High-Order Accurate Decomposition Methods Based on Richardson’s Extrapolation for a Singularly Perturbed Elliptic Reaction-Diffusion Equation on a Strip^∗

P. W. Hemker E-mail: P.W.Hemker@cwi.nl

CWI, P.O. Box 94079, 1090 GB Amsterdam, The Netherlands

G. I. Shishkin E-mail: shishkin@imm.uran.ru shishkin@maths.tcd.ie and L. P. Shishkina E-mail: Lida@convex.ru

Institute of Mathematics and Mechanics, Ural Branch of Russian Academy of Sciences, Ekaterinburg 620019, Russia

Abstract

We consider the Dirichlet problem on a strip for a singularly perturbed elliptic equation of reaction-diffusion type. For such a problem well-known finite difference schemes converge ε-uniformly with the order of accuracy not higher than second. This can imply some restrictions for practical use of these schemes in applications. Based on special schemes on piecewise uniform meshes and using the Richardson extrapolation technique on a sequence of embedded meshes, we construct a difference scheme that converges ε-uniformly with the third-order accuracy up to a logarithmic factor and with the fourth-order accuracy with respect to the variables which are respectively orthogonal and tangent to the boundary. For the above Richardson scheme we construct a decomposition method on overlapping subdomains for which the ε-uniform accuracy of the Richardson scheme is preserved.

1. Introduction

At present special numerical methods for sufficiently wide classes of singularly perturbed boundary value problems have been constructed and studied. These methods, as opposed to methods developed for regular boundary value problems (see, e.g., [1], [2]), allow us to obtain solutions which converge independently of the perturbation parameter ε (in other words, convergent ε-uniformly). In the case of boundary value problems for elliptic reaction-diffusion equations,

∗This research was supported in part by the Dutch Research Organisation NWO under grant No 047.008.007, by the Enterprise Ireland Research Grant SC—2000—070 and by the Russian Foundation for Basic Research under grant No. 01–01–01022.

the order of ε-uniform convergence for known regular methods on special condensing meshes does not exceed two, and for convection-diffusion equations it is not higher than one even if the problem data are smooth (see, e.g., [3]– [6] and the references therein; fitted operator methods on uniform meshes see in [7], [8]). That is why it is interesting to construct special schemes for reactiondiffusion and convection-diffusion problems for which the order of ε-uniform convergence is respectively higher than two and one.

In the case of regular boundary value problems, defect-correction and Richardson methods allow one to improve the order of accuracy for discrete solutions (see, e.g., [1], [9], [10] and the references therein). These methods are applied also in order to improve the order of time-accuracy for singularly perturbed problems (see, e.g., [11]– [13]). Note that the time mesh is uniform in these papers, which essentially simplifies the construction and investigation of high-order time-accurate schemes. For wide classes of singularly perturbed boundary value problems, the use of meshes that are condensing in a boundary layer region (with respect to the space variable in the direction across the boundary layer) is a necessary requirement for ε-uniform convergence of schemes (see, e.g., [4], [14]). Thus, we are interested in developing ε-uniform schemes of high-order accuracy with respect to the variables for which the step size changes sharply at the point of transition from a fine to a coarse mesh.

In this paper we consider a boundary value problem on a vertical strip for a singularly perturbed elliptic equation of reaction-diffusion type. For this problem, using the Richardson method we construct a special scheme that converges ε-uniformly at a rate of O(N^{−3}_1 ln^3 N_1 + N^{−4}_2 ), where the values N_1 and N_2 define the number of mesh points across the strip, i.e. in the direction across the layer, and the number of mesh points on a unit interval along the strip. When constructing the scheme we use meshes condensing in a neighbourhood of the boundary layer. For this Richardson scheme we construct an overlapping domain decomposition method for which the ε-uniform accuracy of the Richardson scheme is preserved. The technique developed in this paper allows to construct parallel Richardson schemes, i.e. high-order accurate scheme for parallel computations.

