Numerical Analysis of Re-Uniform Convergence for Boundary Layer Equations for a Flat Plate^∗

P.A. Farrell^1, A.F. Hegarty^2, J.J.H. Miller^3, E. O’Riordan^4, G.I. Shishkin^5

1 Department of Mathematics and Computer Science, Kent State University, Kent, Ohio 44242, U.S.A.

2 Department of Mathematics and Statistics, University of Limerick, Limerick, Ireland 3 Department of Mathematics, Trinity College, Dublin, Ireland 4 School of Mathematical Sciences, Dublin City University, Dublin, Ireland 5 Institute for Mathematics and Mechanics, Russian Academy of Sciences, Ekaterinburg, Russia

Abstract. In this article we consider grid approximations of a boundary value problem for boundary layer equations for a flat plate outside of a neighbourhood of its leading edge. The perturbation parameter ε = Re^{−1} multiplying the highest derivative can take arbitrary values from the half-interval (0, 1]; here Re is the Reynolds number. We consider the case when the solution of this problem is self-similar. For this Prandtl problem by using piecewise uniform meshes, which are refined in the neighbourhood of a parabolic boundary layer, we construct a finite difference scheme that converges ε–uniformly. We present the technique for experimental substantiation of ε–uniform convergence of both the grid solution itself and its normalized difference derivatives, which are considered outside of a neighbourhood of the leading edge of the plate. We study also the applicability of fitted operator methods for the numerical approximation of the Prandtl problem. It is shown that the use of meshes condensing in the parabolic boundary layer region is necessary for achieving ε–uniform convergence.

1 Introduction

Mathematical modelling of laminar flows of incompressible fluid for large Reynolds numbers Re often leads to a study of boundary value problems for boundary layer equations. These quasilinear equations are singularly perturbed, with the perturbation parameter ε defined by ε = Re^{−1}. The presence of parabolic boundary layers, i.e., layers described by parabolic equations, is typical for such problems [1, 2].

∗This research was supported in part by the Russian Foundation for Basic Research under grant No. 98-01-00362, by the National Science Foundation grant DMS-9627244 and by the Enterprise Ireland grant SC-98-612.

The difficulties arising in the numerical solution even of linear singularly perturbed boundary value problems are well known. So, the application of numerical methods that were developed for regular boundary value problems (see, for example, [3, 4]) to the above problems yield error bounds which depend on the perturbation parameter ε. For small values of ε, the errors of such numerical methods may be comparable to, or even much larger than the solution of the boundary value problem. This behaviour of the approximate solutions creates the problem of the development of numerical methods with errors that are independent of the perturbation parameter ε, i.e., ε–uniformly convergent methods. The presence of a nonlinearity in the equations makes it considerably more difficult to construct ε–uniformly convergent numerical methods. For example, even in the case of ordinary differential quasilinear equations, fitted operator methods that converge ε–uniformly (see, e.g., [5, 6]) do not exist. Note that in the case of linear singularly perturbed problems with a parabolic boundary layer there are also no ε–uniformly convergent fitted schemes (see, for example, [7–9]). Thus, the development of special ε–uniform numerical methods for resolving boundary layer equations is of considerable interest.

At present, special finite difference schemes convergent ε–uniformly in the maximum norm are developed and investigated for wide classes of linear singularly perturbed boundary value problems, in particular, for problems with parabolic boundary layers (see, for example, [8–12]). It often occurs that the proved (i.e., theoretical) orders of ε-uniform convergence are quite low and would seem to imply that the constructed schemes will yield errors too large for these schemes to be of practical value. However, numerical (experimental) investigations of such schemes show that the actual orders of ε-uniform convergence are close to those typical for regular boundary value problems (see, e.g., [13, 14]). Thus, the experimental technique for a posteriori estimation of the parameters in ε–uniform error bounds seems to be crucial in the case of problems with rather complicated behaviour of the solution.

It is of interest to apply the existing technique to the construction of ε– uniformly convergent schemes for boundary layer equations in that part of the neighbourhood of the boundary where the boundary layer is parabolic. Note that, because of the nonlinearity of the boundary layer equations, the existing technique for justifying convergence of schemes and a priori estimates of the exact solutions do not allow us theoretically to prove ε–uniform convergence of the grid solutions in the L_∞–norm. In this connection, for the boundary layer equations we are forced to use only the alternative a posteriori method to study convergence, in particular, ε–uniform convergence of the grid solutions.

In the present paper we consider grid approximations of a boundary value problem for boundary layer equations for a flat plate outside of a neighbourhood of its leading edge. The boundary layer in the considered domain is parabolic. We consider the case when the solution of this Prandtl problem is self-similar. We construct a finite difference scheme, which is a natural development of monotone ε–uniformly convergent schemes for linear boundary value problems with a parabolic layer. For this we use classical grid approximations on piecewise uniform meshes, which are refined in the neighbourhood of the boundary layer. As is shown, the use of this condensing-mesh technique is necessary to achieve ε– uniform convergence. To justify convergence of the difference scheme constructed in this paper, we apply the experimental technique for a posteriori estimation of an error in the approximate solution.

