, we have the usual issue regarding needing multiple
charts to cover the sphere. But more interestingly, there appear to be singularities at r =
2GM and at r = 0. This suggests that either (¢,r) are not good coordinates everywhere in
Schwarzschild spacetime, or that there is something intrinsically wrong with the latter. We will

explore this in great detail later on.

Exercise 9.1 (The Schwarzschild radius)

The Schwarzschild radius of a body of mass M is given by ry, = 2GM. Work this out for
the Sun. (You will need to reinsert some factor of ¢.) How does it compare to the actual

radius of the Sun?

Asymptotics

Another immediate observation is that when M = 0, we recover Minkowski spacetime in spherical
coordinates. For M # 0, the Schwarzschild metric resembles Minkowski spacetime as r — oo,

more precisely for r >> GM. As a result, we say that the Schwarzschild metric is asymptotically

flat.
In this asymptotic region, the metric (9.1) can be written

ds® ~ — <1 - 2CiM) dt* + <1 + 261M> dr? + 1r2(d6? + sin® 0d¢?) (9.2)

up to terms of order (GM/r)?. Let us define a new coordinate R by

2GM
r:R1/1+GT. (9.3)

The inverse transformation is R = /72 + (GM)? — GM (assuming R > 0). For r >> GM we
have R =~ r, so also R >> GM. Then

2GM  2GM 1 2GM

. - \/@ ~ +O((GM/R)?), (9.4)
dr = I8 <1 + Gé”) ~dR+ O((GM/R)?). (9.5)

2GM
(VR 2

So to leading order the asymptotic metric can be written

ds® ~ — (1 - 2G};”> dt?> + <1 + 2(;5”) (dR? + R*(d6* + sin® 0d¢?)) | (9.6)
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which is the metric describing a weak gravitational field, of the type we encountered in the

Newtonian limit of general relativity. The Newtonian gravitational potential is:

oM

o =
R )

(9.7)

from which we see that this describes the gravitational field produced by a spherically symmetric

source of mass M. For this reason, we will from now on assume M > 0.

Exercise 9.2 (Gravitational redshift)

Suppose that our communicative friends, Alice and Bob, have now made their way to
Schwarzschild spacetime. Alice is at rest at r = r4, and Bob is at rest at »r = rg. Al-

ice sends signals at intervals A74 to Bob, who receives them at intervals A7g. Show that

1/2 —1/2
Atp = <1 — 2GM> (1 — 2GM> ATy, (9.8)
B TA

and hence that if Alice positions herself at r4 = 2GM that AT — oo: Bob will see Alice

as being frozen at the Schwarzschild radius (equivalently, there is an infinite red shift).

9.2 Geodesics in Schwarzschild

Particles (representing Alice, Bob, planets, rocketships and suchlike) move on geodesics. To find

the geodesics of the Schwarzschild spacetime, it is convenient to start from the action

S = ;/d)\g,wj:“ﬁcl’ = ;/d)\ (—f(r)zé2 + £(r) 1% + 17607 + r?sin® 9q‘52> , (9.9)
where 9G M
fry=1-="—. (9.10)

The equations of motion for ¢,r, 0, ¢ then correspond to the geodesic equations, from which one

can also read off the components of the Levi-Civita connection. For ¢ and ¢ we have
- (Fmi) =0, (9.11)

% (7"2 sin? 0q§> =0. (9.12)

These can be integrated immediately giving
f(r)i=E, r*sin®’0¢ =1L, (9.13)

where FE and L are constants. These constants of motion reflect the fact that the Schwarzschild
metric, and hence the action , is independent of ¢t and ¢. We saw previously that for any
Killing vector K* that K MC?—; is constant on a geodesic z#(\). Hence here E follows from the
presence of the timelike Killing vector T# = (1,0,0,0), i.e T' = 9/0t, and L from the Killing
vector Kg = (0,0,0,1) i.e. K4 = 0/0¢. For a timelike geodesic, we interpret E as the total
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energy per unit rest mass of the massive particle, and L as the magnitude of angular momentum
per unit rest mass. This is based on interpreting F and L for a geodesic in the asymptotic region
where f(r) ~ 1. Then for instance E = % is the time component of the usual four-velocity.

For a null geodesic, corresponding to a massless particle, we have the freedom to rescale
the affine parameter A — a), which means that the values of £ and L are not directly physi-
cally meaningful. However, the ratio F/L is invariant under this rescaling, and can be used to
characterise null geodesics as we will see below.

There should be two other conserved quantities, corresponding to the remaining two rota-

tional Killing vectors. Let’s first write down the 6 component of the geodesic equation:

d . .
—(1%0) — r?sinfcos Ap* = 0, (9.14)
dA
or )
d o L*cosf
—((rf)— ————=0 9.15
a0 g =0 (9.15)
We can solve this by supposing we pick coordinates such that § = 5 at A = 0. Then an

™

immediate solution is given by #(\) = 5. This is guaranteed to be unique by the usual ODE
theory. This means we can always pick our coordinates (6, ¢) such that the geodesic is confined
to the equatorial plane of the S? at § = 5

We can now interpret this result in terms of the conserved quantities associated to the other
Killing vectors. Together the three rotational Killing vectors should lead to conservation of
angular momentum. A vector can be specified in terms of its magnitude and its direction. To
specify the direction, we need to fix two numbers (as it is given by a three-component unit
vector). We can interpret then these two numbers as the remaining conserved quantities, which
we have chosen to specify by fixing our geodesic motion to § = 7. (This reasoning in terms of
spatial vectors relies on intuition about conventional angular momentum in flat space, and so
strictly speaking we should only really interpret it in this way in the asymptotic region where
the Schwarzschild becomes flat.)

Rather than write down the r» component of the geodesic equation, it is more convenient
to use the condition guy%% = —o, where ¢ = 1 for timelike geodesics and ¢ = 0 for null

geodesics. On setting 0 = 7 this gives:

1 1
where ) C ) o )
1 L 1 2GMo L 2GM L
= — — | == — —_ —— . 1
Vi) 2f(7“) (a+ 7'2> 2 (U r + r2 r3 > (9.17)

The equation (9.16)) describes effective one-dimensional particle motion in a potential V' (r) given
by (9.17). Terms involving 1/ and 1/7? occur in Newtonian dynamics of a particle moving in a
gravitational field. The 1/73 term does not. This provides a relativistic correction to Newtonian

gravity.
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Null geodesics

- Null geodesics in Schwarzschild ~
The geodesic equations for a null geodesic are:
. 2GM\ . 1 1
r2¢ =1, <1— )tzl& ~i2 4+ V(r) = ZE?, (9.18)
T 2 2
where 2 G
S J

Let’s consider the form of the potential (9.19). For r — oo, V' — 0, while for » — 0,
V — —oo. We also see that V(r = 2GM) = 0. There is a turning point when V'(r) = 0. This
happens at r = 3GM. We get the picture in figure .

V(r)a

L2

5AGTMZ | f\

f >
2GM 3GM

Figure 15: Effective potential, null geodesic

We can analyse the radial behaviour of geodesics using our intuition from Newtonian mechan-
ics. A massless particle incident from 7 = oo with E?/2 less than the maximum of the potential,
Vinae = L?/(54G%2M?), will hit the potential barrier when E?/2 = V(r) and bounce back to
infinity. A massless particle incident with energy greater than the maximum of the potential will
continue all the way to r = 0. At r = 3GM, where V'(r) = 0, we can have circular orbits with
7 = 0. These will be unstable.

Define I

b= ’E‘ : (9.20)

This quantity is called the impact parameter. We can combine the geodesic equations for qﬁ and

7 as follows: i .
9 _ ax _ o2 _

L 1
dr — - T A )
ar 4 E2 -2V (r) ErQ\/l 12 e

(9.21)

assuming for definiteness that 7 < 0, i.e. the geodesic is ingoing (we will get the same result for

an outgoing geodesic). For large r, we have

dpmo -2 — (9.22)
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The substitution v = 1/r allows us to solve

L du L1 . 4
BT e W:>¢_QNEESIH (bu), (9.23)

where « is a constant of integration, so that (assuming L/FE positive which we can arrange by

do

sending ¢ to —¢ if we have to)
rsin(¢p —a) =b. (9.24)

What does this describe? In Cartesian coordinates in the plane defined by 6 = 7 in which the
geodesic motion occurs,

b=ycosa—xsina, (9.25)

which describes a straight line with slope tan « displaced a distance b from the origin, as demon-
strated in figure

y/\

\
?
e

z =b/sina
Figure 16: Asymptotic null geodesic

We can therefore characterise null geodesics incident from or returning to infinity in terms of
the value of b, which describes how far the geodesic is from a line of constant ¢ = « (the dashed
line in figure .

The condition that the null geodesic has energy allowing it to pass over the potential barrier

1s
2

54G2 M2
So if b < v/27GM, the null geodesic reaches the Schwarzschild radius, while if b > 27GM it

reflects off the barrier and returns to infinity, except that it may now be a distance b from a

1
§E2 > &b < V2TGM . (9.26)

different line of constant ¢. This has the physical interpretation that light rays are bent in the
gravitational field due to a spherically symmetric body.
Consider a light ray then with b > +/27GM, which is incident from infinity with impact

factor b, and then returns to infinity (see figure . By how much is it deflected? Let rg denote

the turning point of the geodesic, i.e. the point at which V(r) = %EQ, so the largest real value
ro solving
1 GM 1
= = 9.27
2r 1} 2b2 (9:27)
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Figure 17: Light bending by the Sun
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(9.28)

uo
:2/
0 \/1—u2+2GTMu3

after letting u = b/r, so ug = b/rg. For the Sun, GM /b is of order 107% for an impact parameter
approximately equal to the solar radius. We can therefore evaluate A¢ assuming GM /b is small.
The naive method of expanding in this quantity is problematic owing to the fact that the
combination in the square root vanishes at u = ug, so the term 2GMwu?/b cannot be taken to
be smaller than the 1 — 42 term. Furthermore we must take into account that the limit ug also
depends on the GM /b. For small GM /b, we have ug = 1+ GM /b. However, one way to proceed

is to factorise the square root and then Taylor expand, as follows:

1 1+ Sty

: 9.29
\/1—u 2GM \/1 2GM \/1 s, — \/1+2GMu 2 (9.29)

This leaves a straightforward integral which can be computed in terms of elementary functions,

giving:
AGM
Ap~7+ GT . (9.30)

Exercise 9.3 (Light deflection)

Verify that you obtain the result (9.30)).

This prediction of General Relativity was famously verified by a team led by Eddington
during a solar eclipse in 1919, observing the deviation of stars from their known positions when

the Sun was positioned between them and the Earth.
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Figure 18: The rather delirious reporting by the New York Times, November 10th, 1919, of
Eddington’s observations.

Timelike geodesics

- Timelike geodesics in Schwarzschild ~

The geodesic equations for a timelike geodesic are:

r2p =L, (1 - 2GM> i=E, L2y V(r)= T2, (9.31)
T 2 2
where C ) C )
1 2GM L[> 2GML
Vir) =5 (1 -t ) (9.32)
N J

The potential (9.32) goes to 1/2 as 1 — oo and to —oo as 7 — 0. At r = 2G'M it vanishes.

