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Abstract

In this paper we consider mesh approximations of a boundary value problem for sin-
gularly perturbed elliptic equations of convection-diffusion type on a strip. To approxi-
mate the equations, we use classical finite difference approximations on piecewise-uniform
meshes condensing in a neighbourhood of the boundary layer. The approximation errors
of solutions and derivatives are analysed in the p-metric. In this metric the error of a
solution is defined by an absolute error, while the error of its derivative (0/0z1)u(x), i.e.
the derivative in the direction across of the boundary layer, is defined by the relative error
in that part of the domain where the derivative is large, and by the absolute error in the
remainder part of the domain. It is shown that in the class of meshes, whose stepsize in
the boundary layer does not decrease with moving away from the outflow boundary, there
are no meshes on which the scheme converges e-uniformly in the p-metric. We establish
conditions, imposed on the distribution of the nodes of piecewise uniform meshes, under
which the scheme converges in the p-metric e-uniformly up to a logarithmic factor.

1. Introduction

Solutions of partial differential equations with a small parameter multiplying the highest
derivatives have a limited smoothness that gives rise to difficulties of their numerical solving
[1]-[3]. This leads to a need for the development of special mesh methods, the accuracy
of which depends weakly on the perturbation parameter ¢, and, in particular, methods that
converge e-uniformly. Difficulties also arise in that case when it is required to find not only the
solution, but also its derivatives, for example, in the computation of diffusion flows. Thus, it is
actual to construct such numerical methods that allow us to approximate both the solution of
the problem and its derivatives with errors weakly depending on the perturbation parameter €.

For several boundary value problems e-uniformly convergent finite difference schemes have
been constructed (see, e.g., [4]-[6] for the description of approaches to the construction of
such schemes). In some publications the approximation of both solutions and derivatives was
considered for e-uniform numerical methods (see, for example, [7, 8]). However, the construction
of special numerical methods for the approximation of solutions and derivatives in that case
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when the approximation errors depend weakly on the parameter € has not yet been considered
practically.

In the present paper mesh approximations of a boundary value problem on a strip for
singularly perturbed elliptic convection-diffusion equations are considered; we use classical ap-
proximations of the equation on piecewise-uniform meshes condensing in a neighbourhood of
the boundary layer. The derivative of the solution in the normal direction (towards the outflow
boundary) (0/0z1)u(x) grows without bound (in a neighbourhood of the boundary layer) as
e — 0; the normalized derivative € (0/0z1)u(zx) is e-uniformly bounded. However, the normal-
ized derivative outside of the boundary layer tends to zero when € — 0, and, as a result, the
information about its behavior fails.

In this paper we consider the approximation errors for solutions and derivatives in the p-
metric: the error of a solution u(z) is defined by the absolute error; the error of the derivative
(0/0x1)u(z) is defined by the relative error in that part of the domain where the derivative
is large, and by the absolute error in the remainder part of the domain. We analyze the con-
vergence of classical schemes (on arbitrary meshes, e.g., uniform meshes) and of e-uniformly
convergent schemes on meshes from [4]. Then we establish conditions imposed on the distribu-
tion of the nodes of these piecewise uniform meshes, under which the scheme converges in the
p-metric e-uniformly up to a logarithmic factor.

About contents of the paper. Problem formulation and the goal of research are given
in Section 2. Finite difference schemes for this problem are considered in Sections 4,7 and
8; schemes for a model one-dimensional problem are considered in Sections 3, 5 and 6. The
convergence analysis in the p-metric is given in Sections 3,4 for classical schemes, and in
Sections 5,7 for schemes on piecewise-uniform meshes (which ensure the e-uniform convergence
of the solutions in C'). Schemes convergent in the p-metric e-uniformly up to a logarithmic
factor are considered in Sections 6, 8. A-prior: estimates used in the constructions and proofs
are given in Section 9.

