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Abstract

Yang-Mills instantons on ALE gravitational instantons were constructed by Kron-
heimer and Nakajima in terms of matrices satisfying algebraic equations. These were
conveniently organized into a quiver. We construct generic Yang-Mills instantons on
ALF gravitational instantons. Our data is formulated in terms of matrix-valued func-
tions of a single variable, that are organized into a bow. We introduce the general
notion of a bow, its representation, its associated data and moduli space of solutions.
The Nahm transform maps any bow solution to an instanton on an ALF space. We
demonstrate that this map respects all complex structures on the moduli spaces, so it
is likely to be an isometry, and use this fact to study the asymptotics of the moduli
spaces of instantons on ALF spaces.
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1 Introduction

In the paper entitled “Polygons and Gravitons” [I] Hitchin rederives the Gibbons-Hawking
form [2 [3] of the hyperkihler metrics on deformations of R*/Z;, 1 from the corresponding
twistor spaces. These metrics are Ay, ALE spaces. Similar techniques are used in [4] and
[5] to obtain all ALF metrics. In this paper we construct Yang-Mills instantonsﬂ on these
ALF spaces. To this end we introduce bow diagrams, which are of interest in their own
right.

The study of instantons involves a diverse number of techniques ranging from differ-
ential geometry and integrability to representation theory and string theory. Since the
construction by Kronheimer and Nakajima [6] of instantons on ALE spaces, the moduli
spaces of these instantons emerged in a number of other areas of mathematics and theoret-
ical physics. In [6] an instanton configuration is encoded in terms of quiver data, so that
the instanton moduli spaces can be interpreted as quiver varieties. The relation between
representations of Kac-Moody algebras and cohomology groups of instanton moduli spaces
was discovered by Nakajima [7, 8]. In [9] quantum groups are constructed in terms of
quivers. More recently a version of the geometric Langlands duality for complex surfaces
was formulated in [I0} IT], 12], relating moduli spaces of instantons on ALE spaces, repre-
sentations of affine Kac-Moody algebras, and double affine Grassmanians. Such relations
appeared in the physics literature in [13] and [14]. A beautiful string theory derivation of
this correspondence appeared recently in [I5]. In fact, from the string theory picture of
[15] it is more natural to consider instantons on ALF, rather than on ALE, spaces. The
construction of such instantons exactly the problem that we pursue in this paper. We
introduce the notion of a bow, generalizing the notion of a quiver. Just as for a quiver
we introduce a representation of a bow and the moduli space of its representation. These
moduli spaces are richer and have larger L? cohomology. We expect that these also have
a representation-theoretic interpretation.

L An instanton is a finite action hermitian connection with self-dual curvature.



We would like to emphasize that almost any meaningful question about quiver varieties
can be studied for bow varieties we define here. Any bow has a zero interval length
limit in which it becomes a quiver. Any representation of the limiting quiver appears as
a limit of some representation of the original bow. Not all bow representations become
quiver representations in this limit. As formulated in [3I], there is a certain reciprocity
acting on the bows and their respective representations. In particular, the representations
that have a good quiver limit are exactly those for which the dual bow representation
is balanced, as defined in Section For these bow representations the corresponding
variety is isomorphic to the corresponding quiver Varietyﬂ For all other representations,
however, bow varieties appear to differ from quiver varieties.

1.1 Background
1.1.1 General Constructions of Instantons

All instanton configurations on flat R* were constructed in [16] by a technique referred to
as the ADHM construction. The ADHM data is encoded in terms of a quiver with one
vertex and one edge.

This construction was generalized by Nahm in [I7] to instantons on R3 x S*. The Nahm
data can no longer be interpreted as quiver data. It finds a natural interpretation in terms
of a particular simple bow.

Considering ADHM construction data invariant under the action of a subgroup I' of
SU(2) € SO(2) Kronheimer and Nakajima [6] constructed instantons on deformations of
R*/T", which are called ALE gravitational instantons.

All of these constructions were rediscovered within the string theory. See [18], [19]
for the ADHM construction, [20] for the Kronheimer-Nakajima construction on Ay ALE
space, [2I] the Kronheimer-Nakajima construction on a general ALE space, and [22] for
the Nahm construction.

To give just a few examples, some explicit interesting instanton solutions based on
these constructions were obtained in [23] (three instantons on R%), [24] (instantons on
Eguchi-Hanson space), [25] and [26] (single caloron).

1.1.2 Instantons on the Taub-NUT and on the multi-Taub-NUT

Some instantons on the Taub-NUT space and even on multi-Taub-NUT space which have
trivial holonomy at infinity are found in [27] and [28]. It is proved in [29] that this construc-
tion provides all instantons of instanton number one. This construction, unfortunately, is
limited, since it is hard to introduce nontrivial monodromy at infinity and since it is hard
to generalize it to generic configurations with larger instanton numbers, though it is very
useful in generating examples of such configurations.

2We ought to emphasize that as Riemannian manifolds these bow and quiver moduli spaces differ.



A general construction of instantons on the Taub-NUT and on the multi-Taub-NUT
can be formulated in terms of affine A-type bows as in [30] and [31]. In particular, as an
illustration of this construction, the moduli space of one instanton on the Taub-NUT space
is found in [30] and its explicit connection is found in [31].

If one is motivated to study the moduli spaces of instantons or the bow varieties by their
relations to the representation theory or by the quantum gauge theories, then the question
of L? cohomology of these spaces becomes important. For a general study of instantons on
ALF spaces the compactification of Hausel-Hunsicker-Mazzeo [32] of the base space proved
to be very useful. We expect it to play a role in the study of the L? cohomology of the
moduli spaces of instantons on these spaces as well.

In this work we aim to formulate a general construction for generic instantons on ALF
spaces. While an instanton on an ALE space is determined by matrices satisfying algebraic
equations, an instanton on an ALF space is determined by matrix-valued functions satis-
fying ordinary differential equations. If for an ALE space the corresponding ADHM data
is conveniently organized into a quiver, for each ALF space we introduce a corresponding
bow to serve the same purpose.

A quiver is a collection of points and oriented edges connecting some of them. Given
a quiver one can construct a corresponding bow. In order to obtain this bow, consider a
collection of oriented and parameterized intervals, each interval I, corresponding to a point
o of the original quiver. If any two points o and p of the quiver are connected by an edge
oriented from o to p, we connect the corresponding intervals by an edge, so that this edge
is connecting the right end of the first interval I, and the left end of the second interval I,,.
Sending the lengths of all of the intervals to zero reduces this bow to the original quiver.

For a quiver there is a notion of a representation assigning a pair of vector spaces to
each vertex [7]. Here we define a notion of a representation of a bow, which generalizes a
quiver representation. Bow representations are richer: if we consider the zero length limit
in which a bow degenerates into a quiver, only some of the bow’s representations produce
a limiting conventional representations of a quiver. This provides one of the motivations
behind this work, as the new representations as well as the moduli spaces associated with
them should carry additional information about self-dual Yang-Mills configurations and,
one might expect, about representations of the affine Kac-Moody algebras.

1.2 Yang-Mills Instanton

A connection (d+ A ) on a Hermitian vector bundle over a Riemannian four-manifold M
is said to be a Yang-Mills instanton if its curvature two-form F' = dA + A A A is self-dual
under the action of the Hodge star operation:

F = xF, (1)



and also if the Chern number of the corresponding bundle is finite:

ftrF/\F<oo. (2)
M

Here we limit our consideration to the base manifold (which is also referred to as the
background) M being a self-dual gravitational instanton. Moreover, we only let M to be
an ALF space as defined below.

1.3 Self-dual Gravitational Instantons

A self-dual gravitational instanton is a Riemannian manifold (M, g) with the self-dual
Riemann curvature two-form valued in End(7TM):

R =xR, (3)

and finite Pontrjiagin number

J tr RA R < 0. (4)
M
There are only two kinds of compact self-dual gravitational instantons: a flat four-torus
T* and K3. Noncompact gravitational instantons can be distinguished by their asymptotic
volume growth. Choosing a point z € M we denote by B,(r) the volume of a ball of
radius r centered at z. For a self-dual gravitational instanton M if there are some positive
constants A and B such that the volume of a ball satisfies

Ar” < Vol B;(r) < Br”, (5)

for r > 1, then we call the space M
e an ALE space if v = 4,
e an ALF space if 3 < v < 4,
e an ALG space if 2 < v < 3,
e and an ALH space if 0 < v < 2.

As follows from Theorem 3.25 of [33], under the presumption {tr rR A R < o0, each
ALF space has v = 3 and asymptotically its metric has a local triholomorphic isometry.