Note that a similar technique, based on Richardson’s extrapolation, applied in order to improve the solution accuracy was used in [15] for elliptic convectiondiffusion equations to construct schemes convergent ε-uniformly at a rate of O(N^{−2}_1 ln^3 N_1 + N^{−2}_2 ).

2. Problem Formulation

On the vertical strip D, where

D = {x : x_1 ∈ (0, d), x_2 ∈ R}, (2.1)

we consider the boundary value problem for a singularly perturbed elliptic equation Lu(x) ≡ { ε^2 ∑ s=1,2 a_s(x) ∂^2 ∂x^2_s − c(x) } u(x) = f(x), x ∈ D, (2.2) u(x) = φ(x), x ∈ Γ. Here Γ = D\D, the functions a_s(x), c(x), f(x) and φ(x) are sufficiently smooth on the sets D and Γ respectively, and also satisfying the conditions:

a_0 ≤ a_s(x) ≤ a^0, s = 1, 2, c_0 ≤ c(x) ≤ c^0, a_0, c_0 > 0; |f(x)| ≤ M, x ∈ D; |φ(x)| ≤ M, x ∈ Γ ; (2.3)

the parameter ε takes arbitrary values from the half-open interval (0,1]. Here and below M, M_i (or m) denote sufficiently large (small) positive constants which do not depend on ε and on the discretization parameters. Throughout the paper, the notation L_{(j.k)} (M_{(j.k)}, G_{h(j.k)}) means that these operators (constants, grids) are introduced in equation (j.k).

As the parameter ε tends to zero, a regular boundary layer appears in a neighbourhood of the boundary Γ .

For the boundary value problem (2.2), (2.1) it is required to construct a difference scheme convergent ε-uniformly with the order of accuracy higher than second for each variable.

3. Base Scheme for Problem (2.2), (2.1)

In this section we give a classical finite difference scheme and also the special (base) scheme convergent ε-uniformly with the order O(N^{−2}_1 ln^2 N_1 +N^{−2}_2 ), i.e., a scheme of the second-order accuracy with respect to x_2.

On the set D we introduce the rectangular mesh

D_h = ω_1 × ω_2, (3.1) where ω_1 and ω_2 are arbitrary, generally speaking, non-iniform meshes on the interval [0, d] and the axis x_2, respectively. We define h^i_s = x^{i+1}_s − x^i_s, x^i_s, x^{i+1}_s ∈ ω_1 for s = 1 and x^i_s, x^{i+1}_s ∈ ω_2 for s = 2; let h_s = max_i h^i_s, h = max_s h_s. We assume the following condition to be satisfied: h ≤ MN^{−1}, where N = min[N_1, N_2]; N_1 + 1 is the number of nodes in the mesh ω_1, and N_2 + 1 is the minimal number of nodes in the mesh ω_2 on an interval of unit length.

Problem (2.2), (2.1) is approximated by the difference scheme Λz(x) ≡ { ε^2 ∑ s=1,2 a_s(x)δ_{xs ^xs} − c(x) } z(x) = f(x), x ∈ D_h, (3.2) z(x) = φ(x), x ∈ Γ_h. Here D_h = D ∩ D_h, Γ_h = Γ ∩ D_h, δ_{xs ^xs}z(x) = z_{xs ^xs}(x) is the second (central) difference derivative on a non-uniform mesh [2], for example,

δ_{x1 ^x1}z(x) = 2 ( h^i_1 + h^{i−1}_1 )_{−1} [ δ_{x1} z(x) − δ_{x1} z(x)] , x = (x^i_1, x_2) ∈ D_h .