We sketch an idea of experimentally studying ε–uniform convergence of numerical approximations for the Prandtl problem. Note that in the case of flow past a flat semi–infinite plate the Prandtl problem has a self-similar solution which can be expressed in terms of a solution of a quasilinear ordinary differential third-order equation, the so-called Blasius equation, defined on a semiaxis. To evaluate errors in the grid solutions of the boundary layer equations, as an approximation to the exact solution of the self-similar problem we use a linear interpolant of the grid solution to the corresponding Blasius equation. We present the technique how to study the behaviour of errors of the special difference scheme for the boundary layer equations in accordance with both the parameter ε and the number of mesh points. This method is used to justify ε–uniform convergence of both the grid solution itself and its normalized derivatives, which are considered outside of a neighbourhood of the leading edge of the plate.

We emphasize the growing interest in the performance of strong numerical investigations of a boundary layer; see, for example, [15]. Note that, in the neighbourhood of the parabolic boundary layer, the solutions of boundary layer equations for large Re numbers are close to the solution of the Navier-Stokes equations. The results obtained here and the research techniques can be used in the analysis of numerical methods for solving Navier-Stokes equations at high Reynolds numbers.

2 Problem formulation

In this section we give the problem formulation for boundary layer equations in the case of a bounded domain. Let a flat semi–infinite plate be represented by the semiaxis P = {(x, y) : x ≥ 0, y = 0}. The problem is considered to be symmetric with respect to the plane y = 0; we discuss the steady flow of an incompressible fluid on both sides of P , which is laminar and parallel to the plate (no separation occurs on the plate). We shall consider the solution of the problem on the bounded set

G, where G = {(x, y) : x ∈ (d_1, d_2], y ∈ (0, d_0)} , d_1 > 0. (2.1)

Let G^0 = {(x, y) : x ∈ [d_1, d_2], y ∈ (0, d_0]}; note that G^0 = G. Assume S = G \ G, S = ∪S_j , j = 0, 1, 2, where S_0 = {(x, y) : x ∈ [d_1, d_2], y = 0}, S_1 = {(x, y) : x = d_1, y ∈ (0, d_0]}, S_2 = {(x, y) : x ∈ (d_1, d_2], y = d_0},

S_0 = S_0; S^0 = G \ G^0 = S_0. On the set G, it is required to find the function U(x, y) = (u(x, y), v(x, y)) as the solution of the following Prandtl problem: L^1 (U(x, y)) ≡ ε ∂^2 ∂y^2 u(x, y) − u(x, y) ∂ ∂x u(x, y) − −v(x, y) ∂ ∂y u(x, y) = 0, (x, y) ∈ G, (2.2a) L^2U(x, y) ≡ ∂ ∂x u(x, y) + ∂ ∂y v(x, y) = 0, (x, y) ∈ G^0, (2.2b) u(x, y) = φ(x, y), (x, y) ∈ S, v(x, y) = ψ(x, y), (x, y) ∈ S^0. (2.2c) Here ε = Re^{−1}; the parameter ε takes arbitrary values from the half-interval (0,1].

The solution of problem (2.2), (2.1) exists in that case, when the functions φ(x, y), ψ(x, y) are sufficiently smooth and also satisfy the compatibility conditions [2], respectively, on the sets S^∗ = S_1 ∩ { S_0 ∪ S_2 } (i.e., the set of the corner points adjoining to the side S_1) and S^{0∗} = S_1 ∩ S^0.

We now wish to define the functions φ(x, y) and ψ(x, y) more exactly. In the quarter plane Ω, where Ω = {(x, y) : x, y > 0} , (2.3) let us consider the Prandtl problem whose solution is self-similar [1]: L^1 (U(x, y)) = 0, (x, y) ∈ Ω, L^2U(x, y) = 0, (x, y) ∈ Ω \ P, u(x, y) = u_∞, x = 0, y ≥ 0, U(x, y) = (0, 0), (x, y) ∈ P. (2.4)

The solution of problem (2.4), (2.3) can be written in terms of some function f(η) and its derivative u(x, y) = u_∞f^′(η), v(x, y) = ε^{1/2} ( 2^{−1}u_∞ x^{−1} )_{1/2} (ηf^′(η) − f(η)) , (2.5)

where η = ε^{−1/2} ( 2^{−1}u_∞ x^{−1} )_{1/2} y. The function f(η) is the solution of the Blasius problem L(f(η)) ≡ f^{′′′}(η) + f(η)f^{′′}(η) = 0, η ∈ (0, ∞), f(0) = f^′(0) = 0, lim_{η→∞} f^′(η) = 1.

(2.6)

The functions φ(x, y), ψ(x, y) are defined by φ(x, y) = u_{(2.5)}(x, y), (x, y) ∈ S, ψ(x, y) = v_{(2.5)}(x, y), (x, y) ∈ S^0; (2.7)

note that φ(x, y) = 0, ψ(x, y) = 0, (x, y) ∈ S^0.