We conjecture that any ALF space (i.e. a manifold with self-dual curvature form,
finite Pontrjiagin number, and cubic volume growth) is either a multi-Taub-NUT space
[35] (also called A ALF space) or a Dy ALF space [36 B]. Both Ay and Dy ALF spaces
have degenerate limits in which they can be viewed as the Kleinian singularities with

+1 and

k—1

- Aj, ALF space given by zy = 2*
- Dj, ALF space given by 22 — zy? = 2



as complex surfaces in C3. Each of these singular spaces admits an ALF metric, and a
general ALF space is a smooth hyperkahler deformation of one of these. For the low values
of k in particular, the Ag ALF is the Taub-NUT space, the A_; ALF is R? x S, the Dy
ALF is a deformation of (R3 x S')/Zs, the D1 ALF is the deformation of the double cover
of the Atiyah-Hitchin space [37] studied in [38], while the Dy ALF is the Atiyah-Hitchin
space itself.

The study of Yang-Mills instantons on A and Dy ALF spaces is the main goal of this
work. Our construction of such instantons is formulated in terms of bow diagrams. We
introduce the notion of a bow and its representation in Section [2| and the moduli space of
a bow representation in Section [3] In Section [4] we realize ALF spaces as moduli spaces of
certain bow representations. This is essential for the formulation of the Nahm transform.
Bow data defining an instanton are given in Section [5} We claim that up to gauge equiva-
lence this data is in one-to-one correspondence with the instanton. This correspondence is
provided by the Nahm transform leading to the Yang-Mills instanton on ALF spaces given
in Section[6] Section[7] contains the proof of the self-duality of the constructed connections.
This proof makes it transparent that the Nahm transform, mapping between the moduli
space of a bow representation and the moduli space of instantons, is an isomorphism of
complex varieties in any of the complex structures. Section relates the representation
ranks to the instanton charges. We describe the bow moduli spaces as finite hyperkahler
quotients in Section [§ and compute their asymptotics in Section [9]

2 Generalizing Quivers

In this section we introduce the notion of a bow that is at the center of our construction.
It is a generalization of the notion of a quiver. As we aim to demonstrate it has richer
structures associated with it.

2.1 Bows
A bow is defined by the following data.

e A collection of oriented closed distinct intervals Z = {I,}, for concreteness we let each
interval be parameterized by s with p,1, < s < pyg so that I, = [ps1, por]. We denote
the length of each interval I, by [, i.e. I = PorR — PoL-

e A collection &£ of oriented edges, such that each edge e € £ begins at the right end of
some interval Z, and ends at the left end of some, possibly the same, interval Z, as
in Figure (1} Let h(e) denote the head of the edge e and t(e) denote the tail, then

Asp = #{ee€&ltle) = por, h(e) = pyL}, (6)

is the number of edges originating at I, and ending at I,.
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por = t(e)

Figure 1: An oriented edge e connecting two intervals I, and I,.

For any oriented edge e € £ let & denote this edge with the opposite orientation and £ = {é}.
When drawing a bow as a diagram we use wavy lines to signify the intervals I, and arrows
to denote the edges. A number of bow diagrams such as for example in Figs. and [
appear in Section [4] below. It is clear from the definition that as all the lengths [, — 0 a
bow degenerates into a quiver.

2.2 Representation of a Bow

A regular representation of a bow is

e A collection of distinct points A = {\$} belonging to these intervals, such that A% € I,
witha =1,2,...,r,. A number r, of A-points belonging to an interval I, can be zero.

e a collection of bundles E — 7 consisting of Hermitian bundles
E% = [por, AL], El7 — [N, por],and ES — [A2, 20T for a = 1,2,...,75 — 1,
of ranks Rg =rk Eg , satisfying the following matching conditions at A-points:

RO and

a+1
RO,

(o)

« a+1 : «
EU |A?+1 D EO' |A?+1 lf R

Eg|ya+1 € Eg* o if RY

VoA

(o

Let Ay © A be the collection of A-points at which E does not change rank, i.e.
Ao ={\¢e AJRY ! = R%}.

e a collection of Ag-graded one-dimensional Hermitian spaces W = {W) |\ € Ag}.

We call the number of A-points #A = > r, the file of the representation.

To define a general representation of a bow one can introduce multiplicities W = {w$}
of the A-points with w$ being the multiplicity of the points AY. Denote by w(A) the



multiplicity function, i.e. w(Ay) = wg. In this case the assigned spaces in W are such that
for any A € Ay the corresponding space dimension is given by the multiplicity: dim W) =
w(A). The matching conditions at A however are more involved in this case and we postpone
this discussion. Here we focus only on regular bow representations.

2.3 Bow Data

In order to simplify our notation let Ey;r = E}7|,,, denote the fiber over the right end
of the interval I, and E,; = E2|,,, denote the fiber over the left end on the interval
I,, also, for some A = A € Ag let E\ = E2 |xa = E%|\a denote the fiber at A. We
denote the collections of the corresponding spaces by EFr = {E,r}, Er. = {E,r}, and
EAO = {E)\|)\ € Ao}

To every bow representation PR we associate a (generally infinite dimensional) hy-
perkéhler affine space Dat(R). It is a direct sum of three spaces Fi, @ Fout, B @ B and
N that we call respectively fundamental, bifundamental, and Nahm spaces. We define the
two components of the fundamental space by

Fin = Hom(W, Ep,) = @ Hom(Wj, E)), Four = Hom(Ep,, W)= @ Hom(E), W));
AeAg AeAo

the two components of the bifundamental space by

B = Hom®(Eg, EL) = C—EBSHOHl(Eh(e)v Eln(e)), B =Hom®(EL, Eg) = C-EBSHOTH(EM(ey Elye));
and the Nahm space by

N = Con(E) @ End(E) @ R® = @ (con(Eg) @ End(E%) @ End(E%) @ End(Eg)) .

o,a

Here Con(E¢) is the space of connections V = 4 — iTj on the Hermitian bundle ES. We
use the following notation to denote the bow data

(1,0, B, BEE (V,T1, T3, Ts) ) € Fin @ Fous @ BOBON = Dat(R). (7)

Now a comment is due specifying the behavior of the Nahm components at A. These
are the same conditions that appear in the Nahm transform of monopoles as formulated
n [39]. At any A € Ag the Nahm components have regular left and right limits at A. At
A = )\ € A\Ag on the other hand, with say R¢~! < R2, EI all Tj(s) for j = 1,2,3 have a
regular limit from the left

lim Tj(s) = T (\), (8)

S—A—

3For the case with RS™! > R? the conditions are completely analogous.



while to the right of A we have

L2+ 0((s=2") O((s— N5

O((s - A)A’E‘l) TS (A) +O(s — \)

Tj(s) = : (9)

where AR = RY — R%~! is the change of rank and (p1, p2, p3) satisfy [pi, p;] = 2ieijupr
defining a AR-dimensional irreducible representation of su(2). EI

2.3.1 Gauge Group Action

There is a natural gauge group action on the bow data. We consider the group G of
gauge transformations of E : a gauge transformation g € G is smooth outside A\A( and at
A e A\Ag with R¢~! < RY satisfies

g+ = ( 0 S0 ) (10)

(The continuity condition for the case RY 1 > RY are analogous.) The action of the gauge
group on the bow data is

g: (Ia J7 BLR’BRL’ (valeTZaT?))) =

<g’1(Ao)I, Jg(Ao),gilBLRgR,gﬁlBRLgL,(9’1Vg,g’lTlg,g’lTw,g’lng))- (11)

Here for
I= @ I, J= @ J\, B = @ B, B = @ BIF, (12)
AeAg AeAg ee€ eef
we use the natural conventions
g (Ao) = @ g N, 9. ' B"gp = C?gg_l(h(e))BeLRg(t(e)), (13)
0 &
T9(ho) = @ Jrg(N), gp'BRlgr, = g)gg’l(t(e))Bng(h(e))- (14)
0 el

We shall also use the natural products of various collections such as for example

IJ= @ I)JyeEndEy,,= @ EndE), (15)
AeAg AeAo
B'iBRl =@ % BIEBMeEndEL = @®EndE,p, (16)
o2 g
t(e)ei‘;aL

and others.

4For the case of a general bow representation with a higher multiplicity point A%, one of a number of
possible conditions is that this representation splits into a sum of w(Ay) = wg irreducible representations.



2.3.2 Hyperkihler Structure

Each of the three spaces: the fundamental Fi, @ Fout, the bifundamental B @ B, and the
Nahm N posess a hyperkéhler structure specified below. Let us now introduce a notation
that makes this structure apparent.