Scheme (3.2), (3.1) is monotone [2] ε-uniformly. For solutions of the difference scheme we derive the estimate |u(x) − z(x)| ≤ M [( ε + N^{−1}_1 )_{−1} N^{−1}_1 + N^{−1}_2 ] , x ∈ D_h. (3.3)

On the meshes D^u_h = ω_1 × ω_2, (3.4) which are uniform with respect to both of the variables (with the step-sizes h_1 = dN^{−1}_1 and h_2 = N^{−1}_2 ), we have |u(x) − z(x)| ≤ M [( ε + N^{−1}_1 )_{−2} N^{−2}_1 + N^{−2}_2 ] , x ∈ D^u_h . (3.5)

Now we construct a piecewise uniform mesh on which scheme (3.2) converges ε-uniformly [4], [5]. On the set D we introduce the special mesh condensing in a neighbourhood of the boundary layer:

D_h = ω^∗_1 × ω_2, (3.6a)

where ω_2 = ω_{2(3.4)}, ω^∗_1 is a piecewise uniform mesh constructed as follows. Let σ be a parameter of the mesh, which depends on ε and N_1, σ ≤ 4^{−1}d. The interval [0, d] is divided into three parts [0, σ], [σ, d − σ], [d − σ, d]. In each part the mesh size is constant and equal to h^{(1)}_1 = 4σN^{−1}_1 on the intervals [0, σ], [d − σ, d] and h^{(2)}_1 = 2(d − 2σ)N^{−1}_1 on the interval [σ, d − σ]. The parameter σ is defined by the relation

σ = σ(ε, N_1, l) = min [ 4^{−1}d, l m^{−1} ε ln N_1 ] , (3.6b) where m = m_{(7.2)}. Here l = 2; in other meshes (below) this parameter will be chosen. The mesh ω^∗_1 and hence the mesh D_h = D_h(l = 2) are constructed.

For the solutions of scheme (3.2), (3.6) we obtain the estimate |u(x) − z(x)| ≤ M { N^{−2}_1 min [ ε^{−2}, ln^2 N_1 ] + N^{−2}_2 } , x ∈ D_h, (3.7)

and also the ε-uniform estimate |u(x) − z(x)| ≤ M [ N^{−2}_1 ln^2 N_1 + N^{−2}_2 ] , x ∈ D_h. (3.8)

Theorem 3.1. Let the solution u(x) of problem (2.2), (2.1) satisfy the a priori estimates of Theorem 7.1 for K = 4. Then the difference scheme (3.2), (3.6) (schemes (3.2), (3.1) and (3.2), (3.4)) converges ε-uniformly (for fixed values of the parameter ε). For the discrete solutions the estimates (3.3), (3.5), (3.7) and (3.8) are valid.

4. Richardson Scheme for Problem (2.2), (2.1)

We describe the Richardson method used in this paper to improve the accuracy of solutions of the special difference scheme.

1. On the set D we construct the meshes

D^i_h = ω^{∗i}_1 × ω^i_2, i = 1, 2, (4.1a)

where D^1_h = D_{h(3.6)}(l) for l = 4, ω^{∗2}_1 is a piecewise uniform grid whose step-size on the intervals [0, σ], [σ, d−σ], [d−σ, d], where σ = σ_{(3.6b)}(ε, N_1 = N_{1(3.6)}, l = 4) is k times smaller than the step-size of the grid ω^{∗1}_1 ; the step-size of the grid ω^2 is k times smaller than the step-size of ω^1_2; kN_1 +1 and kN_2 +1 are respectively the number of nodes in the mesh ω^{∗2}_1 and on a unit interval in the mesh ω^2.

We denote

D^0_h = D^1_h ∩ D^2_h. (4.1b)

Here, D^0_h = D^1_h for each integer k (k ≥ 2), and D^0_h ≠ D^1_h for a noninteger k.

Let z^i(x), x ∈ D^i_h, i = 1, 2 be solutions of the finite difference schemes

Λ_{(3.2)} z^i(x) = f(x), x ∈ D^i_h, z^i(x) = φ(x), x ∈ Γ^i_h , i = 1, 2. (4.2a)

Suppose

z^0(x) = γ z^1(x) + (1 − γ) z^2(x), x ∈ D^0_h , (4.2b) where γ = γ(k) = −(k^2 − 1)^{−1}. We call the function z^0(x), x ∈ D^0_h , the solution of difference scheme (4.2), (4.1), i.e., the scheme based on the Richardson method on two embedded meshes.