In the case of problem (2.2), (2.7), (2.1), as ε tends to zero, a parabolic boundary layer appears in a neighbourhood of the set S^0.

To solve problem (2.2), (2.7), (2.1) numerically, we will construct a finite difference scheme which converges ε–uniformly.

3 Difference scheme for problem (2.2), (2.7), (2.1)

Assume that we know the “coefficients” multiplying the derivatives (∂/∂x)u(x, y) and (∂/∂y)u(x, y) in the operator L^1_{(2.2)}; let these be some functions u_0(x, y) and v_0(x, y). In this case the transport equation takes the form Lu(x, y) ≡ { ε ∂^2 ∂y^2 − u_0(x, y) ∂ ∂x − v_0(x, y) ∂ ∂y } u(x, y) = 0, (x, y) ∈ G. (3.1) The function u_0(x, y) outside of an mε–neighbourhood of the set S^0 satisfies the condition [1]^1

u_0(x, y) ≥ m_0, for (x, y) ∈ G and r ( (x, y), S^0 ) ≥ mε, (3.2a) and also u_0(x, y) > 0, for (x, y) ∈ G and y > 0, (3.2b) where r ((x, y), S^0) is the distance from the point (x, y) to the set S^0. By virtue of condition (3.2b) the operator L_{(3.1)} is monotone [4].

For the function v_0(x, y) the following estimate [1] is valid: 0 ≤ v_0(x, y) ≤ Mε^{1/2}, (x, y) ∈ G. (3.2c) This means that the product ε^{−1/2}v_0(x, y) (i.e., the normalized component) is of order O(1), that is, bounded ε–uniformly. Thus, in virtue of bounds (3.2) the singular part of the solution of (3.1) behaves similarly to the singular part of the singularly perturbed heat equation Lu(x, y) ≡ { ε ∂^2 ∂y^2 − ∂ ∂x } u(x, y) = 0. (3.3)

1Here and below we denote by M (or m) sufficiently large (small) positive constants which do not depend on the value of the parameter ε and on the discretization parameters.

In the case of a boundary value problem for the singularly perturbed equation (3.3), special finite difference schemes on piecewise uniform meshes that converge ε–uniformly were developed and studied (see, e.g., [8, 9]). We shall use such meshes in the construction of ε–uniformly convergent schemes for problem (2.2), (2.7), (2.1).

To solve the boundary value problem (2.2), (2.7), (2.1) numerically, we use a classical finite difference scheme. At first we introduce the rectangular grid on the set G:

G_h = ω_1 × ω_2, (3.4)

where ω_1 and ω_2 are meshes on the segments [d_1, d_2] and [0, d_0], respectively; ω_1 = {x^i, i = 0, ..., N_1, x^0 = d_1, x^{N1} = d_2}, ω_2 = {y^j, j = 0, ..., N_2, y^0 = 0, y^{N2} = d_0}; N_1 + 1 and N_2 + 1 are the number of nodes in the meshes ω_1 and ω_2. Define h^i_1 = x^{i+1} − x^i, x^i, x^{i+1} ∈ ω_1, h^j_2 = y^{j+1} − y^j, y^j, y^{j+1} ∈ ω_2, h_1 = max_i h^i_1, h_2 = max_j h^j_2, h = max [ h_1, h_2 ]. We assume that h ≤ MN^{−1}, where N = min [ N_1, N_2 ].

We approximate the boundary value problem by the finite difference scheme

Λ^1 ( U^h(x, y) ) ≡ εδ_y ^_y u^h(x, y) − u^h(x, y)δ_x u^h(x, y) − −v^h(x, y)δ_y u^h(x, y) = 0, (x, y) ∈ G_h, (3.5a) Λ^2_1U^h(x, y) ≡ δ_x u^h(x, y) + δ_y v^h(x, y) = 0, (x, y) ∈ G^0_h, x > d_1, (3.5b) Λ^2U^h(x, y) ≡ δ_x u^h(x, y) + δ_y v^h(x, y) = 0, (x, y) ∈ S_{1h}; u^h(x, y) = φ(x, y), (x, y) ∈ S_h, (3.5c) v^h(x, y) = ψ(x, y), (x, y) ∈ S^0_h. (3.5d) Here δ_y ^_y z(x, y) and δ_x z(x, y), ..., δ_y z(x, y) are the second and first (forward and backward) difference derivatives (the bar denotes the backward difference):

δ_y ^_y z(x, y) = 2 ( h^{j−1}_2 + h^j_2 )_{−1} (δ_y z(x, y) − δ_y z(x, y)) , δ_x z(x, y) = ( h^i_1 )_{−1} ( z(x^{i+1}, y) − z(x, y) ) , . . . , δ_y z(x, y) = ( h^{j−1}_2 )_{−1} ( z(x, y) − z(x, y^{j−1}) ) , (x, y) = (x^i, y^j). The difference scheme (3.5), (3.4) approximates problem (2.2), (2.1). In that case when the “coefficients” multiplying the differences δ_x and δ_y in the operator Λ^1 are known (let these be the functions u^h_0 (x, y) and v^h_0 (x, y)), and they satisfy the condition u^h_0 (x, y), v^h_0 (x, y) ≥ 0, (x, y) ∈ G_h, the operator Λ^1 is monotone [4].

