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Abstract

We consider the Dirichlet problem on a strip for a singularly perturbed elliptic equation
of reaction-diffusion type. For such a problem well-known finite difference schemes con-
verge e-uniformly with the order of accuracy not higher than second. This can imply some
restrictions for practical use of these schemes in applications. Based on special schemes on
piecewise uniform meshes and using the Richardson extrapolation technique on a sequence
of embedded meshes, we construct a difference scheme that converges e-uniformly with the
third-order accuracy up to a logarithmic factor and with the fourth-order accuracy with
respect to the variables which are respectively orthogonal and tangent to the boundary.
For the above Richardson scheme we construct a decomposition method on overlapping
subdomains for which the e-uniform accuracy of the Richardson scheme is preserved.

1. Introduction

At present special numerical methods for sufficiently wide classes of singu-
larly perturbed boundary value problems have been constructed and studied.
These methods, as opposed to methods developed for regular boundary value
problems (see, e.g., [1], [2]), allow us to obtain solutions which converge indepen-
dently of the perturbation parameter € (in other words, convergent e-uniformly).
In the case of boundary value problems for elliptic reaction-diffusion equations,
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the order of e-uniform convergence for known regular methods on special con-
densing meshes does not exceed two, and for convection-diffusion equations it
is not higher than one even if the problem data are smooth (see, e.g., [3]-[6]
and the references therein; fitted operator methods on uniform meshes see in
[7], [8]). That is why it is interesting to construct special schemes for reaction-
diffusion and convection-diffusion problems for which the order of e-uniform
convergence is respectively higher than two and one.

In the case of regular boundary value problems, defect-correction and
Richardson methods allow one to improve the order of accuracy for discrete
solutions (see, e.g., [1], [9], [10] and the references therein). These methods
are applied also in order to improve the order of time-accuracy for singularly
perturbed problems (see, e.g., [11]-[13]). Note that the time mesh is uniform
in these papers, which essentially simplifies the construction and investigation
of high-order time-accurate schemes. For wide classes of singularly perturbed
boundary value problems, the use of meshes that are condensing in a bound-
ary layer region (with respect to the space variable in the direction across the
boundary layer) is a necessary requirement for e-uniform convergence of schemes
(see, e.g., [4], [14]). Thus, we are interested in developing e-uniform schemes of
high-order accuracy with respect to the variables for which the step size changes
sharply at the point of transition from a fine to a coarse mesh.

In this paper we consider a boundary value problem on a vertical strip for a
singularly perturbed elliptic equation of reaction-diffusion type. For this prob-
lem, using the Richardson method we construct a special scheme that converges
e-uniformly at a rate of O(N31In® Ny + N; %), where the values N; and N, de-
fine the number of mesh points across the strip, i.e. in the direction across
the layer, and the number of mesh points on a unit interval along the strip.
When constructing the scheme we use meshes condensing in a neighbourhood
of the boundary layer. For this Richardson scheme we construct an overlap-
ping domain decomposition method for which the e-uniform accuracy of the
Richardson scheme is preserved. The technique developed in this paper allows
to construct parallel Richardson schemes, i.e. high-order accurate scheme for
parallel computations.

Note that a similar technique, based on Richardson’s extrapolation, applied
in order to improve the solution accuracy was used in [15] for elliptic convection-

diffusion equations to construct schemes convergent e-uniformly at a rate of
O(N21In® Ny + N;72).



2. Problem Formulation

On the vertical strip D, where
D = {:L‘ DT € (O,d), T € R}, (2.1)

we consider the boundary value problem for a singularly perturbed elliptic equa-
tion

Lu(z) = {52 Z as(m)% — c(:z:)} u(z) = f(z), =z €D,

= 2.2
u(z) =p(z), zel. 22)

Here I' = 5LD, the functions as(z), c¢(z), f(z) and p(z) are sufficiently smooth
on the sets D and I respectively, and also satisfying the conditions:

ap < as(z) <a’, s=1,2, ¢g<c(z) < ag, o> 0;

f(z)| <M, z€D; |p(z)|<M, zeTl; (2:3)

the parameter e takes arbitrary values from the half-open interval (0,1]. Here
and below M, M; (or m) denote sufficiently large (small) positive constants
which do not depend on € and on the discretization parameters. Throughout the
paper, the notation Ly (M(;x), Gn(j.r)) means that these operators (constants,
grids) are introduced in equation (j.k).