Let e1,es,e3 be a two-dimensional representation of the quaternionic units, with S
being its representation space. Thus, e; with j = 1,2, 3 satisfy the defining quaternionic

relations e% = e% = e% = ejegez3 = —1. For example one can choose a representation in
terms of the Pauli sigma matrices e; = —io;; which, when written explicitly, is

0 —1 0 -1 -7 0
€1=<_Z. 0>762=<1 O>’€3:<0 z) (17)
Let us assemble the fundamental data into
i
sz(J/\):WAHS(@EA and Q= & Q\:W > S®E(\), (18)
I)\ AEAQ

and the bifundamental data into

. BLR)! BEL)!
Be = ( (_Bf% ) : Et(e) — S®Eh(e) or B; = ( (BeLR) : Eh(e) - S®Et(e)7

(19)
with

B =®B, :E, > S®ER and B+=(—BB::ER—>S®EL. (20)
eef ee€

In order to simplify our notation and to avoid numerous brackets in our formulas we do
not distinguish upper and lower + indices, i.e. Bt = B, and B~ = B_. For the Nahm
data V = d% — Ty, T1, T, T3 we introduce

T=1®To+e1®T1 +e2®T> +e3Q7T3, (21)
and its quaternionic conjugate
T*=1®T0—61®T1—62®T2—63®T3. (22)

If we understand S x I — I to be a trivial bundle over the collection of intervals I, then
d% — 4T is a connection on the bundle S ® FE.

Now the quaternionic units act on the tangent space of Dat R in this form by the left
multiplication

€;: (0Q,0B7,0T) — ((ej ® 1w)oqQ, (ej ® 1ER)(SB_, (ej ® 1E)(5T) (23)

10



If one uses BT instead of B~ to parameterize the bifundamental data the quaternionic
unit action has the same form

The space of bow data forms a hyperkahler space with the metric given by the direct
product metric

1
ds® = tryydQT6Q + trERdBi(SBJr + J2tr5trE5T*5Tds
1
= tri 0QT6Q + trELcSBT_(SB, + f2trgtrE5T*5Tds. (25)
As described above, the action of the three complex structures on (60Q, B, dT) is by the
left multiplication by e1, e2, and es. It leads to three corresponding Kéahler forms wj(-,-) =
g(-,€e5-), 7 =1,2,3 which can be organized into a purely imaginary quaternion
w=¢e Qws + ez R®wy + e3Q ws.
By direct computation
1
w = Im (trEAO(5Q ASQT + trg, 0B+ A (531 + 3 ftrE(sT A 5T*d8) (26)

=Im (trEAoéQ A QT + trg,0B_ A BT + % JtrE(ST A 5T*ds> . (27)

The metric is clearly compatible with the quaternionic structures and invariant
under the gauge group action . The latter becomes apparent when we observe that
now takes the form

Q 9:11(/\3)@
g g_ — Z;lg_g ’Z (28)
T(s) ig ™ (s)459(s) + 97 () T(s)g(s)

2.4 Bow Solution

Since the gauge group action of G preserves the hyperkahler structure on the space of bow
data, we can perform the hyperkahler reduction [40]. Namely, we can find the triplet of
moment maps (f1, ft2, 43), with each p1; valued in the dual Lie algebra, which we assemble
into a pure imaginary quaternionic expression

n=e1@ui+ e pua +e3@ us,

11



such that for any vector field X generating an infinitesimal gauge transformation in G we
have du(X) = ixw, where ixw is the interior product of the vector field X and the two
form w. Using the definition and Eqgs. and one finds

d
w(@,B,T) =Tm (—1) (idsT* + TT* + /\; d(s — )\)QAQK

+ 35 (86 = () B (BD)" + 8(s = he) B (BY)') ) (29)

ee€

If we are to perform a hyperkéhler reduction, the value of the moment map u(Q, B, T)
has to be invariant under the gauge group action u(s) — g '(s)u(s)g(s), i.e. it has to
be an abelian character of the group of the gauge transformations. It follows that we
are to impose u(Q, B, T) = e1 Quilg + e2 ® valp + e3 ® v3lp with each v1(s), v2(s) and
v3(s) some real-valued functions. Thus for any representation of a bow and a choice of a
pure imaginary quaternion function v = vie; + wes + v3es we obtain the subset ;Fl(u)
in the space of bow data which inherits the isometric action of the gauge group G on
it. The subset p~!(v) is called the level set at level v. The space of gauge group orbits
M(v) = p=1(v)/G = Dat(R) )G is the quotient hyperkihler space. We call this space the
moduli space of the bow representation or simply the moduli space of the bow, if it is clear
from the context which representation is being considered.

A point of M(v) is a gauge equivalence class of some bow data (@, B, T) satisfying
w(Q, B, T) = v. We call such data a bow solution.

2.5 Bow Cohomology

Let us use the following isometry on the space of bow data to simplify our moment map
values:

T(s) > T(s) — f " (s (30)

If (Q,B,T) was satisfying the moment map conditions (29) with © = v(s), after the

above redefinition Tnew(s) = T(s) + {7 v(s')ds’ the data (Q, B, Txew) satisfies with
PoR PoL

po=> ((5(3 —por) § v(s)ds' —d0(s —por) § u(s’)ds') . Thus it suffices to study the

values of the moment maps of the form v = >} (0(s — pyr)Vor, — (S — DoL)VoR) -

g
As a matter of fact, we shall choose the value of y to be a bow cocycle. Imposing the
cocycle condition allows us to choose the value of u to be

D1 (3(s = t(e)) — (s — h(e))velp, (31)

ee€

so that the level is given by a pure imaginary function v, on the set of edges. In order to
do this let us outline what we mean by the bow cohomology.

12



Given a bow with the collections of intervals I and edges &£, let C(I) denote the space
of smooth real functions on I, let C(£) = R#¢ denote the space of functions on the set of
edges, and let L denote the set of closed loops. A loop is a cyclically ordered alternating
sequence of intervals and edges such that each edge connects two intervals that are adjacent
to it in this sequence. We let C(L) denote the space of functions on the space of loops.

Now let us define the space of 0-cochains to be C° = C(I), the space of 1-cochains to be
Cl = C(I)®C(&), and the space of 2-cochains to be C? = C(L). For f,g e C(I),a € C(E),
and r € C(L) we define the differentials in the complex

r:0-C% % ot %, 02, (32)

056 (49) = (o Toen ) (39)
dy : ( zgz; ) —r(l) = Z JJ g(s)ds —i—Za(e). (34)

olls€l e€l

Since for an edge connecting I, to I, we have t(e) = por and h(e) = p,r from our
definition of a loop it follows that didy = 0 and is a cochain complex of a bow. 0-
cocycles are functions on a bow constant on each connected component. In the context of
our moment map discussion above the Nahm data redefinitions

Tj(s) = Tj(s) + fi(s), (35)

produces the change in the moment map

3
1@, B, T') = 1(Q, B, T) + do (Z ejfj) ; (36)

j=1
that is a 1-coboundary. We impose the 1-cocycle condition to ensure the absence of non-
commutativity of the resulting instanton base space. Thus the first cohomology of a bow

H(T') parameterizes essentially different moment map components and we can consider
the values of pe H(I'Y® HY(I') ® HY(T).