Let us introduce a piecewise uniform mesh, which is refined in a neighbourhood of the set S^0. On the set G, we consider the grid

G^∗_h = ω_1 × ω^∗_2 , (3.6)

where ω_1 is a uniform mesh on [d_1, d_2], ω^∗_2 = ω^∗_2 (σ) is a special piecewise uniform mesh depending on the parameter σ and on the value N_2. The mesh ω^∗_2 is constructed as follows. We divide the segment [0, d_0] in two parts [0, σ] and [σ, d_0]. The step-size of the mesh ω^∗_2 is constant on the segments [0, σ] and [σ, d_0], and equal to h^{(1)}_2 = 2σN^{−1}_2 and h^{(2)}_2 = 2(d_0 − σ)N^{−1}_2 , respectively. The value of σ is defined by the relation

σ = min [ 2^{−1}d_0, mε ln N_2 ] , where m is an arbitrary positive number.

In the case of the boundary value problem (2.2), (2.7), (2.1), it is required to study whether the solutions of the finite difference scheme (3.5), (3.6) converge to the exact solution. We mention certain difficulties that arise in the analysis of convergence.

Note that the difference scheme (3.5), (3.6), as well as the boundary value problem (2.2), (2.1), is nonlinear. To find an approximate solution of this scheme, we must construct a proper iterative method. It is of interest to investigate the influence of the parameter ε upon the number of iterations in the iterative numerical method, required for its convergence.

In the case of ε–uniformly convergent difference schemes for linear singular perturbation problems, techniques are well developed to determine numerically the parameters involved in the error bounds (orders of convergence and error constants for fixed values of ε and ε–uniformly), see, e.g., [14]. In these techniques, ε–uniform convergence is ascertained due to theoretical investigations. Formally the above mentioned techniques are inapplicable to problem (2.2), (2.7), (2.1) because the ε–uniform convergence of the finite difference scheme (3.5), (3.6) is not proved. Nevertheless, the results of such investigations of error bounds seem to be interesting from a practical viewpoint.

The pointwise comparison of the exact solutions of problem (2.2), (2.7), (2.1) with the solutions of the finite difference scheme (3.5), (3.6) could give us the most complete knowledge about the behaviour of the error bounds. To find the exact solutions of Prandtl’s problem, we shall use the Blasius solution of problem (2.6). Note that the numerical solution of the Blasius problem yields its own additional errors. As for scheme (3.5), (3.6), it is of great interest to study errors for computation of which we use the “exact” solutions of the Prandtl problem obtained on the basis of the discrete solutions of Blasius’ problem.

4 Iterative difference scheme for the Prandtl problem

Note that (2.2a) is a parabolic equation in which the variable x plays the role of time. The problem (3.5), (3.4) is solved on levels with respect to the variable x^i ∈ ω_1. To find the discrete solution at the level x^{i0} > d_1, we use an iterative method.

In order to define the iterative difference scheme we must specify the boundary function φ(x, y), (x, y) ∈ S_h (ψ(x, y) = 0, (x, y) ∈ S^0_h). The function φ(x, y) has no analytical representation. Instead of the function φ(x, y), we use a function φ^h(x, y) which can be found by using the grid solution of the Blasius problem.

Let us describe an iterative process used in the computation of the discrete solution at the level x^{i0+1} for x^{i0} > d_1. Assume that the solution of the grid problem (or its approximation) is known for x = x^{i0} . The function U^h(x, y) for x = x^{i0+1}, y ∈ ω_2 is the solution of the nonlinear system of algebraic equations. To compute a new iteration for the component u^h_{k+1}(x, y), x = x^{i0+1}, we use (3.5a) in which we replace the coefficients multiplying the discrete derivatives δ_x u^h_{k+1} and δ_y u^h_{k+1} by the known components u^h_k and v^h_k from the previous iteration. The component v^h_{k+1}(x, y), x = x^{i0+1} is computed from (3.5b) by using the known component u^h_{k+1}. We continue these iterations until the difference between the functions u^h_k(x, y), ε^{−1/2}v^h_k (x, y) for x = x^{i0+1}, y ∈ ω_2 at the neighboring iterations becomes less than some prescribed sufficiently small value δ > 0, which defines the desirable accuracy of the iterative solution. As an initial guess, namely, for the function U^h_0 (x, y), x = x^{i0+1}, we use the known solution at the level x = x^{i0} .

For x = x^{i0} = x^0 = d^1, to compute the grid solution at x = x^{i0+1} we use the above-described iteration process in which we choose, as an initial guess U^h_0 (x, y), x = x^{i0+1}, the function U^h_0 (x, y) = ( u^h_0 (x, y) = φ^h(x, y), v^h_0 (x, y) = ψ(x, y) = 0 ) , x = x^1, y ∈ ω_2.