2. Problem Formulation

1. On the domain D with boundary I', where
D= {x DX € (O,d), To € R}, (21)

we consider a boundary value problem for the singularly perturbed elliptic equation with con-
vective terms
0? 0
L(Q.Q)U(x) =43¢ Z as($)72 + Z bs(x) a. C('T) u(ac) = f(l’), T € D,
s=1,2 O s=1,2 Oz
(2.2)
u(z) =p(x), zel.

Here as(x), bs(2), c(z), f(z), x € D, ¢(x), x € I" are sufficiently smooth functions, moreover?
ap < as < a’ by < by(x) < B, |ba(z)] <% 0 < c(x) < z €D, ap by >0; |flx) <M,

! Here and below we denote by M, M; (or m) sufficiently large (or small) positive constants which are
independent of the parameter value € or the difference operators. The notation L; ) (m(j_k), Dy,(j.r)) means
that this operator (constant, grid) is first introduced in the formula (j.k).
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r €D, |p(x)] < M, x € T'; ¢ € (0,1] is the perturbation parameter. For simplicity, we

suppose
either bo(x) >0 or by(x) <0, =x € D.

When ¢ tends to zero, a boundary layer appears in a neighbourhood of the boundary I';. Here
I'=11UI%, Il and 5 are the left and right boundaries.

To solve this problem, we use classical finite difference schemes on rectangular meshes [14].

2. We are interested in the approximation of not only the solution of problem (2.2), (2.1),
but also of its partial derivatives.

Note that the solution of problem (2.2), (2.1) and its derivatives with respect to x5 are e-
uniformly bounded. However, the derivatives in x; grow without bound as ¢ — 0 and remains

bounded e-uniformly outside a neighbourhood of the boundary layer. To estimate the deriva-

k ki \ "
tives (9% /02" )u(x) it would be possible to use the products 5’“1%1@5) = <6am;1> u(x),
1 1

i.e. the normalized derivatives which are e-uniformly bounded on the whole of D. For example,

for the approximation of the solution and its first derivatives one can use the norms || - |1 and

I [|&x, where
0 o\ o\ 0
£ = 7 7 7 = . 2.3
itz =1l + e + () o () wor=e ()o@
Here || - || is the C-norm. But the norm || - ||c: is not bounded e-uniformly. This leads to

an inconvenience to construct and analyze e-uniformly convergent numerical methods. The
norms || - [[cr and |- [|}: are inadequate norms; in these norms the information about the
behavior of the derivative (0/0x;)u(z) outside of the boundary layer fails. For small values
of the parameter ¢ the magnitude of the derivative outside of the boundary layer does not
influence on the value of || - ||%.:; the derivative outside of the layer becomes ”invisible”.

3. In the case of the approximation of the solution and its derivatives based on the maximum
norm it seems to be appropriate to approximate the solution in this norm on the whole of D,
but the derivatives only on that part of the domain D where the derivatives are not too large.
In that part of the domain where the derivatives are large, the approximation is defined by the
relative error in the maximum norm.

Let it be required to approximate the solution u(x), z € D and its derivatives up to order
n, n < 2. It is convenient to introduce a distance between the solution u(z), x € D of problem
(2.2), (2.1) and some sufficiently smooth function v(z), x € D in the following way. Let 7,
n = 1,2 be an arbitrary number from the interval (0,00). Let Eg denote the set on which the

following condition holds:

a" .
> 3", €D}, 2.4
)| 2 5%, weD; 2.4
moreover, the condition
< g" .
mex | o u(z)| < B (2.4b)
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is satisfied on the set Dg" = D\ Dj.

By Eg ~ we denote the set ﬁg which does not include its right boundary. For the function

v(z), z€D, veC™(D) we define the magnitude (”seminorm”)

1
an
D[n H 8x1 ) 8:C7f(u_v)

The magnitude p%(v), k = 1,2, i.e. the distance between the functions u(x) and v(z), z € D

(") (1) = inf —
P (V) inf max 63:’1‘(“ v)

and between their derivatives up to order k, is defined by

Ph() = lu—wvl + 37 o () + 3

k1=1 ko=1

ok
ko
0xy

(u—0)||, k=1,2. (2.5)

We introduce the distance between the solution u(z), z € D and a mesh function z(z),
x € Dy, which is defined on a rectangular mesh Dj, on D. For this, we construct some
interpolants from the values of the function z(z), x € D, and put them in correspondence
to the function u(z), € Dj (and its derivatives up to order k, k < 2). We will use these
interpolants to estimate the approximation errors.