2.6 Various Forms of the Moment Map Conditions

One can write the moment map condition
@, B, T) = > (8(s — t(e)) — (s — h(e))ve, (37)
ee€

with the moment map given in Eq. in a number of forms. Depending on the context
we can use one or another of these forms. In the remainder of this section we write the
moment map conditions in four different forms: quaternionic, complex, real, and the
operator form.
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2.6.1 Quaternionic Form

In the interior of each subinterval
Im (dTJrzTT) 0, (38)
ds
at a point A € Ag we have
Im T(A+) — Im T(A—) = Im (—1)@xQ}, (39)

while at A € A\Ag we have the conditions (9).
At the ends of each interval I, we obtain the conditions

Im T(pyr) = 2 (ImiB; (B;)Jr - 1/@) , (40)
He)=par

I Tlpor) = >, (Im (=B (BY) —w). (41)
h(e)eigpaL

2.6.2 Complex Form

Letting D = & — Iy + 15, T =Ty + ¢15 and vC =1y + i
[D,T] = ) 6(s = MInJ» (42)
)\GAO
+ Z ( s—t(e (BRLBLR + Z/(C> — (s — h(e))(BLRBRL + VC>> =0,
ee€
(43)
[DY, D]+ [T7, 7]+ 3 (s — N (J{Jx — I 1Y)
/\EAQ
+ )] ( s —t(e)) (BF)TBEE — BEE(BENT — 21,3) (44)
ee&
+6(s — h(e)) ((BELYT BEL — BER(BLR)T 4 9,,) ) -0. (45)
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2.6.3 Real Form

Inside each interval outside A the Nahm data

ds

ds

satisfies the Nahm equations

d ) .
—1T7 = Z[To,Tl] + Z[TQ,Tg]

d ) .
—1T5 = Z[TQ,TQ] + Z[Tg,Tl]

d ) .
£T3 = Z[To,Tg] + Z[Tl,TQ],

at A€ Ag
Ti(A) — Ti(A=) =
Ty(A+) — To(A—) =
Ty(A+) — Ts(A—) =

while at the ends of an interval I,

- Y

eef
h(e):po'L

[N

(B +11])
(L = D)

(= 11f)

N |

N — DN =

(BFRBRL 4 (BFMY (BIRYT) ) ,

TQ(pO-L) = Z (; ((BEL)T(BSLR)T — BeLRBEL) — I/62> ,

eef
t(e) =PoL

Ty(por) = ), (

eef
t(e) =PoL

N |

and

NN

T = %) (

eef
t(e) =PocR

(B BRE — BLR(BER)T) ) ,

(BREBER 4+ (BURY (BFMYT) - ) ,

Do) = %) (5 (BEY B! = BEBES) — ).

eef
t(e) =PoR

Ts(por) = ), (

eef
t(e) =PocR

N —

15

(BFE(BFMY — (BER) BLRY — ueg) |



2.6.4 Operator Form

There is yet another way of presenting the moment map expressions. Let us introduce the
Dirac operator

(58)

Strictly speaking, this is called the Weyl operator in the physics literature, while the Dirac

I(D)T ZO) ) , with D given by Eq. . From the expression it
is clear that D: I'(S® E) > I'(S® E)®W ® E, ® ER.
Its hermitian conjugate operator is

operator in physics is

D= it N 55— M@+ Y (55— He) BT +5(s — he)BT) . (59
AeAo eef

Since we can use the hermitian structure to identify the spaces with their dual, we view
DI T(SQE)OW@E,®@Er »>T(SQE).
The moment map then has the form

1(Q, B, T) = Im (—i)D'D. (60)

3 Moduli Space of a Bow Representation and Natural Bun-
dles on It

As we discussed in Sec. the moduli space of a bow representation R is the hyperkéahler
reduction of Dat R by the gauge group G

M =p1/G = Dat R)G. (61)

The resulting space M is hyperkéhler, thus there is a two-sphere parameterizing the com-
plex structures and we can view it as a complex variety in any one of these complex
structures. For a unit vector 77 the corresponding complex structure is nie; + noes + naes.
For example for 77 = (0,0,1) the DatR can be viewed as a complex variety parameter-
ized by (I, J, B"®, BRL (D, T)), where D = d% —iTy + T3 is viewed as a (not necessarily
hermitian) connection on £ — Z. There is a natural action of the complexification of the
gauge group G€ on Dat . According to the result of [41], the complex symplectic reduc-
tion of Dat %R with respect to G€ is isomorphic as a complex manifold to M viewed in the
corresponding complex structure. In other words the complex symplectic quotient

Dat/G" = (1 + ip2) ' (1 +i12)/G° = = (1) /G = M. (62)
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It is an infinite dimensional generalization of a theorem in [40)]. The proof of this statement
is essentially that of Donaldson in [42].

Thus we can view M as the space of solutions to the complex moment map condition
only, modulo the complexified gauge transformations. This is the case for any complex
structure one chooses.

3.1 Natural Bundles on M

The level space i~ !(v) (which is the space of bow solutions satisfying the given moment
map conditions) is a subspace of the linear hyperkéahler space of all bow data, therefore it
has an induced metric. Moreover, it has a natural action of the gauge group G which is
isometric. We defined the moduli space of the bow representation to be M = p1(v)/G
with the quotient metric. The fact that u~'(v) carries a G-invariant metric and that M is
a quotient space implies that there is a natural family of vector bundles with connections
on M. In particular, if we choose a point s’ € Z we can consider the subgroup G of gauge
transformations that act trivially at s = ¢, i.e.

Gy ={g€Glg(s') =1}. (63)

Then the quotient group is the group Gy = G/Gy. It can be identified with the group
acting on Ey fiber. Now Ry = u~!(v)/Gy is a finite dimensional space with the quotient
metric, moreover, Ry /Gy = M. If the group action is free we obtain the principal bundle

Gy — Ry

l (64)
M

with a connection given by the metric on Ry.
Since we identified the group Gy with the group acting on the fiber E|y, we have an
associated hermitian vector bundle

Es’ g Rs’
1 (65)
M

Thus we can view Z as parameterizing natural bundles Ry — M over the moduli space of
the bow representation. Each Ry — M carrying a natural connection dg. The curvature of
ds is self-dual, as in [43].

3.2 Holomorphic Description

In any given complex structure corresponding to some unit vector 77 we view our moduli
space as a complex variety M = (u%)fl (Vg) /GC. Here ug and yg are the complex linear
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combinations of the components of respectively the moment map and its values determined
by the choice of the complex structure 7. Just as in the real description above G = G€/GC¢

and the variety Rs(7) = (u%)_l (15)/GE can be viewed as principal bundle

GE —  R,(7)
l (66)
M

with the inherited holomorphic structure. If we denote by E the bundle E without its
hermitian structure, then we obtain the associated holomorphic vector bundle

E(SC — R ()
| (67)
M.

Needless to say, these resulting holomorphic bundles do depend on our initial choice of the
complex structure determined by 7i.

4 ALF Spaces

In this section we identify bows and representations that have ALF spaces as their moduli
spaces. These are of either A- or D-type. A given ALF space can have various realizations
as a moduli space of different bows. It will suffice for our purposes to specify for each ALF
space some corresponding bow and its representation that deliver this ALF space as its
moduli space.

4.1 Taub-NUT

The simplest ALF space of A-type is the Taub-NUT space. It can also be referred to as the
Ag ALF space. For the rank one Nahm data imposing the moment map conditions in the
interior of the interval leads to %Tj = 0, thus T} are constant and a gauge can be chosen so
that T} is also a constant. Constant U(1) transformation leaves the whole set of bow data
inert. Thus the only remaining gauge transformation is the U(1) group acting at s = [/2.
Let us denote it by Ur(1). This Ur(1) can be viewed as the factor group of the group of
all the gauge transformations modulo the group of gauge transformations that equal to
identity at the point pr. The remaining quotient R3 x S x R*JUg(1) is the Taub-NUT
space with the scale parameter given by the length of the interval [ and the position of the
Taub-NUT center given by negative of v if value of the moment map p = v.

4.2 Multi-Taub-NUT

The bow of Figure [3] with the representation that consists of linear representations on each
interval has the k-centered Taub-NUT space as its moduli space. Just as in the case of
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—1/2 12

Figure 2: A bow consisting of a single interval and a single edge with a representation
having a line bundle over the interval.

the Taub-NUT above, performing the hyperkdhler reduction with respect to the gauge
group acting only in the interior of the intervals leads to the space (]R3 X Sl)k X (R4)k
with the flat metric and sizes of the S! circles equal to 1/4/l,. Performing the quotient
with respect to the remaining gauge groups acting at the ends of the intervals leads to the
multi-Taub-NUT space also called Ap_; ALF space with the scale parameter equal to the
total sum of the interval lengths and the & Taub-NUT centers positioned corresponding to
the edges at the negative of the value v, that was chosen in the moment map condition

1= Yeee (5(s — t(e)) — (s — h(e))ve.

4.3 D, ALF Space

The D;, ALE space is the deformation of the quotient of R* by the action of the dihedral
group Dy of order 4k —8. According to [44], Dy, ALE space is a moduli space of the affine
Dy, quiver representation determined by the null vector of the corresponding Cartan matrix.
Among the bow deformations of the corresponding quiver, the one with the representation
in Fig. [4 has the D, ALF space as its moduli space.

Dy, ALF space in this form was already considered by A. Dancer in [45]. Effectively
the description of [45] is equivalent to a bow which has all but one intervals having zero
lengths.

5 Yang-Mills Instantons on ALF Spaces

Now that we have modelled each ALF space as a moduli space of a concrete bow repre-
sentation, say s (for ‘small’ representation) we can choose any other representation £ (for
‘large’ representation’) of the same bow. Any gauge equivalence class of a solution of £
defines an instanton on the original ALF space up to the action of the gauge group. Since
there are two representations of the same bow involved, let us denote all the components
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1

Figure 3: For an Ay_; ALF space, also called k-centered Taub-NUT, the bow diagram
above contains k intervals, each carrying a line bundle.

