Abelian Duality

Emil M. Prodanov^∗ and Siddhartha Sen

School of Mathematics, Trinity College, Dublin 2, Ireland,

E-Mail: prodanov@maths.tcd.ie, sen@maths.tcd.ie

Abstract

We show that on three–dimensional Riemannian manifolds without boundaries and with trivial first real de Rham cohomology group (and in no other dimensions) scalar field theory and Maxwell theory are equivalent: the ratio of the partition functions is given by the Ray– Singer torsion of the manifold. At the level of interaction with external currents, the equivalence persists provided there is a fixed relation between the charges and the currents.

PACS numbers: 02.40.-k, 11.10.Kk, 11.15.-q, 11.90.+t

Keywords: Duality, Scalar Field Theory, Maxwell Theory, Faddeev – Popov Ghosts, Schwarz’s Resolvent,

Hodge – de Rham theory.

∗Supported by FORBAIRT scientific research program and Trinity College, Dublin.

There has been recent interest in relating different theories and establishing their equivalence. Common to all applications of the different aspects of the notion of duality is the observation that when two different theories are dual to each other, then either the manifolds are changed or the fields and the coupling constants are related.

In this paper we re-examine two simple systems — scalar field theory and Maxwell theory on three–dimensional Riemannian manifolds without boundaries and with trivial π_1(M). We show the equivalence between these theories and we give the condition which must be satisfied by the charges and the external currents in order that the equivalence persists at the level of interactions. This is done by a direct calculation of the partition function of each theory paying particular attention to the fine structure of the zero– mode sector. In the spirit of Schwarz’s method of invariant integration [1] we show that the ratio of the partition functions of the theories is equal to the square of the partition function of Chern–Simons theory (or the partition function of BF theory, that is, U(1)×U(1) Chern–Simons theory with purely off-diagonal coupling). Such equivalence between a scalar and vector theory is a novel form of duality which we call Abelian Duality. We show that when the coupling constants (overall scaling factors) are related as R ←→ 1/R , then this Abelian Duality transforms into R ←→ 1/R duality. In this case the ratio of the partition functions is given by a topological invariant — the Ray–Singer torsion of the manifold. We show how our results can be obtained by Schwarz’s resolvent method [2] and we use a resolvent generated by the de Rham complex to comment on possibilities of equivalence between the theories in other dimensions. In our considerations we use zeta–regularised determinants.

We will consider Riemannian manifolds M. All operators entering our theory can be described by the following diagram:

Ω^p(M) Ω^{p+1}(M)

Ω^{m−p}(M) Ω^{m−p−1}(M) d^†_{m−p−1} d_p

∗ ∗ (1)

where m = dim M. The case of interest will be a three-dimensional manifold.

We will first calculate the partition function of free Maxwell theory:

Z_1(λ_1) = ∫ Ω^1(M) DA e^{−i λ1} ∫_{d3x √g Fμν F μν} = ∫ Ω^1(M) DA e^{−i λ1} ∫_{d1A ∧ ∗ d1A}

= ∫ Ω^1(M) DA e^{−i λ1 ⟨d1 A, d1A⟩} = ∫ Ω^1(M) DA e^{−i λ1 ⟨A, d†1d1A⟩}. (2) Note that here we have written F as d_1A. The Maxwell equation d_2F = 0 implies that F is an element in H^2_{dR}(M). A is a one-form and therefore d_1A = 0 in H^2_{dR}(M), that is, if F = d_1A then the equivalence class [F ] is zero in H^2_{dR}(M) (i.e. [F ] = [F^′] ⇐⇒ F = F^′ + d_1A). When the second de Rham cohomology group is trivial, then F = d_1A is valid globally. In three dimensions H^2_{dR}(M) is isomorphic to H^1_{dR}(M) due to Hodge duality and H^1_{dR}(M) being trivial means that the first homotopy group π_1(M) is trivial (then F = d_1A globally). If π_1(M) is non-trivial, then F = d_1A is valid only on contractible regions of the manifold.