The function u^h(x, y) at the level x = x^0 = d^1 is known according to the problem formulation; the function v^h(x, y) is computed from (3.5b).

Thus, we come to the following difference scheme

Λ^1 ( u^h_k(x, y); u^h_{k−1}(x, y), v^h_{k−1}(x, y) ) ≡ εδ_y ^_y u^h_k(x, y) − u^h_{k−1}(x, y)δ_x u^h_k(x, y) − −v^h_{k−1}(x, y)δ_y u^h_k (x, y) = 0, y ∈ ω_2, Λ^2_1 ( v^h_k (x, y); u^h_k(x, y), u^h_{K(x}i−1_)(x^{i−1}, y) ) ≡ (x^i − x^{i−1})^{−1} [ u^h_k(x, y) − u^h_{K(x}i−1_)(x^{i−1}, y) ] + +δ_y v^h_k (x, y) = 0, y ∈ ω_2, y ≠ 0,

u^h_k (x, y) = φ^h(x, y), y = 0, d_0; v^h_k (x, y) = 0, y = 0;

u^h_0 (x, y) = u^h_{K(x}i−1_)(x^{i−1}, y), x^i ≥ x^2, φ^h(x = d_1, y), x^i = x^1, y ∈ ω_2; (4.1)

v^h_0 (x, y) = v^h_{K(x}i−1_)(x^{i−1}, y), x^i ≥ x^2, 0, x^i = x^1, y ∈ ω_2, y ≠ 0; max_{y∈ω2} | | |u^h_K(x, y) − u^h_{K−1}(x, y) | | | , ε^{−1/2} max_{y∈ω2} | | |v^h_K (x, y) − v^h_{K−1}(x, y) | | | ≤ δ, max_{k<K} [ max_{y∈ω2} | | |u^h_k(x, y) − u^h_{k−1}(x, y) | | | , ε^{−1/2} max_{y∈ω2} | | |v^h_k (x, y) − v^h_{k−1}(x, y) | | | ] > δ, for x = x^i, i = 1, . . . , N_1, k = 1, . . . , K, K = K(x^i); Λ^2 ( v^h(x, y); u^h_{K(x}1_)(x^1, y) ) ≡ (x^1 − x^0)^{−1} [ u^h_{K(x}1_)(x, y) − φ^h(x, y) ] + +δ_y v^h(x, y) = 0, y ∈ ω_2, y ≠ 0, for x = x^0 = d_1 .

The difference scheme (4.1), (3.6) permits us to compute the function U^h(x, y) = ( u^h(x, y), v^h(x, y) ) , (x, y) ∈ G_h, namely, the components u^h_{K(x}i_)(x, y), v^h_{K(x}i_)(x, y) for x^i ≥ x^1, y ∈ ω_2 and the function v^h(x, y) for x^i = x^0 = d_1, y ∈ ω_2. The function U^h(x, y), (x, y) ∈ G_h which satisfies (4.1) is called the solution of the iterative difference scheme (4.1), (3.6).

5 Approximation of the self-similar solution to the Prandtl problem by using the Blasius equation

In the case of scheme (4.1), (3.6), to analyze the approximation error for the solutions of problem (2.2), (2.7), (2.1) and their derivatives, we use the self– similar solution (2.5) defined by the solution of the Blasius’ problem (2.6).

For the boundary value problem (2.6) we must construct a finite difference scheme that allows us to approximate both the Blasius solution and its derivatives on the semi-axis η ≥ 0. It is required to find “constructive” difference schemes, i.e., difference schemes on meshes with a finite number of nodes.

We approximate problem (2.6) by the following differential problem on a finite interval. Let f_⋆(η), η ∈ [0, L], where the length L of the interval is sufficiently large, be the solution of the boundary value problem

L (f_⋆(η)) ≡ f^{′′′}_⋆ (η) + f_⋆(η)f^{′′}_⋆ (η) = 0, η ∈ (0, L), (5.1a) f_⋆(0) = f^′_⋆(0) = 0, f^′_⋆(L) = 1.

We complete a definition of the function f_⋆(η) on the infinite interval (L, ∞) by setting f_⋆(η) = f_⋆(L) + (η − L), for all η > L. (5.1b) The continuous problem (5.1) is approximated by a discrete problem. For this we introduce a uniform mesh on the interval [0, L] as follows:

ω_0 = { η^i = ih, i = 0, 1, . . . , N; η^0 = 0, η^N = L } (5.2)

with step-size h = LN^{−1}, where N + 1 is the number of nodes in the mesh ω_0. Assume L = ln N. On the mesh ω_0, we approximate problem (5.1a) by the grid problem Λ ( f^h(η) ) ≡ δ_{ηη η} f^h(η) + f^h(η)δ_{ηη} f^h(η) = 0, η ∈ ω_0, η ≠ η^0, η^1, η^N , (5.3a) f^h(0) = δ_η f^h(0) = 0, δ_η f^h(L) = 1.