1

Figure 4: We model D, ALF space as the moduli space of this bow representation. This
bow has k — 3 intervals with rank 2 bundles over them and four intervals with line bundles
over them.
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of the solution in the large representation £ by the capital letters @), B, and 7', as in our
notation above, and all the components of a solution in the small representation s by the
corresponding lower case letters ¢ and ¢t. Note that all the representations we used in the
previous chapter to model the ALF spaces were of file zero, i.e. they had no A-points and
no associated fundamental multiplets. In choosing the solution one has to be careful to
match the levels of the two representations. If the original ALF space was the moduli space
of the small representation s at level v, i.e. the solutions (g, t) satisfied

ps(q,t) = 1e®v=1.® Z (6(s —t(e)) — (s — h(e)))ve, (68)
ee&

then the solution of the large representation has to be chosen at level —v, i.e. it satisfies

we(@Q,B,T)=-1p®v=—-1p® Z (6(s —t(e)) — (s — h(e)))ve. (69)

ee€

The bow representations below give some examples.

5.1 Examples
5.1.1 U(2) Instantons on the Taub-NUT

Figure [5] gives a representation of the bow determined by the three nonnegative integer
numbers Ry, R1, and Ry. A solution of this representation determines a U(2) instanton on
the Taub-NUT space, with the ranks Ry, R;, R3 determining its instanton number mg and
its monopole charges.

Ry Ry Ry
—1/2 —A A 12
Figure 5: A U(2) self-dual connection on Taub-NUT is determined by this bow. Its in-

stanton number and monopole charges are determined by the ranks Ry, R1, and Ry of the
vector bundles.
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5.1.2 U(n) Instantons on the Taub-NUT

A generic U(n) instanton on the Taub-NUT space is given by a general regular representa-
tion of the Taub-NUT bow of Figure [2] of file n, such as the one in Figure[6] The positions
of the A-points are given by the values of the logarithm of the eigenvalues of the holonomy
of the instanton connection around the compact direction of the Taub-NUT triholomorphic
isometry at infinity. While the ranks R} = R; with j = 0,1,...,k can be any nonnegative
integers. These ranks determine the monopole charges and the monopole number.

Ry Ry Ry R3 Ry
—1/2 M Ao A3 M\ 1/2
Figure 6: A U(4) instantons on a Taub-NUT space are in one-to-one correspondence with
the solutions of this bow representation. e, e*?,e*3 e are the values of the monodromy

at infinity, while the vector bundle ranks Ry, R1, Re, R3, R4 determine the instanton number
and its monopole charges.

5.1.3 U(n) Instantons on the k-centered Taub-NUT

A generic U(n) instanton on a k-centered Taub-NUT space is given by a regular file n
representation of the A 1 bow of Figure [3| such as the one in Figure

5.1.4 U(n) Instantons on the D; ALF Space

A generic U(n) instanton on the Dy ALF space is given by a regular file n representation
of the bow in Figure [ such as the one in Figure

5.2 Instanton Charges

As we demonstrate in Sections [0] and [7] if a bow has a representation s with a four-
dimensional moduli space M(v) for some moment map value v, then for any other bow
representation £ of file n its solution with the moment map value —v produces an U(n)
instanton on M4(r). We would like to understand the relation between the representation
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R;‘

Figure 7: A bow representation determining a U(7) instanton on the 5-centered Taub-NUT.

Ry R} R3 Ry R}

Ry

Figure 8: An example of a U(6) instanton on the D7 ALF space.
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and the topological charges of the resulting instantons. Let us focus from now on on the
case of instantons on a multi-Taub-NUT space. A Taub-NUT with k-centers is a moduli
space of the A_1—bow representation of Figure[3] This A1 ALF space is often denoted
by TN, k-

There are three kinds of topological charges one can associate to a rank n finite action
anti-self-dual connection on an A;_; ALF space:

e 7 nonnegative integer monopole charges (5!, 52,...,5"),
e [k first Chern class values ¢y,
e the value of the second Chern class c3 we denote by m?.

The Chern classes were computed by Witten in [46]. In order to discuss these charges we
have to recall a few facts about the k—centered Taub-NUT space.

It is convenient to associate to an Ag_; bow representation a circle of length [ =
l1 + 1o + ... + Il parameterized by a coordinate s with k points 0 < p, <, o =1,...,k
with p, positioned at s = 2?:1 lc. We understand the interval I, of the bow to be associated
to the arc [ps, ps+1]. For a representation of file n this assignment gives a natural position
for the m points AY within these arcs on the circle. Let the coordinates of these points
in the same order as they appear along the circle be \;, 7 = 1,...,n. This way the \-
points are labelled in two ways: as Ay witho =1,...,kand o =1,...,r, and as A\; with
7 =1,...,n. This gives maps o(7) and «(7) such that A\, = )\gg; Now the circle is divided
into subarcs by the points p, with ¢ = 1...,k and A\, with 7 = 1,...,n. Each of these
subarcs is associated to a subinterval of the bow representation which carries a Hermitian
bundle over it. We assign the rank of this bundle RS to each subarc.

We model the T'Ny, as a moduli space of the representation of Figure [3]with the moment
map 1 = .. (d(s—t(e))—d(s—h(e))v, for some given set of distinct k three vectors 7/, . . . , U
with v, = 1 @v! + ea®v? + e3®@v2. The hyperkihler quotient in this setup was considered
in [54] and leads to the following metric

1 1
ds® = 1 (VdF2 +77(d0 + w)2) : (70)

with 6 ~ 0 +4m,V =1 + Z§:1 %, where r, = | — U,| and the one-form w satisfies
dw = #3dV. Here #3 signifies the Hodge star operation acting on differential forms on R3.
The hyperkahler reduction produces the following one-forms on this space

1do +w o 1 (1di+w
CL(O) = 5 v CL( ) = 5 (7“ % _7]0)7 (71)

where 7, is a one-form on R3 satisfying dne = *3d%. The self-dual connection on the
natural bundles R, defined in Section [3.1| can be written in terms of these forms as

as = sa® + Z al?). (72)

g
Lhi+ls+...+lo<s

24



This has the form a = %(d@ + w) —n with dn = =3dH. For any such form

H H
fzdaz—((d7‘+w)AdV+V*3dv), (73)
and the second Chern class is
fAfZ(dT-FW)/\dff/\(dT]-ffd&)), (74)

and §,, F A F = {5 & (dy— £dw). For H = %(3 —1—2%’) it is clear that the only
contribution arises from the integral over the sphere at infinity giving

el

Let us specify the monopole charges. Consider a holonomy along the isometric direction
at infinity parameterized by 0. As this direction is finite for all ALF spaces (see [33]) the
isometry has eigenvalues that are unrestricted. We presume the asymptotic monodromy
to be generic and thus all of these eigenvalues to be distinct and numbered respecting their
cyclic order. Asymptotically the logarithm of these eigenvalues does not depend on the
direction in which one moves towards infinity and behaves as

211

%

rheigenvalue =

(A" +47/r +O(1/r?)), (76)
where all the integers j7 can be chosen to satisfy 0 < j7 < k. A geometric description
of the integers j°,p = 1,2,...,n is that these are the Chern numbers of the holonomy
eigen-bundles over the sphere of directions in the base space. These are defined modulo k.
The reason these are associated with monopole charges is that any finite action connection
A asymptotically approaches the connection

df + w

Aapp = 97 <A3 + @ ) g +ig dg, (77)

with Az some connection over a bundles over R3 and ® an endomorphism of that bundle.
The self-duality condition on A implies [34] that the asymptotic fields Az and ® satisfy the
monopole equation of Bogomolny

F3 = *3DA3‘1>. (78)

Here F3 is the curvature of the connection Az, D 4, is the covariant differential with the A
connection, and #3 is the Hodge star operation acting on T*R3. The conventional monopole
charges are exactly the quantities j¥ that we defined above.
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Viewing the TNy as a circle fibration over R3\{v,}, let us pick a set of k semi-infinite
nonintersecting lines, such that the o' line originates at v,. The preimage in the total
T Ny, of this line is an infinite cycle which we denote as C,. The k values of the first Chern

class are given by
1

{ = — tr F. 79
€ = o r (79)

