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Abstract

We explore maximally supersymmetric Yang-Mills theory with walls of im-
purities respecting half of its supersymmetry. The walls carry fundamental or
bifundamental matter multiplets. We employ three-dimensional N’ = 2 super-
space language to identify the Higgs branch of this theory. We find that the
vacuum conditions determining the Higgs branch are exactly the bow equations
determining Yang-Mills instantons on a multi Taub-NUT space.

Under the electric-magnetic duality, the fundamental- and bifundamental-
carrying impurity walls are interchanged, while the super Yang-Mills theory
describing the bulk is mapped to itself. We perform a one-loop computation
on the Coulomb branch of the dual theory to find the asymptotic metric on
the original Higgs branch.
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1 Introduction

A string theory realization of a quantum gauge theory can be very useful in analyzing
it [I, 2, B, [4]. Such a realization can relate an intrinsically quantum problem of
the gauge theory to a different amenable classical problem. For example, three-
dimensional quantum gauge theories were related to the the dynamics of monopoles
in [5 6] and singular monopoles [7]. In this work, however, we employ such a string
theory realization in a reverse fashion: We study a supersymmetric quantum gauge
theory to make statements about the classical moduli space of Yang-Mills instantons
on multi Taub-NUT space with k centers (T'Ny).



The gauge theory we are interested in is four-dimensional and possesse§| Vg = 2
supersymmetry. In the four-dimensional bulk, the theory is given by the maximally
supersymmetric, i.e. Ny = 4, Yang-Mills theory. Half of the bulk supersymmetry
is however broken by the presence of defects. The defect walls are all parallel, each
carrying either a fundamental or a bifundamental N34 = 4 hypermultiplet. We choose
the gauge group in the each space bounded by the bifundamental-carrying impurity
walls to be unitary. The rank of the gauge group can a priori differ on the two sides
of such a wall.

Without the bifundamental defects, this theory was studied in [8, ©]. As in [9],
we split four-dimensional space into a three-dimensional space parallel to the defects
and a one-dimensional space perpendicular to these. The latter will be parameterized
by the coordinate s = 2% To work in a superspace framework we embed N3y = 2
superspace in a compatible way into Ny = 2 superspace. Our gauge theory is
therefore formulated in terms of N3; = 2 superfields on RY? that depend on a
parameter s. Correspondingly, the vacuum D- and F-flatness conditions, which are
usually algebraic, are now differential equations in this variable s. We find that on
the Higgs branch of the gauge theory these equations are exactly the bow equations of
[10] which describe U(n) instantons on a multi-Taub-NUT space, T'Nj.. The number
of the Taub-NUT centers k equals to the number of the bifundamental impurity
walls of the gauge theory, while the rank n of the instanton gauge group equals to the
number of the fundamental impurity walls. The instanton charges are determined by
the ranks of the gauge group of the gauge theory. This identifies the Higgs branch of
the theory with n fundamental and k bifundamental impurity walls with the moduli
space of U(n) instantons on T'Ny. Obtaining these differential equations from the D-
and F-flatness conditions and relating them to the instanton bow data is one of the
results of this work. The equations we obtain, however, are slightly more general and
suggest an interpretation of the instanton problem as a part of a larger framework
provided by the quantum gauge theory.

Once we identify the Higgs branch of our impurity theory with the moduli space
of instantons on T'Nj, we acquire an entirely new way of computing the metric on the
latter: We can apply electric-magnetic duality [I1], 12] (which in three-dimensional
language corresponds to gauge theory mirror symmetry [I3]), so that instead of
considering the Higgs branch of our original theory, we study the Coulomb branch
of the dual theory. In particular, the asymptotic form of the moduli space met-
ric is determined by perturbative corrections to the propagator of the gauge the-

ITo avoid confusion, we give the space-time dimension in which we count real supersymmetry
generators explicitly. For example, a four-dimension theory with Ay = 2 has the same amount of
conserved real supercharges as a three-dimensional theory with N3g = 4.



ory. Moreover, on the Coulomb branch in extreme infrared the theory is effectively
three-dimensional. We compute the one-loop correction in the corresponding three-
dimensional theory, generalizing the results of [14, [I5]. This leads exactly to the
Lee-Weiberg-Yi-type [16] asymptotic metric, which was found to be the asymptotic
metric of the instanton moduli space in [17].

The underlying relation of the moduli space of vacua of the impurity gauge theory
to the moduli space of instantons is not coincidental: A string theory realization of
our impurity gauge theory is given by a Chalmers-Hanany-Witten (CHW) brane
configuration in type IIB string theory [18, 19]. Applying T-duality along the D3
relative transverse direction parameterized by s, one maps this configuration to a
type IIA string theory configuration with n D6-branes wrapped on T'Nj and some
D2-branes transverse to T Ny,. The latter has been argued [20, 21] to be effectively
described by instantons.

Our paper is structured as follows: Having derived the matter content from the
analysis of the CHW configuration in Section 2] we give the gauge theory Lagrangian
in Section [3] The vacuum conditions are discussed in Section [ where we also
compare them to the instanton data. Section [5] contains the calculation of the one-
loop quantum corrections to the metric on the moduli space, and we conclude in
Section [6] Our superfield and gauge algebra conventions are summarized in the
appendix.

2 Chalmers-Hanany-Witten brane configurations
and instantons

In order to make various key ingredients in our discussion transparent, let us begin
with the description of the Chalmers-Hanany-Witten D-brane configuration [6, [1§].
This configuration is the type IIB string theory background summarized in Table
whose background geometry is ten-dimensional Minkowski space with one spatial
dimension compactified on a circle: R x R%, x S x R3.. As coordinates on the
various components of this product space, we use (zg, 71, 72) € RM, Z€ R}, s € 5!
and i € RY.. The space contains n parallel D5-branes with world-volumes R*? x R3,
located atf] \; € S*, j =1,...,n and at the origin of R, i.e. at Z= 0. We also have
k distinct parallel NS5-branes with world-volumes RY? x R?, positioned at p, € S*
and 7, € R}, o =1,..., k. The last important ingredient is a collection of D3-branes
that are either suspended between D5-branes, having world-volumes R x [A;, Aj11],
or wrap the circle factor entirely and have the world-volume R%2? x S*.

20ur notation is chosen to match that of [17] later in the discussion.



Such configurations were thoroughly analyzed using their effective description in
terms of three-dimensional gauge theories and mirror symmetry [13 22]. They also
proved to be very useful in the exploration of singular monopoles [7, 23]. Here we
shall focus on the effective gauge theory in the four-dimensional world-volume of the
D3-brane describing its - still four-dimensional - low energy dynamics.

Away from any five-branes, the effective infrared description of the CHW con-
figuration is given by maximally supersymmetric Yang-Mills theory. The presence
of the five-branes will manifest itself in the form of two types of defects in this the-
ory. It is important to emphasize the different geometric nature of the two kinds
of defect walls that we consider. A fundamental wall, i.e. a defect wall carrying a
fundamental matter multiplet, is contained in the four-dimensional space. A gauge
transformation in the bulk acts on the fundamental multiplet by its value at the wall.
A bifundamental defect positioned at s = p,, on the other hand, separates the space
time into a half-space-time s > p, to its right and another half-space-time s < p, to
its left.

In order to make this transparent, we introduce two distinct points pZ and pf |
which are located at the boundary of the s-semi-axis in the space on the right and on
the left of the wall, respectively. With these conventions any field ¢ continuous on
one side of the wall satisfief] lim,, »,, ¢(p) = ¢(pf_,) and lim,,, d(p) = ¢(pk). As
a result, k bifundamental walls separate the space-time into k slices so that the ot"
slice corresponds to the interval [pL, p%]. And the gauge group acts independently
at p® | and at pZ. Due to the presence of k walls with bifundamental multiplets
the bulk gauge theory is defined on k independent slabs R'? x [pZ pZ]. In order to
deal with the boundary terms and integration by partsE| for the fields in a given slab
R x [pL, pB], we understand them to be extended by zero on RY? x [pL — ¢, pft + €].