Here δ_{ηη} z(η) and δ_{ηη η} z(η) are the second (central) and third difference derivatives: δ_{ηη} z(η)= h^{−1}(δ_η z(η) − δ_η z(η)) , δ_{ηη η} z(η)= h^{−1} ( δ_{ηη} z(η) − δ_{ηη} z(η^{i−1}) ) , η =η^i. The function f^h(η) on the interval (L, ∞) is defined by

f^h(η) = f^h(L) + (η − L), η ∈ (L, ∞). (5.3b)

The equations (5.3) allows us to find the function f^h(η) for η ∈ ω_0 and η ∈ (L, ∞). To determine the components of the solution and their derivatives for the Prandtl problem, we need derivatives of the function f^h(η). Let δ^k_η f^h(η) = δ_η ( δ^{k−1}_η f^h(η) ) , η ∈ ω_0, η ≤ η^{N−k}, k ≥ 1, be the k-th difference derivatives of f^h(η) on ω_0. Assume δ^k_η f^h(η) = 1 for k = 1, η = η^N and δ^k_η f^h(η) = 0 for k ≥ 2, η ∈ ω_0, η^{N−k+1} ≤ η ≤ η^N . By f^{h(k)}(η), η ∈ [0, L], we denote the linear interpolant constructed from the values of the functions δ^k_η f^h(η), η ∈ ω_0, k ≥ 0; δ^0_η f^h(η) = f^h(η). The function f^{h(k)}(η) is extended to the interval (L, ∞) by the definitions: f^{h(k)}(η) = f^h(η) for k = 0, f^{h(k)}(η) = 1 for k = 1, f^{h(k)}(η) = 0 for k ≥ 2, η ∈ (L, ∞). We shall call the function f^h(η) = f^{h(k=0)}(η), η ∈ [0, ∞), defined in such a way, the solution of problem (5.3), (5.2), and the functions f^{h(k)}(η), k ≥ 1, the derivatives (of order k) from the solution of problem (5.3), (5.2).

The problem (5.3), (5.2) is nonlinear. Let us give an iterative difference scheme that allows one to find the approximate solution of problem (5.3), (5.2).

On the mesh ω_{0(5.2)}, we find the function f^h_R(η) by solving successively the problems Λ ( f^h_r (η), f^h_{r−1}(η) ) ≡ δ_{ηη η} f^h_r (η) + f^h_{r−1}(η)δ_{ηη} f^h_r (η) = 0, η ∈ ω_0,

η ≠ η^0, η^1, η^N , (5.4a)

f^h_r (0) = δ_η f^h_r (0) = 0, δ_η f^h_r (L) = 1, r = 1, . . . , R,

where f^h_0 (η) = η, η ∈ ω_0, R is a sufficiently large given number. For η ∈ (L, ∞) we define the function f^h_R(η) by setting

f^h_R(η) = f^h_R(L) + (η − L), η ∈ (L, ∞). (5.4b)

The problem (5.4a), (5.2) is linear with respect to the function f^h_r (η), η ∈ ω.

From the values of the function f^h_R(η), similarly to the function f^{h(k)}(η), η ∈ [0, ∞), we construct the function f^{h(k)}_∗ (η) = f^{h(k)}_R (η), η ∈ [0, ∞), k ≥ 0. We shall call the function f^h_∗ (η) = f^{h(k)}_∗ (η), η ∈ [0, ∞) for k = 0 the solution of problem (5.4), (5.2), and the functions f^{h(k)}_∗ (η), k ≥ 1 the derivatives of the problem solution.

Note that the derivatives of the function f^{h(k)}_∗ (η) have a discontinuity of the first kind at η = η^{N−k}, k ≥ 2. For L = L(N) = M_1 ln N, R = R(N) = M_2 ln N, (5.5)

where M_1, M_2 are sufficiently large numbers, the solution of problem (5.4), (5.2), (5.5) together with its derivatives up to order K (where K is fixed) converges, as N → ∞, to the solution of problem (2.6) with the corresponding derivatives.

The theoretical and numerical analyses result in the estimates | | |f^′(η) − f^{h(1)}_∗ (η) | | | , | | |ηf^′(η) − f(η) − ( ηf^{h(1)}_∗ (η) − f^h_∗ (η) )| | , (5.6) | | | |η^k ( f^{′′}(η) − f^{h(2)}_∗ (η) )| | | ≤ MN^{−ν} , η ∈ [0, ∞), k = 0, 1, 2, where ν is some number (0 < ν < 1). It follows from estimates (5.6) that the difference scheme (5.4), (5.2), (5.5) in the case of Prandtl’s problem (2.2), (2.7), (2.1) allows us to find the normalized components with the normalized (i.e., ε–uniformly bounded) derivatives, namely, u(x, y), ε^{−1/2}v(x, y), (∂/∂x)u(x, y), ε^{1/2}(∂/∂y)u(x, y), ε^{−1/2}(∂/∂x)v(x, y), (∂/∂y)v(x, y), (x, y) ∈ G_{(2.1)}, with guaran- teed (controlled) ε–uniform accuracy.