There will be a turning point (and hence a circular orbit) where V’(r) = 0, namely at

L2+ VIA - 1202G?M?
T 2GM '

(9.33)

This means that for L? < 12G?M? there are no turning points, for L? = 12G?M? there is exactly
one turning point, and for L? > 12G?M? there is an unstable circular orbit at r_ and a stable
circular orbit at . We can again graph the potential (figure :

For large L?, we have

L2 12G2 M2 L2 22 L2
ra <1i 1-— G ) <1i1$6G2>:>r+—>,r_—>3GM.

T 2GM 2 | T aeMm L
(9.34)
Therefore the stable orbits obey 3GM < r_ < 6GM < r4.
When L? = 12GM, the circular orbits coincide at r = 6GM. This is known as the innermost
stable circular orbit (ISCO).

An immediate application of timelike geodesics is to describe the motion of planets in orbit
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Figure 19: Effective potentials, timelike geodesic, with GM = 1.

around the Sun. We can combine the equations for ¢ and 7 to produce

ar\?* ot 9GM L* 2GMIL?

Let z = GL—;H Then, letting 2’ = 3—2, the equation ((9.35)) becomes

L*(E% -1) 2(GM)?
N2 __ 2 3
(Z) _W—’_QZ_Z +TZ (936)
Differentiating this we obtain a second-order ODE:
3(GM)?
Z=1—-2+ uz). (9.37)

L2

We will solve this perturbatively in o = 3(GM/L)?. Let z = 29+ 21, where zq is the zeroth order

solution to

2 =1-—2z, (9.38)
and 7 is the first order solution to
2 =—z +az. (9.39)
We solve (9.38)) by
20(¢) =1+ ecos¢. (9.40)

This describes a standard Newtonian elliptical orbit.

e Ellipses ~
The equation for an ellipse centred at the origin (z,y) = (0,0) is 22/a? + y?/b> = 1. The
eccentricity of the ellipse is e = 4/1 — Z—z. The focal points of the ellipse are at (0, +ea). In

polar coordinates centred at the focus (0, ea), we have x = r cos ¢ + ea and y = rsin ¢, and

the equation for the ellipse can be written as r(1 + ecos ¢) = a(1 — €2).

J
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We now substitute the result for zo into the equation (9.39)). This gives
" L o L o
2] =—21+a 1+§e + 2ecos ¢ + 3¢ cos2¢ | , (9.41)
and you can check that this is solved by:

21(¢) = « (1 + %«92 + epsing — éeQ coS 2¢> . (9.42)

Our full solution, to the order we are working at, is then
L? , 1, 1,
—— =r(l+ecosp+ aepsing) +ra |1+ —e* — —e”cos2¢
GM 2 6
) ) (9.43)
~r(l+ecos([l—alp))+ra (1 + 562 - 662cos2¢> .
The crucial result is that this is no longer 27-periodic in ¢, and so does not define a closed ellipse.
Rather, the orientation of the ellipse precesses with each orbit.
Now, the perihelion of the orbit is defined as the position of closest approach to the Sun.

This occurs whenever

1
ecos ([l —al¢) — 04626 cos 2¢ (9.44)
is largest, which to O(«) is at:
2mn
¢ = . ~2mn(l +a). (9.45)
-

Hence the angular precession of the perihelion is

6m(GM)?
A¢ =21 = (L2 . (9.46)
Now, the zeroth order solution, which described an ellipse, was
L2
eI r(1+ecoso), (9.47)

which implies that L? ~ GM (1 — e?)a, where a can be taken to be the semi-major axis of the

ellipse. Therefore, we have

6mrGM
(1—e2)a’

Clearly, a will be smallest, and hence A¢ largest, for the planet Mercury. The numbers work

Ag = (9.48)

out in this case such that A¢ is 43 arcseconds a century (an arcsecond is 1/60 of a degree). The
observed precession is in fact 5601 arcseconds a century. However, Newtonian effects related to
the motion of the planet Earth, and the gravitational effects of the other planets on Mercury,
account for 5557 arcseconds a century. The prediction of general relativity exactly accounts for
the rest!

87



9.3 The Schwarzschild black hole
Coordinate and curvature singularities

The Schwarzschild metric (9.1)) in Schwarzschild coordinates,

2GM dr?
d32 = — <1 — G > dtz + 1% + TQ(dgz + Sin2 9d¢2) N (949)
r _

appears to suffer from singularities at r = 2GM and r = 0. We must investigate whether these are
intrinsic properties of the geometry, or mere artefacts of the choice of coordinates. Therefore we
seek coordinate independent quantities that may contain information about what is happening as
r varies. Singularities in the metric would be expected to potentially show up in the curvature of
the geometry, as measured by the Riemann curvature tensor. A natural coordinate independent
quantity constructed from the Riemann curvature tensor is the Ricci scalar, R. However, the
Schwarzschild metric is a vacuum solution of the Einstein equations, so both the Ricci tensor
and scalar vanish, R,, = 0, R = 0. The simplest non-zero “curvature invariant” that can be

constructed is the Kretschmann scalar, K = Ry, ,c R*"°. For Schwarzschild, one finds

48G2M2

K
r6

(9.50)

This is perfectly well-behaved at r = 2GM but blows up as r — 0. This suggests that the metric
singularity at » = 2G M is only an apparent singularity, and will not appear in other coordinate
choices, whereas the singularity at » = 0 is an unavoidable part of the spacetime. The former is
called a coordinate singularity. The latter is called a curvature singularity.

To understand how to extend our charts to past r = 2G M, and to understand to what extent
we should be concerned about the presence of a singularity in spacetime itself, we need to find

new coordinates.

Eddington-Finkelstein coordinates

The starting point is to consider radial null geodesics, obeying

2GM dr?
and hence .
dt 2GM\
o= (1 -= > : (9.52)

where the plus sign corresponds to outgoing geodesics (with dr/dA > 0) and the minus sign to
ingoing geodesics (with dr/dX\ < 0).
A solution to the equation (9.52) is provided by

t F r. = constant , (9.53)

where
r

2GM
is known as the tortoise coordinate, such that dr, = dr/(1 —2GM/r).

re=r+2GMn ‘ ~1l, (9.54)
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~ The Schwarzschild solution (tortoise coordinate) ~

The Schwarzschild metric in coordinates (¢, 7,0, @) is

ds* = — (1 — ii]\? > (dt? — dr?) 4 r%(r.)(d6? + sin® 0d¢?) (9.55)

kwhere t € (—00,00), 1y € (—00,00) and 7(r,) is defined by (9.54]).

J

We next define the Eddington-Finkelstein coordinates which are adapted to these ingoing or
outgoing null geodesics:
v=t+r., u=t—ry, (9.56)

in the sense that v = constant defines ingoing radial null geodesics and u = constant defines
outgoing radial null geodesics.

We now have the freedom to choose any two of (¢,r,u,v) as coordinates.

- The Schwarzschild solution (ingoing Eddington-Finkelstein coordinates) —

The Schwarzschild metric in coordinates (v, 7,0, @) is

2GM
ds? = — (1 _ 2 > dv? + 2dvdr + r*(d6? + sin® 0d¢p?) (9.57)

r

where v € (—00,00), r € (0,00).

J

Although the component g,, of the metric in these coordinates vanishes at r = 2GM, the
whole metric and its inverse are well-defined at this point. This shows that the apparent sin-
gularity at this point was indeed a coordinate singularity. In ingoing Eddington-Finkelstein
coordinates, there is no coordinate singularity, and we can extend the Schwarzschild solution
past the point r = 2GM.

In the region r < 2GM, we could equally well transform to coordinates (¢,r) defined by
t' = v —ry(r), using , such that the Schwarzschild metric takes the same form as in the
region r > 2G M, namely

2GM dr?
2 2 20902 | o2 2
ds® = — <1 I ) (dt')* + WM + 77(d6” + sin” 0dp”) . (9.58)

2GM

== < 0. This means that in these coordinates, r is the timelike direction

However, now 1 —
and t' a spacelike direction!

In Eddington-Finklestein coordinates, ingoing radial null geodesics are described by
v = constant , (9.59)

and outgoing ones by

r

2GM

v — 2r, = constant = v = constant + 2r + 4G M In ‘ — 1‘ . (9.60)

For r > 2G M, these outgoing null geodesics tend towards the expected straight lines given by
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t = constant + r for r — oo. Conversely, as r — 2GM (from above), v — —o0.

For r < 2GM, the situation changes substantially. As r — 0, the geodesics reach the point
v = constant. As r — 2G M, they tend again to v — —oo.

This means that for » > 2GM the outgoing geodesics reach infinity. However for r < 2GM,
the “outgoing” geodesics reach the singularity at » = 0. We draw this situation in figure

As r is the timelike direction in the region r < 2G M, this singularity in fact lies in the future
for any observer. We can see this by considering the future “lightcones” delineated by the curves
of the ingoing and outgoing null geodesics. As we approach and pass beyond r = 2GM these

become more and more tilted towards the singularity at r = 0.

v r=2GM
/ u = const
‘\\\\ / v = const
u = const / //

Figure 20: Radial null geodesics in ingoing EF coordinates.

The extension of the Schwarzschild spacetime beyond the r = 2GM coordinate singularity of
the original metric reveals that an infalling observer will experience nothing unusual at r = 2GM.
However, as we have seen at the start of this section, to an observer at r > 2GM they will
appear never to reach r = 2GM, owing to the infinite time delay (or redshift) of signals sent
from r = 2GM to infinity. Furthermore, no signals sent from r < 2GM will ever make it past
r = 2G M, and once the infalling observer has reached the r < 2GM region they will inexorably
hit the singularity in finite proper time: shortly before which they will be ripped apart by
infinitely strong tidal forces as the curvature blows up. Alas, poor Alice (or Bob).

So, despite the fact the infalling observer sees nothing unusual at r = 2G M, this still marks
an important feature of the spacetime. The region with » < 2GM is a black hole: a region from
which no signals can reach infinity. The surface r = 2G M is called an event horizon. This surface
prevents observers remaining at r > 2GM from gaining any information about what happens
inside the black hole. The existence of an event horizon is a global property of spacetime, i.e.
one needs to know the complete causal evolution of the geometry to know if there is indeed such
a horizon.

Note that everything we have said so far is absolutely true in classical physics. The interplay
between black holes and quantum physics leads to a more subtle situation. In particular, quantum

mechanics implies that black holes are not absolutely black but in fact radiate. It is an open
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question to understand exactly how, or indeed more dramatically if, information about matter
that has fallen into the black hole is contained in black hole radiation. As one approaches the
curvature singularity, the strength of the gravitational field blows up, and it should be expected
that “quantum gravity” effects will become imporant and hopefully rid us of this meddlesome
infinity. It is another open question as to whether quantum gravity further implies that the
structure of a black hole is in fact modified at the horizon itself, as has been argued from various
viewpoints.