2. To justify the convergence of scheme (4.2), (4.1), it is convenient to decompose the functions z^i(x), x ∈ D^i_h, i = 1, 2 with respect to N^{−1}_1 and N^{−1}_2

z^i(x) = u(x) + k^{−2(i−1)} [ N^{−2}_1 u_1(x) + N^{−2}_2 u_2(x) ] + v^i(x), x ∈ D^i_h, i = 1, 2, (4.3)

where v^i(x) is the remainder term. The function u_2(x) is the solution of the problem

L_{(2.2)}u_2(x) = −12^{−1} ε^2 a_2(x)

∂^4 ∂x^4_2 u(x), x ∈ D, u_2(x) = 0, x ∈ Γ. The function u_1(x) can be represented as a sum of two functions u_1(x) = u_{11}(x) + u_{12}(x), x ∈ D, (4.4) where u_{1j}(x), x ∈ D, j = 1, 2 are the solutions of the problems

L_{(2.2)}u_{11}(x) = −12^{−1} ε^2 N^2_1 a_1(x)

∂^4 ∂x^4_1 u(x) ( h^{(1)}_1

)_2 , x_1 ∈ (0, d) \ [σ, d − σ] ( h^{(2)}_1

)_2 , x_1 ∈ (σ, d − σ) ,

x ∈ D, x_1 ≠ σ, d − σ, [u_{11}(x)] = [ ∂ ∂x_1 u_{11}(x) ] = 0, x ∈ D, x_1 = σ, d − σ, u_{11}(x) = 0, x ∈ Γ ;

L_{(2.2)}u_{12}(x) = 0, x ∈ D, x_1 ≠ σ, d − σ, u_{12}(x) = ψ(x), x ∈ D, x_1 = σ, d − σ, u_{12}(x) = 0, x ∈ Γ.

Here ψ(x) = w(x), x ∈ D, x_1 = σ, d − σ, where w(x) is the solution of the following problem for the method of lines with respect to x_2: L^hw(x) ≡ { ε^2 ( a_1(x)δ_{x1 ^x1} + a_2(x)

∂^2 ∂x^2 ) − c(x) } w(x) =

= 0, x_1 ≠ σ, d − σ, − ε^2 3 N^2_1 a_1(x)

∂^3 ∂x^3_1 U(x) { h^{(2)}_1 − h^{(1)}_1 , x_1 = σ, −h^{(2)}_1 + h^{(1)}_1 , x_1 = d − σ

, x ∈ D, x_1 = ω^{∗1}_1 , w(x) = 0, x ∈ Γ, h^{(1)}_1 = h^{(1)}_{1(3.6)}, h^{(2)}_1 = h^{(2)}_{1(3.6)}, U(x) = U_{(7.1)}(x).

The functions u_{11}(x), u_{12}(x), u_2(x), x ∈ D satisfy the estimates

|u_2(x)| ≤ M ε^2, |u_{11}(x)| ≤ M min [ ε^{−2}, ln^2 N_1 ] , |u_{12}(x)| ≤ M ε, x ∈ D. The component u_1(x) is sufficiently smooth on D, and the component u_2(x) is also sufficiently smooth on D on the strips x_1 ≤ σ, σ ≤ x_1 ≤ d − σ, x_1 ≥ d − σ. Taking into consideration the estimates for the components u_1(x), u_2(x), we estimate the function v^i(x) as follows |v^i(x)| ≤ M { N^{−3}_1 min [ ε^{−3}, ln^3 N_1 ] + N^{−4}_2 } , x ∈ D^i_h, i = 1, 2. (4.5)

Taking (4.5) into account, we find the estimate |u(x) − z^0(x)| ≤ M { N^{−3}_1 min [ ε^{−3}, ln^3 N_1 ] + N^{−4}_2 } , x ∈ D^0_h , (4.6)

and the ε-uniform estimate |u(x) − z^0(x)| ≤ M [ N^{−3}_1 ln^3 N_1 + N^{−4}_2 ] , x ∈ D^0_h . (4.7)

