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Summary. A system of singularly perturbed ordinary differential equations of first
order with given initial conditions is considered. The leading term of each equation is
multiplied by a small positive parameter. These parameters are not necessarily equal.
The components of the solution exhibit overlapping layers. A Shishkin piecewise—
uniform mesh is constructed, which is used, in conjunction with a classical finite
difference discretisation, to form a new numerical method for solving this problem.
It is proved, in a special case, that the numerical approximations obtained from
this method are essentially first order convergent uniformly in all of the parameters.
Numerical results are presented in support of the theory.

1 Introduction

We consider the initial value problem for the singularly perturbed system of
linear first order differential equations

EU'(t) + A(t)u(t) = £(t), t € (0,7], u(0) given (1)
Here u is a column n-vector, F and A(t) are nxn matrices, F = diag(e1, ..., €n),
e = (61, ..., &) With 0 < g; < 1 for all ¢ = 1...n. We assume that

T > 2max;(g;)/a, which ensures that we are solving over a domain that in-
cludes all of the layers. For this it suffices to take T' > 2/a. For convenience
we assume the ordering

g1 <---<é€p

all of the inequalities being strict. We write the problem in the operator form



2 P. Maragatha Meenakshi , S. Valarmathi, and J.J.H. Miller
Lu=f, u(0) given

where the operator L is defined by

L =FED+ A(t) and D:%

We assume that, for all ¢ € [0,1], the functions a,; satisfy the inequalities

ai;(t) > Z|aij(t)| for i=1, ..., n, and a;;(t) <0 when i# j.

JF#i
G=1

We take o to be any number such that

n
0<a< min (z; ai;(t))
i=1, ..., n jJ=

The analogous problem to (1), with all the &; equal, was treated in [2].

2 Analytical results

The operator L satisfies the following maximum principle

Lemma 1. Let the above assumptions on the matriz A(t) hold. Let 4 (t) be
any function in the domain of L such that 1¥(0) > 0. Then Lap(t) > 0 for all
t € (0,T] imples that (t) > 0 for all t € [0,T].

We remark that the maximum principle is not necessary for the results that
follow, but it is a convenient sufficient condition. An immediate consequence
of it is the following stability result.

Lemma 2. Let the above assumptions on the matriz A(t) hold. If ¥ (t) is any
function in the domain of L such that 1(0) > 0, then

I9) 1< Cmax {1 $(0) |5 L6 [}, t€ 0.7

where C is a constant independent of t and €.

The Shishkin decomposition of the solution u of (1) is given by u = v +w
where v is the solution of Lv = f on (0,7] with v(0) = A71(0)f(0) and
w is the solution of Lw =0 on (0,7] with w(0) = u(0) —v(0). Here v ,w
are, respectively, the smooth and singular components of u .

Bounds on the smooth component and its derivatives are contained in

Lemma 3. There exists a constant C, independent of €, such that for each
i=1,...,n oM |<C fork=0,1and| e} ||< C.
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We define the layer functions B;,7 = 1, ..., n, associated with the solution
u by
Bi(t) = e /%t € [0, 00).

Some properties of the layer functions are given in
Lemma 4. Let 1 <i<j<nand 0 < s <t<oo. Then
B;(t) < Bj(t), forall t>0
B;(s) > B;(t), forall 0<s<t<1
Bi(0)=1 and 0<B;(t)<1 forall t
B;(t) is a monotonically decreasing function of t € [0,00).
Bounds on the singular component and its derivatives are contained in
Lemma 5. There exists a constant C, independent of €, such that, for each
te0,T) andi=1, ..., n,
wilt)] < CBa(t)
[wit)] < Cle;"Bi(t) + -+ + &, Bu(t)]
eiwf (t)] < Cler"But) + -+ e, Ba(t)]
For each i # j we now define the point ¢; ; by

Bi(ti;) _ Bj(tiy)
ar Ej

It is easy to see that this point exists and is unique for each i and j, since for
i < j we have €; < €; and the ratio of the two sides of this equation, namely

Ej 1 1
= — —_ t —_———
or Bj(t) E; eXp( @ (Ei Ej))

is monotonically decreasing from i—’ > 1 to 0 as t increases from 0 to co.
Also, the following inequalities hold, for all 4,5 with 1 <i < j<mn

e 'Bi(t) > E;lBj(t) on [0,t;;) (2)
e 'Bi(t) < 5;13j (t) on (t;;,00) (3)
and if ¢; < ¢;/2 then ¢;; € (0,T].
Lemma 6. The points t; ; satisfy the following inequalities
tij <tiy1,, ifi+1<y

and
tiﬂ' < ti7j+1, if ¢ <jJ
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3 The discrete problem

We define n transition points between uniform meshes of different mesh size
by

o; = min{ 01;1 ) S N}
a

fori=1,...,n—1 and
1 e,
n=min{=, —InN
o mm{2 - nN}

Clearly
D<o <--- <o, <1

We divide the interval [0,7] into n + 1 subintervals using these n transition
points
[0,1] = [0,01] U [o1,02]U...[0n-1,00] U [on,1]

We construct a piecewise uniform mesh on [0, T, consisting of N subintervals
and N + 1 mesh points ¢;, by placing a uniform mesh with % subintervals
on [0,,1] and uniform meshes with 2= subintervals on each of [0, 0] and
[6iy0i41],7 = 1,...,n — 1. Using these we obtain 2™ Shishkin piecewise uni-
form meshes My, where b denotes an n—vector with b; equal to either 0 or
1 depending on whether the left—hand or right—hand value of o; is used. We

remark that, on any such mesh at any point ¢;, we have
|t —tj-| <CNT!
and fori=1,...,n
ag; S CEZ‘ InN

On these meshes we now consider the discrete solutions defined by the back-
ward Euler finite difference scheme

ED U+ AU =f,  U(0) =u(0)
or in operator form
LYU=f,  U(0) =u(0)

where
LY = ED™ + A(t)

and D~ is the backward difference operator

U(t;) ~ Ult,1)

D™U(t;) =
(1) = ==

We have the following discrete maximum principle analogous to the continuous
case
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Lemma 7. Let the above assumptions on the matriz A(t) hold. Then, for
any mesh function ®, the inequalities ¥(0) > 0 and LN®(t;) > 0 for
1 < j < N, imply that ®¥(t;) >0 for0 < j < N.