In short, black holes are very interesting and a sure sign that we do not completely understand
gravity. Unfortunately, going into more details is beyond the scope of this course. As a result,
we will now dive back into some further changes of coordinates.

We could have chosen to use u instead of v.

- The Schwarzschild solution (outgoing Eddington-Finkelstein coordinates) —

The Schwarzschild metric in coordinates (u,r, 8, ¢) is

r

2GM
ds? = — (1 _ 26 ) du® — 2dudr + r*(d6? + sin® 0d¢?) (9.61)

where u € (—o0,00), r € (0, 00).

J

This gives a different extension of Schwarzschild. One way to see this is to realise that now
outgoing radial null geodesics with © = constant extend from r» = 0 out past r = 2G M and to
infinity, whereas in the coordinates (¢,v) and metric , the outgoing radial null geodesics
could never pass from the r < 2GM to r > 2GM region. Furthermore, ingoing null geodesics that
start from r > 2G'M never reach r < 2GM. Thus in all respects, this extension of Schwarzschild
is the opposite of the one previously considered. We could say that it describes a white hole,
rather than a black hole.

The extension using the ingoing Eddington-Finkelstein coordinates (v, r) in fact follows radial
null geodesics into the future, whereas the outgoing Eddington-Finkelstein coordinates (u, ) in

fact follows outgoing radial geodesics into the past.

Kruskal-Szekeres coordinates

To understand the complete structure of the Schwarzschild spacetime, we consider first using

both © and v as coordinates instead of ¢ and r.

~ The Schwarzschild solution (ingoing & outgoing Eddington-Finkelstein coordinates)

The Schwarzschild metric in coordinates (u, v, 6, ¢) is

2GM
ds®> = — (1 _ 2 ) dudv + 1% (u, v)(d6? + sin® 0d¢?) (9.62)
r(u,v)
kWhere u,v € (—00,00), and r(u,v) is defined by (v —u) = r.(r), using (9.54). )
In these coordinates, the point » = 2GM is now at v = —oco or u = +00, where the metric

degenerates. To bring this point in to a finite coordinate value, and to remove the coordinate
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U r=2GM
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v = const

Figure 21: Radial null geodesics in outgoing EF coordinates.

singularity, we define Kruskal-Szekeres coordinates

U=—ex, V=eln, (9.63)

such that U < 0 and V > 0. Note that

T r T
UV = —e3GM = —e3GM <2GM — 1) , (9.64)
% = —e%ow (9.65)
e The Schwarzschild solution (Kruskal-Szekeres coordinates) ~

The Schwarzschild metric in coordinates (U, V, 6, ¢) is

32(GM)3 _n(

ds? = — 2257~ EB@t qUdV + r2(U, V)(d6? + sin® 0dg?) (9.66)
r(U,V) ’ ’

KWhere r(U, V) is defined implicitly by equation (9.64). )

Given this form of the metric, we extend the coordinate ranges of (U, V') to also include U > 0
and V' > 0, defining the function r(U, V') appearing in the metric by for arbitrary values of
U and V. The metric then describes the mazimal extension of the original Schwarzschild
spacetime geometery.

The coordinate singularity at r = 2G M appears at UV = 0, from , thus either at U = 0
or V = 0. Meanwhile the genuine curvature singularity at » = 0 appears at UV = 1, which has
two branches (U, V either both positive or both negative).

The maximally extended Schwarzschild spacetime is illustrated in figure 22] This is known

as the Kruskal diagram of Schwarzschild. We see that the spacetime divides into four regions:

e Region I: U < 0, V > 0. This is the region covered by the original Schwarzschild coordi-
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nates.

e Region II: U > 0,V > 0. This is the black hole region discovered by going to ingoing

Eddington-Finkelstein coordinates (which cover regions I and II).

e Region IIT: U < 0,V < 0. This is the white hole region discovered by going to outgoing

Eddington-Finkelstein coordinates (which cover regions I and III).

e Region IV: U > 0,V < 0. This a new region, which is again asymptotically flat, which

appears here for the first time. It cannot be reached from the original region I.

t = const

Figure 22: Kruskal diagram of Schwarzschild. Dashed lines are lines of constant r; thin lines are
lines of constant ¢.

Technically, the coordinates U and V are the lightcone version of the Kruskal-Szekeres coor-
dinates, and we could define T" and R such that

U=T-R, V=T+R. (9.67)

In this case, T' would appear as the vertical axis on the diagram 22 and R as the horizontal.
Observe that constant V' corresponds to ingoing radial null geodesics and constant U to outgoing

null geodesics.

Black holes and stellar collapse

The solution depicted in figure 22]is sometimes known as the eternal black hole. It can be viewed
as an idealised solution of the vacuum Einstein equations in that it describes an entire “universe”
with no matter and with an already intricate causal structure involving the white hole in the far
past and the black hole in the far future. We do not expect this full solution to be physically

relevant.
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Astrophysical black holes are the result of U
stellar collapse. When stars use up their avail-
able fuel, they begin to collapse under the
gravitational attraction of their constituent
matter. This gravitational attraction can be
balanced by pressure.
We depict the modification to the Kruskal
diagram corresponding to stellar collapse in
figure 23] The dashed line corresponds to the

surface of the star, and the yellow region to

Figure 23: Kruskal diagram of a collapsing star.
the star interior. This region is described by

some different solution to the Einstein equations: Birkhoff’s theorem guarantees that the exterior

region is still Schwarzschild.
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10 Cosmology

We now turn to solutions of the Einstein equations that describe the whole universe. Again, we
will appeal to symmetry on physically reasonably grounds to help us. The basic idea we will use
is the modern version of the Copernican principle, namely, that not only is the position of planet
Earth not special, nowhere is special. This means that we observe space to be isotropic (looks

the same in all directions) and to be homogeneous (to have the same metric everywhere).

- Isotropic ~N

A manifold with metric (M, g) is isotropic at the point p € M if given (unit vectors) X,Y €
T, M there is an isometry ¢ such that ¢(p) = p and for which the vector X is pushed forward
into Y, i.e. ¢.(X) =Y, where ¢.(X)(f) = X(f 0 ¢).

Viewed as a change of coordinates, this means given coordinates x* around p, we can find

an isometry ¢ : x# — y#(x) such that X* — (Jy*/0x") X" = YH.
- J

Homogeneous

A manifold with metric (M, g) is homogeneous if for all points p,q € M, there exists an

isometry ¢ such that ¢(p) = q.

A manifold which is isotropic at all points p is homogeneous; conversely a manifold which is
homogeneous and isotropic at one point is isotropic at all points. In general though there need
not be a connection between the two properties.

The spacetime manifold that describes our universe is assumed to be isotropic and homoge-
neous in the spatial directions only: observations reveal that the universe certainly is not the
same in both the past and future directions, for instance, as it is expanding. However, the space-
times that are fully isotropic and homogeneous are of great interest and importance in cosmology

and theoretical physics more generally. Therefore we will first describe these.

10.1 Maximally symmetric spaces

A manifold that is both homogeneous and isotropic everywhere is mazimally symmetric. This
means that it has the same number of isometries as flat space, R", with the usual Euclidean
metric. The isometries of the latter are n translations and %n(n — 1) rotations. Intuitively, ho-
mogeneity corresponds to invariance under translations, while isotropy corresponds to invariance
under rotations.

The Riemann curvature tensor of a maximally symmetric space is:

R
nn—1)’

R;Ll/p()’ = H(g,u,pgucr - g,ucrgup) ) 7 (101)

where £ (and hence the Ricci scalar) is constant. Therefore they are also examples of a space of

constant curvature.
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Euclidean maximally symmetric spaces: flat space, spheres and hyperbolic space

The basic examples of such spaces, with Euclidean metric, for Kk =0, kK < 0 and x > 0, are:
1. (k = 0) flat space R™ with the flat metric.

2. (k > 0) the sphere S™ of radius L > 0, defined by the equation

()24 ... ("2 = L2, (10.2)

1

in R"*1. The curvature is given in terms of k = 5.

3. (k < 0) the hyperbolic space H", defined by the equation
— (2" 4+ (Y2 4. (2™ = — L2, (10.3)

in R™*! with the Minkowski metric. This gives a double-sheeted hyperboloid, and we take

1

H™ to correspond to one of the sheets. The curvature is given in terms of kK = — 5.

For cosmological applications, we will need to know the n = 3 examples. For the three-sphere
53, define coordinates on the surface (10.2)) by

z! = Lsin ysin@ cos ¢,
2 . . .
x° = Lsin xysinfsin ¢,
(10.4)
23 = Lsin y cos@,

z* = Lcosy,

where x € (0,7), 6 € (0,7), ¢ € (0,2m). The flat metric evaluated on these coordinates gives

the metric on the three-sphere:
ds®> = L? (dx2 + sin? x(d#?* + sin® 0d¢2)) . (10.5)

(As for the two-sphere, these coordinates do not cover the whole manifold, but one can easily
introduce additional charts.)
For the hyperbolic space H?, define coordinates on the surface (10.3)) by

2% = Lcoshy,
1 . .
x- = Lsinh ysinfcos ¢,
X ¢ (10.6)
2? = Lsinh xsinfsin ¢,

23 = Lsinh x cos@ ,

where x € (0,00), 8 € (0,7), ¢ € (0,2m). The flat metric evaluated on these coordinates gives

the metric on the hyperbolic space:
ds* = L? (dx* + sinh? y(d6? + sin® 0d¢?)) . (10.7)

(Again, these coordinates do not cover the whole manifold, but one can easily introduce additional
charts.)
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Lorentzian maximally symmetric spacetimes: Minkowski spacetime, de Sitter and
anti-de Sitter

First, let’s consider the Einstein equation for a maximally symmetric spacetime (in four dimen-
sions). The Einstein tensor, from contracting , is Gy = —3kgu. Therefore such a space
solves the Einstein equation with cosmological constant and vanishing energy-momentum tensor,
Guv + Mgy = 0, with A = 3k. We conclude that such spacetimes are vacuum solutions of the
FEinstein equations, with a non-zero cosmological constant.

Depending now on the sign of A, we have the following basic examples (here we specialise to
four-dimensional spacetimes, on grounds of immediate physical applicability, but these can all

be defined in general dimensions).

1. (A =0) flat spacetime R™ with the flat Minkowski metric

2. (A < 0) anti-de Sitter (adS) spac(—:-tinmfl7 defined by the equation
@)= @) @) @ (@) = I, (10.8)

in (a fictitious) R® with indefinite signature (2,3). This is invariant under SO(2,3)
“Lorentz” transformations of the higher dimensional space. This gives the required %5(5 —

1) = 10 isometries of a four-dimensional maximally symmetric spacetime. Define coordi-

nates on this curve ({10.8]) by

2% = Lsintcoshp,

x5 = Lcostcoshp,

x! = Lsinh pcosé, (10.9)
x? = Lsinh psin cos ¢,

23 = Lsinh psinfsin ¢,

with p € (0,00), (6,¢) the usual two-sphere coordinates, and naively a periodic time

coordinate, ¢ € [0, 27]. This gives however a time independent metric:
ds* = L? (- cosh® pdt* + dp® + sinh? pd)3) . (10.10)

It therefore makes sense to extend the range of the timelike direction to t € (—o0, 00).