We will show the equivalence between Maxwell theory and scalar field theory for the case when F could be written as d_1A globally, that is, for homology 3-spheres ( i.e. manifolds with trivial first real de Rham cohomology group, e.g. S^3 or the lens spaces L(p, q) ) . For the general case the duality is more subtle and we would like to refer the reader to [3] where Witten has shown how to pass from scalar field theory to Maxwell theory and vice versa in two and three dimensions.

We need manifolds without boundaries because we want to integrate by parts to bring the differential operator d_1 on the other side of the scalar product and at the same time not to be bothered about boundary terms. We need Riemannian manifolds, because we are dealing with partition functions.

The integral is over the space of all 1-forms Ω^1(M). We can decompose the space of all 1-forms as a direct sum of the kernel of the operator entering the partition function and its orthogonal complement:

Ω^1(M) = kerd_1 ⊕ (kerd_1 )^⊥. (3)

Therefore

Z_1(λ_1) = vol(kerd_1) ∫ (ker d_1)^⊥

DA e^{−i λ1 ⟨A, d†1d1A⟩} = vol(kerd_1 ) det^′ ( iλ1 π d^†_1d_1 )_{−1/2} . (4) The partition function is thus an ill-defined quantity — the determinant and the volume factor are infinite. Our calculations will be formal. With a zeta– regularization technique we can make the determinant finite. We can also asssume that an appropriate normalization is chosen in such way that the divergency of the volume factor is absorbed. This will make the partition function finite.

Note that vol(kerd_1) is nothing else but the Faddeev–Popov ghost determinant times the ghost–for–ghost determinant. To see that, let us calculate the same partition function using the method of invariant integration [1]. In other words we will exploit the gauge symmetry of the theory to restrict the integration over Ω^1(M) to integration over a lower-dimensional space — the space of the orbits of the group of gauge transformation.

The stabilizer of the group of gauge transformations A −→ A + d_0Ω^0(M) consists of those elements of Ω^0(M) for which d_0Ω^0(M) = 0, that is, the constant functions. In order to pick one representative of each equivalence class [A], we impose a gauge condition, that is, we intersect the space of the orbits of the group of gauge transformations in the space of all 1-forms by a hyperplane defined by those A’s, for which ∂_μA^μ = 0, i.e. d^†_0A = 0. The integration is then performed over this hyperplane. We can always make sure that the element at each intersection point of a group orbit with this hyperplane is not a zero–mode of the operator. Thus, the Faddeev–Popov trick not only restricts the gauge freedom, but also isolates the zero–modes of the operator. The Faddeev–Popov determinant is a delta function of the gauge-fixing condition (Lorentz gauge in our case). In addition we must multiply by the volume of each orbit in order to preserve the value of the partition function. That is, we must divide by the volume of the stabilizer of the group at each point (we have assumed that the volume of the group of gauge transformations is normalized to one). This volume factor is the ghost–for–ghost determinant — as the Faddeev–Popov determinant is not finite [4] — d_0 itself has zero–modes (it vanishes on the constant functions). So we need an analogue of the gauge-fixing condition — this time for the ghosts, not for the fields.

Assuming that all stabilizers are conjugate, we get:

Z_1(λ_1) = 1 vol(kerd_0 ) ∫ Ω^1(M)/d_0

D[A] e^{−i λ1 ⟨A, d†1d1A⟩} det^′ (d^†_0d_0 )^{1/2}. (5)

The stabilizer of the group of gauge transformations consists of the constant functions, that is, the stabilizer is the real line. The real line can be canonically identified with the zeroth de Rham cohomology group H^0_{dR}(M). The projection map kerd_q −→ H^q_{dR}(M) induces the isomorphism [4]:

ϕ_q : H^q(M) −→ H^q_{dR}(M) (6) where H^q(M) is the space of harmonic q-forms. Therefore: vol ( H^q(M) ) = |detϕ_q |^{−1} vol ( H^q_{dR}(M) ) . (7) So the volume of the stabilizer is: vol(kerd_0 ) = det(ϕ^†_0ϕ_0)^{1/2} vol ( H^0(M) ) . (8) The volume of the orbit of the group is proportional to the ghost–for–ghost determinant det (ϕ^†_0 ϕ_0) that extracts the zero modes from the Faddeev–Popov ghost determinant det (d^†_1d_1). The ghost–for–ghost determinant is equal to the inverse of the volume of the manifold [4]: det(ϕ^†_0 ϕ_0)^{−1} = vol(M). (9) Now we will extract the complex scaling factor^{iλ1}_π from the functional determinant. Following [5] we can write:

det^′ (iλ1 π d^†_1d_1 )_{−1/2} = e^{− iπ4 η(0, d†1d1)} (_{λ1} π )_− 1_{2 ζ(0, d}†_{1d1)}

det^′ (d^†_1d_1)^{−1/2} . (10) Thus the partition function of Maxwell theory is given by:

Z_1(λ_1) = e^{− iπ4 η(0, d†1d1)} (_{λ1} π )_− 1_{2 ζ(0, d}^†_{1d1)} vol(M)1/2 vol ( H^0(M)

) det^′ (d^†_0d_0)^{1/2}

det^′ (d^†1d1)^{1/2}

. (11)

We now use the fact that on odd-dimensional and two-dimensional manifolds there are no poles in the ζ–function near s = 0. This can be seen using Seeley’s formula [6] for the ζ-function of some Laplace-type operator L on a d-dimensional manifold without a boundary: ζ(s, L) = 1 Γ(s) ∞∑ n=0 A_n s + n −^d_2 + J(s) Γ(s)

, (12) where A_n are the heat-kernel co-efficients and J(s) is analytic. Then ζ(0, Δ_p) = −dimH^p_{dR}(M). Using the formula [5]: ζ(s, d^†_pd_p) = (−1)^p p∑ q=0 (−1)^q ζ(s, Δ_q ), (13) we finally get, modulo the phase factor:

Z_1(λ_1) = λ^{− 12 dim H0dR(M)} 1 vol(M)^{1/2} vol ( H^0(M)

) det^′ (d^†_0d_0)^{1/2} det^′ (d^†_1d_1)^{−1/2} . (14)

Consider now the partition function of free scalar theory:

Z_0(λ_0) = ∫ Ω^0(M) Dφ e^{−i λ0} ∫_{d3x √g ∂μφ ∂μφ} = ∫ Ω^0(M) Dφ e^{−i λ0} ∫_{d0φ ∧ ∗ d0φ}

= ∫ Ω^0(M) Dφ e^{−i λ0 ⟨d0φ, d0φ⟩} = ∫ Ω^0(M) Dφ e^{−i λ0 ⟨φ, d†0d0φ⟩}. (15) We now decompose the space of all 0-forms Ω^0(M) in a similar way: Ω^0(M) = ker d_0 ⊕ (ker d_0)^⊥. (16) With this decomposition the partition function becomes:

Z_0(λ_0) = vol(kerd_0) ∫ (ker d_0)^⊥ Dφ e^{−i λ0 ⟨φ, d†0d0φ⟩}

= e^{− iπ4 η(0, d†0d0)} (_{λ0} π ) 1_{2 dim H}0_{dR(M)}

vol(kerd_0) det^′ (d^†_0d_0)^{−1/2} = e^{− iπ4 η(0, d†0d0)} (_{λ0} π ) 1_{2 dim H}0_{dR(M)} vol ( H^0(M) ) vol(M)^{1/2} det^′ (d^†_0d_0)^{−1/2}.(17) Modulo the phase factor we have: Z_0(λ_0) = λ^{12 dim H0dR(M)} 0 vol ( H^0(M) ) vol(M)^{1/2} det^′ (d^†_0d_0)^{−1/2} . (18) The product of the partition functions of the theories is: Z_0(λ_0)Z_1(λ_1) = ( λ_0 λ_1

) 1_{2 dim H}0_{dR(M)}

det^′ (d^†_1 d_1)^{−1/2} . (19) On the other hand we have:

Z_1(λ_1) = λ^{− 12 dim H0dR(M)}

1 vol(kerd_1) det^′ (d^†_1d_1)^{−1/4} det^′ (d^†_1d_1 )^{−1/4}. (20) The Hodge star operator is invertible and on three–dimensional manifolds we have: det^′ (d^†_1d_1)^{1/2} = det^′ (∗d_1). (For these operators the multiplicative anomaly vanishes.) Thus (modulo a phase factor):

Z_1(λ_1) = λ^{− 12 dim H0dR(M)}

1 det^′ (d^†_1d_1 )^{−1/4} vol ( ker(∗d_1) ) det^′ (∗d_1)^{−1/2} . (21) The last two factors in this formula are exactly the partition function of Chern–Simons theory Z_{CS} . The partition function of Chern–Simons theory is a topological invariant (modulo a phase factor [5]), given by the Ray–Singer torsion of the manifold [2]:

Z_{CS} (λ_{CS} ) = λ^{− 12 dim H0dR(M)}

CS τ^{1/2}_{RS} (M). (22)

Therefore: ( Z_1(λ_1) Z_{CS} (λ_{CS} ) )_2

= λ^{−dim H0dR(M)}

1 det^′ (d^†_1d_1)^{−1/2} . (23)

Dividing (23) by (19) we get^∗:

Z_1(λ_1) Z_0(λ_0)

= Z^2_{CS} (√ λ_0λ_1 ) = (λ_0λ_1)^{− 12 dim H0dR(M)} τ_{RS}(M). (24)

R ←→ 1/R duality means that if the coupling constants (overall scaling factors) are related as λ_0 = λ^{−1}_1 then both partition functions will depend on the coupling constants in the same way (one has to be careful, because the coupling constants are not dimensionless). The ratio of the partition functions (modulo an omitted phase factor) is a topological invariant — the Ray–Singer torsion of the manifold. Therefore the two theories are equivalent. For manifolds for which the Ray–Singer torsion is one (S^3 for instance), the partition functions are equal.

Note that both scalar field theory and Maxwell theory are non-topological in three dimensions. Abelian Duality Z_1(λ_1) Z_0(λ_0)

= Z^2_{CS} (√ λ_0λ_1 ) (25)

is stronger than R ←→ 1/R duality

Z_1(λ_1) Z_0

(_1

λ_1

) = τ_{RS}(M) (26)

∗After this work was completed, our attention was kindly drawn by A. Schwarz to [7] where the ratio Z_{k−1}/Z_{m−k−1} (where m is the dimension of the manifold) is expressed as the Ray–Singer torsion. The difference between our work and [7] is in the following. In [7], the initial considerations are for the case when there are no zero modes of the Laplace operators Δ_k (acting on k-forms). When these zero modes are absent, it is rather obvious that the quotient Z_{k−1}/Z_{m−k−1} is the Ray–Singer torsion of the manifold. The case of interest appears when these zero modes are no longer neglected. In [7] a very deep analysis is given for this case: the theory of the measure of the path integrals involved is developed and certain general results are given in this direction. In our paper we have kept these zero modes all along and we have shown that even with them the quotient (Z_1 /Z_0 in our case) is still given by the Ray–Singer torsion. In addition we have studied the scaling dependence of the models and we have shown the relation to R ←→ 1/R duality. We have also given treatment on the physically relevant case — interaction with external currents and correlation functions.

in the sense that if the coupling constants are not related as R ←→ 1/R , there is still a relation — the ratio of the partition functions is given by the square of the partition function of Chern–Simons theory with coupling constant λ_{CS} = √ λ_1λ_0, that is, by the partition function of U(1) × U(1) Chern–Simons theory with purely off-diagonal coupling (BF theory).