Theorem 4.1. Let the data of problem (2.2), (2.1) satisfy conditions (2.3) and, moreover, a_s, c, f ∈ C^{6+α}(D), φ ∈ C^{6+α}(Γ ), α > 0, and let a priori estimates (7.2) with K = 6 be fulfilled for the components of the problem solution from representation (7.1). Then the solution of scheme (4.2), (4.1) converges to the solution of the boundary value problem ε-uniformly at a rate of

O(N^{−3}_1 ln^3 N_1 + N^{−4}_2 ).

For the discrete solutions the estimate (4.6), (4.7) are valid.

5. Decomposition of Scheme (3.2), (3.1)

Let us give a domain decomposition scheme based on the difference scheme (3.2), (3.1).

1. Let the domain D be covered by overlapping subdomains D^{(k)}

D = D^{(1)} ∪ D^{(2)}, D^{(1)} = (0, d_1) × R, D^{(2)} = (d_2, d) × R, (5.1a) 0 < d_2 < d_1 < d, that have overlap δ = d_1 − d_2 > 0. On the sets D^{(k)}, k = 1, 2 we introduce the meshes D^{(k)}_h = D^{(k)} ∩ D_h, k = 1, 2, (5.1b) where D_h = D_{h(3.1)}; we suppose that boundaries of the subdomains D^{(1)}, D^{(2)} pass through the nodes of the mesh ω_1.

Let an arbitrary bounded function z_0(x) be given on D_h, and assume that the functions z_1(x), . . . , z_{n−1}(x), x ∈ D_h are already known, where z_i(x) = φ(x), x ∈ Γ_h. We find the function z_n(x) by solving the following problems Λz^{(1)}_n (x) = f(x), x ∈ D^{(1)}_h , z^{(1)}_n (x) = z_{n−1}(x), x ∈ Γ^{(1)}_h ; (5.2a)

Λz^{(2)}_n (x) = f(x), x ∈ D^{(2)}_h , z^{(2)}_n (x) = { z^{(1)}n (x), x ∈ Γ^{(2)}_h \ Γ, z_{n−1}(x), x ∈ Γ^{(2)}_h ∩ Γ. Suppose

z_n(x) = { z^{(1)}n (x), x ∈ D^{(1)}_h \ D^{(2)} z^{(2)}n (x), x ∈ D^{(2)}_h } , x ∈ D_h. (5.2b)

We call the function z_{n(5.2)}(x), x ∈ D_h, n = 1, 2, . . ., the solution of difference scheme (5.2), (5.1), i.e., the domain decomposition scheme with overlapping subdomains. Difference scheme (5.2), (5.1) is an approximation of the following continual scheme of the Schwartz method.

Let u_0(x), x ∈ D be an arbitrary bounded function, and let functions u_1(x), . . . , u_{n−1}(x), x ∈ D have been already constructed; u_i(x) = φ(x), x ∈ Γ . We wish to construct the function u_n(x). Beforehand, we solve problems Lu^{(1)}_n (x) = f(x), x ∈ D^{(1)}, u^{(1)}_n (x) = u_{n−1}(x), x ∈ Γ^{(1)}; (5.3a)

Lu^{(2)}_n (x) = f(x), x ∈ D^{(2)}, u^{(2)}_n (x) = { u^{(1)}n (x), x ∈ Γ^{(2)} \ Γ, u_{n−1}(x), x ∈ Γ^{(2)} ∩ Γ. Further we suppose

u_n(x) = { u^{(1)}n (x), x ∈ D^{(1)} \ D^{(2)} u^{(2)}n (x), x ∈ D^{(2)} } , x ∈ D. (5.3b) We call the function u_n(x), x ∈ D, n = 1, 2, . . . the solution of the continual scheme of the Schwartz method (on overlapping subdomains).

For z_0(x) = u_0(x), x ∈ D_h scheme (5.2), (5.1) is in fact an approximation of problem (5.3), (5.1a).