This avoids encountering the causal difficulty of closed timelike curves. The cosmological

3

constant is A = — 7z

3. (A > 0) de Sitter (dS) spacetime, defined by the equation
_($0)2+(:C1)2—|-~'-+(.’L‘4)2:L2, (10.11)

in (a fictitious) R® with the Minkowski metric. This is invariant under SO(1,4) Lorentz
transformations of the higher dimensional space. This gives the required %5(5 —1) =10

isometries of a four-dimensional maximally symmetric spacetime. Define coordinates on

4The spacetime that launched 17,000 papers (since 1997, when many readers of these notes presumably did
not exist).
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the curve (10.11)) by

20 = Lsinh%,

z! :Lcosh%sinxsinecosqﬁ,

z? = Lcosh%sinxsin@sin¢, (10.12)
3:3:Lcosh%sinxcosﬁ,

4 _ ¢
2" = Lcosh y cos x,

where t € (—o0,00), and (x, 0, ¢) are S3 coordinates. The metric of de Sitter spacetime is

then:

ds* = —dt* + L? cosh® £ (dx? + sin? xd?). (10.13)
Note that the part of the metric multiplied by cosh2% is the S% metric (10.5). The
cosmological constant is A = %

10.2 Penrose diagrams

The causal structure of spacetimes can be analysed using Penrose diagrams. The idea here is to

find coordinate transformations which map a given metric to an overall scale factor times some

simpler metric with the same causal structure — i.e. the same light cones — as the original one.

We can express this by writing the simpler (but unphysical) metric as g, = QQg,w, where g,

is the original metric we are analysing, and Q2 > 0 is the scale or conformal factor. Positivity of

0?2 implies that curves that are timelike, spacelike or null in one metric remain so in the other.
For the dS metric, , define a new time coordinate 1 by

1
cosh ; = , (10.14)
cosn
with n € (=%, %). Then the metric becomes
2
ds® = . (=dn? + dx? + sin? xdQ?) . (10.15)

Using 92 = L2 cos?n we find the unphysical metric
ds? = —dn? + dx? + sin? xdQ?. (10.16)

In fact, this metric is also a (non-vacuum) solution to the Einstein equations, and with the
coordinate range of 7 extended to n € (—oo0,00) is known as the Finstein static universe. We
have found that de Sitter spacetime is conformal to the patch of the Einstein static universe with
ne (=35, %)

We can depict this patch as a two-dimensional diagram, with axes 1 and x, and each point
representing a two-sphere of radius sin?y. Lines at forty five degrees represent null paths (at
constant 6 and ¢).

So, what can we infer about the causal structure of de Sitter? Let’s send in Alice and Bob,
as shown in figure . Suppose Alice sits (without loss of generality) at x = 0, so that her
worldline is a straight vertical line on the Penrose diagram. Meanwhile Bob follows a similar

vertical worldline at a different value of .
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Figure 24: Penrose diagram of de Sitter

n=+3
A/\ B/\
p
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"7__X§:0 X=T

Figure 25: Horizons in de Sitter: the black line is the cosmological horizon of the observer A,
and the vertical gray line is the particle horizon at p.

At the point p, Alice can only have received signals from her past lightcone at p, with
boundary defined by n = 1, — x. We define the particle horizon at p as the boundary of the
region containing points from a which a signal can be sent to reach p. It is the distance beyond
which Alice cannot “see” at p. Note that any signals sent by Bob at sufficiently early times will
lie beyond the particle horizon at p; at p Alice has no information about the existence, thoughts,
doubts, prayers, hopes, fears or other attributes of Bob.

Furthermore, by the time Alice reaches future infinity at n = +7, she can only have received
signals from events that occurred within the region bounded by the cosmological horizon (the
black line at 45 degrees in figure running from (n,x) = (=3,m) to (n,x) = (+5,0) ).
Alice will receive no signal from events beyond this horizon no matter how long she waits. In
particular, any signals sent by Bob from beyond the point ¢, when his worldline intersects Alice’s
cosmological horizon, will never reach Alice; and indeed a signal from ¢ will take infinitely long
to reach Alice.

Now let’s turn to anti-de Sitter spacetime. This time we make the following coordinate

transformation: .
coshp = , (10.17)
coS X
such that the AdS metric ((10.10) becomes
L2
ds® = —5— (—dt* + dx* + sin® xdQ?) . (10.18)
cos? x

Defining Q2 = L~2 cos? x we see that the AdS metric is also conformal to a patch of the Einstein
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static universe, but now with 0 < y < § and —oo <t < cc.

t

x=0 X=7%
Figure 26: Penrose diagram of anti-de Sitter

The Penrose diagram is illustrated, somewhat minimally, in figure Notice that spatial

infinity, at x = 7, is a timelike surface.

10.3 FLRW solutions

Spacetimes that describe realistic models of the universe can be found by assuming that only
spatial hypersurfaces are homogeneous and isotropic. A spatial hypersurface is defined by the
requirement that any vector tangent to it is spacelike. The spacetimes we are interested in can
be viewed as a foliation R x Ms, where the time direction is labelled by R and for each value of
time we have a spatial three-dimensional manifold M3, which is maximally symmetric.

We can choose coordinates such that the metric is
ds? = —dt* + a*(t)v;j(z)dx'dz? . (10.19)

These are known as comoving coordinates. An observer is comoving if their four-velocity never
has a component tangent to the spatially homogeneous slices; that is, their four-velocity must
be (proportional to) the unit normal to these surfaces. In the comoving coordinates used in the
metric , this unit normal is just u = 9/0t. The worldline of a comoving observer is thus
specified by t = 7, 2 = constant. Note that it is only comoving observers which see the spatial
hypersurfaces as being isotropic. Observers whose worldlines involve non-constant z* pick out a
preferred direction in the spatial hypersurface by virtue of their non-zero velocity within it.
The spatial metric v;; being a three-dimensional homogeneous and isotropic metric is thus a
metric of constant curvature, and can always be (locally) put into the form of either the metric

on the three-sphere, hyperbolic space, or flat space. Explicitly,

dr?
1— kr?

ds® = —dt* + d*(t)do}, doi = + r%(d6? + sin? 0d¢?) (10.20)

where k = 1 corresponds to the three-sphere S2, k = 0 to flat space, and k = —1 to the hyperbolic

space H3. To see this, define a new coordinate y such that

siny k=1,
B dr

dv = == - 10.21
X N % k=0, ( )
sinhy k=-1.
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Then the spatial part of the metric (10.20)) is seen to correspond to the metrics (10.5) and ((10.7))

for k = &1, and to the three-dimensional flat metric in spherical coordinates for & = 0, with the

overall scale set by the function a(t). This function is therefore known as the scale factor.
The metric (10.20)) is called the FLRW universe, after Friedmann, Lemaitreﬂ Robertson and
Walker.

Exercise 10.1 (FLRW curvature)

Calculate the Christoffel symbols and hence Ricci tensor and Ricci scalar of the FLRW
metric ((10.20)).

We want the FLRW metric to solve the Einstein equations for some realistic energy-momentum

tensor. The Einstein tensor G, = R, — %ngj follows from the Ricci tensor,

.
Royo = —Za, Roi =0, Ry = (ad+24d°+ 2k)v;, (10.22)

Rt (Z N (Z)Q n ;) 7 (10.23)

where a dot denotes the derivative with respect to t. Hence

and Ricci scalar

.\ 2
Gy =3 <<Z> + al;) , Gpi=0, Gij = —(2&& + a? + k:)’yij . (10.24)

A natural candidate for the energy-momentum tensor sourcing the FLRW universe is that of a
perfect fluid, with
T = (p+ p)UuUs + Pguv (10.25)

and with the fluid at rest in co-moving coordinates, U* = (1,0,0,0).

This immediately gives the Friedmann equations for the time evolution of the FLRW universe.

e Friedmann equations ~
The Einstein equations for an FLRW metric sourced by a comoving perfect fluid are:
i\’ _8nG (10.26)
a) T 3 P a ’
a i
% = —%(p +3p). (10.27)
NS J

In practice, we only really need (|10.26), as it is sufficient to determine a once we also take into

account conservation of the energy-momentum tensor, V, 7" = 0, implying

. La
pt3-(p+p) =0, (10.28)

5Belgian physicist and Catholic priest.
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or
d 3 d 3
= = —p—(d®). 10.2
S (ap) = —p (@) (10.29)

The three main examples of a perfect fluid that are relevant cosmologically are matter, radiation,

and vacuum energy. Fach of these has an equation of state

0 matter,

radiation , (10.30)

p=wp, w

Wl

—1 vacuum energy .

Equation (10.28) becomes p/p = —3(1 4+ w)a/a, hence

mwzpo(a)ﬁuﬂw, (1031)

ag

where the subscript 0 refers to the quantity at the present time.

As the universe expands, a(t) grows and we see that the energy density of the different
example fluids behaves in different ways. For matter, p,, ~ a~2 (a scaling by the increased
volume). For radiation, p, ~ a~% (a scaling by the increased volume plus an extra redshift
effect). For vacuum energy, pa ~ a®. Hence, in the far future py (if present) will dominate over
matter and radiation.

The ratio of a to a plays an important role in cosmology. It measure the rate of change of

the scale factor.

~ Hubble parameter ~N
We define the Hubble parameter to be
a
H=-. 10.32
: (10.32)

The value of H at the present, Hy, is known as Hubble’s constant.
. J

Consider two comoving particles (representing individual galaxies). At time ¢, their proper
distance is d = a(t) R, where R denotes their distance measured using the spatial metric v;;. The
rate of change of proper distance is d=aR = aaR/a = Hd. Thus the relative velocity of the
two galaxies is proportional to their distance, with the proportionality “constant” the Hubble
parameter. This is Hubble’s law.

Another useful quantity involves the density. We define the density parameter to be

8&tG  p

We can rewrite the Friedmann equation (10.26|) as

k

O-1=1pe

(10.34)

so that the sign of k, and hence the precise nature of the FLRW metric, is determined by the
value of {2 and hence of peit = %. Specifically:
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o if p < peit then Q < 1 and k = —1. In this case, we say the universe is open (the spatial

hypersurfaces are hyperbolic).

o if p = puit then © = 1 and k = 0. In this case, we say the universe is flat (the spatial

hypersurfaces are flat).

o if p > peip then @ > 1 and & = +1. In this case, we say the universe is closed (the spatial

hypersurfaces are spheres).

Current measurements suggest that the current value of € is approximately 1.
Let’s consider a universe which is dominated by one of matter, radiation or vacuum energy.

