
General Relativity - Exercises - Lecture 2
VUB MSc in Physics & Astronomy, 2021-22

1. (Carroll 1.6) In three spatial dimensions, let p be the point with Cartesian coordinates
(x, y, z) = (1, 0,−1). Consider the following curves through p:

xi(λ) = (λ, (λ− 1)2,−λ) , xi(µ) = (cosµ, sinµ, µ− 1) , xi(σ) = (σ2, σ3 + σ2, σ) . (1)

(a) Calculate the components of the tangent vectors to these curves at p in the coordinate
basis {∂x, ∂y, ∂z}.

(b) Let f(x, y, z) = x2 + y2 − yz. Calculate df/dλ, df/dµ and df/dσ.

2. (Carroll 1.7) Let Xµν and V µ have components

Xµν =


2 0 1 −1
−1 0 3 2

−1 1 0 0

−2 1 1 −2

 , V µ = (−1, 2, 0,−2) . (2)

Find the components of

(a) Xµ
ν

(b) Xµ
ν

(c) X(µν)

(d) X[µν]

(e) Xλ
λ

(f) V µVµ

(g) VµXµν

3. (Carroll 1.10) Using the tensor transformation of Fµν , write down how the electric and mag-
netic field 3-vectors ~E and ~B transform under

(a) a rotation about the y-axis ,

(b) a boost along the z-axis .

4. Show that ~B2 − ~E2 and ~E · ~B are invariant under proper Lorentz transformations.

5. Let Aµν be antisymmetric and Sµν be symmetric. Show that AµνSµν = 0. If Vµν and V µν

are tensors of no fixed symmetry, show that AµνV µν = AµνV
[µν] and SµνVµν = SµνV(µν).

1



6. Let Aµν and Aµνρ be antisymmetric tensors, and Bµ a covector. Show that

3A[µνBρ] = AµνBρ +AνρBµ +AρµBν , (3)

4A[µνρBσ] = AµνρBσ −AνρσBµ +AρσµBν −AσµνBρ , (4)

Now suppose µ is a four-dimensional index and Aµνρσ an antisymmetric tensor. Show that

AµνρσBλ +AνρσλBµ +AρσλµBν +AσλµνBρ +AλµνρBσ = 0 . (5)
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