Altogether, the gauge theory action S = Spux + S5 + S, and consists of

- the bulk contribution Sy, given by the action of the maximally supersymmet-
ric Yang-Mills written in terms of N3q = 2 superfields,

- the fundamental multiplet contribution S; which, since these multiplets are
localized at s = A;, has three-dimensional Lagrangian density with the bulk
fields values at that point, and

- the bifundamental contribution S, with its o' term of its three-dimensional
Lagrangian density containing bulk fields at pZ | and at pZ.

As a result, any variational equation obtained by varying a bulk field contains con-
tributions from the j* fundamental multiplets with a factor 6(s — ;). Additionally,

3where lim, ~,, and lim,\ ,, denote lower and upper limits, respectively
4See discussion on page@
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contributions from the o'" bifundamental multiplet will appear with a factor of either
§(s —pL_}) or (s — p2). We will present the action in Section [3| and we will discuss
the variational equations in detail in Section [4]

01 [2][3][4]5 718109
Coordinates | 2° | o' | 22 Z i
Symmetries SO(1,2) SO(3)z SO(3)y
NS5 x | x| x| x| x| x]ps 7,
D5 X | X | X 0 Aj| X \ X \ X
D3 X | X | x 0 X "3
N =1 fields/ ¥ 1% zZ |y
U components | vg | v1 | v Z Z3
N =1 fields/T X Y
T components Vg ‘ Y1 Y

Table 1: The CHW brane configuration, its symmetries, and the components of the
supermultiplets in the effective gauge theory description. Here, Z = Z; +iZ, and
Y = Y5+i1Y3. The superfields ¥ and T denote linear combinations of Ny = 2 vector-
and hypermultiplets as explained in the appendix.

A CHW brane configuration preserves 8 of the 16 real supercharges. That is, we
expect the gauge theory to exhibit N3y = 4 supersymmetry with R-symmetry algebra
so(4) ~ su(2)z x su(2)y =~ so(3)z x so(3)y. The Higgs field triplets (Z1, Zs, Z3)
and (Y7, Y5,Y3) form vector representations of the factors so(3)z and so(3)y. These
algebras correspond to rotations in the spaces R}, and R3 respectively.

Since the D3-branes can end on D5-branes if their positions in R}, agree, we can
have a branch of the space of vacua of the theory where all of the D3-branes are
positioned at Z= 0 and any separation between the D3-branes is along the R$ space
factor. We call this the Y-branch of the theory. Potentially, if any of the NS5-brane
positions 7, coincide, there is another branch, the Z-branch, with D3-branes ending
on NS5-branes positioned at the associated values of ¢ = 7/, and arbitrary values of Z.
There is also a mixed branch corresponding to at least some of the D3-branes having
world-volumes R%? x S! positioned at nonzero Z and ¥ or some D3-branes separated
along the Z- while others are separated along the Y-directions. Here, we assume
that all of the NS5-brane positions 7/, are distinct and therefore neither the Z-branch
nor the mixed branch arises. An example brane configuration on the Y-branch is
depicted in Figure [I}



We deliberately name these branches according to the directions in which the
D3-branes are separated from each other and not according to the types of the
gauge theory supermultiplets that parameterize them. This avoids the potential
confusion that can arise once the gauge theory mirror symmetry interchanging the
roles of the supermultiplets enters the discussion. Once we consider the gauge theory
description of the low energy D3-brane dynamics in this CHW configuration, the Y-
branch, which is the main object of our study, will correspond to the Higgs branch
of the gauge theory. The Z-branch, if it existed, would correspond to the Coulomb
branch of that gauge theory. In Section [p, however, where we perform perturbative
computations at one loop, we will find it convenient to work in the mirror or S-dual
picture. We still study the Y-branch, but once the mirror symmetry is applied, the
Y-branch is identified with the Coulomb branch of the mirror theory. It is the one
loop computation involving the vector multiplet that gives us the asymptotic metric
on the Y-branch.

NS5

D5 D5
7,8,9 D3s

D3s

Figure 1: A picture of a Chalmers-Hanany-Witten configuration in the Y- or Higgs
branch.

This brane configuration is directly related to Yang-Mills instantons as follows.
Wherever the 2% direction is compact, we can perform a T-duality along it. This
yields a dual type ITA string theory brane configuration which contains the k-centered
Taub-NUT space in the 6, 7,8, 9-directions, a number of D6-branes wrapping it with
their world-volumes in the 0,1,2,6,7,8,9 directions, and D2-branes (some of them
fractional) with the world-volumes in the 0, 1,2 directions. Due to a slight mod-
ification of the argument of [20, 21], this configuration is described by instantons
on the space T'Nj. If the 2% direction is noncompact or if some x°® intervals have
no D3-branes over them, the corresponding instanton on T'N,, is independent of the
isometric direction (i.e. the direction dual to 2°) and can be interpreted as a sin-
gular monopole. The relation between CHW configurations and instantons on a
multi-Taub-NUT space was used in [10] [19] to describe such instanton configurations
and their moduli spaces explicitly. Singular monopoles were constructed via this



interpretation in [24] 25].

3 Gauge theory action

3.1 Field content

The bosonic degrees of freedom in the (xg, 21, x9, xg) bulk of the D3-brane are the
gauge field (vg, v1,v2,vg), three hermitian Higgs fields Z;, Z, Z3 (corresponding to
the relative-transverse directions along the NS5-branes) and three hermitian Higgs
fields Y3, Y5, and Y3 (corresponding to the relative-transverse directions along the
D5-branes). They form the bosonic part of an Ny = 4 vector supermultiplet.

This My = 4 vector supermultiplet decomposes into an Ny = 2 vector multi-
plet and an Ny; = 2 hypermultiplet. In the Ny = 1 language the Ny = 4 vector
supermultiplet contains an Ny = 1 vector multiplet and three Ny; = 1 chiral super-
multiplets. For our discussion, it will be useful to switch to N3y = 2 superspace. We
use the same embedding of N3, = 2 superspace into Ny = 2 superspace as in [9],
providing the details in the appendix for completeness.

We arrange the bosonic fields listed above as follows into a vector superfield
V (which will later give rise to the complex linear superfield ¥) and three chiral

superfields (X, Z,));

V : (vg,v1,v2, Z3, \, D) |

X (X, 0,G), with X = vg +1Y7 )
U=z (Z,x r, with Z = Z, + 12, ,
U =Y : (Y, % F?), with Y =Y, +iYs .

Explicitly, the superfield expansions read as
V =i0,0°Z5 — fok,0v, +10°0X — i0°0) + 36°6°D |
X = wvsly) +1Yi(y) + V200 (y) + 6°G(y) |
U =2 = Z(y) + V20x'(y) + °F'(y) ,
U =Y =Y(y) +V20x'(y) +F(y) .

(2)

Here, 0%, is the set of four-dimensional sigma matrices reduced to three dimensions.
We use the convention o4y = (=L, 0%, 0%). The complex scalar fields D, G, F' and
F? are auxiliary fields and \,+ and y are Weyl spinors in four dimensions. The
four-dimensional gauge field (vg, v1, v, vg) is spread over the two N3q = 2 superfields



Y and X. Correspondingly the real scalar field Z3, which is expected to be part of
the N3y = 2 chiral superfield X, is part of the vector superfield. The reasons for this
are given in the appendix.

Note that we will use the superfield conventions of [26]. In particular, we have

ON =0\, and O\ :=0,)\". (3)

For products of spinors of the form A\, we will always make the products explicit. A
useful relation is

(0,6)2 = 16%02 . (4)

We will also denote the adjoint of a field A by X instead of A to simplify notation.

Since g is a gauge field along the direction 2° = s, and each N33 = 2 superfield
has to be understood as depending on the parameter s, gauge transformations will
act on the superfields according to

ui N 6721Aui€2i/\ ’

X — €f2iAXeQiA + e*QiAaSGZiA

(5)

Y

where A is an N3q = 2 chiral superfield depending on the parameter s. In three
dimensions, the vector superfield V' gives rise to the complex linear superfield

Y= €Dy (e*V Dge ) . (6)
Its field expansion reads as

S, 0,0) =425 + 406X" — 40,0° — 4i0,6°D — 20040 F,,
— 2i0%00%, VA + 2i0%065,V A — 0°0°V N  Z5 .