An immediate consequence of this is the following discrete stability result.

Lemma 8. Let the above assumptions on the matriz A(t) hold. Then, for any
mesh function ¥,

1 .
[ () < Cmax {1 %0) |2 | L% |} o <<,

where C' is a constant independent of j and e

4 The local truncation error

From the Lemma 8, we see that in order to bound the error || U —u | it
suffices to bound LY (U — u). But this expression satisfies

LN(U —u) = LY(U) - L¥(u) = f — LY (u) = L(u) — LV (u) =
(L—-LYYu=—-E(D™ — D)u
which is the local truncation of the first derivative. We have
E(D” —Du=ED  —D)v+ E(D” — D)w
and so, by the triangle inequality,
I L¥(U = u) ||<|| E(D™ = D)v || + || E(D™ — D)w |

Thus, we can treat the smooth and singular components of the local trunca-
tion error separately We note first that, for any smooth function v, we have
the following two distinct estimates of the local truncation error of the first

derivative (bt 1)
(D7 = Dyplty)| < _max [0 (s)] 2= (4)
(D™ = D)ut))l <2 _max [u/(s)] (5)

s€[tj—1,t5]

Note that the first involves just the first derivative, while the second involves
the second derivative.
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5 Error estimate: the special case n=3

We estimate the smooth component of the local truncation error in the fol-
lowing lemma.

Lemma 9. For eachi=1, ..., nand j=1, ..., N we have
|ei(D™ = D)vi(t;)| < CN™!

For the singular component we obtain a similar estimate, but we must distin-
guish between the different types of mesh. We need the following preliminary
lemmas.

Lemma 10. On each mesh of the form My, for i = 1,2,3 we have the esti-
mate ‘ ;
lei(D™ — D)wi(t;)| < C%
1
Lemma 11. On each mesh of the form Mip,p,, for i = 1,2,3 there exists a
decomposition

Wi = W41 + Wi,2
for which we have the estimates
lewi 1 ()] < CBu(t)

B (t
|€zw7,,/1(t)| <C it ), |slw;’2(t)| < + )
€1 €2 €3

Furthermore
ei(D™ — D)w;(t;)| < C(Bi(tj—1) +

Lemma 12. On each mesh of the form My, 1p,, for i = 1,2,3 there exists a
decomposition
Wi = Wj,1 + Wi2 + W; 3

for which we have the estimates
leiw ; ()] < CB;(t) for j=1,2

el ()] < cB@(t) for j=1,2,3
Furthermore
= timiy
€3
Lemma 13. On each mesh of the form My, for i = 1,2,3 we have the esti-
mate

ei(D™ — D)w;(t;)| < C(Ba(tj—1) +

ei(D™ — D)w;(t;)| < CBs(tj-1)
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Using the above preliminary lemmas on appropriate subintervals we obtain
the desired estimate of the singular component of the local truncation error
in the following.

Lemma 14. Fori=1,2,3 and j=1, ..., N, we have the estimate
lei(D™ — D)w;(t;)] < CN~*InN

Let u denote the exact solution of 1 and U the discrete solution. Then,
using Lemmas 9, 14, we have the following e-uniform error estimate

Theorem 1. There exists a constant C, independent of N and e, such that
[U-u|<CN'lhN

forall N > 1

6 Numerical results

The above numerical method is applied to the following singularly perturbed
initial value problem

51u1/(t) + 4U1 (t) — Ug(t) — U3(t) =t (

82U2/(t) — ul(t) + 4U2(t) — U,3(t) =1 (
€3U3/(t) — U (t) — ’ILQ(t) + 4U3(t) =1+¢2

—
o 3 O
= =

for t € (0,1] and u(0) = 0. For various values of €1, fixed values €2 =
2710 ¢3 = 277 and N = 128 , the computed order of e-uniform conver-
gence and the computed e—uniform error constant are found using the general
methodology from [1],[3]. The results, presented in Table 1 below, exhibit the
behaviour expected from an e—uniform method.
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Table 1. Values of DY, DN, p™, p*, and Clj,\i for various €1 and fized g2 =
276 g3 =274

Number of mesh points N

€1 128 256 512 1024 2048 4096 8192 | 16384 | 32768
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273910.232-2{0.138-2 ] 0.810-3 | 0.477-3 [ 0.266-3 | 0.147-3 | 0.806-4 | 0.437-4 | 0.236-4

2-%10.232-2{0.138-2 [ 0.810-3 | 0.477-3 [ 0.266-3 | 0.147-3 | 0.806-4 | 0.437-4 | 0.236-4

DY 10.232-2]0.138-2[0.810-3 [ 0.477-3 [ 0.266-3 [ 0.147-3 | 0.806-4 | 0.437-4 | 0.236-4

p"™ 10.75340[0.767+0[0.765+0(0.842+00.85540]0.867+0[0.882+0[0.891+0

C753]0.2214-0[0.2214-0[0.21940[0.21740[0.204+0[0.190+0[0.176+0[0.161+0[0.146-+0

Computed order of e—uniform convergence = 0.753

Computed e—uniform error constant = 0.221
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