Thus, in the case of Prandtl’s problem (2.2), (2.7), (2.1) the components of its solution with partial derivatives with respect to x and y, which are defined by using the solutions of difference scheme (5.4), (5.2), (5.5) for Blasius’ problem (2.6), permit us to form the boundary conditions (with controlled ε–uniform accuracy) in the grid boundary value problem (4.1), (3.6). Moreover, the solutions of scheme (5.4), (5.2), (5.5) allow us to analyze ε–uniform convergence of special finite difference schemes, in particular, the schemes (4.1), (3.6) and (3.5), (3.6).

By numerical experiments carried out according to the above techniques, in [16] we show ε–uniform convergence of the finite difference schemes (4.1), (3.6) and (3.5), (3.6); also therein we find the parameters of ε–uniform error bounds for the numerical approximations to the solutions and derivatives for the Prandtl problem (2.2), (2.7), (2.1).

6 On fitted operator schemes for the Prandtl problem

As was shown in [8, 17] (see also [7, 9]) for a singularly perturbed parabolic equation with parabolic boundary layers, there do not exist fitted operator schemes on uniform meshes that converge ε–uniformly. Note that the coefficients of the terms with the first-order derivatives in time and the second-order derivatives in space did not vanish in the equation that was considered in [8, 17]. As for the case of the Prandtl problem, the coefficient multiplying the first derivative with respect to the variable x, which plays the role of the time variable, vanishes on the domain boundary for y = 0.

Unlike the problem that was studied in [8], where the boundary conditions did not obey any restriction, besides the requirement of sufficient smoothness, the problem (2.2), (2.7), (2.1) is essentially simpler. Its solution is defined only by the one parameter u_∞. In [18] an ε–uniform fitted operator method was constructed for a linear parabolic equation with a discontinuous initial condition in the presence of a parabolic (transient) layer. Such fitted operator schemes have been successfully constructed because all the variety of singular components of the solution (their main parts) is defined, up to some multiplier, only by one function. In view of the comparatively simple (depending on the one parameter u_∞ only) representation of the solution for the Prandtl problem, it is not obvious that for this problem there are no fitted schemes which converge ε–uniformly. So it is of interest to establish whether such fitted schemes on uniform meshes do exist for the Prandtl problem.

We shall try to construct a fitted operator scheme starting from (3.5a) under the assumption that the function v^h(x, y) is known, and also v^h(x, y) = v(x, y). Let us consider the fitted operator scheme in such a form:

Λ^{1∗} ( u^h(x, y) ) ≡ εγ_{(2)}δ_{y y} u^h(x, y) − u^h(x, y)δ_x u^h(x, y) − −γ_{(1)}v(x, y)δ_y u^h(x, y) = 0, (x, y) ∈ G_h, (6.1a) u^h(x, y) = φ(x, y), (x, y) ∈ S_h, where G_h (6.2) is a grid that is uniform with respect to both the variables, with steps h_1 and h_2 in x and y respectively; the parameters

γ_{(i)} = γ_{(i)}(x, y; ε, h_1, h_2), i = 1, 2 (6.1b)

are fitting coefficients.

The derivatives of the function u(x, y) can be represented as follows: ∂ ∂x u(x, y) = −2^{−1}u_∞x^{−1}f^{′′}(η)η, ∂^2 ∂x^2 u(x, y) = 4^{−1}u_∞x^{−2} [ f^{′′′}(η)η^2 + 3f^{′′}(η)η ] , (6.3) ∂^{k2} ∂y^{k2} u(x, y) = 2^{−k2/2}u^{1+k2/2}_∞ ε^{−k2/2}x^{−k2/2}f^{(k2+1)}(η),

k_2 ≤ 4, η = η_{(2.5)}(x, y; ε), and for the function v(x, y) we have the representation (2.5). Taking into account the last representations in (6.3) and also the estimates for the derivatives of the function f(η), we find | | | | u(x, y) ( ∂ ∂x − δ_x ) u(x, y) | | | | ≤ Mh_1, (x, y) ∈ G_h;

ε ( δ_{y y} − ∂^2 ∂y^2 ) u(x, y) ≥ mh^2 ( ε^{1/2} + h_2 )_{−2} , (6.4)

mη^2h_2 ( ε^{1/2} + h_2 )_{−1} ≤ −v(x, y) ( δ_y − ∂ ∂y ) u(x, y) ≤ Mη^2h_2 ( ε^{1/2} + h_2 )_{−1} , (x, y) ∈ G_h, η ≤ M_0, η = η(x, y; ε). From estimates (6.4) it follows that under the condition

γ_{(1)} = γ_{(2)} = 1 (6.5)

the error in approximating the solution of the boundary value problem is of order 1, for the terms of the equation which contain the y–derivatives, when η ≤ M_0 and the step-size h_2 is of order ε^{1/2}. The error for the term involving the derivatives in x is ε–uniformly small for small values of h_1 on the whole domain G.