Since gauge transformations act on the vector superfield as

: (8)

the complex linear superfield transforms according to

621V N 6—21A€21V€21A

PN 6_2iAZ€2iA ) (9)



3.2 Action in superspace

The following bulk action is manifestly invariant under both N3, = 2 supersymmetry
and gauge symmetry:

Sbuikc = / ds d%tr[ / A0 (=527 — (€ (0, — X)e Y — X)? + 3™ UiePVU)

+;/&e%wmfhauq_%/&e%wm,naaﬂ.
(10)
Performing the GraBmann integrals, one obtains the component action of Ny = 4
super Yang-Mills theory. The spinor fields appear in an unusual linear combination
in the superfield expansions, cf. the appendix.

As we used four-dimensional superfields, there is only a U(1) subgroup of the
SO(3)z x SO(3)y R-symmetry group manifest. In component fields however, the
full symmetry group is recovered after integrating out all auxiliary fields. There is
an additional SU(2) flavor symmetry acting on the doublet (Z,)). This symmetry
partially mixes fields belonging to the N3q = 4 vector and hypermultiplets and points
towards the corresponding SL(2,7) symmetry.

Varying the action with respect to the auxiliary fields yields

5Sbulk

é‘Sbulk A .

i — 4G - ilY, 7], (12)
(SSbulk —lF —.8Y—'[ % Y] (13)
5F1 —5 41 10, Vg 1ry, 9
0Shu = . . :

5;_,2“‘ =1F +10,Z +ifvg +1Y1, Z] . (14)

As we mentioned earlier, all the fields on a o slab RY? x [pL, pf] are extended by
zero immediately outside the slab, thus the fields have discontinuities at the ends pZ
and p? and, potentially at any points A; within the interval. In the above equations,
we understand the terms 0,Y7, 0,Y, and 0,7 as generalized derivatives. That is, at a
point A; the derivatives 0,Y; and J,Y contain a discontinuity term
0(s— X)) ( lim Yi(r) — lim Yi(r and d(s—\;)( lim Y(r)— lim Y(r)), (15
(5= X)( lim Yi(r) = lim V() and 3(s = A)(lim Y(r) — i V() , (15)
respectively, while 9,7 contains terms (s — p2)Z(pL) — (s — p2)Z(pE). This con-
vention automatically takes into account all boundary terms appearing from any
integration by parts involved in obtaining Eqgs. —.

9



Only four of the eight supersymmetries of CHW brane configurations are manifest
in our superspace formalism. It is therefore necessary to complement the equations
D = F; = G = 0 in such a way that they are invariant under the R-symmetry group,
as we will discuss in Section [4.2]

By the classical argument of [27, 28], the (R-symmetry completed) D- and F-
flatness conditions capture the full quantum corrected Higgs branch of the moduli
space of vacua in the four-dimensional gauge theory.

3.3 Fayet-Iliopoulos terms

One should also allow for Fayet-Iliopoulos (FI) terms in the action. To preserve
SU(2) z-invariance, we add both FI terms for the vector superfield V and the chiral
superfield Z:

Spr = /ds d®z tr (fg(s)/dA‘GQiV—f(s)/dzéz—f(s)/dQHZ) : (16)

These terms add the following contributions to the variations of the auxiliary fields:

0Sk1 .. 0.SF1 R
— = _ 17

In the D- and F-flatness conditions and , these contributions can be absorbed
by the following shift of fields (cf. [29]):

Y1—>Y1+i]1/ dif3(3) and Y—>Y+i]1/ d5f(3) . (18)
S0 S0

The only effect of this shift is indeed the removal of the FI parameters in the bulk.
It is only at boundaries, that they survive. Moreover, one can redefine Y; and Y by
a constant shift that is different on different intervals. As in [I7], using these two
shifts one can reduce the above FI term to the form

Sp1 = é/d% tr (V?,a/d491 (V(pﬁ) - V(pf—l))

_VU%/dQQ (Z(ph) — Z(pE)) —DU%/dQG (Z_l(pﬁ)—Z](pf_l))) - (19)

10



3.4 Defect walls with fundamental hypermultiplets

Each fundamental impurity wall carries an SU(2)y doublet of complex scalars Q;
together with an SU(2)z doublet of spinors (. These fields form a N3; = 4 hyper-
multiplet (cf. [18], [§]) and they are localized at the value s = \;, corresponding to
the wall’s position. We will combine them into N3z = 2 chiral superfields Q;; and
Qy; with components (Q1;, 15, J1;) and (Qzj, (25, Jo;) respectively. In doing this, we
inevitably reduce the manifest R-symmetry group to the diagonal subgroup SU(2)p
of the R-symmetry group SU(2)z x SU(2)y. The full R-symmetry is manifest once
the auxiliary fields are integrated out. The superfields Q;; and Q,; are coupled to
the gauge potential on the D3-branes and transform in the fundamental and the
antifundamental representation of U(N), respectively:

Qv ) . ( g (X))@ )
( Q2; Q2j9(N5) (20)
The kinetic term is given by

Sfl _ Z/d?)l, d4 7211} Ql_] + Q2 6211/()\ )Q j) .

The full SU(2)p-invariant Yukawa couplings in this action have to be of the form

_ 7 _ 5
Y Zs —Z C1s
ol &) (2 2)(8) :
2%ap §2j 7 —Zs ng ( )
and to obtain this term, we have to add the following superpotential terms:
Spa %Z/d% (/ 200y, Z(\)Q, + /d26_ QljZ(Aj>Q2j> .
j=1

The contributions of the fundamental hypermultiplets to the action, Sy = Sy 4 Sy,
yields the following contributions to the D- and F-flatness conditions:

T _ 55 -
5—5 =5 D (Q2j Q25 — Qu;Q1))0(s — Ny) . f =3 Z @17Q2;0(5 = Aj) »
j=1 (22)
55y . 5Sf 7
5.J1; =3 (i + @2;2) 6.Jo; =5 (P + ZQu;) -

11



3.5 Defect walls with bifundamental hypermultiplets

As mentioned above, a bifundamental impurity wall located at p, cuts the space-
time in two parts. This gives rise to two gauge group U(N,_1) and U(N,), acting to
the left and to the right of the impurity wall, respectively. There are two complex
bifundamental scalars B, and By, confined to the world-volume of the wall: B,
transforms in the (N,_;, N,), while By, transforms in the (N,, N,_;) representation.

Bi, 9 (Pe—1)Brog(ps) >
: — 1,9 7 23
I ( Byo ) ( 9 1 (p5)B20g(pi-1) (23)
They are part of a bifundamental N3; = 4 hypermultiplet, which we decompose
into two N3q = 2 chiral superfields B, and By, with components (Bis, 10, L1s) and
(Bay, &265 Loy). The complex scalars By, and By, in this hypermultiplet form again
an SU(2)y doublet, cf. [18].

Coupling the bifundamental superfields to the bulk gauge superfields yields the
following terms:

k
Sp1 = %Z/d%} tr(/d49 (62“)(7%)3106_2W(p5—1)81g
o=1
+62W(P51)3206—211/(19&)320)) . (24)

Again, the Yukawa couplings determine via SU(2)p-invariance the superpotential
couplings. We need to find the superfield expressions giving rise to the following
terms:

B ZR _7R B B zL _ZL B
Lons (600 (2 50) (§) - @ (A 5) ()] @9

This is done by adding the superpotential term
k
Sha=13Y_ / A3z tr( / A*0(BooU' (pF_)Bio — BioU' (ph) Bay )+
o=1

/ PO (0f ) Bar — Bosll' (02)Br)) . (26)

Finally, the positions 7, of the NS5-branes give rise to Fayet-Iliopoulos terms in
the bulk theory, cf. [I8]. As discussed above, FI-terms can be absorbed by a shift
linear in s of the scalars in the N3y = 4 vector multiplet. However, on the boundaries,