As the parameter € tends to zero, a regular boundary layer appears in a
neighbourhood of the boundary I'.

For the boundary value problem (2.2), (2.1) it is required to construct a
difference scheme convergent e-uniformly with the order of accuracy higher
than second for each variable.

3. Base Scheme for Problem (2.2), (2.1)

In this section we give a classical finite difference scheme and also the special
(base) scheme convergent e-uniformly with the order O(N;?1n* Ny + N, ?), i.e.,
a scheme of the second-order accuracy with respect to xs.

On the set D we introduce the rectangular mesh

Eh = w1 X wsy, (31)



where w; and wy are arbitrary, generally speaking, non-iniform meshes on the
interval [0, d] and the axis 2, respectively. We define hl = ! — 2t gl 2!l €
wp for s = 1 and a:f,;,, :ci“ € wy for s = 2; let hy = max; hi, h = max; hs.
We assume the following condition to be satisfied: h < MN~! where N =
min[ Ny, NoJ; N1 + 1 is the number of nodes in the mesh @y, and Ny + 1 is the
minimal number of nodes in the mesh wy on an interval of unit length.

Problem (2.2), (2.1) is approximated by the difference scheme

Az(z) = {62 Z as(z)0zszs — c(a:)} 2(z) = f(z), =z € Dy,
§=1,2
(3.2)
z(z) = p(z), z€ I},
Here Dy, = DN Dy, I}, = I' N\ Dy, 6z5552(2) = 2zs53() is the second (central)
difference derivative on a non-uniform mesh [2], for example,

r=i2(z) = 2 (B + B ) 7 [ 841 2(2) — 657 2(2)], @ = (28, 22) € Dy

rlx

Scheme (3.2), (3.1) is monotone [2] e-uniformly.
For solutions of the difference scheme we derive the estimate

u(z) — 2(z)] < M [(g +N7) TN 4N, 2 e D (3.3)

On the meshes y
Dh = Wy X Wwa, (34)

which are uniform with respect to both of the variables (with the step-sizes
hy = dN;! and hy = N; '), we have

u(z) — z(2)] < M [(s + N7 N2 4 N;?] . zeDy. (3.5)

Now we construct a piecewise uniform mesh on which scheme (3.2) converges
e-uniformly [4], [5]. On the set D we introduce the special mesh condensing in
a neighbourhood of the boundary layer:

Eh = wik X wa, (36&)

where we = wy(3.4), Wy is a precewise uniform mesh constructed as follows. Let
o be a parameter of the mesh, which depends on € and Ny, ¢ < 47'd. The
interval [0,d] is divided into three parts [0, 0], [0,d — o], [d — 0,d]. In each
part the mesh size is constant and equal to hgl) = 40 N; ! on the intervals [0, o],
[d — 0,d] and h§2) = 2(d — 20)N; ! on the interval [0, d — o]. The parameter o
is defined by the relation

o =o(g, Ni, 1) =min [47'd, Im™ e In Ny] (3.6b)
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where m = m; ). Here | = 2; in other meshes (below) this parameter will be
chosen. The mesh w; and hence the mesh Dy, = Dy (I = 2) are constructed.
For the solutions of scheme (3.2), (3.6) we obtain the estimate

lu(z) — 2(z)| < M {Ny? min [¢7%, In® N1] + N;*}, z € Dy, (3.7)
and also the e-uniform estimate
lu(z) — 2(z)| < M [N;7?In* N1+ Ny %], z € Dy (3.8)

Theorem 3.1. Let the solution u(x) of problem (2.2), (2.1) satisfy the a
priori estimates of Theorem 7.1 for K = 4. Then the difference scheme (3.2),

(3.6) (schemes (3.2), (3.1) and (3.2), (3.4)) converges e-uniformly (for fized
values of the parameter € ). For the discrete solutions the estimates (3.3), (3.5),
(3.7) and (3.8) are valid.

