
MA1E01: Tutorial week 10

REMEMBER TO HAND BEFORE THE TUTORIAL STARTS

• Integrals and areas.

Problem 1 Our aim is to compute the intgeral∫ 1

0
f(x) dx . f(x) = x2

in a complicated way.

1. Give a proof that
n∑

k=1

(k + 1)3 −
n∑

k=1

k3 = (n+ 1)3 − 1 (1)

(Hint: just write down a few terms, and you will see that most of them cancel in
the diference).

On the other hand

n∑
k=1

(k + 1)3 −
n∑

k=1

k3 =
n∑

k=1

[
(k + 1)3 − k3

]
=

n∑
k=1

[
3k2 + 3k + 1

]
(2)

By using equations (1) and (2), show that

n∑
k=1

k2 =
2n3 + 3n2 + n

6
(3)

2. The partition
Pn = {t0, t1, . . . , tn} (4)

with

tk =
k

n
(5)

divides the interval [0, 1] in n equal intervals of the form

[tk−1, tk] =

[
k − 1

n
,
k

n

]
and size 1/n

Find an expression for the Upper and Lower sums

U(f,Pn)
L(f,Pn)

(You will need the sum of the previous section here)

3. Compute
U(f,Pn)− L(f,Pn) (6)

Can you find partitions Q such that
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(a)
U(f,Q)− L(f,Q) < 0.1 . (7)

(b)
U(f,Q)− L(f,Q) < 0.01 . (8)

(c)
U(f,Q)− L(f,Q) < 0.001 . (9)

4. Using the results of the previous sections, show that the integral that we want to
compute is actually 1/3. Check that the result is correct by comparing it with the
result os applying the fundamental theorem of calculus.
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