12



these terms survive in the boundary contributions of the shifted scalars. These
contributions, in turn, correspond to the positions of the NS5-branes relative to the
D3-branes. If the o-th NS5-brane at s = p, is positioned at 7, € R, let v = vy +ivs.
Then |7,|> = v + vi , and the Fayet-Iliopoulos terms are given in Eq. (19). One
readily checks that all terms are gauge invariant. Varying the contribution of the
bifundamental matter to the gauge theory action, Sy, = Sy 1+ Sy 2+ Srr, with respect
to the auxiliary fields yields

k

0Sy - .
5—5 :% Z (Blo—Blo' - BQUBQU + VSU) 5(8 - pg)
o=1
— (BlO-BlU - BZUB2O' + V30') (5(8 - p?—l) ) (27)
55(, 1 i R L
ﬁ =5 Z (BIUBQJ + VUID 5(3 - pg,l) - (BQUBla + VO'H) 6(‘9 o pa) ’ (28)
1 o=1
05
5_FJ; 0, (29)
(SSb 1 /(7 L R
I 4 (Lo — Z0) By + B 7)) o
0Sy 1= L R
5.[/2 2 (L2O' - BIO'Z(pU> + Z(p0,1>Bla') : (31)

3.6 Chern-Simons boundary terms and from (p, ¢)-branes

As a side remark to the main thread of our discussion, let us briefly consider another
type of defect in the CHW configuration: the (p, g)-branes. Their contribution to
the field theory on the D3-branes is a Chern-Simons term with Chern-Simons level
=L, cf. [30] and [31]. Intuitively speaking, the type IIB supergravity background
contains an RR~scalar (axion), which gives rise to a #-term in the gauge theory on the
D3-branes. This 6-term can be turned into a Chern-Simons term at the codimension
one boundary given by the (p, ¢)-brane.
In terms of superfields, the contribution of a (p, ¢)-brane to the effective descrip-
tion of the CHW configuration should read as

1
Sipa) = SL;q/de d49/0 dutr (Da (efQi"//(u)DaeQi”l/(u)) 67217(u)8u621"ﬂ(u)) . (32)

where #(u) is a function on the interval [0,1] satisfying the boundary conditions
7(0) = 0 and ¥ (1) = V. The integral over u is inserted to have the action mani-
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festly gauge invariant, cf. [32 B3]. The first factor under the trace is a u-dependent
generalization X'(u) of the complex linear superfield ¥. In the following, we choose
Y (u) = ul.

After going to Wess-Zumino gauge, the action simplifies considerably and using
the boundary conditions, one can perform the wu-integration. In components, the

action reads as
ﬁpqtr / d3$ (Elwp (AuayAp + %AMAVAP) + 16i)‘a5‘04 o 2DZ3)’ (33)

and it therefore gives a new contribution to the D-flatness condition:

0.5 (p,q) ip
= =——73 . 34
oD 2mq s (34)

After integrating out the D-field, one obtains among others the following terms in

the component action:

2 i B B
/ &P ds (s — sty (_8 fQQQ 72 4 T%ngsm + ﬁ]zg([z, 7] +1v, Y])) . (35)
where we abbreviated V, := % + vg. The last term is the same as the one obtained
in a related discussion in [34], where an additional #-term - corresponding to our
axion background - was added to a bulk theory with a supersymmetric boundary.

Assuming that the (p, ¢)-brane is oriented such that it preserves Nzq = 3 super-
symmetry, we expect the action to be invariant under the diagonal subgroup SU(2)p
of the R-symmetry group. This leads us to add the following term to the action:

S ) N3 = 4i / A3z ds (s — s®9) ( / 42022 + / d29‘22) . (36)
™q
which implies the following contribution to the Fj-flatness condition:

0S(pa)Nsa=3 _ P
b 9 — Z i
0F} 4d7q (37)

4 Vacuum conditions and instanton moduli spaces

4.1 D- and F-flatness conditions

The vacuum conditions determining the Higgs branch of our gauge theory are the
flatness conditions for the auxiliary fields contained in the superfields V and Z of the
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N34 = 4 vector superﬁel ¥ Since the auxiliary fields enter the action algebraically,
they can be integrated out using their equations of motion §5/0D = 0 and 0S/6F| =
0. Finding F' and D from these equations and substituting back into the action leads
to potential terms of the form D? and F? thus the vacuum condition is D = 0 and
F; = 0. Combining Egs. , , the D-flatness condition readﬂ

n

VY1 + 32, 2]+ 5V, V43D (Q1;Q15 — Q2;Q2))3(s — ;)
7=1
k

+3 Z (BaoBss — BioBis — v351) 6(s — p)

o=1

+ (BisBis — B2y Bay + 13,1) 8(s — p1) =0, (38)

and Eqs , lead to the F-flatness condition
V Y +1i Yi, ZQI]Q2§ )

k
+3> (BioBag + 1) 8(s — ply) = (BaoBio + vI) 6(s —pk) =0, (39)
o=1

where again V, a + vg.
The F- ﬂatne:gs conditions from the superfields ) and X contained in the N3; = 4
hypermultiplet T are G = F; = 0, which, amount to

V.Z +ilV1,2] =0, (40)

and

(Z,Y]=0. (41)

At a position A;, where a fundamental impurity wall is located, we have the
following additional equations for the component fields of Q;; and Q,;:

(jlj + QQjZ) - O y (jgj + ZQlj) = O . (42)

5See the appendix for the precise definition of . 4
SInserting a (p, ¢)-brane at s into our CHW configuration adds terms —%Zgé(s — sP7) and
1550(s — sP7)Z to the left hand side of Egs. and respectively.
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A bifundamental wall at p, gives rise to two conditions on its two sides arising

from the auxiliary fields of By, and Bs,:
[_Jla - Z(pg)BQO' + BQUZ(pf—l) =0 9 (43)
[_’20 - BlUZ(pg) + Z(pff%—l)Bla =0.

4.2 R-symmetry consequences

The equations derived above yield vacua preserving the N3; = 2 supersymmetries
which are manifest in our superspace formulation. These supersymmetries are a
subset of the N33 = 4 supersymmetries actually preserved by CHW configurations.
To obtain the equations describing AM3; = 4 supersymmetric vacua, one needs to
consider the set of flatness conditions obtained by all possible rewritings of the N3 =
4 supersymmetries in N3y = 2 language. This can be achieved by complementing the
above equations such that the new set of equations is invariant under the R-symmetry
group SU(2)z and is equivariant under SU(2)y.
First, equations and have to be replaced by

(Z,Y]=[Z3,Y]=[2,Y1] = [Z3,Y]] =0 and V,Z=V,Z3=0, (44)

and Z and Z3 ought to be covariantly constant in the bulk along the s-direction. On
a branch with nontrivial vacuum expectation values of Yj(s), Ya(s), and Y3(s), i.e.
on the Higgs branch, Eqs. imply that Z and Z3 vanish. Correspondingly, (38|

and become

VY1 + 5[V, Y] +1 E (Q1;Q15 — Q2;Q2;)0(s — X;)
j=1
k

+ % Z (BQUBQU - BIUBIU - V30H> 6(5 - pg)

o=1

+ (Blaéla - B20B20 + VSJ]I) 5(3 - p§_1) =0 ) (45)

VY iYL Y] 45 ) Q1Qu0(s — X))
j=1

k
+ % Z (BioBag + Vol) (s — pi_ ) — (BaoBig + Vol) (s — pk) = 0. (46)

o=1

The R-symmetry completions of equations and are simple to write down,
however, they are not relevant for our discussion.
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4.3 Masses

If a Z-branch were present, the D3-branes would be able to break up on the NS5-
brane. This would give masses to the bifundamentals located at the intersection
of the stack of D3-branes with the NS5-brane which would be proportional to the
distance between the endpoints of the broken D3-branes. As in the case of the
D5-branes, this distance is split into the complex Z& — Z& and real ZL — Z[
components. The mass contribution of the former appears directly in the action
(24)), while the contribution of the latter arises after integrating out the auxiliary
fields L;,. Altogether, we have the expected result

my = |Zo, = Zyp|* + (Zs,

3aa

— Zs)" (47)

Mass terms for the fundamental hypermultiplet located at D5-brane positions
arise from a finite distance between the D3-branes and the D5-branes in R}. Al-
though our D5-branes will be located at Z = 0, let us briefly comment on the more
general situation of a D5-brane at s = \; and zP° = (25, 2P5) £ 0. This situation
is described by the following gauge theory action:

Sp1 =3 / ds d*z / a0 (Quye Y THIN Qy; 4 Qe VTN Qo )i (s — )
Spa= %/ds A3 (/ d*0 Q5j(Z — 27°) Qi + C-C->> 0(s = A5) -

The modified terms preserve both supersymmetry and gauge invariance as they can
be viewed as constant shifts of scalar fields.