The Friedmann equation is:

.\ 2 —3(1+w)
a 87 a k

A-dominated universes (A > 0)

Let’s start in a universe containing only a (positive) cosmological constant. If the universe keeps

expanding, this will correspond to the far future of our universe. Then w = —1 and we have
. k 871G po
2 2 2 2
“ <a C 2) ’ 3 ( )

Let’s solve this for a closed universe, k = 1. After integrating we have

A 1
a(t) = 3 <eCt + A2 e_Ct) , (10.37)

where A is a constant of integration. Shifting ¢t — ¢ — C~1In(AC) we can write this as

1
a(t) = ol cosh(C't) . (10.38)

The FLRW metric is thus )
ds* = —dt* + e cosh?(Ct)do}_, (10.39)
where da,%zl is the metric on the sphere S3. This is the metric of de Sitter spacetime, with

L=1/C.
In fact, for £k =0 and k£ = —1, the FLRW solution also turns out to correspond to de Sitter,

in coordinates giving what are known as the “flat slicing” and “open slicing”.

Exercise 10.2 (Flat slicing of de Sitter)

Consider the definition of the de Sitter spacetime as the hyperboloid (10.11)). Define the

following parametrisation:

t 2 i t
Y :Lsinhf—i—;—Le%, (L‘4ZLCOShZ—

2

r .
_ i 10.40
T (10.40)

S
&

I
&)
|
2>

where r? = §;;2'37, 4,7 = 1,2, 3.
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1. Show that these coordinates indeed obey the defining equation (10.11)).

2. Show that they give the metric for de Sitter spacetime as
ds? = —di* + > 6;;di'dd? . (10.41)

This is called the flat slicing, because surfaces of constant  are flat.

3. Show that the flat FLRW solution for a universe dominated by a positive cosmological

constant corresponds to the flat slicing of de Sitter.

4. The coordinates (10.40]) are only defined for z° + z* > 0. By equating (10.40) to
the original coordinates used, (10.12)), (using spherical polar coordinates for the &),

show that on the Penrose diagram, this corresponds to the left upper triangular region

n>xX—735.

Exercise 10.3 (Open slicing of de Sitter)

Consider the definition of the de Sitter spacetime as the hyperboloid (|10.11f). Define the

following parametrisation, with (here £ € (0, 00)):

t t
20 = Lsinhz cosh¢, zt= Lcoshz7
t
z! = Lsinhzsi hésinfcos ¢,
; (10.42)
2?2 = Lsinh 7 sinh € sinfsin ¢,
t
z3 = Lsinh 7 sinh £ cos 8.
1. Show that these coordinates indeed obey the defining equation (10.11)).
2. Show that they give the metric for de Sitter spacetime as
t
ds* = —dt* + L?sinh? 7 (d€* + sinh? £Q3) . (10.43)

This is called the open slicing, because surfaces of constant ¢ are the hyperbolic space
H?, as in (10.7)).

3. Show that the open FLRW solution for a universe dominated by a positive cosmological

constant corresponds to the open slicing of de Sitter.

4. By equating (10.42) to the original coordinates used, (|10.12)), show that on the Penrose

diagram, this corresponds to the left upper triangular region 1 > x.
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Flat matter or radiation dominated universes

Now let’s consider flat universes, k = 0 (which should be a good approximation to our universe

at the present time). For w > —1, we have

3 w
Q= Oag(H ) 3 (1+3w) ’ (10.44)
hence ,
daa%JFBTw = C’ag(Hw)dt (10.45)
SO
3 3(1-2‘—11))
a(t) = ag <C’2(1 +w)(t —to) + 1) . (10.46)

Let’s run the evolution of this scale factor backwards into the past. When t = ty— (C % (14 w)) _1,
we find that ¢ = 0. Using

a —3(14w) 3 -2
o(t) = o (0> = 4o (02@ Fw)(t— to) + 1) , (10.47)
we also see that the energy density blows up at this time. So the size of the universe shrinks to
zero, a — 0 and the energy density (which is by definition a scalar function and so invariant in
all coordinates) is singular, p — oco. It is convenient to shift the origin of our time coordinate
such that this corresponds to ¢ = 0. Then the singularity we have found in our solution is known
as the big bang, and corresponds to the beginning of the universe (as the solution is singular at
the time of the big bang, we cannot extend our cosmology further into the past “before” this
moment). It has been proven in cosmological singularity theorems that any universe which is
approximately homogeneous and isotropic must have such a singularity in its past (assuming

reasonable conditions on the energy-momentum tensor).

Conformal time and general universes

In order to solve the Friedmann equation for a closed or open radiation or matter dominated
universe, and to investigate the general causal structure of FLRW universes, we introduce the

conformal time.

~ Conformal time ~N

The conformal time 1 in an FLRW universe is defined by

t dt'
nz/ ()’ (10.48)

and so obeys
dt

It is convenient to take n = 0 to correspond to the big bang singularity at a = 0.
. J
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In terms of conformal time, the Friedmann equation becomes

da\*  87Gpo 3(14w) 1-3 2
) = wo_ . 10.
<d77> 5 90 a ka (10.50)

This is straightforward to integrate for all the cases we are interested in. Once a(n) is known

then t as a function of 1 can be found by solving dt/dn = a. It is simple to do this yourself.

Exercise 10.4 (Matter dominated FLRW universes)

Consider the Friedmann equation (10.50) in terms of conformal time for a universe domi-
nated by matter, w = 0. Letting C? = 87er° ao and taking ¢t = n = 0 to correspond to the
big bang, with a(n = 0) = 0, show that we have.

Closed (k=1) a(n) =3C%*(1 —cosn) t=3C*n—sinn)
Open (k= —1) a(n) = $C?(coshn — 1) t= 3C%(sinhn —n) (10.51)
Flat (k= 0) a(n) = 1C%n? t=L0%3.

Sketch the evolution of a with 7 in all cases, and observe whether the universe expands

indefinitely, or eventually shrinks back to zero size in a “big crunch”.

Exercise 10.5 (Radiation dominated FLRW universes)

Consider the Friedmann equation (10.50) in terms of conformal time for a universe domi-
nated by radiation, w = 1/3. Letting C? = 8”Gp° ao and taking ¢ = n = 0 to correspond to
the big bang, with a(n = 0) = 0, show that we have.

Closed (k=1) a(n)=Csinn t=C(1—cosn)
Open (k= —1) a(n) = Csinhn t= C(coshn—1) (10.52)
Flat (k =0) a(n) =Cn t=3Cn.

Sketch the evolution of a with 7 in all cases, and observe whether the universe expands

indefinitely, or eventually shrinks back to zero size in a “big crunch”.

The FLRW metric in terms of conformal time is:
ds* = a®(n)(—dn* + do?). (10.53)

Thus the FLRW metric is conformal to the metric —dn? +da,% and we can use this simpler metric
to explore the causal structure of the universe. For instance, in an expanding universe with a
positive cosmological constant, the scale factor goes like a(t) ~ e“t for large ¢, when we can
neglect matter and radiation. As a result n ~ 1 —e~C? for large ¢ and hence for t — 00, 17 = 7se,
where 7, is some constant value. In such a universe, the causal structure can be sketched as in
27

This sort of picture is not a full Penrose diagram, as the spatial directions have not been
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Big Bang (n = 0)
Figure 27: Sketch of causal structure for universe dominated by A > 0 at late times.

(fully) compactified, only the time direction. However, knowing that the universe either ends
or starts at a finite value of conformal time allows us to draw interesting physical conclusions,
such as the existence of a cosmological horizon for observers at late times in an expanding A > 0

dominated universe (as shown in figure .

The horizon problem and inflation

We can also consider the particle horizons that are present owing to the fact that only a finite
amount of time, conformal or otherwise, has passed since the Big Bang. As past light cones
terminate at the Big Bang, the region of space that we can have received signals from at the
present time is limited by such a horizon. This leads to a puzzle, because the universe that we
observe is spatially homogeneous and isotropic. In particular, we observe a cosmic microwave
background (CMB) consisting of photons which stopped interacting with matter (in the form of
protons and electrons) at the time of recombination, of order 10° years after the Big Bang. This
background radiation is visible and remarkably uniform (at a temperature of 2.7K with very
small deviations) across the whole sky. But the photons that we observe coming from different
parts of the sky cannot have been in causal contact at the moment when they decoupled from

matter and became part of the background radiation. This situation is drawn in figure

“— Particle horizon of p,

-- Recombination
Big Bang (n = 0)

Figure 28: Particle horizons and the CMB. We observe (at py) photons emitted from p; and po,
whose particle horizons are completely causally disconnected (no point can send a signal to both
p1 and po. Despite this, the photons constituting the CMB are incredibly closely correlated.

The most widely accepted solution to this problem (and a number of related cosmological
issues) is inflation, which posits that there was a period of rapidly accelerating expansion (d > 0)
in the very early universe. This period of rapid expansion allows p; and p2 to have initially been
in causal contact before being inflated apart, and accounts for the homogeneity and isotropy of
the observed universe.

The inflationary period corresponds to a period of evolution of the universe which is not

determined by the Friedmann equations. To see how this should work, assume that during
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inflation the scale factor increases exponentially:

a(t) ~ aett, (10.54)

1
n—i=—m=e ', (10.55)

where 7 is again a constant. We can now have negative values of conformal time: n — —oo

corresponds to t — —oo. The scale factor in terms of conformal time is

1

a(n) = T =7 (10.56)
The Big Bang singularity when a — 0 occurs for n — —oo. This scale factor seems to blow up for
n — 7, however this corresponds to allowing inflation to continue indefinitely into the future, as
n — 7 corresponds to t — 400. Instead we assume that inflation ends (i.e. our assumption that
the scale factor takes the form ceases to hold) at some point when 1 ~ 0 < 7, at which
point we segue into standard cosmological evolution determined by the Friedmann equations.
The effect is to modify the figure 28] to figure [29] in which we see that the past lightcones of the
points p; and pe now do intersect (the shaded region in .

UPN

£2 - - - Recombination

n=20

n=—00
Figure 29: Particle horizons with inflationary period added.

Simple models of inflation can be obtained by introducing matter in the form of a scalar field,
whose dynamics drive the accelerated expansion of the universe during the inflationary phase.

To say more is beyond the scope of this course.

Cosmological redshifts

Finally, the metric allows us to explore null geodesics. Consider the light emitted by some
particular galaxy, or Bob, reaching an observer. Suppose a first photon is emitted at conformal
time 7. and observed at conformal time 79. Then a second photon is emitted at 7. + An
and observed at n9 + An. As before, when we thought about gravitational time dilation in a

time independent geometry, the paths of the two photons are identical and so the time between
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emission and observation is the same. However, the proper time at the emitter is A7, = a(n.)An,
assuming that An is small enough that a(n) does not change appreciably between the emissions.

The proper time observed is similarly A7, = a(n,)An. Consequently,

Aty a(no)
A1, a(ne)’

(10.57)

which is greater than 1 for an expanding universe. In terms of wavelengths, A = cAr, and

abbreviating a(n,) = a,, a(ne) = a., we have
Zo_To5, (10.58)

so the light received has longer wavelength, hence is redshifted. In cosmology, the redshift z is
defined by

(10.59)

If we know z, then the scale factor at emission is related to the scale factor at observation by:

1

) 10.60
o 1+2 ( )

Qe =

The redshift is often quoted as a proxy for distance.
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11 Gravitational waves

11.1 Linearising

Let’s write down again the expressions for the linearisation of general relativity about a flat

Minkowski background.