2. Note that the width of overlap, i.e., the value of δ can depend on the parameter ε; δ = δ(ε).

In the case if inf_ε (ε^{−1}δ) > 0 (5.4)

for the solutions of schemes (3.2), (3.1) and (5.2), (5.1), (3.1) we have the estimate [4] |z(x) − z_n(x)| ≤ M q^n, x ∈ D_{h(3.1)}, (5.5) moreover, q ≤ 1 − m. On the special mesh (3.6) we have the estimate [4] |u(x) − z_n(x)| ≤ M{N^{−2}_1 min [ ε^{−2}, ln^2 N_1 ] + N^{−2}_2 + q^n}, x ∈ D_{h(3.6)} (5.6)

and the ε-uniform estimate

|u(x) − z_n(x)| ≤ M[N^{−2}_1 ln^2 N_1 + N^{−2}_2 + q^n], x ∈ D_{h(3.6)}. (5.7)

We say that the scheme (5.2), (5.1) for n = n_∗ is consistent with respect to both the accuracy of the limit (for n = ∞) solution z_∞(x) (i.e., a solution of the base scheme) and the number of iterations n (or, shortly, consistent), if the following estimate is fulfilled: max_{Dh} |z_∞(x) − z_n(x)| ≤ M max_{Dh} |u(x) − z(x)|, n ≥ n^∗, where z_∞(x) = z(x) is the solution of scheme (3.2) on the mesh D_h.

For the consistent scheme (5.2), (5.1), (3.6) we have |u(x) − z_n(x)| ≤ M { N^{−2}_1 min [ ε^{−2}, ln^2 N_1 ] + N^{−2}_2 } ≤ ≤ M [ N^{−2}_1 ln^2 N_1 + N^{−2}_2 ] , x ∈ D_{h(3.6)}, n ≥ n^∗, (5.8a)

moreover, the value n^∗ = n^∗_{(5.8)} satisfies the estimate

n^∗ ≤ M ln (min[N_1, N_2]) ≤ M ln N. (5.8b)

Theorem 5.1. Let the hypotheses of Theorem 3.1 be fulfilled. Then the solution of scheme (5.2), (5.1), (3.6) for N_1, N_2, n → ∞ converges to the solution of the boundary value problem (2.2), (2.1) ε-uniformly. For the discrete solutions the estimates (5.5) and (5.8) are valid.

6. Decomposition of Scheme (4.2), (4.1)

In this section we give a decomposition scheme based on difference scheme (4.2), (4.1), which is the Richardson scheme of the fourth-order accuracy with respect to x_2.

1. On the subdomains D^{(1)}, D^{(2)} we construct meshes D^{(k)i}_h = D^{(k)} ∩ D^i_h, k, i = 1, 2, (6.1) where D^i_h = D^i_{h(4.1)}, D^{(k)} = D^{(k)}_{(5.1)}. We consider that the boundaries of the sets D^{(k)} pass through the nodes of the mesh D^0_{h(4.1)}.

Let the function z^i_0(x), x ∈ D^i_h, i = 1, 2, be given, and also z^i_0(x) = φ(x), x ∈ Γ^i_h, z^1_0(x) = z^2_0(x), x ∈ D^0_h . We suppose that the functions z^i_1(x), . . . , z^i_{n−1}(x), x ∈ D^i_h are known. We solve the problems Λz^{(1)i}_n (x) = f(x), x ∈ D^{(1)i}_h , z^{(1)i}_n (x) = z^i_{n−1}(x), x ∈ Γ^{(1)i}_h ; (6.2a)

Λz^{(2)i}_n (x) = f(x), x ∈ D^{(2)i}_h , z^{(2)i}_n (x) = { z^{(1)i}n (x), x ∈ Γ^{(2)i}_h \ Γ, z^i_{n−1}(x), x ∈ Γ^{(2)i}_h ∩ Γ ; i = 1, 2.