The eigenvalues of Z and Z3 correspond to the positions of the various D3-branes
in the stack. The distances of the D3-branes to the D5-branes at Z”° are then given
by the eigenvalues of the matrices Z — zP°T and Z3 — 2P%il. After integrating out
the auxiliary fields J; »; and diagonalizing Z and Z3, one obtains the following mass
terms for the fundamental hypermultiplets:

My = | Zaa — 225" + (Z3aa — 22300)" (48)

which is the expected result.

4.4 Interpretation of the Y-branch equations

The moduli space equations (38), (39), and reflect many of the interesting
phenomena in CHW configurations. Besides the generation of masses from moving
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the various five-branes as discussed above, the breaking of D3-branes on both the
NS5-branes and the D5-branes can be seen in the gauge theory. In the following,
however, we are interested in using these equations to describe instantons on multi
Taub-NUT spaces. In particular, we are about to demonstrate that the moduli space
of the latter is the Y-branch of the gauge theory we are studying here.

Yang-Mills instantons on multi Taub-NUT spaces can be described in terms of
bows [17]. Bows generalize quivers, and as for a quiver, one can define representations
of a bow. Detailed explanations of these and other terms related to bows can be found
in [I7). Each bow representation can be viewed in two ways: as a description of
instantons of given charges on multi Taub-NUT spaces or as defining a gauge theory
with impurities we have considered above. In the latter interpretation, each edge
in the bow corresponds to an impurity wall with a bifundamental multiplet, while
each marked point corresponds to an impurity wall with a fundamental multiplet on
it. The representation ranks determine the ranks of the unitary gauge groups in the
bulk between the impurity walls.

A representation R of a bow determined an affine space Dat(fR), the bow data. In
the gauge theory, Dat(2R) can be thought of as the configuration space of the scalar
fields in the chiral superfields which parameterize the Y-branch. The space Dat(fR)
is in fact a hyperkahler manifold, and there is a natural action of a gauge group G
on Dat(2R) which preserves the hyperkéhler structure. Therefore, one can construct
the hyperkéhler quotient M = Dat(R)///G. The corresponding moment map was
given in [I7]. The gauge theory counterpart of the hyperkahler quotient procedure
amounts to imposing the D- and F-flatness conditions and dividing by the action of
the gauge group.

In their complex form, the bow equations of [I7], which are the moment map
conditions, exactly agree with the vacuum equations and (46)), which define the
Y-branch of the space of vacua of our gauge theory. We thus conclude that the
Y-branch coincides with the moduli space of instantons on multi-Taub-NUT space.
The dictionary establishing the correspondence of the quantities of the gauge theory
with impurities with those of an instanton on the multi-Taub-NUT space is in Table
below. This is in fact expected, as a CHW configuration is T-dual to a configuration
of D6-branes wrapping multi Taub-NUT space with a D2-branes within their world-
volumes. At low energies, the latter brane configuration is described by Yang-Mills
instantons on the wrapped space. Here, we obtained an independent gauge theoretic
verification of this correspondence. In the process, we also gained some insight of how
one might approach the other branches. We also have a gauge theoretic interpretation
of the bow reciprocity, which manifests itself as electric-magnetic duality of the gauge
theory with impurities. We are about to use electric-magnetic duality to extract the
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asymptotic of the Y-branch in the directions of maximally broken gauge group.

Gauge Theory with Impurity Walls Instantons on Multi-Taub-NUT

Gauge group ranks Instanton number + its monopole
charges
Number of fundamental walls, n Rank of the structure group, U(n)

Number of bifundamental walls, k Number of Taub-NUT centers, k
Periodicity of the transverse coordi- | Taub-NUT mass parameter
nate s
Positions of the fundamental walls Conjugacy class of the holonomy
around the TN circle at infinity
Positions of the bifundamental walls | Self-dual noncommutativity parame-
ters of the multi-Taub-NUT
Fayet-Iliopoulos parameters Positions of the Taub-NUT centers

Table 2: Correspondence between the gauge theory and instanton parameters.

5 Asymptotic of the Y-branch

Until this moment we identified the Y-branch with the Higgs branch of the gauge
theory with impurity walls. The advantage of this consideration was that it produced
an exact description of the metric on the Y-branch in terms of Egs. and .
If one is interested in the asymptotic behavior of these metrics one can either use
twistorial techniques developed by Bielawski [35, B0, B7] or apply the monopole
dynamics techniques of Manton and Gibbons [38, [39]. Here we have yet another
approach, which is entirely in the domain of the gauge theory.

A different description of the Y-brach emerges after applying electric-magnetic
duality to the gauge theory we considered so far. If the original gauge theory had
n fundamental impurity walls positioned at s = A; and k& bifundamental impurity
walls at s = p,, then the dual gauge theory has k& fundamental impurity walls at
s = p, and n bifundamental impurity walls positioned at s = \;. The Y-branch is the
Coulomb brach of the latter theory and the metric on it receives both perturbative
and nonperturbative corrections. At a generic point on the Coulomb branch the
gauge symmetry is maximally broken. The metric on the Y-branch is given by
quantum corrected gauge couplings of the surviving gauge theory. Kigenvalues of
the Y7, Y5 and Y3 Higgs fields provide good asymptotic coordinates on the Y-branch.
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We are interested in finding the metric in the asymptotic directions in which the
difference of any two eigenvalues of Y; becomes large. Via a one loop computation
we obtain the leading metric behavior.

On the Coulomb branch the G and F, flatness conditions augmented by R-
symmetry imply that the nonvanishing Higgs fields parameterizing the Coulomb
branch are covariantly constant in s, see Eq. . As a result, in extreme infrared
the theory is effectively three-dimensional and we can perform our one loop compu-
tation in a three dimensional theory with the gauge group xj_; U (R;). The gauge

coupling of the component U(R;) is 1/4/Aj+1 — Aj, so that
1 >‘j+1 — )‘j

= . (49)
ggd, j 914

The ultraviolet spectrum of this theory is comprised of bifundamental supermultiplets
in (N;_1, N;) and (N;_y, N;) representations and some fundamental multiplets. The
number of the fundamental multiplets in N; and N; of U(N;) equals to the number
of p, points between A\; and A; ;. The mass of the fundamental multiplet associated
to the point p, equals /.

The computation itself uses the background field method quite literally as dis-
cussed in [40], section 16.6. This background field calculation was done for pure
N34 = 4 super Yang-Mills theory with gauge group SU(2) in [14] and it was ex-
tended to fundamental matter in [I5]. For our discussion, however, we need the
corresponding result for arbitrary gauge group and both fundamental and bifunda-
mental matter, which we derive in some detail below.

5.1 The Coulomb branch of 3d super Yang-Mills theory

It is sufficient to focus on the N33 = 4 euclidean super Yang-Mills theory with
gauge group U(Np) x U(Ng). The field content consists of an N3g = 4 vector
multiplet consisting of a gauge potential A, = A{; + Af, two 3d Majorana spinors
At and xMf and three real scalars Zj p. We will also allow for hypermultiplets
in the bifundamental, the adjoint and the fundamental representations of the gauge
group. Their component fields will be labeled by Ay, k = 1,2 for the complex scalars
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and v, for the spinors of SO(1,2). The kinetic terms in the action are given by

1
S gange = 3 / d*z tr <4F;VRF“ + ViR zbEg LR 70
' 934 L,R
+i;\L,RVL,R)\L,R+1XL RVLR LR> , (50)

1 B
SkLR hyper = —— / A3z tr (VuhLV“hk + mkwk) .

93dL,R

Here, ¥ := #V,. The covariant derivatives of the hypermultiplets are determined
by their representation. We did not write down any potential terms, as we will not
need them.