4. Richardson Scheme for Problem (2.2), (2.1)

We describe the Richardson method used in this paper to improve the accu-
racy of solutions of the special difference scheme.
1. On the set D we construct the meshes

D) =wiixuwi, i=1,2, (4.1a)

where E,i = ﬁh(g‘ﬁ)(l) for I = 4, wi?is a piecewise uniform grid whose step-size

on the intervals [0, o], [0,d—0], [d—0,d], where 0 = o(36v) (€, N1 = Nyz), = 4)

is k times smaller than the step-size of the grid wi!; the step-size of the grid w3

is k times smaller than the step-size of w}; kNi+1 and kN>+1 are respectively

the number of nodes in the mesh @w;? and on a unit interval in the mesh w?.
We denote

D, =D, n D,. (4.1b)

Here, ﬁ;? = E}i for each integer k (k > 2), and b}? +# ﬁ; for a noninteger k.
Let 2'(z), z € D}, i = 1,2 be solutions of the finite difference schemes

Ao 7' (z) = f(z), ze€ D}, Z(z)=¢(x), e}, i=1,2  (4.2a)
Suppose

(z) =52 (2) + (1 — ) 22(z), z €Dy, (4.2b)



where v = v(k) = —(k? — 1)71. We call the function 2°(z), z € E}?, the solu-
tion of difference scheme (4.2), (4.1), i.e., the scheme based on the Richardson
method on two embedded meshes.

2. To justify the convergence of scheme (4.2), (4.1), it is convenient to

decompose the functions 2¢(z), = € D, i = 1,2 with respect to N;'and Ny*

Zi(z) = u(z) + k207D [N %ui(z) + Ny %ug(z)] +0i(z), =€ ﬁ,ﬁ, (4.3)
i=1,2 '

where v'(z) is the remainder term. The function us(z) is the solution of the
problem

84
Lpayus(z) = =127 e ay(z )Wu(x), z€D, wuy(zr)=0, zel.
Lo
The function u1(x) can be represented as a sum of two functions
u1(z) = uy1(z) + uz(z), = € D, (4.4)
where uij(z), z € D, j = 1,2 are the solutions of the problems
)
- (hl ) z1 € (0,d)\ [0,d — o]
Lagyun(z) = e’ Ni a( z) 5 1 u(z) 2 :
7 (h§)) , 21 € (0,d— 0)
xeD, x1#0,d—o,
0
[ui1(z)] = [8—221 ] 0, z€D, z1=0,d—0
ui(z) = 0, zel;
L gyuia(z) = 0, €D, xt1#0,d—0
ul?(w) :¢( )7 $€D7 $1:U7d_0
uia(z) = 0, zel.

Here ¢(z) = w(z), x € D, 1 = 0, d — 0, where w(z) is the solution of the
following problem for the method of lines with respect to zs:

LMw(z) = {52 (al( T)0—— + as(z )8822) —c(w)}w(w) =

T2
07 5171#0', d—o
= 82 2 83 h§2) - hgl)) I = 0, , & € D7 I = WT:l,
——1V§ a,l(ili)—g U(ZB ) (1)
3 Oy b +h, p=d—o
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1 1 2 2
w(z)=0, zel, h'=h{}e, W =hy, Ux)=Ume).

The functions u11(x), u12(z), ua(z), = € D satisfy the estimates
lug(z)| < M€, Jun(z)] < Mmin[e?, In® M), |wia(z)] < Me, z € D.

The component u;(z) is sufficiently smooth on D, and the component uy(z)

is also sufficiently smooth on D on the strips 1 < 0, o0 < z; < d — o,
z1 > d — 0. Taking into consideration the estimates for the components u(z),
us(z), we estimate the function v'(z) as follows

vi(z) < M {N P min[e7® P Ny + N;*}, zeDy, i=1,2.  (4.5)
Taking (4.5) into account, we find the estimate
u(z) — 2°(z)| < M {N7*min [¢73 I® ] + Ny*}, z€D,,  (4.6)
and the e-uniform estimate
u(z) — 2°(z)| < M [N In® Ny + Ny Y], z €D, (4.7)

Theorem 4.1. Let the data of problem (2.2), (2.1) satisfy conditions (2.3)
and, moreover, as, ¢, f € C®T%(D), p € C**(I'), a > 0, and let a priori
estimates (7.2) with K = 6 be fulfilled for the components of the problem solution
from representation (7.1). Then the solution of scheme (4.2), (4.1) converges
to the solution of the boundary value problem e-uniformly at a rate of

O(Ny31n® Ny + Ny %).

For the discrete solutions the estimate (4.6), (4.7) are valid.