Note that under condition (6.5) and for values of η, somewhat less than M_0, namely, for η ≤ m_0, the main term of the truncation error is generated by errors caused by the numerical approximation of the second derivatives

48^{−1}u^3_∞ε^{−1}h^2x^{−2} min_{η1} f^{(5)}(η_1) ≤ ε ( δ_{y y} − ∂^2 ∂y^2 ) u(x, y) ≤ ≤ 48^{−1}u^3_∞ε^{−1}h^2x^{−2} max_{η2} f^{(5)}(η_2), η(x, y) ≤ m_0, (6.6)

where η_1, η_2 ∈ [ η(x, y^{j−1}), η(x, y^{j+1}) ] , (x, y^j) ∈ G_h. Taking into account estimates (6.4), (6.6), we establish, similarly to considerations in [8], that there are no fitted operator schemes (6.1), (6.2) which converge ε–uniformly in the case of the Prandtl problem (2.2), (2.7), (2.1).

Theorem 1. In the class of finite difference schemes (6.1), (6.2) there do not exist schemes, whose solutions converge as N → ∞ to the solution of the boundary value problem (2.2), (2.7), (2.1) ε–uniformly.

Thus, from here it follows that to construct ε–uniformly convergent schemes in the case of the Prandtl problem (2.2), (2.7), (2.1), the use of meshes condensing in the neighbourhood of the parabolic boundary layer is necessary.

References

[1] Schlichting H., Boundary Layer Theory, 7th edition, McGraw–Hill, New York, 1979.

[2] Oleinik O. A. and Samokhin V. N., Mathemathical Models in Boundary Layer Theory. Chapman and Hall/CRC, Boca Raton, 1999.

[3] Marchuk G. I., Methods of Numerical Mathematics, Springer, New York, 1982.

[4] Samarskii A. A., Theory of Difference Schemes, Nauka, Moscow, 1989 (in Russian, 3rd edition); German transl., Akademische Verlag, Geest & Portig, Leipzig, 1984.

[5] Shishkin G. I., Difference approximation of a singularly perturbed boundary value problem for quasilinear elliptic equations degenerating into a first-order equation, USSR Comput. Maths. Math. Phys., 32 (4), 467–480.

[6] Farrell P. A., Miller J. J. H., O’Riordan E. and Shishkin G.I., On the nonexistence of ε-uniform finite difference methods on uniform meshes for semilinear two-point boundary value problems, Math. Comp., 1998, 67 (222), 603–617.

[7] Shishkin G. I., Approximation of solutions of singularly perturbed boundary value problems with a parabolic boundary layer, USSR Comput. Maths. Math. Phys., 1989, 29 (4), 1–10.

[8] Shishkin G. I., Grid Approximations of Singularly Perturbed Elliptic and Parabolic Equations, Russian Academy of Sciences, Ural Branch, Ekaterinburg, 1992 (in Russian).

[9] Miller J. J. H., O’Riordan E. and Shishkin G.I., Fitted Numerical Methods for Singular Perturbation Problems, World Scientific, Singapore, 1996.

[10] Bakhvalov N. S., On the optimization of methods for boundary-value problems with boundary layers, Zh. Vychisl. Mat. Mat. Fiz., 1969, 9 (4), 841–859 (in Russian).

[11] Il’in A. M., Differencing scheme for a differential equation with a small parameter affecting the highest derivative, Math. Notes, 1969, 6 (2), 596–602.

[12] Roos H.-G., Stynes M. and Tobiska L., Numerical Methods for Singularly Perturbed Differential Equations. Convection–Diffusion and Flow Problems, Springer–Verlag, New York, 1996.

[13] Shishkin G. I., Grid approximation of singularly perturbed parabolic equations degenerating on the boundary, USSR Comput. Maths. Math. Phys., 1991, 31, (10), 53–63.

[14] Hegarty A. F., Miller J. J. H., O’Riordan E. and Shishkin G.I., Numerical solution of elliptic convection-diffusion problems on fitted meshes, CWI Quarterly, 1997, 10 (3&4), 239–251.

[15] Schäfer M., Turek S. Benchmark computations of laminar flow around a cylinder, in Flow Simulation with High-Perfomance Computation II, E.H. Hirschel ed., Notes on Numerical Fluid Mechanics, Vieweg, Braunschweig, 1996, 52, 547–566.

[16] Farrell P. A., Hegarty A. F., Miller J. J. H., O’Riordan E., Shishkin G.

I., A Robust Computational Technique for Boundary Layers, submitted for publication.

[17] Shishkin G. I., A difference scheme for a singularly perturbed equation of parabolic type with a discontinuous initial condition, Soviet Math. Dokl., 1988, 37 (5), 792–796.

[18] Hemker P. W., Shishkin G. I., Discrete approximation of singularly perturbed parabolic PDEs with a discontinuous initial condition, Comp. Fluid Dynamics J., 1994, 2 (4). 375–392.