These are not generally integers, however, a dlfference of any two of these is an integer.
From the argument in [46] it follows that the monopole charges and the first Chern

class values are given in terms of the bow ranks by

T alr)+1 oc
J RO'(T) U(T) + 2 L, (80)
PU<)\T
o _ 0 7'0' T)
C = 2 )\7- + RO_(T) 0_(7_) 2 1. (81)
i pa<)\7—

The instanton number is typically defined by the value of the second Chern class
47r2 {tr F A F. For compact manifolds this is an integer equal to the instanton number.
In the case of the noncompact base there is no reason this is an integer. This num-
ber receives contributions from the instantons inside, which is integer for a smooth base
space, and the monopole contributions. To single out the instanton contribution con-
sider a large ball Bgr of radius R. Inside the ball we have the smooth connection Aj,
and outside the ball we have the connection A, approaching As + @de% and the two
are related by a gauge transformation g as Eq. : A = g ' Aoug + ig tdg. The
second Chern class is a differential of the Chern-Simons form, tr F' A F' = dCS, with
CS=trAndA+ %A A A A A and the difference CSy, — C'Souy = %tr g tdg Angtdg A g tdg.
Combining these observation we have STNk trFAF = SBR trF' A F + STNk\BR trFAF =

SaBR %tr g Ydg A g ldg A g7 dg + SSE}/Z;C CSous- The last term can be reexpressed in terms
of the monopole charges. This suggests to define the instanton number to be

my = trg tdg A g tdg A g tdyg. (82)

1272

We expect it to be given in terms of the minimal rank min{RS}.

6 Nahm Transform

Consider a pair £ and s of representations of the same bow. As in Section |5, we shall
refer to the corresponding representations, Nahm data, and solutions as large and small
respectively. To distinguish the ingredients of these two representations we use £ and W
to denote the collection of hermitian vector bundles and auxiliary spaces defining the large
representation £, and e and w to denote the collection of bundles and auxiliary spaces
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(if any) defining the small representation s. We use Epr, ERr,er, and er to denote the
collections of fibers of the respective bundles at the left and right ends of the intervals of
Z. For any maps, such as T}, B+ or  acting on I or W we use capital letters. Analogous
maps, such as respectively ¢; or by acting on e or w, will be denoted by lower case letters.
If pe is the moment map for the data in the £ representation and us for those in the s
representation, then we chose our moment map conditions to be

fg = —V and fs = +U. (83)
Relying on the form of the moment map of Section one can introduce the Dirac
operator D¢ using a bow solution in £ in Eq. . In terms of this operator pe = Im iDLDg.

Similarly, if Ds is the Dirac operator for the data in s, the moment map pus = Im z'DiDs.
Now let us consider a ‘twisted’ Dirac operator

Di=De®1.+ 15 QDs. (84)

Itacts mnT(SRFEFQe) W Pwd (FL ®c er) ® (Egr Q¢ er) .
A crucial observation for what follows is that, due to our choice of the moment map
conditions in Eq. , the twisted Dirac operator in purely real:

Im D] D, = 0. (85)

Moreover, it is strictly positive away from the degenerate locus D in the direct product
(g) ' (=v) % (s) " (v). In fact, in all of the examples we consider for a generic point
pt € (ue) " (—v) the degenerate locus D does not intersect pt x (115) "' (v). This is so since
the operator DZDt is a sum of a number of nonnegative parts of the form (Tj®1. +1p®t;)?.
If all of these parts have a zero eigenvalue, then each T} has this eigenvalue within each
interval I, which is not true for a generic solution. This degeneration corresponds to the
zero-size limit of an instanton. In particular, the positivity implies that Ker D is empty.
Presuming D is Fredholm, which is also generically the case, the vector space Ker D' is
finite dimensional. If we fix some bow solution of ug = —v we obtain a vector bundle

Ker DZ — gt (v). (86)

In order to understand it better, let us first consider the space of sections of ¢ — 7. We can
view it as a fiber of a trivial infinite-dimensional hermitian vector bundle over (i) ' (v) :
I'e—->7I) — B
! (87)
pet(v)

The gauge group action is such that the gauge group G acts simultaneously on the base

(11s) " (v) and maps the corresponding fibers of B into each other.

B
¢g | (88)
piv)
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Thus using this action to identify the fibers locally along the gauge group orbits in the
base, we obtain the pushdown bundle B — M(v) = ps(y). This bundle has a nontrivial
connection V.

Turning to the bundle Ker D; we can view it as a subbundle of the trivial bundle with
the fiber given by the space of sections of S ® E ® e — u~ (). The trivial connection
induces a connection on the subbundle KerD; — M(v). Trivializing Ker D, along the
orbits of the gauge group G acting on e this connection descends to a connection on M =
(11s) " (¥)/G. In the next section we will prove that this induced connection is anti-self-
dual. To demonstrate this we show that in any given complex structure on the hyperkéahler
base M(v) the curvature of this connection is of type (1,1). This is equivalent to the
corresponding holomorphic bundle being flat in every complex structure.

7 Cohomological Interpretation of the Nahm Transform

The space of all complex structures forms a sphere. If we parameterize this sphere by a unit
tree-vector 7, in the representation of Section the action of the corresponding
complex structure on S is given by a unit quaternion

n =nie; + nges + nzes = \/%CE ( :2_ _15 ) . (89)

The complex coordinate ( = (n;1 + in2)/ng parameterizes the Riemann sphere.

Adopting the standard Hodge theory one can identify the kernel of a Dirac operator
with a middle cohomology of a complex.

To simplify our notation in dealing with the twisted Dirac operator, let us introduce

Z=TR1l.+1p@t=(T1 +iT2) @ 1. + 15 ® (t1 + ita), (90)

and (91)
d

Di=D®1l.+1p®@d= s —i(To®1le+1p®ty) + (T5® 1. + 1g R t3). (92)

Up to an unimportant scalar factor nDZ equals

1 =\ pr_ [ Pi+¢zN (Z D) ~(7 + ¢!
(—C 1 )Dt_< —~Z+(D] Dy +¢Zt >+A§O< I—¢Jt )

_ pLR RLNT\T _ (3RL LR\T\T
+ )] {(5(3 — t(e)) ( (—%RLti‘((%LR))T) ) +8(s — h(e)) ( (bbLR jé((;RL))T) ))

eef

_}LR RL\F\t _(RRL LR\R\t
+ (6(3 — t(e)) ( (_I;RL—ECC((%LR))T) ) + (s — h(e)) ( (gLR jg((gRL))T) )) } (93)
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Here the operators on the right-hand side in the first line acts on I'(S ® E ® ) @ W, the
operators in the second line act on

Er®sep= {Eh(e)®€te|€eg}, (94)
and the operators in the third line act on
Er®c er, = {Eye) ® epele € £}, (95)

so that nDZ acts on the direct sum of these spaces I'(SQERe) W B(EL ®¢ er)D(Fr®cer).
Let us consider spaces A° = N(S®E®e), Al = NS®ERe) WD (EL®er)®(Fr®er),
and A% = I"(S ® E ®e). The latter space consists of distributions and I is denoting the
fact that the sections we consider have the form f(s) + X5, (s — A)ar. Now we can
consider a Dolbeault-type family of complexes which depend on ¢ holomorphically

Co:0— A0 205 A1 2, 42 5, (96)
with
— (D +CZNf
(—Z +¢D)f
So: f (J + CIT) fag : (97)
(BLE — ¢(BEYY) fr + (07F + ¢(0EH)T) £
(OFF — (1Y) fr + (BRE 4+ (B £

and

01 =(=Z+¢D[, Dy +¢ZN + ) 6(s— N(In = ¢J))

AeAg
+ (5(3 — () (=B = (BT +6(s = h(e) (0" = ¢
eef
= 3(s = t(e)) (b + (L)) + 6(s — h(e)) (B + C(BEL)T))a (98)
ie. for p eT(S®FE®e),x € W,v_ € EL ®¢ er, and vy € Eg ®¢ e, we have
(G
b | N | (=2 4+ DD+ (D4 2N + Y 0(s = N(I = T
vy AeAg
+] (5(8 —t(e)) (=B = C(BEHN0e +6(s = h(e) (0" = C(bF) ot
ee€
= 8(s = t(e) (" + (o™ Ns + 3(s — h(e)) (B + C(BEL)T)Ui> : (99)
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The exactness condition d16yp = 0 at A! is satisfied for all ¢ if and only if
1e(@, B, T) ®1e + 15 ® pus(b, t) = 0, (100)

which is exactly our choice of the matching of the moment map values of Eq. .