- Linearised general relativity ~

e The metric:
G R N + by s g* = — R (11.1)

e The Levi-Civita connection:

1
F,uzzp ~ 5771»\ (auhu)\ + 8uhu/\ - aAh;w) . (11'2)
e The Riemann tensor:
1
Rpaul/ ~ 577[))\ (8uaah)\y + 8ua)\hu0' - auakhov/ - al/ao‘h)\p,) . (113)
e The Ricci tensor: . )
R, = apa(ﬂhy)p - §8p8phw, — Eaua,,h. (11.4)
e The Ricci scalar:
R~ 0"0"hy, — 0,0°h. (11.5)
e The linearised Einstein equation:
1% 1 1 1 1 P 9o o
19} 8(uhl,)p — §8p8 Py — iauayh — 577,”(8 0% hpe — 0,0°h) = 81GTy, . (11.6)

& J

Recall that under diffeomorphisms, viewed as coordinate transformations z* — y*(x), the trans-
formation of the metric was given by:

oyt Oy¥ . B
%@gm/(y(x)) - gpa(x) : (11'7)

This provided a gauge symmetry, or redundancy of description, of general relativity. This carries
over into the linearised theory. We consider diffeomorphisms which preserve the splitting of the
metric into the background Minkowski metric and a perturbation. A general diffeomorphism
will not, of course. We can consider those one-parameter families of diffeomorphisms which are
infinitesimally close to the identity diffeomorphism, which will certainly preserve this form of
the metric to the order we are working at. Consider therefore an infinitesimal diffeomorphism,
yt =zt — & (we could replace ¥ — €& with e a small parameter if we wanted, but instead let
us take £ to be of the same order as hy, ). Letting G, = nu + EW, we find from that

hp,l/ = hp,u + aMEV + 8V§/L . (118)
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This transformation
h;w — h,u,l/ + 6§h,uu 3 6§h/,w = 6#51/ + al/fu (119)

is the gauge symmetry of linearised general relativity. Two perturbations h,, differing by such a
transformation are to be considered physically equivalent.

This gauge symmetry is analogous to the gauge transformation A, — A, + 9,A of the
electromagnetic potential, extended in this case to a symmetric “gauge” field, h,,. In that case,

the field strength F),,, = 20|, 4,) was gauge invariant.

Exercise 11.1 (Gauge invariance of the Riemann tensor)

Check that d¢ R, 0 = 0.

A very useful combination of the metric perturbation and its trace is:

1
hw/ = huu - ihnuu . (1110)

For instance, the Einstein equation (11.6)) becomes:

1., - 1
= 500l + 0°0uhy = 30 hg = 87G Ty, (11.11)

when written in terms of l_”LW.

Under the gauge symmetry, we have:

5£B/ﬂ/ = a,uéu + auf,u - apgpnpu . (11-12)

Now, gauge symmetry implies a redundancy in our description of the physics. It is therefore
often convenient to make a “choice of gauge” in which we impose some condition on our fields
that “fixes” the gauge. For instance, in electromagnetism, we may choose to impose the Lorenz
gauge condition, 9" A, = 0. The analogy of this condition in general relativity is known as the

de Donder or harmonic gauge condition:
" hyy =0. (11.13)
How is the gauge actually fixed? We have
6¢(0 ) = 870,€,, . (11.14)

Therefore if we are given any arbitrary Buw we can make a gauge transformation with parameter
&, such that 90V0,§, = —8”l_7w,. Then the gauge transformed i_zl“, will obey .

After gauge fixing, we hope to not have any further gauge redundancy left in our description
of the physics. This is not yet true in the present case: the gauge condition is preserved
by gauge transformations £, with 0”0,¢, = 0. We will use this later on.

In de Donder gauge, the Einstein equation becomes simply:

OPOphyy = —161GT), . (11.15)
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This means that each component of the perturbation B/w obeys the wave equation in four-
dimensional spacetime, sourced by the energy-momentum tensor. The solutions of this can be

written down using Green’s function methods (see below).

11.2 Gravitational waves in vacuum

The solutions to 898,071#,, =0 are:

huw(z) = Re(H,e®), k-2 =kyat, (11.16)

where H,, is a constant symmetric complex tensor and k, is a null vector, k,k* = 0. Thus

this solution describes waves propagating at the speed of light in the background Minkowski
spacetime. The gauge condition (11.13]) requires

k' H,, = 0. (11.17)

The residual gauge freedom given by transformations with parameter £, obeying 09,§, = 0 can

be described by writing these explicitly as £,(z) = Re(X,e?**). Under such a transformation,
H,, — Hy +i(k, Xy + kX, — 0k’ X)) . (11.18)

We can choose X, such that:
Hy, =0, H',=0. (11.19)

Writing out the time and spatial components fully, this means that
Hop=0, Hy=0, H,;=0, (11.20)

while we also have the constraints ((11.17]).

Exercise 11.2 (Gauge fixing)
Show that this is indeed possible.
For example, consider a gravitational wave propagating in the z-direction, with k* = w(1,0,0,1).

This requires that H,0+H,3 = 0, and hence with this choice of gauge fixing that H;3 = 0. There-

fore the polarisation matrix takes the form:

00 0 0
0 Hy H, 0

H,, = o (11.21)
00 0 0

The fact that H*, = 0 means that ﬁ“u = 0 = 1*,. Hence in this gauge, h;,, = BW. We therefore
have for the particular solution with polarisation matrix (11.21]):

h11 = |H+| cos(w(t — Z) — Oé+) = —h22 y ]’L12 = |H>< ’ COS(w(t — Z) — Ozx) = h21 N (11.22)
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having written H = |Hy|e"+, Hy = |Hy|e"* and used k,2” = —w(t — 2). This particular
choice of gauge is known as transverse traceless gauge, with the corresponding perturbation

denoted by hEE , obeying altogether:

@by =0, hi =0, hg =0, p*ALS=0. (11.23)

This gauge reveals the important physical property that a gravitational wave can have two

independent polarisations, corresponding to Hy and H.

Effect of gravitational waves on test particles

We now want to understand properly the effect of a gravitational wave perturbation on test
particles. Suppose we consider a single particle whose position we describe using the coordinates
z* corresponding to the transverse traceless gauge. The geodesic equation, to first order in the
perturbation, is )
v
ddf; 4 %n’“ (=Oahy,y +20,h,) %% =0. (11.24)
Suppose this describes a freely falling particle which is initially at rest, with four-velocity U#(7) =

% = (1,0,0,0) at 7 = 0. Then we have

d2zH

A2zt
dr? (

1
—5 (1 =0)+ 50" (=0rhog + 200hoy) =0 =

= 7=0)=0. (11.25)

It follows that the geodesic equation is solved by UH(7) = UH(0) for all 7. Hence the particle
remains at rest in the presence of the metric perturbation.

What is happening here is that the coordinates we are using, which are those adapted to
transverse traceless gauge, are in fact coordinates adapted to freely falling particles. The coordi-
nate attached to a particular particle, or point, by definition “move with the wave” i.e. the value
of the coordinate at that point is by definition always a certain value. So we cannot see the effect
of the wave from considering a single particle. We should consider instead multiple particles.

The simplest coordinate invariant test of the presence of a gravitational wave is to measure the
proper distance between two freely falling particles. Suppose we put one at coordinate location
z' = (0,0,0) and the second at coordinate location z° = (L,0,0). Suppose a gravitational
wave propagates in the z direction, described in transverse traceless gauge with the components

hEVT (t — z). The proper distance between these two particles is

As:/vdszz/\/gw,dx“d:ﬁ
L
:/ dl‘vg:m:
0
L
= [ dxy\/1+4+hLF(t
| a1 nzz )

~ L (1 + 1hTT(t)> :

(11.26)

2(1733

This proper distance is certainly not constant: it varies in the presence of the gravitational wave.

We can write this variation as
5£ 1 hTT

~
~

=~ ). (11.27)
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This is in fact a gauge independent prediction of gravitational wave theory, and corresponds to
the measurements made in gravitational wave detectors. There the distance As is measured by
bouncing light beams from mirrors at the ends of arms of length L (which works when the metric
perturbation varies on a timescale less than the time it takes to travel through the arm).

We can rederive the above result more generally by choosing to work in a different gauge,
i.e. with a different set of coordinates. Appropriate coordinates to use are an orthonormal
frame associated to one freely falling particle. This can be defined by defining a local inertial
frame at one point on the worldline of this particle, and then extending it along the geodesic
by parallel transport. In these coordinates, the position of the geodesic is at the origin in the
spatial coordinates, and at all points along the geodesic the metric is given by the flat Minkowski

metric, and its first derivatives vanish.

Exercise 11.3 (Coordinates adapted to the freely falling observer)

Let (¢, 2%) denote the coordinates used in transverse traceless gauge. Define new coordinates
by

. N S 4

t=t, z'=2z2'+ §6Z i (t)z? . (11.28)

Given that the positions x* are unchanged in the presence of the wave, work out the be-
haviour of test particles described by the new coordinates #!, and compare it to the results
below coming from solving the geodesic deviation equation.

Show that the metric in terms of these new coordinates is:
ds? ~ —di?* + §;;d3"di’ (11.29)

neglecting terms of second order in the perturbation, and assuming that the wavelength
A ~ 1/w of the gravitational wave is much bigger than the coordinate distances involved so

as to also neglect terms involving |2?|/\ << 1.

Given another nearby freely falling particle, we can define a separation vector S* which will
obey the geodesic deviation equation, derived back in section |§| as equation , which we write
here as D2

VuyVySt = pS” =R',,,U"UPS? . (11.30)
Here U (which was originally 7" when we derived this originally) is the tangent vector to the first
freely falling geodesic, and 7 is the proper time along this geodesic. This equation expresses how
the separation S* between the two freely falling particles changes as we move along the geodesic
of the first particle. The right-hand side of this equation involves the Riemann curvature tensor.
We emphasise that in writing we are now using new coordinates adapted to the geodesic
of the first particle, and not the original coordinates in which the metric perturbation was in
transverse traceless gauge hEVT . To first order, this change of coordinates is just a change of
gauge. The Riemann curvature tensor is gauge invariant to this order. Therefore when we
evaluate R*,,, we can use the expression we would get in the transverse traceless gauge, i.e. we

will use )
RFy e = §"M (0,00h3y + 0s0xh,y,) — 0pOrhyy — Os0,h3,) ) - (11.31)
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The coordinates we are using mean that U* = (1,0,0,0), hence we can use 7 =t, and I';,,” =0

along the geodesic. Then the geodesic equation becomes

d? S+ 1
7(152 = R“OOVS” = in“paoaohg‘;su (11.32)

For a gravitational wave propagating in the z-direction, we have

d?s° d%s3

and we can arrange by a choice of initial conditions that S® (the displacement in the time
direction) vanishes for all time, and that S® is constant. Picking coordinates such that S = 0,

and considering a ring of particles in xy plane at z = 0, the interesting equations are then:

d251 1 2 1 2

= 5% (|Hy| cos(wt — ay)S' + [Hy| cos(wt — ax)S?) , ( )
11.34

d2 2 1

dtS2 - _§w2 (—|Hy| cos(wt — a1 )S? + [Hy | cos(wt — ax)St) ,

Because |H | and |H| are small, we can solve perturbatively. The zeroth order solution is that
St(t) = S, S2(t) = S%, with S', 5% constants. To find the first order solution, we first substitute
the zero order solution into the right-hand side of the equations ({11.34]), and then solve to get

I | _ _

Sl(t) ~ St + 3 (|H+| cos(wt — a+)51 + |Hx | cos(wt — ozx)52) ,
2 ) ’ (11.35)

S%(t) ~ S? + 5 (—|H]| cos(wt — a4 )5% 4 |H | cos(wt — aX)Sl) .