Then we suppose

z^i_n(x) = z^{(1)i}n (x), x ∈ D^{(1)i}_h \ D^{(2)}, z^{(2)i}n (x), x ∈ D^{(2)i}_h , x ∈ D^i_h, i = 1, 2. (6.2b)

The function z^i_n(x), x ∈ D^i_h, i = 1, 2 is the solution of problem (6.2a), (6.1). This iterative process converges for n → ∞. From the values of the functions z^i_n(x), x ∈ D^i_h, i = 1, 2 we find the function

z^0_n(x) = γz^1_n(x) + (1 − γ)z^2_n(x), x ∈ D^0_h, n = 1, 2, . . . ; (6.2c) we call z^0_n(x) the solution of scheme (6.2), (6.1), i.e., decomposition of the Richardson scheme (4.2), (4.1).

2. In virtue of estimate (5.5) we have |z^i(x) − z^i_n(x)| ≤ M q^n, x ∈ D^i_h, i = 1, 2. (6.3) Taking into account representation (4.3), and also estimates (4.6), (4.7) and (6.3), for the solutions of difference schemes 6.2), (6.1) we obtain the estimate |u(x) − z^0_n(x)| ≤ M {N^{−3}_1 min [ ε^{−3}, ln^3 N_1 ] + N^{−4}_2 + q^n}, x ∈ D^0_h , (6.4) and also the ε-uniform estimate |u(x) − z^0_n(x)| ≤ M [ N^{−3}_1 ln^3 N_1 + N^{−4}_2 + q^n ] , x ∈ D^0_h ; (6.5)

in (6.4), (6.5) q ≤ 1 − m.

For the consistent scheme (6.2), (6.1) we have |u(x) − z^0_n(x)| ≤ M { N^{−3}_1 min [ ε^{−3}, ln^3 N_1 ] + N^{−4}_2 } ≤ ≤ M [ N^{−3}_1 ln^3 N_1 + N^{−4}_2 ] , x ∈ D^0_h , n ≥ n^∗, (6.6a)

where the value of n^∗ = n^∗_{(6.6)} satisfies the estimate similar to (5.8b):

n^∗ ≤ M ln (min [N_1, N_2]) ≤ M ln N. (6.6b)

Theorem 6.1. Let the hypotheses of Theorem 4.1 be fulfilled. Then the solution of difference scheme (6.2), (6.1) under condition (5.4) converges, as N_1, N_2, n → ∞, to the solution of boundary value problem (2.2), (2.1) εuniformly. For the discrete solutions the estimates (6.5) and (6.6) are valid.

Remark. By using the given technique of constructing scheme (6.2), (6.1) and also a technique from [16] – [18], we can similarly construct parallel Richardson schemes, that is, decomposition schemes which allow parallel computations.

7. Appendix

Let us give a priori estimates of solutions to boundary value problem (2.2), (2.1), which we use in our constructions (see, e.g.,[4]). These estimates are established with regard to interior a priori estimates and estimates up to a boundary [19].

We represent the solution of problem (2.2), (2.1) as a sum of functions u(x) = U(x) + V (x), x ∈ D, (7.1) where U(x) and V (x) are the regular and singular parts of the problem solution. For the components from (7.1) the following estimates are fulfilled: | | | | ∂^k ∂x^{k1}_1 ∂x^{k2}_2 U(x) | | | | ≤ M, (7.2) | | | ∂^k ∂x^{k1}_1 ∂x^{k2}_2 V (x) | | | ≤ Mε^{−k1} exp(−mε^{−1}r(x, Γ )), x ∈ D, k = k1 + k2 ≤ K, where r(x, Γ ) is the distance from the point x to the set Γ , m is an arbitrary number from the interval (0, m_0), m_0 = min_D[a^{−1}_1 (x)c(x)]^{1/2}. The value of K depends on smoothness of the problem data.