We can show the Abelian Duality by considering the following resolvent generated by the de Rham complex:

0 −→ IR^ϕ −1 0−−→ Ω^0(M)^{d0}−−→ Ω^1(M)^{d1}−−→ kerd_1 = ker S_1 −→ 0. (27)

The first cohomology group of the mainfold is trivial and we have:

vol(kerd_1) = vol(Imd_0). (28)

If we denote by d̃_0 the restriction of d_0 over (kerd_0 )^⊥, then the map

d̃_0 : (kerd_0 )^⊥ −→ Imd_0 (29)

implies:

vol(Imd_0) = det^′ (d^†_0d_0)^{1/2} vol ( (kerd_0)^⊥ ) = det^′ (d^†_0d_0 )^{1/2} vol ( Ω^0(M) ) vol(kerd_0 ) . (30) We thus get:

vol(kerd_1 ) = vol ( Ω^0(M) ) det^′ (d^†_0d_0 )^{1/2} 1 vol(kerd_0)

. (31)

We have already seen that

vol(kerd_0) = det(ϕ^†_0 ϕ_0)^{1/2} vol ( H^0(M) ) . (32)

Therefore the partition function of Maxwell theory is given (modulo a phase factor and with suitable normalization) by the same expression as (14).

To show that the Abelian Duality is a property of three dimensions only, consider again the de Rham complex. Due to Hodge duality, d^†_{m−p−1} = ∗ d_p ∗. Therefore det^′ (d^†_{m−p−1}d_{m−p−1}) = det^′ (d^†_pd_p) and for even–dimensional manifolds all determinants involving the differential operator cancel each other. In higher odd dimensions, it is possible to find a relation between scalar field theory and Maxwell theory, but there will be more determinants coming in from the de Rham complex, thus non-physical theories should also be involved.

R ←→ 1/R duality can be shown in a different manner — by a duality transformation. We will illustrate this by considering the following partition function: Z = ∫ ker d_1 DA e^R ∫_{A ∧ ∗ A} = ∫ ker d_1 DA e^{R ⟨A, A⟩}. (33) Over the space of the kernel of the operator d_1 we can locally write A = d_0Φ. Therefore Z becomes the partition function of free scalar field theory: Z = ∫ Ω^0(M) DΦ e^R ∫_{d0Φ ∧ ∗ d0Φ} . (34)

Alternatively, we can replace the integral over the kernel of the operator d_1 by an integral over Ω^1(M) and include a Lagrange multiplier B ( B ∈ Ω^1(M) ) to keep track of the fact that A is flat: Z = ∫ ker d_1 DA e^R ∫_{A ∧ ∗ A} = ∫ Ω^1(M) DA DB e^R ∫_{A ∧ ∗ A +} ∫_{B ∧ d1A} . (35)

If we integrate over A and absorb the resulting determinant det (R1I) in the normalization, we end up with the partition function of Maxwell theory with coupling constant 1/R: Z = ∫ Ω^1(M) DB e^{1R} ∫_{d1B ∧ ∗ d1B} . (36)

The same can be seen if we make a change in the variables in (35) — dualization — A −→ A^′ = A +^1_R ∗ d_1B.

With this dualization the partition function becomes: Z = ∫ Ω^1(M) DA e^R ∫_{A ∧ ∗ A} ∫ Ω^1(M) DB e^{1R} ∫_{d1B ∧ ∗ d1B} . (37)

The integral over A is Gaussian and can be absorbed in the normalization factor. The remaining integral is the partition function of Maxwell theory.

Let us now include external currents J_μ in Maxwell theory and j in scalar field theory:

Z_1(J) = ∫ Ω^1(M) DA e^{−i} ∫_{d3x √g (Fμν F μν +qJμAμ)} = ∫ Ω^1(M) DA e^{−i ⟨A, d†1d1A⟩ + q ⟨J, A⟩}, Z_0(j) = ∫ Ω^0(M) Dφ e^{−i} ∫_{d3x √g (∂μφ ∂μφ+ejφ)} = ∫ Ω^0(M) Dφ e^{−i ⟨φ, d†0d0φ⟩ + e ⟨j, φ⟩},(38)

where q and e are some charges.