5. Decomposition of Scheme (3.2), (3.1)

Let us give a domain decomposition scheme based on the difference scheme
(3.2), (3.1).
1. Let the domain D be covered by overlapping subdomains D®*)
D=DW u D® DO =(0,d)) x R, D? = (dy,d) x R, (5.1a)
0<dy <dy <d,



(k

that have overlap § = d; — d> > 0. On the sets D ), k = 1,2 we introduce the

meshes

DY =D nD,, k=12, (5.1b)

where D), = ﬁh(g_l); we suppose that boundaries of the subdomains DY), D®

pass through the nodes of the mesh ws.

Let an arbitrary bounded function zy(z) be given on Dy, and assume that
the functions z1(z), . .., z,_1(z), * € Dy, are already known, where z;(z) = ¢(z),
z € I,. We find the function z,(x) by solving the following problems

Az(z) = f(z), z €D, 2V()=z(z), zel}; (5.2a)

{ z), ze€ F}EZ) \ T,

AP (2) = f(z), z €D, #P(2) = ®
Zn-1(z), e I},” NT.

n

Suppose

2D (z), =€ D;Ll) \ D® -
zn(z) = - @ , x € Dy, (5.2b)
n (33), T e Dh

We call the function z,;52)(z), ¢ € Dy, n = 1,2, ..., the solution of difference
scheme (5.2), (5.1), i.e., the domain decomposition scheme with overlapping
subdomains. Difference scheme (5.2), (5.1) is an approximation of the following
continual scheme of the Schwartz method.

Let ug(z), = € D be an arbitrary bounded function, and let functions
u1(z), ..., up_1(z), * € D have been already constructed; u;(z) = ¢(z), z € I
We wish to construct the function w,(z). Beforehand, we solve problems

Lug)(m) = f(z), =€ DW, u(l)(w) =up-1(z), w€ r; (5.3a)

(@) = { w@), welr®\rn,

Lu®(z) = f(z), =€ D?, u®
" un—1(z), z€ Ir'PnNTr.

n

w(z), =€ D\ D® _
up(z) = ) , x€D. (5.3b)
un’ (z), x € D®
We call the function u,(z), * € D, n = 1,2,... the solution of the continual

scheme of the Schwartz method (on overlapping subdomains).
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For zy(z) = uo(z), = € Dy, scheme (5.2), (5.1) is in fact an approximation of
problem (5.3), (5.1a).
2. Note that the width of overlap, i.e., the value of § can depend on the
parameter ; 0 = 6(¢).
In the case if
inf(7'6) > 0 (5.4)

3

for the solutions of schemes (3.2), (3.1) and (5.2), (5.1), (3.1) we have the
estimate [4] B
|2(z) — zn(z)| < M q", x € Dy, (5.5)

moreover, ¢ < 1 —m. On the special mesh (3.6) we have the estimate [4]
u(z) — 2,(z)] < M{N;’min [e7, In* N1| + Ny °> + ¢"}, z € Dyg  (5.6)
and the e-uniform estimate
u(z) — zo(z)| < M[N72In® Ny + Ny 2+ ¢"], z € Dy (5.7)

We say that the scheme (5.2), (5.1) for n = n, is consistent with respect to
both the accuracy of the limit (for n = 0o0) solution z.(z) (i.e., a solution of
the base scheme) and the number of iterations n (or, shortly, consistent), if the
following estimate is fulfilled:

max |zeo(z) — 2p(2)] < M max|u(z) — z(z)|, n >n’,
Dy, Dy,

where 2, (z) = z(z) is the solution of scheme (3.2) on the mesh Dj,.
For the consistent scheme (5.2), (5.1), (3.6) we have

lu(z) — z5(z)] < M {N;*min [e7?, In® Ny] + N3 %} <
< M[N{?In* N1+ N;?|, z € Dpgg), n>nk, (5.8a)
moreover, the value n* = n’(“S‘S) satisfies the estimate
n* < M In(min[Ny, No]) < M In N. (5.8b)

Theorem 5.1. Let the hypotheses of Theorem 3.1 be fulfilled. Then the solu-
tion of scheme (5.2), (5.1), (3.6) for N1, N2, n — oo converges to the solution of

the boundary value problem (2.2), (2.1) e-uniformly. For the discrete solutions
the estimates (5.5) and (5.8) are valid.



6. Decomposition of Scheme (4.2), (4.1)

In this section we give a decomposition scheme based on difference scheme
(4.2), (4.1), which is the Richardson scheme of the fourth-order accuracy with
respect to xs.