The function u(x) satisfies the following estimate | | | | ∂^k ∂x^{k1}_1 ∂x^{k2}_2 u(x) | | | | ≤ Mε^{−k}, x ∈ D, k ≤ K. (7.3) Theorem 7.1. Let the data of boundary value problem (2.2), (2.1) satisfy conditions (2.3), and let a_s, c, f ∈ C^{K+α}(D), φ ∈ C^{K+α}(Γ ), s = 1, 2, K ≥ 0, α > 0. Then, for the components from representation (7.1), the estimates (7.2) are valid.

References

1. Marchuk G.I. Methods of Numerical Mathematics, 2nd edn., Springer– Verlag, New York–Berlin, 1982.

2. Samarskii A.A. The Theory of Difference Schemes, Marcel Dekker, New York, 2001.

3. Bakhvalov N.S. On the optimization of the methods for solving boundary value problems in the presence of a boundary layer, Zh. Vychisl. Mat. Mat. Fiz., 1969, 9 (4), 841–859 (in Russian).

4. Shishkin G. I. Grid Approximations of Singularly Perturbed Elliptic and Parabolic Equations, Ural Branch of Russian Acad. Sci., Ekaterinburg: 1992. (in Russian).

5. Miller J.J.H., O’Riordan E., Shishkin G.I. Fitted Numerical Methods for Singular Perturbation Problems. World Scientific, Singapore, 1996.

6. Farrell P.A., Hegarty A.F., Miller J.J.H., O’Riordan E., Shishkin G.I. Robust Computational Techniques for Boundary Layers. Chapman & Hall/CRC, Boca Raton, 2000.

7. Il’in A.M. A difference scheme for a differential equation with a small parameter affecting the highest derivative, Math. Notes, 1969, 6(2), 237– 248.

8. Doolan E. P., Miller J. J. H., Schilders W. H. A. Uniform Numerical Methods for Problems with Initial and Boundary Layers. Boole Press, Dublin, 1980.

9. Marchuk G. I., Shaidurov V. V. Increasing the Accuracy of Solutions of Difference Schemes. Nauka, Moscow, 1979 (in Russian).

10. Böhmer K., Stetter H.J. (eds.) Defect correction methods. Theory and applications (Oberwolfach, 1983), Computing Supplementum, 5. Springer, Vienna – New Jork, 1984.

11. Hemker P.W., Shishkin G.I., Shishkina L.P. The use of defect correction for the solution of parabolic singular perturbation problems, ZAMM – Z. Angew. Math. Mech., 1997, 77 (1), 59–74.

12. Hemker P.W., Shishkin G.I., Shishkina L.P. ε-uniform schemes with highorder time-accuracy for parabolic singular perturbation problems, IMA J. Numer. Anal., 2000, 20 (1), 99–121.

13. Shishkin G.I. A method of improving the accuracy of the solution of difference schemes for parabolic equations with a small parameter in the highest derivative, USSR Comput. Maths. Math. Phys., 1984, 24 (6), 150–157.

14. Shishkin G.I. A difference scheme for a singularly perturbed parabolic equation with a discontinuous boundary condition, USSR Comput. Math. and Math. Phys., 1988, 28 (6), 32–41.

15. Shishkin G.I. Finite-difference approximations of singularly perturbed elliptic problems, Comp. Math. Math. Phys.,1998, 38 (12), 1909–1921.

16. Hemker P.W., Shishkin G.I., Shishkina L.P. Distributing the numerical solution of parabolic singularly perturbed problems with defect correction over independent processes, Siberian J. Numer. Mathematics, 2000, 3 (3), 229–258.

17. Hemker P.W., Shishkin G.I., Shishkina L.P. High-order time-accurate parallel schemes for parabolic singularly perturbed problems with convection, Computing, 2001, 66 (2), 139–161.

18. Shishkin G.I. Acceleration of the process of the numerical solution to singularly perturbed boundary value problems for parabolic equations on the basis of parallel computations, Russ. J. Numer. Anal. and Math. Modelling, 1997, 12 (3), 271–291.

19. Ladyzhenskaya O.A., Ural’tseva N.N. Linear and Quasilinear Elliptic Equations, Academic Press, New York and London, 1968.