Now extract perfect squares and perform the Gaussian integration to end up with:

Z_0(j) = Z_0(J) τ^{1/2}_{RS} (M) exp ( −ie ⟨j,^1_{d†0d0} j⟩ ) exp ( iq ⟨J,^1_{d†1d1} J⟩ ) . (39)

If the charges and the currents are related as: j = −i √ q e ∗ d_2 (d^†_1 )^{−1} J, (40)

then the Abelian duality will go through on the level of interactions with external currents.

Using the definition of correlation function (as a functional derivative of the partition function with respect to the external current), we can easily relate the correlation functions of scalar field theory, Maxwell theory and Chern– Simons theory.

We have recently shown [8] that the partition functions of Maxwell–Chern– Simons theory and the self-dual model differ by the partition function of Chern–Simons theory (thus the two theories being equivalent). Therefore, the ratio of the partition functions of scalar field theory and Maxwell theory is equal (modulo phase ambiguities) to the square of the ratio of the partition functions of Maxwell–Chern–Simons theory and the self-dual model. We can relate the correlation functions of these five models as well. Finally we would like to mention that Chern–Simons theory can be dynamically generated from the parity–breaking part of a theory with massive fermions [9] — as gauge–invariant regularization of the massless fermionic determinant introduces parity anomaly given by the Chern–Simons theory. In this sense, the result of our paper (24) implies that a theory with massive fermions (interacting with external currents) together with massless scalar fields (possibly iteracting with external currents) add up to Maxwell theory (with possible interaction with external currents). Thus we have a form of bosonization in three dimensions.

References

[1] A. S. Schwarz: Quantum Field Theory and Topology, Springer-Verlag, Berlin 1993;

[2] A. S. Schwarz: The Partition Function of Degenerate Quadratic Functional and Ray–Singer Invariants. Lett. Math. Phys. 2, 247–252 (1978); A. S. Schwarz: The Partition Function of a Degenerate Functional. Commun. Math. Phys. 67, 1–16 (1979);

[3] E. Witten: Lectures given at 1996–1997 Quantum Field Theory program at IAS, Princeton, USA, in: P. Deligne, P. Etingof, D. S. Freed, L. Jeffrey, D. Kazhdan, J. Morgan, D. R. Morrison and E. Witten, eds: Quantum Fields and Strings: A Course for Mathematicians, American Mathematical Society, Providence, 1999;

[4] D. H. Adams: R-Torsion and Linking Numbers from Simplicial Abelian Gauge Theories. hep-th/9612009;

[5] D. H. Adams, S. Sen: Phase and Scaling Properties of Determinants Arising in Topological Field Theories. Phys. Lett. B353, 495 (1995);

[6] R. T. Seeley: Amer. Math. Soc. Proc. Symp. Pure Math 10, 288 (1967);

E. Elizalde, L. Vanzo and S. Zerbini: Zeta-function Regularization, the Multiplicative Anomaly and the Wodzicki Residue. Commun. Math. Phys. 194, 613–630 (1998);

[7] A. S. Schwarz, Yu. S. Tyupkin: Quantization of Antisymmetric Tensors and Ray–Singer Torsion. Nucl. Phys. B, 436–446, (1984);

[8] E. M. Prodanov, S. Sen: Equivalence of the Self-Dual Model and Maxwell–Chern–Simons theory on Arbitrary Manifolds. Phys. Rev. D59, 065019 (1999);

[9] C. D. Fosco, G. L. Rossini, F. A. Schaposnik: Abelian and Non-Abelian Induced Parity Breaking Terms at Finite Temperature. Phys. Rev. D56, 6547–6555, (1997);

C. D. Fosco, G. L. Rossini, F. A. Schaposnik: Induced Parity Breaking Term at Finite Temperature. Phys. Rev. Lett. 79, 1980–1983, (1997); Erratum–ibid. 79, 4296, (1997);

S. Deser, L. Griguolo, D. Seminara: Gauge Invariance, Finite Temperature and Parity Anomaly in D = 3. Phys. Rev. Lett. 79, 1976–1979, (1997).