Basic Hodge theory becomes very powerful in this setup if one observes that Eq.
implies that the Dirac operator is directly related to the operator §; — 58 A - AP A%
namely

( :2 _f ) Df =6, — 4. (101)

This implies that Dn~! ~ 51 — 0. As we argued in Section |§|7 away from the special locus
D the equation DV = 0 has no solution It follows that both Ker §y and Ker 51 are empty
and thus H(C¢) = 0 and H?(C¢) = 0.

Now, similarly to the case of instantons on a four-torus discussed in [47], we argue
that the only interesting cohomology of C¢ can be identified with the kernel of DZ operator
H(C;) = Ker DZ . It is clear that any element of ¢ € Ker Dz is in Kerd;, since, due to
Eq. 619 = 0 is the second component of the equation nDI P = 0.

The opposite inclusion Ker d; = Ker D' follows from the following argument. For any
representative 7 € Ker d; we consider 7 + dpp which is also in Ker §;. We seek p satisfying
the following condition 58(17 +dpp) = 0. Since Ker §y = 0 the operator 5860 is invertible and
we can solve for p = —(5350)*15877.

If one views the Nahm transform as a form of the Fourier transform, then the fact
that it is an isometry is a form of the Plancherel theorem. This fact has been proved
for the Nahm transform of instantons on a four-torus in [48]. For the original ADHM
construction of instantons on R* it was proved in [49], for instantons on ALE spaces in [6],
for the monopoles in [50], and for doubly-periodic instantons in [51]. As we demonstrated in
Section[7] the Nahm transform of Section [f]is a triholomorphic isomorphism. To prove that
it is an isometry it remains to be shown that the holomorphic two-form is also preserved.

8 Moduli Spaces of Instantons

The moduli space of a bow representation was defined so far as an infinite hyperkéahler
quotient, i.e. the space appeared as a hyperkéahler reduction of an infinite-dimensional
affine space by an infinite-dimensional group. There are various ways of writing each such
moduli space as a finite hyperkahler quotient, each useful and interesting in its own right.

®Ker D is empty, since, as we argued, the operator DD is strictly positive away from the divisor D and
KerD'D = 0.
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8.1 Moduli Space of Instantons as a Finite Hyperkahler Quatient

Limiting our attention to some subinterval I¢ of length I$ = A¢*! — A2 in any given
trivialization of EY — I$ the space of the Nahm data associated with it consists of the
Nahm matrices Tp, 11,15, T35 of size RS x RS and boundary conditions @, such that Tj is
regular and 7T} have poles at each end of the interval forming representations of dimension
R2 — R™! at the right end, if this quantity is positive, and of dimension RY — R% !,
if this quantity is positive. If either of these rank changes is not positive, then all T;
are regular at the corresponding end. Also, in the case o = 0 or 7, all T are regular at,
respectively, the left or right end. Let us denote the space of the Nahm data satisfying these
conditions and solving the Nahm equations within the interval modulo the action of the
group of the gauge transformations which are trivial at the ends by Oga (R, RaTL 9.
These hyperkéhler manifolds were extensively studied; see for example [52], where they are
described as submanifolds in T*GI(n, C). To mention one such space, in any given complex
structure O, (n,n,l) is T*Gl(n,C) = Gl(n,C) x gl(n,C) with Kirillov-Konstant form as its
complex symplectic form [53].

Consider the group Gy of gauge transformations that have trivial action at the ends of
all of the subintervals

Go = {g‘g(paR) =9(por) = g(\) = 0} : (102)

Performing the hyperkihler reduction by Gy we reduce Dat = N @ Fin @ Fout @ B®D B to
the finite-dimensional space. Reduction on each interval produces the space

0% = Opa (R RIS, for a=1,2,...,7, (103)
O) = Opo(RY, R 10), (104)
O = Oy (R, R 1), (105)

The Nahm data is the only component of Dat that transforms under Gy and
NJGo= & & 02 (106)
oeZ a=0

It is clear that the group G/Gy is the finite-dimensional group of gauge transformations
at the ends of the intervals and at the A-points. Thus the total moduli space of a bow
representation R is the finite hyperkéahler quotient

Mmzﬁn@fout@B@Bgog‘///HUgxULxUR, (107)

where Uy, = [[, U(RY),Ug =[], U(RL), and U = U(min{RS, R¢™'}) for 0 < a < 7.

The structure of the spaces OF is quite interesting and they provide a useful realization
to the moduli space of the bow representation. Nevertheless, this is not the realization we
find most useful in what follows.
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8.2 A Different Finite Quotient Realization

Let us now focus on the moduli space of a representation of an A-type bow. Our results
will generalize easily from this to the general case. Following Bielawski [55] and [56] we
use the following spaces: F,(m,c) = O,(m,n;c). A space F,(m,c) is the space of gauge
equivalence classes of the file n Nahm data on an interval of length ¢ that are regular on
one end and have a (n — m) x (n —m) block with a pole at the other end with residues
forming an irreducible representation of su(2).

On the other hand the general O, (mi,m2;l) space can be represented in terms of
F-spaces as Oy (m1,mg;l) = F,(my,c) x F,(ma,l —c¢)JU(n) for any positive ¢ < .

Let us choose a point pt§ in each interval I, so for any ¢ and a@ = 0,...,r, we
have pt& € I¢. Each interval IS is divided into two parts by pty. We denote the length
of the left part by c5, so 0 < ¢& < [§, and the length of the right part by & — c5.
Now we can write the moduli space M as a finite quotient in a different way. Let
Fom(c,d) = Fy(m,c) x Fp(m/,d)JU(min{m,m'}) for m # m’ and let Fy,m(c,d) =
F(m,c) x Ep(m,c) x C* JU(m). We define these spaces as in [56]. We need one more
ingredient associated to each edge of the bow. This is the space G, (¢, ¢’) = Fn(m, c) x
Foy(m!, ) x C JU(m) x U(m').

Let G¢ be the subgroup of G consisting of the gauge transformations that are identity
at the chosen points pto:

= {glg(pty) = 1}. (108)

Then G/G° = [1,,, U(RS).
For each interval consider the space

Inty = | | Fra-t pa (1971 =271 2 U(R%). 109
R, R o (e (e (o
a=1

Now

Mgy = Hlnt XHG ") po ’"g<;> ”@ L) /// H Tf(e) U(Rg(e))). (110)

t(@) " h(e)

Of course, one can choose pt2 = p, 1 and all pt’s = p,x so that 2 = 0 and c/e = Ie for
every o. In this case

"t(e)

(ln(e) CTt(e) 0 ) (CQRQ(Q) t(e) (111)

G i(e) ~ Ci(e) * Chle)

"t(e) 1o
Ryey Fhiey

and we quotient the product of F,, ./, Fy,,, and C2mm' types of spaces only. For any regular
representation of a general bow, not necessarily of A-type, we have the following formula

Mm—HInt xHCQRh(e) S /// | U(RY) x U(RY)). (112)
gE

o€l eef
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To demonstrate the usefulness of this realization let us compute the dimension of the
moduli spaces of a representation of an A-type bow, if this moduli space is not empty.
For m < n the space F),(m,c) is biholomorphic to Gi(n,C) x gl(m,C) x C"*™ [57, 52]
and
dim¢ F,(m,c) = n(n+ 1) + m(m + 1), (113)

while for m = n the space F,(n, c) is biholomorphic to Gl(n,C) x gi(n,C) and
dime Fy,(n, c) = 2n°. (114)
For any n and m < n
dimg Fyy, (e, &) = m{m + 1) + m/(m' + 1). (115)

Since for m = m' we have F,, (c,d) = Fp(m,c) x Fy(m,d) x C*™JU(m), this gives
dimg Fpm(c,¢) = 2m? + 2m? + 2m — 2m? = 2m(m + 1). For the case m < m’ we
have instead F,m(c,d) = Fpn(m,c) x F),(m,c)JU(m) which gives dimc F,, v (c, ) =
2m? + m(m + 1) + m/(m’ + 1) — 2m? = m(m + 1) + m'(m’ + 1). The case m > m' is
completely analogous leading to the same answer.