These represent oscillations in the zy plane. In more detail, consider first the case of a “plus”

polarised wave only, Hy # 0, Hx = 0. We have

| _

Sl(t) ~ St + Ecos(wt — a+)]H+]5’1 ,
2 (11.36)

S%(t) ~ §? — 3 cos(wt — ay )|Hy |52

If we consider a collection of test particles arranged in a circle in the xy plane, the circle will first
expand in the x direction while contracting in the y direction, and vice versa. Snapshots of the
arrangement look like a series of ellipses oscillating about the x and y axes, i.e. in the directions
indicated by the + symbol. This is illustrated in figure [30]

L)y () ()
cos(wt — a4) cos(wt —ay) = —1 cos(wt — ay) cos(wt —a4) =1

Figure 30: Effect of a plus polarised gravitational wave on a ring of test particles. The particles
are coloured to illustrate the individual oscillations.
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Next, consider a “cross” polarised wave only, Hy # 0, H; = 0. We have

1 _

Sh(t) = 8 4 = cos(wt — ax )| Hx|S?,
. (11.37)

S%(t) ~ S* + §cos(wt —a)|Hy|S".

If we consider a collection of test particles arranged in a circle in the xy plane, the circle will now
expand and contract about axes at 45 degrees to the x and y directions, i.e. in the directions
specified by the x symbol. This is illustrated in figure [31]

T

cos(wt — ax) = cos(wt —ax) = -1 cos(wt — ax) = cos(wt —ax) =1

Figure 31: Effect of a cross polarised gravitational wave on a ring of test particles. The particles
are coloured to illustrate the individual oscillations.

11.3 Gravitational waves from a source, and their detection

Gravitational waves from a source

Now we return to the linearised Einstein equation in de Donder gauge, equation ((11.15)), and
work out the response to the energy-momentum tensor on the right-hand side. This can be
viewed as a standard wave equation in flat space, and the way to solve it is to introduce the

Green'’s function G(x) obeying

0,0°G(x —y) = dW(x —y), (11.38)
such that
huw(z) = —167G / d'yG(x — )T (y) (11.39)
is automatically a solution to apaph,w = —167GT),.

Deriving the form of the Green’s function should (hopefully) be familiar from earlier courses

on electrodynamics. We will use the retarded Green’s function,

1
= SUZ =l — (2% = "N(zP = 0 11.4

Gz —y) =

which describes the causal response to a source in the past. Observe we have split z* = (29, ),
y* = (y°, 7). Here (2° —4°) = 1if 2° —y" > 0, and is zero otherwise. This gives us our solution

for the linearised gravitational field produced by the source with energy-momentum tensor 7},,:
- H 3 1 T
hl“/(t, f]f) = 4G d Yy ﬁTMV(tT? y) y (1141)
r—y

where t, =t — | — ¢] is the retarded time.

In principle we now take an interesting source, insert into this expression, and integrate.
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Let’s proceed further by making some reasonable assumptions. Suppose we are dealing with a
faraway source at a distance r = |Z|. Further suppose this source is isolated, meaning that it

itself is concentrated in a region of space of size dr << r. See figure

Source

Figure 32: The isolated source (e.g. a spherical cow) is small because it is far away.

Then,
—»' — — 2
‘f_g»‘2:7,,2_2£:_g’+‘m2:7.2 (1_2‘7;23/4_‘%) (11.42)

and inside the integral in (11.41)) we assume that we only have contributions for |§] < ér. Hence

|Z— g =71+ 0(r/r)) (11.43)

We can further expand
Tt = |2 =91, 9) = T (t — r,y) + 0T O(0r) . (11.44)
We further assume that the source is varying on a timescale t, such that 9yT},, = T}, /0t, and

that its motion is non-relativistic, so that 07/t << 1. Then we can neglect the second term in
the above Taylor expansion. The result (11.41)) for the metric perturbation then simplifies to:

- 4G
h/“’(ta f) ~— /d3yTuu(trag) (11.45)

r

where now t,. =t — r. This is a simpler integral.
We will now proceed to further analyse the spatial components, Bij. The gauge choice
3”71W = 0 means that
Aohio = & hyj (11.46)

and
dohoo = & ho, (11.47)

so that once we know Bij we can successively determine hig and hqp.
We use the following quite surprising trick. Make use of the seemingly trivial identity 6! =
Okz’ to write (note we suppress the dependence on t, and here use z' as the label for our

integration variables rather than y*)
/ BTV = / d3x <8k(Tikxj) —akTikxﬂ') : (11.48)

The first term is a total derivative, which we assume vanishes. In the second term, we can use
conservation of the energy-momentum tensor (in the background Minkowski spacetime, i.e. to

leading order in the perturbation), which implies 0, T% = —9yT%. Hence,
/dga:Tij = /d?’:n(?oTiomj. (11.49)
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Taking the Jdy outside the integral, and noting that we could equally well have swapped 4 and j

in the above calculation, we write:
/ 3TV = 8y / 1007 (11.50)
Next, we repeat the trick: writing

g 1 | o
/d3xT“ = 80/d3$ <28k(T0k:cZ:L“J) - 28kT0kxli>

1 o

= 5% / d>x0yT 2" 27 (11.51)
1 o

= 28080/d3xT00xij.

The quantity being time differentiated here is called the quadrupole moment of the energy density,

and is usually denoted by
[z‘j(t) = /dngoo(t,f)xixj . (11.52)

Reverting to our earliest instincts and writing dots for time derivatives, we can succinctly write

_ 2G -
hij(t, ) ~ TGIij(t —-7). (11.53)

Gravitational waves from a rotating binary system

We will now study the gravitational waves produced by a rotating binary system. In line with
our assumptions above, we will analyse the behaviour of this system using Newtonian physics.
This will produce predictions for the induced gravitational wave behaviour that is in line with
what has been observed at LIGO. In a more complete analysis, the Newtonian description we
will use below can be viewed as the starting point for a “post-Newtonian” expansion, in which
we go on to include relativistic effects.

Consider a binary system of two masses, m; and mq, rotating with angular frequency (2,
as shown in figure We will analyse this as a standard Newtonian two-body system, using
the reminder provided below. The total separation of the two masses is R = R; + Ry, with
Ry = maR/(m1 +m2), R = miR/(m1 + mz2), and the reduced mass is u = mymsa/(mq + mo).
The total energy is:

1 1 o Gmimy 1

E= fmlv%+§m2v2 — = = (M R+ maRy) — ——— = QPR - ——

== 11.54
5 7 5 » (11.54)

where M = my + mo, and v1 = QRy, v9 = QRy. We can treat this as a single particle of mass p

in the gravitational field of another of mass M.
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- Reminder of Newtonian two-body physics ~

Consider two masses mp and ms with position vectors #; and Z» interacting through a
potential V = V (|} — Z2|). Define the centre of mass position, X = (mi + mo@s)/(m1 +
mg) and the separation vector R= Z1 — T9. The kinetic energy is

1 . 1 . 1 5 1 =
Eyin = 5maai® + gmawy® = S MX? 4 SpR?, (11.55)

where the total mass M and reduced mass p are

M=mi+my, p=—272 (11.56)
mi + ma

In the centre of mass frame, the positions of the bodies are:

R —m R
AL LR N (11.57)
m1 + mo m1 + ma
The conserved angular momentum, J=Rx P, is always orthogonal to R. Hence the motion
takes place in a plane. For V(R) = —Gmima/R = —GulM /R we can write the Lagrangian

in polar coordinates in this plane as:

1 . 1 . GuM
L= Suk’ + SR + el (11.58)
The conserved energy and angular momentum are:
1 . 1 . GuM .
E=-pR*+ —puR%0% - ZE2 7= uR%). (11.59)
2 2 R
The effective potential is thus
J? GuM
V(R) = - 11.60

and circular motion can occur at the minimum of this potential, V/(R) = 0, namely when

J2 ., GM
GuM = “— = 6* = —— . 11.61
I R 73 ( )
The energy for the circular orbit is
1 GuM
E:_iGHT' (11.62)
N\ J

For circular motion, the condition (11.61]) becomes GuM/R? = uQ*R (identifyingé = ; also
recall that this amounts to balancing gravitational and centripetal force) giving Q% = GM/R?
(Kepler’s third law). This means that:

__lGuM 1 2/3, 02/3
B=—Zh = S (GM)P 02 (11.63)

As these masses orbit, they emit gravitational radiation. This means that they lose energy. We

assume that as they lose energy, the radial separation R decreases slowly in such a way that
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at any given moment the orbit can still be described as being circular, with the above formulae
holding. Then we can differentiate to relate the loss in energy to either the decrease in separation

or the change in angular frequency:

%J = ;Ggy‘;if = —%(GM)Z/%Q*/?’%?. (11.64)
Note that as the radius decreases, {2 increases.
2
mq
Ry
Ot o

Figure 33: Rotating binary

Now we turn to the part of the calculation involving linearised GR. First, we write down the
requisite component of the energy-momentum tensor, corresponding just to the energy (or mass)

density of the two particles:

T, %) = 6(2%) (m16(z" — Ry cos Q)S(2* — Ry sin Qt) + mad(z' + R cos Qt)5(z® + Rosin Q) .