Let Z(x), x € D denote the interpolant (bilinear in z; and x5) which is constructed from the
values of z(z), * € Dy; Z(z), * € D is a continuous function which has piecewise continuous
derivatives aixlf( ) and 88 Z(x). These derivatives are discontinuous on the lines z; = z!
and zo = % respectively; (xi, 332) € Dy,. On the lines of discontinuity z; = 2} and zy = 2} we
complete a definition of the derivatives %Z(w) and %*(x) up to continuity for z; = 2% + 0
and zo = 2 + 0 respectively.

Further we construct the functions z!(x) and z%(x), € D, which approximate the second
difference derivatives w.r.t. z; and x5. Let Dy = @; X wy, w; and wy be meshes on the interval
[0,d] and on the axis xy. We introduce the meshes w} and wj, whose nodes x} and z} are
defined by the relations " /*= 271(2f +2t1), 237 = 27N (2l + 24tY), 21, 2 €@y, 4,

J+1 € wo.
*i+1/2

xj+1/2 by

We define the functions z'(z) and z?(x) on the lines x; = z; and zo = x5

ZHx) = 6 <ailz(:p)> , TEW, xR, ZX(1) =0 (882 (x)) , x€10,d] X w;.

We extend the functions z*(z) and z2(z) linearly between the lines 21 = z{"/2, 27"? and
Ty = x§j+1/2, x2j+3/2, ...; the function z'(z) is linearly extended up to the boundary I' if
2t =0 or 20" = d. The functions z'(z) and z?(z), * € D are "extensions” (onto D) of the

second difference derivatives of the function z(x), = € Dj, with respect to z; and 5.
We introduce the ”function”
Z(z), z€D (2.6)

and its ”derivatives”. This function coincides with Z(z) on D. Its first derivatives 8%2 and
1
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8%25 are the same as the first derivatives of the function z(x), i.e. B%Z(x) and 8%25@)

2 2
%E and %Z are the functions z!(z) and z?(x) respectively. Note
1 2

that, in the case of sufficiently smooth functions v(z), = € D, the function Z(z), € D and

The second ” derivatives”

its ”partial” derivatives up to the second order, where z(z) = v(x), x € D, approximate the
function v(z) and its derivatives in the maximum norm.

We define the distance between the functions u(x) and z(x) by the relation

k k k
_ o™ _
Pt (z) = lu— 2|+ Y pFIM) + Y 5k (u—=2)|, k=12, (2.7)
k=1 ko=1 || OT2
where
on o\ oom
(Mh( ) — inf _z ~ -z =1,2
P (2) 15171 max Hax’f (u—2) 5?], H(@x’fu> o (u—2) . , n ,
5

In that case when the function u(z), # € D has e-uniformly bounded derivatives
(0"/0xT)u(x), n < k, the distance plf,,(2) between u(z), x € D and z(x), = € Dy is

equivalent to the "usual” distance between u(x), = € D and Z(x), v € D

k

lu—Zllex = >°

ka=0

k

+ 2

k1=1

i

k1
0xy

ok
ko
0xs

(u—2)

(u—2)

L k=12 (2.8)

|u—Z|lcx = |lu— Z|| for k = 1. Generally speaking, pk"(z) < M |ju — Z|| c-
Note that for the function Vi(z) = x; exp(—e '), * € D, which is the leading term in
the asymptotic expansion (in powers of €) of the singular part of the solution u(z) (for suitable

parameters of the boundary value problem), we have the estimates
IVilley,, 25 1< Villor, phas (V) <2