As generators for U(N), we will use antihermitian linear combinations of the
matrices (7)ij = 0ailp;, a,b = 1,..., N, which satisfy the normalization condition
tr(7h7.5) = 1. In the latter equation, there is no sum implied. For indices of the kind
of a, b, we will always make the sums explicit in all formulas. The Cartan subalgebra
of the gauge group is generated by the elements 7,,. Note that ) 7., gives the
u(1)-part of u(N), while the linear combinations of generators 7,, — 7 for a # b
span the Cartan subalgebra of su(N) C u(N). For the generators 7., the following
list of identities holds:

TabTed = 5bc7—ad 5 ad‘rab (Tcd) :[Taba 7_cd] = 7_acl(sbc - chéda s (51)

[Tam 7—bb] =0, [ dTaa7 adTbb] =0.
To distinguish the generators of U(Ny) from those of U(Ng), we will write 75 and
72 where necessary.

We are interested in a generic point on the Coulomb branch of the theory, where
the gauge groups U(Np) x U(Ng) are maximally Higgsed to U(1)™ x U(1)V% due to
the Higgs scalars in the vector multiplet acquiring a generic vacuum expectation value
(vev). As the gauge group is abelian, we can dualize the N 4+ Ng resulting photons
into periodic scalars of, a = 1,..., Nz, and 0%, a = 1,..., Ng, parameterizing
TNL+NR‘

What are the periods?
More explicitly, we add the following surface term to the action:

5= [ an szgga Flay MZUR 0, FRe (52)

which, after integrating out the abelian field strength, yields the kinetic term for the
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dual photons o%:

4g§dR 3 2l 1 a QL a
(81)2 d°x 258#0}%8 o . (53)
a=1

442 Ne
Skin, dual = ﬁ /d?’x Z %3#0%8“02 +
a=1

The open part of the classical moduli space M,; of this theory is a subspace of the
space R3 Ve +Nr) parameterized by mutually commuting scalar fields 2/ = S22 VR iar
times the torus parameterized by the vev of the dual photons T™V:TVr, At the set
A of points in R3WVetNr) with 29¢ = 2t for any a and b # a, gauge symmetry is
enhanced. Correspondingly, we remove this set from R3®2+Nr) | The resulting space
still has to be factored by the symmetric group Sy, x Sy, to eliminate permutations
of the eigenvalues z%%. Far away from A, the classical moduli space thus has the
form

(R3WNL+NR\ A) x TNe+Nr

SNL X SNR

, (54)

with its flat metric. In the next section, we compute the one-loop corrections to the
Kahler metric on this moduli space.

5.2 One-loop correction to the gauge couplings

To perform the one-loop background field computation, we split the Yang-Mills fields
into a low-momentum background component{] and a high-momentum part and inte-
grate out the latter. Explicitly, we rewrite the Yang-Mills action using this splitting
and keep only terms up to second order in the high-momentum parts. The func-
tional integrals over the high-momentum fields are Gauffian and can be trivially
performed. After re-exponentiating the resulting determinants, we can read off their
contributions to the effective action.

In terms of ordinary perturbation theory, this means that we compute Feynman
diagrams with one loop which have low-momentum parts as external legs and high-
momentum parts in the loop. We then replace these diagrams by effective vertices.

For convenience, we use R-symmetry to rotate the vev of the scalar fields into
the scalar field Z3. Furthermore, as done in [I4], we combine the gauge field A,
and the three scalars Z! into a six-dimensional gauge field A, M =0, ...,5 so that
A, = A, and A; 5 = Z'. Similarly, we combine the two Majorana spinors of SO(1, 2)
A and y into a Weyl spinor 7 of SO(1,5). As the gauge group is maximally broken,
we have A); aligned in the direction of Cartan generators: Ay = > A% Tua-

"The background component is supersymmetric and thus satisfied the equations of motion.
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As usual in the background field method, we now split our fields ¢ into slowly
oscillating background fields ¢ and a high-momentum partf] :

A :{./ZlM-i-AM . , M <4,
M A+ 3,20+ Ay, M=5, (55)

n=n+1, hi:foli“f‘ili, 19i=1§i+1§i-

To integrate out the high-momentum fields, we plug this expansion into the action.
We gauge fix the action and introduce ghosts, which is done completely analogously
to [I14]. One can drop linear terms in any of the high-momentum fields, as they
multiply terms proportional to equations of motion of the background fields. We also
drop terms of higher order than two, as these do not contribute to the renormalization
of purely low-momentum vertices at one loop. The key observation is that the
remaining terms in the action are all of the form

/ Fatr (3 (A%) §) | (56)

where ¢ denotes an arbitrary field and x, = 1 for bosons and x, = % for spinor
fields. The ghost contribution to the action is also of this form with kg, = 1.

The resulting functional integrals are Gaufiian and can be easily performed: They
lead to determinants of the A, raised to a certain power. Re-exponentiating them
to read off the one-loop corrections to the action yields

5SM:Z7r¢tr(logA<p), Ta=—31, m=12, Tn=1, m=-1, my=1, (57)
%)

where the 7, are the powers of the determinants appearing from the Gaufian func-
tional integral. The trace symbol here denotes a trace over gauge and spinor indices
as well as all necessarily implied integrals over momentum space{’} Summarizing,
we perform the following approximation of the functional integral over the higher
momentum modes:

Z :/ (H 990) 6_%3[‘»0}/ <H @@) 6_%Z¢fd3ztr(¢T(AZw)¢)
: @
%/ (H @g0> ot (SIPI+3, motr(log A,) )

©

(58)

8For simplicity, we drop the labels L, R when no confusion can arise.
9There are n momentum space integrals at O(A?) in the expansion of the logarithm.
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In order to remain consistent with our 1-loop approximation scheme, we should
compute 0.5, only up to second order in the high-momentum fields. This is what we
will do below.

The kernel A, depends exclusively on the spin of the field ¢ and its gauge rep-
resentation. Its explicit form is easily obtained by adapting the formulas in [14] or
[40]:

Ap=—0"+AD +AD + A

Np
Ag>:i{aﬂ,ZAL%L ZARa R}

a=1

2 L/R.a L/Rb SL/Rb 3,0 _3)b L/R_L/R 59
AP = 37 (A AR - 22 ALY e e ) sl R (59)
a,b,L/R

Ny, Ng
(J) _ rL.a MN ° R yMN
Acp - ‘FMN ango aa‘]go :
a=1 a=1

Here, the sum in Ag ) yuns over all possible combinations of indices a,b and gauge
potentials and Cartan generators of U(Ny) and U(Ng). For fields ¢r1,, @aa1 and
bt LR, in the fundamental representation of U(Ny), the adjoint representation of
U(Np) and the bifundamental representation of U(Ny) x U(Ng), we have

N
Agwf,L:i{ 35 ke }so
a=1
Np

APpur = > (A AL — 2230 ALY — 22230 (7L, [, 9uas]
a,b=1
Np

2 1L.a fL)b 3a 3a 3,0 L _L
AP peir = ) <"4M ALl — 2230 ALY — 20 )TaaTbbsﬁbf,LR

a,b=1

L
La fR,b a fR,b 3,a _3,b L R
— E E (A Ay —22L A — 272y > Tt PbELR Ty

a=1 b=1
Nr Np

1R,a 1L,b 3,a 4L,b 3,a _3,b L R
- E E :(AM Ayp — 225" A7 — 2gtzp )TbbSObf,LRTaa

a=1 b=1

Ngr
1Ra jR)b a fR)b 3,a 3, R _R
+ E (AM Ayl — 2ZR A — 2ty ) Obf LR Tug Thp -

a,b=1
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The generators Jfa”N are the generators of the Lorentz group in six dimensional

Minkowski space in the representation given by the field ¢. We also recall that all
background fields live in the Cartan subalgebra and thus

Fo = Oy AY — Oy A, . (61)

To evaluate the effective action §.S1, to quadratic order in the background fields,
we Taylor expand the logarithm around

3.a _3b L/R . A
—0? — Z ZL/RzL/RTaLa/RTbb/ S (62)
a,b,L/R

and drop terms of higher than quadratic order in fiM. Up to an irrelevant constant,
we obtain:

0510 = > _motr (G(AL) = 36(AL)G(AD)) (63)
©
where Aff ) is given by
Ag) = AS) + Aff) + ASDJ) — Z z%/aRzi’/bRle/Rﬂi/R : (64)
a,b,L/R

The form of the propagator G now depends on the representation of the field . The
nonvanishing components of G for a field ¢ in the various representations are:

” gjbfégL == (ingff Sy ¢ in the adjoint of U(Np) ,
. Gran _ — (jgffb_d i the adjoint of U(Ng)
| g o <i§fcébf o ¢ in the (N, No) of U(Nw) x U(N)
\ Gup = % , ¢ in the fundamental representation ,

(65)
where the superscripts L/R indicate to which gauge group the respective indices
belong. Symmetry considerations now allow us to reduce significantly. First,

the term linear in Afp‘]) vanishes, since tr(J}'V) = 0. Most important, however, is

supersymmetry: Those contributions to 6.5, which do not contain Afp‘]) are up to the
factors of m, are identical for all fields. They therefore cancel due to the relations

674 + 41y + 7 =0 and w4+ 2w, =0. (66)
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This reduces (63) to

081 =Y mytr (—2GALGAL) (67)

For a field ¢ in the fundamental representationm of U(Nyp), we arrive at the following
expression in the momentum space:

Np

A3k .
5&m=—%/( 2}%@ B)FLL (kw7 TS)

% t / d3p 5ba 5ab -
\J @ - <z3a>2““< TR (B0

= — Late(JMN JBS d k’ o ' oy el (o Fal
(68)

where
tr(JYN I = (gMTgNE — g™V O,

Ca=2, Cy=0C,=1, Cup=C,=0.
Fields in the adjoint representation of U(Ny) yield the following contribution:

(69)

A3k
681, =—1 / Z Frive o) Frg (—k)mtr(JAN JES)

> (/ P e R ) (70)

1 MN 7RS Ch i 2
— 1 S k
aTetr (S g >/ (27)3 ab;# (871-’23@ — 23] +O( )>

X (Frin(k) = Frin (k) (Fs (=) — Frs(=k)) -

0The contribution for a field in the fundamental representation of U(Ng) is the same up to
replacing L with R everywhere.
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From it is obvious that the contribution of a bifundamental field is

Np Ng

3
081 = —1 / d kg ZZ Fri (k) F R (—k)mtr(JMN JES)
=1 b=1
N, N
e 5ac _5bd
X ; ; (/ — (3¢ — 232 (p + k)2 — (25 — Z3,d)2>
NL Ng b
- R
= %ﬂ@tr(Jé\/[NJRS / ZZ <87r|z3“ — 39| O(kQ)) fMN(k:)‘FRS(_k) :
—1 b=1

(71)

We have not explicitly taken the modification to the kernel of A into account.
However, we know that the total result is gauge invariant, and therefore these modi-
fications just correct the action appropriately, so that the shift in the gauge coupling
which we observed in and is also reflected in the matter terms.

Let us now consider the case of nonvanishing mass terms for the hypermultiplets.
First, note that the cancellations we observed above are independent of the masses.
(The supersymmetry cancellation is due to N3y = 2 SUSY, which is compatible with
the introduction of mass terms.) Second, the one-loop corrections due to hypermul-
tiplets are due to the spinors y, since the generators Jé‘/f N for scalars vanish. In our
discussion of the superspace action in previous sections we introduced an SO(3)-
multiplet of mass terms: a complex mass from a mass term in the superpotential,
and a third real mass from adding terms to the vector superfield which is necessary
for the so(3)z R-symmetry. Their effect on our formulas is the simple shift

) = PP+ P+ () = 5 - 7 (72)

Similarly, we could introduce mass terms for adjoint and bifundamental hypermulti-
plets. Their effects are slightly more complicated. As we will not need them in the
subsequent discussion, we refrain from presenting them in detail.

5.3 Special cases

We now verify our results by comparing them to those obtained in [I4] [15]. That
is, we restrict ourselves to gauge group SU(2). A Cartan subalgebra of su(2) can be
spanned by o3, the third Pauli matrix, and we have

° ﬁ'l 0 o o I o3 I o 3 o3
Fun = ( A04N fj%/uv ) = (‘7:1%41\7"“7:1%41\{)2 (]:MN 7:1%41\{) -7:MN2 MN(?)‘
73
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Thus, to restrict to gauge group SU(2), we require that Fy,;y = —Fay and 23! =
3,2
—2%,
First of all, we consider the pure gauge theory without matter fields. To make
contact with [14], we also introduce My, := 3z%! = —22%2. The one-loop corrections
of the fields A and 7 then read as

1
2

1 3 o o
55,1&./4 _ 2 1 / (d k 0.3 FUS,MN :

87TMW 27'(')3 MN (74)
i dSk 00.3 00.3 MN
551&7] = _87TMW / (27_[_)3?]\4]\7‘?‘ ’ )

which is the same result as in [I4]. For an adjoint hypermultiplet with mass m,q, we
have

1 i i B3k o5 oo
(SS erad — — = o o’ , M N 75
tobyperad = g (87T|mad—|—MW| +87T|mad—MW|)/(27T)3]:MNF  (75)

and for a fundamental multiplet with mass ¢, we obtain

1 1 1 d3k - 3 o s
58 orf = —— o FoMN 76
Lehyperf 8(87r\1/f+MW\+87r|yf—MW|>/(27r)3 MN (76)

in agreement with [I5]. As observed there, the N3; = 8 theory corresponds to
one massless hypermultiplet in the adjoint representation. The hypermultiplet’s
contribution cancels exactly the contribution from the vector multiplet and the one-
loop corrections vanish.

5.4 The asymptotic metric on the moduli spaces

The mirror gauge theory we study has maximally supersymmetric Yang-Mills in
four-dimensional bulk with n bifundamental walls positioned at s = \; and with &
fundamental walls positioned at s = p,. Each fundamental multiplet confined to the
wall at s = p, has a mass 7,. The gauge group on the i*® interval [\;, A\j11] is U(N;).
As discussed in Section 7?7 at point A; the space-time is cut into two halves with one
gauge group U(N;_1) acting on the boundary of the left half and with U(N;) acting
on the boundary of the right half. So far we focussed on a product U(N;) x U(N;41)
of two neighboring groups. Here we assemble all of the contributions to extract
the asymptotic metric on the Coulomb branch of this gauge theory. To be exact,
we have computed one-loop-corrected gauge gouplings which, via supersymmetry, or
equivalently via hyperkahlerity, completely fix the rest of the metric.
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We can now read off the desired one-loop corrections from the results obtained
in the previous sections. We have U(N;) gauge group in the i*" interval between
s = \; and s = \;11 and we have n intervals altogether. This yields Ny + ...+ N,
Cartan generators in total, and we label them by consecutive integers. The Cartan
generators of the 7" interval correspond to the integers I;, . . ., t;, where [; = Z;:ll N;

and v, = -1+ 23:1 Nj;. The tree-level action is

. Ni+..4+Np,
1 )\z _)\z dgk o o
1Y M [ SR R E (). (77)
a=1

For the vector multiplet in the interval 7, we obtain a correction

. T
59 i d3k - 1
1¢,vector — P SEY E T2 a1 X
vector 2370, o 237b’

16+ 3
167/ (27) a,b:[i,a;éb‘ (78)

(B oY 2 MY VY
The bifundamental fields transforming nontrivially under the U(N;) factor of the
gauge group are positioned at \; with j =4+ 1 or j = ¢ and yield a contribution

)

i Pk < 1 .
Shumsms =~ [ E SN paan)
S1¢,bifund. T6n / (21)? 2.2 250 — 230 unF ; (79)

and each massive hypermultiplet at s = p, with p, € (A;, A\ix1) adds

1 Bk & 1 o o
5slg’hyper = / ( Z f](\sza’MN . (80)

16w ) (2n)3 &~ |z — 7,
a=l1

Altogether, we get the following one-loop-corrected coupling constant for any pair of
the Cartan generators:

1 Aiv1 — A
" vector mplt. bifundamentals fundamentals
tree level
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where

—Zz;lzm fora:b,ae[li,n],
Sgp = m fora#b, a,be[l;,r],

0 otherwise |,

m fOI'CLG[lZ',T’Z'],bE[lj,Tj],’i:jzljl, (82)
Nap = :

0 otherwise ,

1 _

doyp = ZU|Ai<pa<>\i+1 In|Fa—m| fora=0b, ac€ [llﬂ“ﬂ :

¢ N .
0 otherwise .