(11.65)
We need this in order to calculate the quadrupole moment:
Iij(t) = /dgfL'SL‘Z'SL‘jTOO(t,f)
. 1+ cos 20t sin 20t 0 (11.66)
= §MR2 sin 20t 1—cos20t 0
0 0 0
From this we can calculate the metric perturbation according to the result (11.53)):
oG AP UCR? cos 20, sin2Qt, 0
hi;(t, &) = 7]”(15 —r)= —+ sin 2Qt, —cos2Qt, 0] . (11.67)

0 0 0

We observe that §h;; = 0, so in vacuum (far from the source) where we can work with transverse
traceless gauge, hi; = h;;. The next thing we need to do is compute the energy carried away from
the source as the gravitational radiation. A detailed calculation in second order perturbation
theory (whose details we neglect for lack of time) allows us to express the energy loss of the

source in terms of the reduced quadrupole moment. The latter is defined by:
_ Lo ok
Qij = 1Iij — 5(52-]-(5 Ty . (11.68)
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The result for the energy carried away by gravitational waves involves the third time derivatives

of the reduced quadrupole moment, squared:

dEGW Guu- .u-z‘j
=——Q,, ) 11.
20,0 (11.69)
Using (|11.66]) we find
dE 32

Equating this to the rate of change of the energy of the two-body system, equation ((11.64)), we
find the following formula for the change in :

Q96

E _ €G5/3MM2/3QH/3 _ %(GM)WBQH/S}’ (11'71)

where we define the chirp mass:

3 a72\1/5 (m1m2)3/5
Given {2 and %, we have
1/5 a0\ /°
= — [ 1= 11.
M G (96 dt ’ (11.73)

so if we know the angular frequency and its rate of change we can calculate M.

Detection of gravitational waves

Indirect evidence for the production of gravitational waves was provided by precise measurements
of the slowly decaying period of the orbit of a binary pulsar, by Hulse and Taylor. A pulsar is a
neutron star emitting a beam of electromagnetic radiation in a particular direction, and a binary
pulsar consists of a pulsar in orbit around a second star. The rotation of the pulsar itself means
that we observe its emitted electromagnetic radiation as “pulses” at regular intervals. We can
use these pulses as a sort of clock to measure properties of the binary system. As the pair lose
energy due to gravitational radiation, their orbital frequency increases and hence the period of
the orbit decreases in accordance with the calculations made using general relativity.

As described at the beginning of these notes, direct detection of gravitational waves is now
possible using gravitational wave interferometers such as LIGO. Here the idea is to bounce two
light signals back and forwards between pairs of mirrors in orthogonal “arms” (of length about
4km). A gravitational wave propagating through the apparatus causes tiny shifts in the distance
that the light travels in the arms. This is observed when recombining the light signals and
looking for a phase shift relative to the original beams.

What is directly measured is the change 6L /L, where L is the length of the arm used in the
interferometer. This is related to the metric fluctuation, 6L/L ~ %hij, as follows from our earlier
results. For the case of a gravitational wave emitted by a rotating binary, we thus can expect to

see fluctuations of the form
5£ 2uGQ(t)2R2

L r

where we emphasise that the angular frequency changes with time. The sort of signal this

cos(29(t)t) , (11.74)

produces is shown in figure
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Inspiral Merger
Ringdown

-

Time

Figure 34: Predicted gravitational wave signal (using numerical relativity data from https:
//www.gw-openscience.org/events/GW150914/).

Initially the orbiting pair are drawing closer to each other, during what is known as the
“inspiral phase”. We assume that as they do so their motion can still be well-approximated
using the Newtonian analysis we carried out above. In that case, we can use the Kepler law
O2(t) = GM/R(t)3, up until the bodies merge, at which point the maximum amplitude of
the strain is observed. (A more comprehensive analysis would replace the Newtonian analysis
by adding in the leading order relativistic effects, or more practically by solving the Einstein

equations for the binary system numerically.) We can then write

oL 2uMG?

7 R cos(202t) (11.75)

The actual angular frequency of the observed gravitational wave is Qgw = 2§2. It is convenient

Qew
2

signal in figure [35] by for instance measuring the time distance At¢ between successive crossing

to instead work with the frequency fow = = % This can be crudely estimated from the

points of §L/L = 0, and setting fow = 1/(2At); more sophisticated techniques based on analysis
of the waveform are available. Given the time dependence of this frequency, we can obtain the

chirp mass from

1 5 —8/3 p—11/3 ; 3/5
M=z (on B gan o) (11.76)

This provides an estimate of the total mass in the system. If we define ¢ = mj/mg to be the

mass ratio, then

M=(1+qq %M, p=0+q ¢ M. (11.77)

We can also obtain from ((11.76)) that
_ 256
Fail3() = (GM)WS?WSB(% —1), (11.78)

where the constant of integration t. corresponds to the point at which the binary pair merge. In

practice we observe a maximum value of the strain, at a maximum value of the frequency, after
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which the gravitational wave signal falls off (in the “ringdown” phase). Let faw |max denote the

maximum value of the frequency. This corresponds to the minimal separation

GM 1/3
R= <(7Eﬁgm/hnax)2> : (11.79)

If we know this value of R, and have an idea of the mass ratio ¢ appearing in uM = (1 +
q)2/ 5¢=1/5 M2, then from the maximum amplitude of the strain and equation (11.75) we can

obtain r, the distance to the source.

Inspiral Merger
Ringdown

Time
Figure 35: Observed gravitational wave signal (blue) at the LIGO Hanford detector and numer-
ical relativity prediction (red) (using data from https://www.gw-openscience.org/events/

GW150914/).

Let’s review the numbers obtained for the original gravitational wave detection, known by
the glamorous name of GW150914. For simplicity, let’s first assume the masses of the binary

system are equal, m; = mo = m. The maximum frequency obtained is
faw |max ~ 150Hz, (11.80)
and the chirp mass was worked out to be about:
M ~ 30Mg (11.81)

where Mg is the mass of the Sun. The orbital separation at peak amplitude is then

G . 926/5. 30M, 1/3 _

This is a very small distance. Each body involved in the merger has mass about 35 Mg — which
is quite heavy — with a corresponding Schwarzschild radius of about 100 km. Ordinary stars
have radii of the order of hundreds of thousands or millions of kilometres. White dwarf stars
are smaller; but still have radii of the order of thousands of kilometres. We therefore expect the

merger to involve incredibly compact objects. The candidates are neutron stars or black holes.
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The former generally have a radius of about 10 km, but have a maximum possible mass of a few
Mg . This leaves black holes as the only candidate. (It can be shown that for unequal masses,
with ¢ > 1, the system becomes more compact, and the above conclusions hold. In order to
more accurately identify the value of ¢, we need to go beyond the Newtonian description of the
binary, and compare with relativistic predictions for the gravitational wave signal produced.)
The future evolution of gravitational wave detection promises to be very scientifically rich,
with new detectors planned in such exciting locations as space (LISA) and, potentially, Limburgﬂ

(the Einstein telescope).

5The Dutch Limburg, that is: the proposal is a joint Belgian/Dutch/German initiative.
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12 Einstein-Hilbert action

This section is not examinable, but included for completeness.

The Einstein field equations can be derived from an action.

Finstein-Hilbert action

The Einstein-Hilbert action is:

_ 1 TS s s
SEH = 162G /d x det gR. (12.1)

We will not be precise about the nature of integration on manifolds. The integral in the
action can be considered to be an integral over the coordinates z* in some chart. As our
only goal in this section is to derive the local field equations, this will suffice. Nevertheless, we
should be sure that under changes of coordinates this is a sensible definition. This is ensured by

the invariant measure, or volume form,

dz\/—detyg, (12.2)

involving the square root of the absolute value of the determinant of the metric. Under a change

of coordinates,

E— OxP 0x°
_ det(g;“j) = \/— det <W&Ij‘”/gpa>

(12.3)
= /et fdet £
while » |
d*z’ = det% d*x (12.4)

as usual, so that d*a’v/— det ¢’ = d*z+/— det ¢g. This is compatible with what you already know:
for instance consider R? in spherical coordinates, with 2/* = (r,0,¢) and z° = (x,,2). The
metric in the former case has determinant r*sin? @, and in the latter case has determinant one.
Hence the measures are (for a Riemannian metric, we do not need to take minus the determinant

as it is already positive):

d3z'\/det ¢ = drdfder?sinf = dxdydz = d>z+/det g. (12.5)

Convinced of our righteousness, we can now vary the action (12.1)) with respect to the metric.
We first of all need to show that:

ddet g = det g g" g - (12.6)
This follows from writing:

det(g + dg) = det (g( + g_lég)) = det gdet(I 4+ g~ 'dg). (12.7)
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In general, if € is a matrix whose components are small,

14 €11 €12

€21 1+ e
det(I + ¢€) = det

1+ e€nn

(12.8)
= (1 + 611)(1 + 622) c (1 + enn) + 0(62)
=14+ € +0(e)
=1+ tre 4+ O(€?),
so to first order in the variation we have
det(I + g t6g) =1 +trg tdg, (12.9)
and hence
det(g 4 6g) —detg=1+trg log (12.10)
and this gives the result (12.6). It also follows that
1 —detg 1
0y/—detg = ———=(—ddetg) = ————¢""dg,, = =/ —det gg""0g,,, . 12.11

Next, we need to vary the Ricci scalar. Let’s start with the Riemann tensor. The trick is to first
vary the Riemann tensor at some point p, using Riemann normal coordinates. As I',,”(p) = 0

in these coordinates, we have
ORP g = 28[“61“1,]09 = QV[M(SFV]Up, (12.12)

where we again use Riemann normal coordinates to be able to replace the partial derivatives with
covariant ones. We also use the fact that the difference of two connections is a tensor, which
means that 6I',,” is a tensor. Now we argue that we have obtained a tensorial equation, which
must hold in all coordinates at p, and then must also hold for arbitrary p. So, the exact result
is 0RP 5y = 2V, 01,15 It follows that

Ry = ORP 5, = 2V ,01,,° (12.13)

and that
OR = 89" Ry + 29, (90T, ) = 89" Ry + 29, X, (12.14)

letting X* = 2¢g*"6T,,”). We now vary the Einstein-Hilbert action, using (12-11)) and (12.14):

_ 1 4 v _1 H
§SgH = 167TG/d z+/|g| <59 (R ZQWRHVMX > (12.15)

Note that we used g"?6g,, = —0g"”gp,. We see the Einstein tensor appearing. We just need to
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dispose of the term involving X*#. This is possible because it is in fact a total derivative:
V= det gV, X* = \/—det g(9, X" + T " X")
= \/Tetg(auX“ + %gup(_apg/w + Opgpv + Ougpp) X)
= VAt g(B,X" + 5000 X")

= Ou(\/—det gX*).

(The rule for the derivative of a determinant follows the rule for the variation of one.)

(12.16)

Let’s also add matter. The matter action is

Smatter = d41’ \Vaa det gﬁmatter (12.17)

and a priori can be anything we want as long as Lpatter i @ scalar. We now define the energy-
momentum tensor to be whatever we get when we vary this action with respect to the spacetime
metric: 5 59
T =_ matter ) 12.18
v V—detg dgH ( )

This is obviously symmetric, and remarkably turns out to obey the conservation law V,T* = 0

automatically, as a consequence of invariance under diffeomorphisms. We will not show this here.

We can then vary, dropping total derivatives, to get

1
d(SEH + Smatter) = T6:C / d*z \/— det gég"” (G —81GT) , (12.19)

and we clearly see the Einstein equation follows as the equation of motion for the metric.

Exercise 12.1 (Action with cosmological constant)

Show that the cosmological constant can be incorporated by modifying the Einstein-Hilbert

action to:

1
SEHA = M/d‘*:c V/—det g(R — 2A). (12.20)
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