Thus, the norm | - || o1 is an inadequate metric for small values of the parameter € even in the
case of the singular components (the first terms of their asymptotic expansions in ¢).
4. In the case of classical mesh approximations to problem (2.2), (2.1), the discrete solutions

on uniform meshes converge in the pl*(-) metric only under the condition
Nt < eln et +1), (2.9)

where Nj is the number of mesh points on the interval [0, d] (see, e.g., the statements of Lemma
3.1, Theorem 4.2). The use of piecewise-uniform meshes from [4, 5, 9], on which the discrete
solutions converge e-uniformly in the norm || - ||, allows us rather to weaken condition (2.9) in
the case of the pl(-) metric (see, for example, the remark to Theorem 7.2). In connection with
the marked behavior of the mesh solutions it is of interest to construct schemes that converge

in the pX*(-) metric under a weaker condition than condition (2.9).



We say that the solution z(x), x € D, of the difference scheme converges in the pl?(-)
metric (for N — oo, where the value N indicates the number of mesh elements in D), on each
of the axes) almost e-uniformly with the convergence defect O (¢7), if for any arbitrarily small

number v > 0 there exists a function p(n) such that the following estimate holds:
ph() < Mpu(e N7, (2.10)

where () — 0 uniformly in ¢ as n — 0. If v = 0 the scheme converges e-uniformly. In a

similar way almost e-uniform convergence can be defined in the p?*(-) metric and in the norms

A0

Our goal is to construct special meshes, on which classical difference approximations to

Ck-

problem (2.2), (2.1) converge in the p*(-) metric almost e-uniformly and, in particular, e-

uniformly.
3. A classical finite difference scheme. The model problem

1. Tt is suitable to consider a number of constructions with a model example for an ordinary

singularly perturbed differential equation. On the interval D on the axis x, where

D = (0,d) (3.1)
we consider the boundary value problem
Lu(z) = »SGLd—QﬂLbi u(z) = f(z), x€ D (3.2)
N dx? dx B ’ ’ '

Here I' = D\ D, f(z), * € I' is a sufficiently smooth function, and also a,b > 0. We
approximate problem (3.2), (3.1) by a classical finite difference scheme [14]. On the interval D

we introduce the mesh

with any distribution of the mesh points satisfying the condition h < M N~'; h = max; A,
h; = 2™t — 2', 2' 2" € W, N + 1 is the number of nodes in the mesh @. For problem (3.2),

(3.1) we use the finite difference scheme
Az(x) = {eaéfg—l— béx} z2(x) = f(x), x €Dy, z(x)=epx), z€cl,. (3.4)
The solutions of scheme (3.4), (3.3) satisfy the error estimate
|u(x) —2(x) | < M (2 + NN z€Dy. (3.5)

In the case of the uniform mesh



we have
|u(x) —2(x) | < M(e+NYH'N' 2eD,. (3.7)
For difference derivatives of the mesh solutions we have
d _
d—u(x) —6,2(x) | < Met(e+ N"H2N' x¢€ Dy33); (3.8a)
T
d2
ﬁu(x) —dzz2(x)) < Me?(e+ N")2N™'Y € Dyaay; (3.8b)
0
d -1 “1y—1 71 =u-—
%u(x) — 0 2(x) | S Me  (e+ N )" N, x€ Dy (3.9a)
d2
@u(m) —0-z(z)| < M(e+ NHTN7 z¢ Dyz.6)- (3.9b)

Here D, = wU {z = 0}. Estimates (3.9a), (3.9b) are obtained with taking into account
the explicit form of the singular parts and the leading terms of the asymptotics (in ) for the
regular parts of solutions to problems (3.2), (3.1) and (3.4), (3.3).

Definition. Let z(z), * € Dj be a solution of a difference scheme. An estimate of the

following form
lu(z) —2(x)] < Me ™ (e+ N D™ N = puy(N,e), v€ Dy, v>0
is said to be unimprovable with respect to the values of NV, ¢ if the estimate
| u(z) = 2(z) | < Mu(N,e), @€ Dy, (N, ) =o(uo(N, €)),

generally speaking, fails for some values of N and e, N > Ny, € € (0, 1].