The dimensions of the spaces Gy, (¢, ) = Fy(m, ) Ep(m/, ) x C* JU(m) x
U(m') associated to the edges are dimc Gy (¢, ¢') = 2m +2( N2 4 2mm/ —2m? —2(m')?
giving

dime Gy (¢, ') = 2mm/. (116)

Consider some interval I,,. In order to avoid cumbersome notation we choose to suppress
the o subscript on all relevant quantities. Since the internal space associated to I, is
Inty = Fro g1 (1=, ¢!) x Fri g2 (1=, ) x .. Free e (I 1 =" 1, ") JU(RY) x U (R?) %

..U(R") its dimension is

dime Int = RO(R® + 1) + R"(R" + 1) Z (2R*(R* +1) — 2(R*)?) (117)

a=1

r—1
= RY(R° +1) + R"(R" + 1) Z 2R (118)

For an edge e € £ let AR, = |Ry(¢) — Rp(e)|- Assembling the internal spaces Int, with
the spaces G Ry(ey:Rne) associated with the edges we find the dimension

ro—1
dimc My =23 >7 Re +2 ) min{R), R} ()} = D" AR(AR. —1). (119)
o a=1 eef ee€
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9 Asymptotic of the Metric on the Moduli Space of Instan-
tons on multi-Taub-NUT

9.1 Balanced Bifundamentals

Let us first consider an A 1 bow representation, such that for each edge the rank of the
fiber at its head equals to the rank of the fiber at its tail. We call such a representation
a balanced representation. All other moduli spaces can be reduced to these. For the Aj_1
diagram this condition means that for any o = 1,...,k the ranks of E’ and E?,, are
equal: R> = RY_ | and R}* = RY.

Until now we were labeling the subintervals by pairs (o,«) with ¢ = 1,...,k and
a=0,1,...,7,. For our purposes here it is convenient to label the subintervals between
the A-points by 7 = 1,...,n in the following manner. Consider a map (o, o) — 7 given by

o—1
=) 1ot (120)
p=1

This map is invertible if & # 0 and « # r, and it maps the pairs (o,7,) and (o + 1,0) to
the same value of 7. The inverse map is given by

P o—1
o(7) = min {p‘T < 2 rpr}, ar) =o(1) — 2 Tp. (121)
p=1

p'=1

Let [ be the length of the corresponding subinterval I if a # 0,7, and let it be the sum
of the lengths of I7” and 10, ; otherwise.

Let us define integers M) = R} with v = 0,1,...,7, — 1. These integers are the
ranks of the bundles on all subintervals except for the rightmost subintervals I77. Let
M, = 22":_01 M and M = > M,. We also let lg denote the length of the subinterval IE
for 3=1,2,...,7o — 1 and [? be the sum of the lengths of I;"_‘ll and I2. The moduli space
M of this bow representation has quaternionic dimension M.

We now construct a certain space My, associated to this bow representation and an
incomplete hyperkahler metric ga, on it that serves as an exponentially good approximation
to the moduli space metric in some asymptotic regions. We begin by assigning M, points
in R3 to each subinterval with with v = 0,...,7r, — 1 (the rightmost subintervals excluded).
This is exactly the number equal to the rank of the corresponding vector bundle. Each
point has coordinate vector Z; and an associated phase 7; ~ 7; + 4. We shall treat points
belonging to the same subinterval as undistinguishable, thus we’ll have to divide by the
corresponding direct product of symmetric groups S =[], ]_[2":61 Syry to obtain My,

We have a total of M points numbered by j = 1,..., M and we introduce functions f(j)
and t(j) such that the point 4 is associated with the subinterval I, if and only if o = f()

and v = t(7). Let us refer to f(i) as the flavor of a point ¢ and (i) as the type of a point i.
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It is also convenient to introduce g(i) = t(i) + Zi(:izfl M,. These functions can be defined
by

f(i):min{p‘ig ZMU}, (122)
o<p

#(i) = min b‘z M M+ Y M b (123)
o<f(3) c<b
g(i) = min {b ‘z <) Mf(i)} . (124)
c<b

Let I(7) be the length of the associated interval or, if t(i) = 7y(;), the sum of the lengths of

0 To—1 - _ @) TF)-1
the associated interval I) and of I ie. (i) = Feey + 0o,y iy -

o—1>

We now introduce the hyperkahler metric

ap = (bljdfl - d + ((I)_l)ij (d’TZ + wi)(de + w]'), (125)
with
. 60’1(1) Sik e
b, — (@) + [Zi+07(5)] +Zk¢i | % —Zk | iti=j (126)
) _ S'Lj . . .
T if 1 # 7,
where s;; is given by the affine Cartan matrix C,g of the instanton gauge group
—2 if f(i) = f(j) and £(i) = t(j),
L if f(2) = f(j) and [¢(2) — £(5)| = 1,
sij = —Coayg) = 11 i f(4) = f() + 1, t(j) = 0,2(i) = My(y_1, (127)
Lo if f(i) = f() +1,8() = 0,8() = My(j)-1,
0 otherwise.

We understand as a hyperkahler metric on the space M of real dimension 4M fibered
by M-dimensional tori T™ over the configuration space of M points in R3. This metric
clearly has M triholomorphic isometries acting on the torus. The product S of symmetric
groups acts isometrically on M by permuting the points of the same type. We define My,
as the quotient of M by this group: M,, = M/S.

Let D' < M,y be the set of points with #; = Z; for any ¢ and j with g(i) = g(j). Then
there is D < M and a bijection ¢ : M\D — M,,\D’. Thus Z;,7; up to the action of
S can serve as local coordinates on M\D. Moreover, the metric g on M is exponentially
close to gapp of Eq. in the following sense. If Rad = min{|Z; — fng(z) = g(j)}

35



is the minimal distance between the points of the same kind, then in the region of large
Rad the metric g on M asymptotically approaches the metric ga, exponentially fast, i.e.
|9 — gap| < exp(—CRad).

In order to prove this statement one can employ theorems and techniques developed
by Bielawski in [55] and [56]. This proof will appear in a forthcoming publication [58].

9.2 General Case

Here we consider the case of general rank, i.e. we impose no relation on the ranks of E’”
and EY, ;. Let the difference of these two ranks be denoted by AR, = RY_ | — Rl7, and let
us introduce the quantities ¢ by

z(0)+ AR,
= Y. [ARs+2(0) —8((y - 7) modn). (128)
y#z(0)
v=2(0)
Given the ranks s
R if B(r) # 0,
R.={ " R0 gl i " 0 (129)
mln{ o(T)’ O’(T)fl} 1 IB(T) =Y
we let
M = Ry = cj. (130)

If any M, is negative then the moduli space of this representation is empty. If all M
are nonnegative then the moduli spaces has real dimension 4 "_, M, and the metric on

it is given by Eqs. (125)) and (126]).

10 Conclusions

For every bow representation we defined bow solutions. The main result of this work is
the formulation of the ADHM-Nahm transform that for a pair of bow representations £
and s and a given solution of £ constructs a bundle with a connection on the moduli
space Mg of s. We prove that in any of the complex structures on M the corresponding
holomorphic bundle is flat, thus the curvature of this connection is of (1,1) type in any of
the complex structures. Whenever M is four-dimensional this implies that the curvature
is anti-self-dual.

Our main goal was to construct instantons on ALF spaces. We realized each of these
spaces as a moduli space My of a concrete bow representation. Thus, for any solution of
any other representation £ of the same bow, using the ADHM-Nahm transform we have
formulated, one obtains an instanton solution on the ALF space M.
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The relation of the quiver moduli spaces to the representation theory is most intriguing.
Tis relation remains to be explored for the bow moduli spaces. In particular, our realization
of the moduli space of a bow as a finite hyperkahler quotient leads to a natural general-
ization of the notion of a quiver representation. Certain bow representations, namely the
balanced ones, in the limit of zero interval size produce all quiver representations. In this
case a quiver has some vector spaces assigned to its vertices. By exploring the limit of a
general bow representation one would obtain a new notion for a quiver. Now, the objects
assigned to a quiver vertex would be not only vector spaces.

We did not treat a number of important analytic questions in this manuscript. Among
these are the proofs of finiteness of the action of the self-dual connection provided by the
bow construction, the analysis of the smoothness of the resulting connection, the isometry
between the moduli space of self-dual connections and the moduli space of the large bow
representation. We imagine that the analytic techniques developed for treating similar
questions in the case of calorons and instantons on ALE spaces extend to the current
setup, however, it requires careful further analysis.

We have defined the notions of a bow, its representation, and the moduli space of a
representation. There is an obvious limit of a bow in which it degenerates into a quiver.
In this limit a representation for which the bundle rank does not change at any of the
A-points produces a representation of the corresponding quiver. For such representations
in any given complex structure the moduli space of the bow and the moduli space of
the corresponding quiver are isomorphic as complex varieties. We emphasize, however,
that as differential manifolds, they are different. In particular the L? cohomology of the
bow representation is typically larger than that of the corresponding quiver. Other bow
representations have interesting moduli spaces which do not degenerate to the conventional
quiver varieties in the quiver limit.
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