1. On the subdomains D

DY =D® D, ki=1,2, (6.1)

(1), E@) we construct meshes

where ﬁ,i = 32(4'1), D" = ﬁglg?l). We consider that the boundaries of the sets
D™ pass through the nodes of the mesh ﬁ,?(él‘l).
Let the function z}(z), = € D, i = 1,2, be given, and also #i(z) = ¢(z), = €
i

Il 24(z) = 22(z), z € E;?. We suppose that the functions zi(z),..., 2! _;(z),

z € D, are known. We solve the problems
AzWVi(z) = f(z), z € DV, Wiy =2 |(z), =ze WV (6.2a)

{ (@), ze P\

A2 (z) = f(a), » € DY, D)= { N
Z_(z), ze N i=1,2.

n

Then we suppose

(1)i =i\ =(2)
. Zn, (ZU), xr € Dh \D X —
zy(z) = _ o , Tz€D,, i=12 (6.2b)
Z’r(LQ)l(ZU), T € Dg)l

The function z!(z), = € E,i, i = 1,2 is the solution of problem (6.2a), (6.1).
This iterative process converges for n — oo. From the values of the functions
7 (z), z € Dy, i = 1,2 we find the function

D) =7yzt(z) + (1 —v)22(z), z¢€ ﬁz, n=12...; (6.2¢)

n

we call 22(z) the solution of scheme (6.2), (6.1), i.e., decomposition of the
Richardson scheme (4.2), (4.1).
2. In virtue of estimate (5.5) we have

2i(z) — 2i(z)] < Mq", z€D,, i=1,2 (6.3)

Taking into account representation (4.3), and also estimates (4.6), (4.7) and
(6.3), for the solutions of difference schemes 6.2), (6.1) we obtain the estimate

u(z) — 22z)| < M{N?min[e3 0 M| + Ny*+¢"}, z€D,, (64)
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and also the e-uniform estimate
u(z) — 22(z)] < M [N{P 0P Ny + Nyt 4+ ¢], z € Dy; (6.5)
in (6.4), (6.5) ¢ <1—m.
For the consistent scheme (6.2), (6.1) we have
lu(z) — 20(z)| < M {N;® min [¢7%, In® N;] + Ny %} <

<M [N7*1° Ny + N;Y], zeD,, n>n" (6.6a)

where the value of n* = n(; ¢ satisfies the estimate similar to (5.8b):

n* < M In(min[N;, No]) < M InN. (6.6b)

Theorem 6.1. Let the hypotheses of Theorem 4.1 be fulfilled. Then the
solution of difference scheme (6.2), (6.1) under condition (5.4) converges, as
N1, N3, n — oo, to the solution of boundary value problem (2.2), (2.1) e-
untformly. For the discrete solutions the estimates (6.5) and (6.6) are valid.

Remark. By using the given technique of constructing scheme (6.2), (6.1)
and also a technique from [16]—[18], we can similarly construct parallel Richard-
son schemes, that is, decomposition schemes which allow parallel computations.

7. Appendix

Let us give a priori estimates of solutions to boundary value problem (2.2),
(2.1), which we use in our constructions (see, e.g.,[4]). These estimates are
established with regard to interior a prior: estimates and estimates up to a
boundary [19].

We represent the solution of problem (2.2), (2.1) as a sum of functions

u(z) =U(z)+V(z), z€D, (7.1)

where U(z) and V() are the regular and singular parts of the problem solution.
For the components from (7.1) the following estimates are fulfilled:

8k
WU (z)| < M,
zy' 0T,
(7.2)
k
7&63833@‘/(%) < Me "exp(-me 'r(z,T)), €D, k=ki +k <K,
1 2
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where r(z, I') is the distance from the point z to the set I', m is an arbitrary
number from the interval (0,mg), mg = ming[a;*(z)c(z)]*/2. The value of K
depends on smoothness of the problem data.

The function u(z) satisfies the following estimate

k
9 u(z)

S <Me™* zeD, k<K (7.3)
O0x;'0zy’

Theorem 7.1. Let the data of boundary value problem (2.2), (2.1) satisfy
conditions (2.3), and let a,, c, f € CE**(D), ¢ € CE*¢(I"), s =1,2, K >0,
a > 0. Then, for the components from representation (7.1), the estimates (7.2)
are valid.
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