The consideration of the model problems with sufficiently simple data shows that estimate
(3.9) is unimprovable w.r.t. the values of N, e, and estimate (3.7) is unimprovable however
under the (unimprovable) condition

N1t=0(e). (3.10)

For the "function” Z(z), x € D, which is defined similarly to Z26)(x), we have the following
estimate in the case of scheme (3.4), (3.6):

&

—u=-2)| < MeFEe+NHYINT k=0,1,2; (3.11)
this estimate is unimprovable w.r.t. the values of N, €.

dxk

Thus, the function Z(z) and its derivatives (d*/dz*)Z(z) converge in the || - || norm if the

following unimprovable condition holds:
N7t =o(e"™), k=0,1,2. (3.12)
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Lemma 3.1. [n the case of difference scheme (3.4), (3.6) the condition (3.12) is necessary
and sufficient for the convergence of the derivatives (d*/dx*)z(x), x € D, k = 0,1,2 in the || - ||
norm. Estimates (3.5) —(3.9), (3.11) hold for the mesh solutions and for the function Z(x),
xr € D; estimates (3.9), (3.11), and also the estimate (3.7), if the condition N™' = O (¢) is

valid, are unimprovable with respect to the values of N, €.
2. In the case of the p*(-)-metric, we consider the behavior of the function
up(z) = u(x), x¢€ Dy, (3.13)

which is a projection of the solution on the mesh Dy of type (3.3). The distance between the
functions u(x) and z(z), x € D3 is defined by

<>E||u—z||+zp">h ) k=12, (3.14)

z , n=12.
Dy~

H dan " dx” (“ —7)

where

n

dam

Pk () = irﬁlf max {

Let us evaluate the proximity of the functions u(z), z € D and u}(z), € Dy, in the plt(.)-
metric. The solution of problem (3.2), (3.1) can be decomposed into the sum of two functions

which are the regular and singular components
u(z) =U(z) +V(z), z€D, Ux)=U%"%), x€D, (3.15)

where U%(z), z € D’ and V(z), # € D are the solutions of the problems

LU%x)=f%), ze€D° U%z) = ¢(2), r el
LV(x)=0, r €D, V(z)=p(x)—U(z), zel.

Here D° = (—o0,d), f°(z), z € D' is a sufficiently smooth function, moreover, fO(z) = f(z),
r € D, f(x) vanishes outside an m-neighbourhood of the set D; the function U°(x) is bounded

on z € D°. It is convenient to represent the function u?(x), x € Dy, as the sum

ug(2) = Ug () + Vy'(2), w €Dy, Uglz) =U(x), Vy'(z)=V(z), «€ D

For the component U (z), z € D, we have the estimate

d

—w-0Y)

<MN" (3.16)




For the component V' (x), z € Dj, we have the estimates
d \ ' d ~

—V| — (V-

H (d:v ) dx ( 0 )

_ Me th for h' < Me,
M (et )" texp(mie™th?)  for h' > Mse;

< (3.17a)

d _ . . .
‘ d—(V — VI < Me (e + ) R exp(—myeta?) (3.17h)
x
for xeD, r(z,I})<m, z¢clz' ™,
d ~ _
| %(V —VHI<MN for 2€D, r(z, 1)) >m. (3.17¢)

Here r(xz, I) is the distance between the point z and the set I, z', 2" € Dy, m; = a™'b,
M, < M. Estimates (3.16), (3.17a), (3.17b) are unimprovable w.r.t. the values of N, h', .
It follows from estimates (3.16), (3.17) that the value p*(ul) is not bounded e-uniformly.

In the case of meshes (3.3) (meshes with an arbitrary distribution of the nodes) the condition
N't=0(e) (3.18)

is necessary and sufficient for p*(ul) to be e-uniformly bounded. Under condition (3.18) we
have
pu'(ug) < Me " N7H (3.19)

this estimate is unimprovable w.r.t. the values of IV, ¢; the convergence defect for the projection
ul(x), = € Dy, in the p*(-) metric is O (¢7!) for meshes (3.3), i.e. the defect is the same as
that for scheme (3.4), (3.6) in the norm || - ||.