We can undo our choice of orientation of the Higgs vev by putting the components
2%% into the vector z% Our result agrees with the asymptotic metric for balanced
representations of Ay bows as given in [I7], equation (128)-(130).

6 Conclusions

While gauge theories with impurities are interesting in their own right, here we
employed them as a tool for studying the moduli spaces of instantons on multi
Taub-NUT spaces. To this end we used maximally supersymmetric four-dimensional
Yang-Mills theory coupled to both fundamental and bifundamental NV;; = 2 matter
confined to three-dimensional impurity walls. Just as in [8, 9], we worked in N33 = 2
superspace language. This allowed us to study the moduli space of vacua of the
gauge theory by considering D- and F-flatness conditions.

A string theory realizations of this theory is given by the Chalmers-Hanany-
Witten configuration of branes in type IIB string theory. Via T-duality, this con-
figuration is related to another string theory background which can be effectively
described by Yang-Mills instantons on multi-Taub-NUT space T'Nj. Here, the num-
ber k of the Taub-NUT centers corresponds to the number of the NS5 branes in the
CHW configuration. We showed that it is the Higgs branch of the impurity gauge
theory that is identified via T-duality with the moduli space of instanton on T Ny.

To identify the Higgs branch, we derived conditions on supersymmetric vacuum
configurations. We found that the resulting equations are exactly the moment map
conditions appearing in the bow construction of [10] and [I7]. This independently
verifies the string duality statement.

We then used this relation to compute the asymptotic metric of the moduli space
of instantons on T'N}, using the gauge theory as follows: Applying electric-magnetic
duality to our impurity theory, we obtain the same type of gauge theory with the two
types of impurity walls interchanged. The resulting mirror theory has the moduli
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space of instantons on T'Nj as its Coulomb branch. Its metric is determined by the
kinetic term couplings of the effective theory. We performed a one-loop background
field computation, which is an extension of the calculation presented in [I4] [15]. The
resulting asymptotic metric on the Coulomb branch is exactly the asymptotic metric
on the moduli space of instantons found in [17].

We expect that the techniques we have used here can be fruitfully applied to
other questions, as well. For example, the superfield action we have used defines a
gauge theory with impurities for any bow representation. One could use this theory
to verify that the moduli space of an E-type bow is insensitive to the interval lengths
(i.e. to the three-dimensional couplings) and that it coincides with the moduli space
of a quiver representation obtained by shrinking all of the bow intervals. Another
intriguing direction for future research is to explore such impurity theories on curved
space-time background.
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Appendix

We use the embedding of N3y = 2 superspace into Nj—4 = 2 superspace as presented
in [9]. The coordinates (z#,0%,0,,62, 05) where ji = 0,1, 3, parameterize the Ny = 2
superspace. Consider the linear combinations

0=1(01+0"—0,—0) and f = L(6; — 6" — 6, +6) , (83)

with analogous linear combinations for the supercharges and the superspace covariant
derivatives. The subspace given by # = 0 and z? = s, with some fixed value of the
parameter s, is then preserved by the N3; = 2 supersymmetry algebra. Thus one
can use the coordinates (z*,0,0), u = 0, 1,2, to parameterize the three-dimensional
superspace, with s playing the role of a parameter external to this superspace.

We take our fields to be antihermitian so that F,, := 9,4, —0,A,+[A,, A,] and
the covariant derivatives are of the form V,B = 0,B+[A,, B]or V,Q = 0,0+ A, 0.
A bar denotes hermitian conjugation.
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Spinor Conventions

We use the standard superfield conventions as given, e.g., in [26]. The metric is

nw =diag(—1,1,1,1). We use €? = —ejp = 1 for raising and lowering spinor in-
dices. So ¥ = €5 and 1, = €,50°, where ¢ = io?. The Pauli matrices are:
ol = (98), a2 = (%), 0® = (5 %), and 0p = —1laxs. The spinor summation
conventions are:
x = waXa = _wozXa = Xa¢a = X, (84)
YX = YaX” = =P Xa = Xa¥* = XV, (85)
X = @Daj(a = —%Xa = Xad]a = X¥. (86)
Some useful spinor relations are:
apnf 1 afBn2 nanps 1 afBn2
90:—56 0°, 6(9:§€ 0°, (87)
1 o - 1 50 o5
0,0° = —5(5592, (0c"0)(0c"0) = —5929277’“’. (88)

In particular for Equation (4) in Section 3.1 we have

(0,0%)* =0,0%030° = —0%0,050"
e gs Lapa, 1o (89)
=5070%€apt” = 50°0%00 = S0°07,

where we have used Equation in the first line and Equation in going from
the first to the second line.

Integration in superspace has the following properties: [df =0, [df 6 =1, so
that [ df,0° = 9,0° = 5.

Superfields

The N34 = 2 chiral superfields read in chiral coordinates y* = z# +i0c"0, fi = 0,1, 3,

as follows:
X = vg(y) +3Yi(y) + V200 (y) + 0*G(y) ,

U' =2 = Z(y) + V20x'(y) + 0°F'(y) , (90)
U =Y =Y(y)+V20x'(y) + °F'(y) .
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while the N34 = 2 vector superfield is given in Wess-Zumino gauge by
V = —00%0Z5 — 0o"0v, + 070X — 00X + %92§2D . (91)
The vector superfield V together with the chiral superfield X form a N,q = 2 vector
supermultiplet:
U(y) = X(y,01) + V20, W (y, 01) + 03G(Y, 61) . (92)

Here, W is the chiral fermionic field strength of the superfield V. Performing now
the coordinate transformation , the Ny = 2 vector superfield splits at § = 0 into
an N3q = 4 complex linear superfield, which is given by the N3y = 2 chiral superfield
X and the N3y = 2 complex linear superfield .

The Linear Multiplet

The vector multiplet gives rise to the linear multiplet ¥ defined by
¥ = €D, (e*V Dge V). (93)
The calculation is made simpler by writing ¥ as a function of y* = 2/ 4 ic"0:
V(y) = 6875 — 00™uy + 0% — 00\ + %9292(0 gty (94)
We note that
e*Y Dge Y = —2iDgV + 2]V, DgV), (95)

since powers of V' higher than V2 vanish due to the properties of the Grassman
variables ¢ and 6. Writing D) in components:

DsV =(03 + 2i0%. 070;)V(y)
= — iéﬁZg — aé‘ﬂ”vﬂ + 2@'959_5\ — i9_2>\5 + 95§2D (96)
+ 05797§28ﬂ23 — i§20gﬁvev(aﬂv,; — &;Uﬂ) + 929720578,15\7,
we can now write an expression for the commutator:
V,DgV] = — 9‘2051/797 [V, U] — 2'02§Q(Ig7 [V, A7]. (97)
Now we have Equation in component form and since X is a function of y,
the covariant derivative D, reduces to —d,. Using the Taylor expansion f(z) =

f(y) — i05™00,, f (y) + 1(00)(66) f (y) we retrieve the component expansion fo the

linear multiplet (x):
S(x) =4Z5 — 49X — 46X — 4i0o0D — 200 '0" " F,,. — 2i0°00k,V A (98)
+ 2i6*05+V , A — 620°01Z;.
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N34 = 2 matter supermultiplets on impurity walls

Each fundamental defect walls is carrying a fundamental chiral supermultiplet

Qi = Qi+ \/§9C1j + 0% J1;, (99)
and an anti-fundamental chiral supermultiplet

Qyj = Qo5 + \/§9C2j + 92J2j- (100)

While each bifundamental defect wall carries one chiral supermultiplet in the (N,_, N,)
representation of U(N,_1) x U(N,)

By; = By + V206, + 6Ly, (101)
and one chiral supermultiplet in the (N,_;, N,) representation

ng = ng + \/5052]' + 92L2j. (102)
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