Lemma 3.2. Condition (3.18) in the case of meshes (3.3) is necessary and sufficient for the
projection u8(3.13) (z), @ € Dy, to be e-uniformly bounded in the pt*(-) metric. Under condition
(3.18), the function ul(z) satisfies the estimate (3.19) being unimprovable with respect to the
values of N, €; the function ul(x), x € Dy, converges to u(x), x € D in the p'(-) metric with

the convergence defect O (7).

3. The consideration of the solutions of the boundary value and discrete problems in the
case of mesh (3.6) for h = ¢ shows that p*(z) grows without bound as N — oo; thus, the
condition (3.18) is not sufficient for the boundedness of p(z).

For the discrete solutions on meshes (3.6), we have the rough estimate
u

p(z) < MN e+ N7 for Dy = Dy (3.20)

d
Thus, in contrast to the magnitude d—(u — Z)|| which grows without bound for N7 > &?
x

and ¢ — 0, the function z(x) in the p*(-) metric (i.e. the distance between u(x) and z(zx) in

9



the p(-) metric) is e-uniformly bounded for fixed values of N, however, this function is not
bounded N-uniformly.
Taking account of estimates (3.16), (3.17), we establish that the condition

NT'=0(cn™' (e +1)) (3.21)

is necessary and sufficient for the solutions of scheme (3.4), (3.6) to be N- and (IV, €)-uniformly

bounded in the pl*(-) metric. Under condition (3.21) we have
p(z) < MN et n(e™! +1); (3.22)

this estimate is unimprovable w.r.t. the values of IV, €. Thus, the convergence defect of scheme
(3.4), (3.6) in the plh(-) metric is O (e 1 In(e™! + 1)).

Lemma 3.3. Condition (3.21) is necessary and sufficient for the solutions of finite differ-
ence scheme (3.4), (3.6) to be bounded in the pi'(-) metric. The mesh solutions satisfy estimate
(3.20), and also estimate (3.22) unimprovable w.r.t. the values of N, € holds if condition (3.21)
is true. The convergence defect of this scheme is O (e 'In(e™! + 1)).

Remark. In the p?(-) metric, the solution of finite difference scheme (3.4), (3.6) is (V, €)-
uniformly bounded if condition (3.21) is satisfied. Moreover, under this condition the estimate
for the p2"(-) metric is the same as that for the pl*(-) metric (see (3.22)):

P (z) < MNtetIn(e™ +1); (3.23)

this estimate and condition (3.21) are unimprovable. Thus, the statement of Lemma 3.3 remains
valid also for the p?"(-) metric.

4. Tt seems attractive to find such meshes on which the function ul(x), * € D), converges

e-uniformly in the pl*(-) metric.

Notice that in the class of meshes (3.3) satisfying only condition (3.18), there are no meshes
on which the function ul(x), x € D), converges e-uniformly in the p.*(-) metric. Nevertheless,
it is interesting to clarify whether or not there exist meshes from class (3.3) (not satisfying
condition (3.18)) on which the function u}(z), € D) converges e-uniformly in the pl?(-)
metric.

Consider the function u2(x), x € D, on the set

D, =D, N[0,0] (3.24)

for o = min [47'd, v(¢)], where D}, is a sufficiently arbitrary mesh from class (3.3), ¥(g) =

1

e In” ¢!, v is any number from the interval (0,1). The unimprovability of estimates (3.17a),

(3.17b) implies that the condition
sup max [5’1 hi] —0 for N—oo; hi=gz" -2 2 27 cDj
£ 2

is necessary and sufficient for the e-uniform convergence of the function u?(x), = € D}, in the

pih(.) metric. However, such a condition is impossible. We are thus led to the following lemma.
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Lemma 3.4. In the class of meshes (3.3) there do not exist meshes on which the function
h

ul(x), x € Dy, converges e-uniformly in the pt*(-) metric.
5. It is of interest to clarify whether or not there exist meshes on which the solution of
finite difference scheme (3.4) converges e-uniformly in the pl”(-) metric. We consider scheme

(3.4), (3.3), assuming that the following condition satisfies on the mesh 5,3(3.24) ;
h' > bt (3.25)

that is, the mesh step does not decrease with moving away from the boundary I'; 0 = 0(3.24).
On this mesh there is a node z** € D, such that the condition e~ *h* > 1 holds for an
appropriately chosen value of € (sufficiently small) and for fixed N. Assuming that pl*(z) tends

to zero e-uniformly, we find that the derivative dzz(x%) satisfies the following relation

a
dx

Sr2(a7) — V()| = o™ exp(—me\a™)) for £ =0, m=mim.

But then, by virtue of the difference equation from (3.4), we have the following formula for the

derivative §,z(x™):

d iatl (d int1 i
‘(de(x + )) (de(a: Y —z(x ))

where V(x), z € D is the singular component of the solution to problem (3.2), (3.1). This

>1 for —0,

formula contradicts to the assumption that the solution of scheme (3.4) on the mesh (3.3)

satisfying (3.25) converges e-uniformly in the p*(-) metric.

Lemma 3.5. [In the class of meshes (3.3) satisfying the condition (3.25) there do not exist

meshes on which scheme (3.4) converges e-uniformly in the pX(-) metric.

Remark. The statement of Lemma 3.5 remains valid also in that case if on the interval
0, 0], where o = min [m, meeIne™], my = myz.17), there exists a subinterval of width I(),

where [(g) — 0, e 'In () — oo for € — 0, on which condition (3.25) holds.
4. Problem (2.2), (2.1). A classical finite difference scheme

1. In this section we give a classical difference scheme for problem (2.2), (2.1) and show

some issues arising in the numerical solution. On the set D we introduce the rectangular mesh
bh = W1 X Wa, (41)

where w; and wy are meshes on the interval [0,d] and on the axis xy respectively; wy is a
uniform mesh with the stepsize ho = Ny '; @; is a mesh with an arbitrary distribution of nodes

satisfying only the condition h; < M Ny', hy = max; hi, where b} = 2™ — 2%, 22 20" € @),
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Here N; + 1 and N, + 1 are the number of nodes in the mesh @; and on the interval of unit
length in the mesh wy; assume N = min[N;, Ns]. To construct numerical methods, it seems

interesting to use sufficiently simple meshes
Dy, = Dyay, where wy is a piecewise uniform mesh. (4.2)

To solve the problem, we use the monotone scheme with upwind difference derivatives [14]
Az(z) = {5 > ag(x)oomy + > {bj(:v)ézs + b;(w)éﬁ} — c(:r)} 2(z) =
s=1,2 s=1,2

= f(x,t), x € Dy, (4.3)
z2(x) = p(x), x€ I}

where Dy,=DNDy, I,=I'NDy, 6—,z(x) and §,52(), dzs2(x) are the second and first (forward

xrsxs

and back) difference derivatives, for example, -, z(z) = 2(ht +hi ) " Hop 2(7) — 0-72(2)] 2(2),
v = (2}, 22); v (x) =27 (v(z) + Jo(@)]), v7(2) =27 (v(z) — [o(2)]).
For the solution of difference scheme (4.3), (4.1) we have the error estimate

|u@) —2(x) | < M [+ N)NT N, 2 €Dy (4.4)
Let

Dy, be an uniform mesh (4.5)

with the stepsize in x; equal to hy = d N;'. For the solutions of finite difference scheme (4.3)

on meshes (4.2) or (4.5) we have the error bounds
|u(w) = 2(2) | < M [(e+ N7)TINT 4 NG,z € D (4.6)

For the derivatives in the case of scheme (4.3), (4.5) we have

0

a—xlu(x) — 01 2(2)] < (4.7a)

<M et e+ NN NY L 2 €Dy

< (4.7b)




Estimates (4.7) are unimprovable w.r.t. the values of Ny, ¢, while estimates (4.6), (4.8) are

unimprovable under the (unimprovable) condition
NP =0(e). (4.9)

When deriving these estimates we used the explicit form of the main terms in the asymptotic
(in €) for the regular and singular parts of the solutions to problems (2.2), (2.1) and (4.3), (4.5).
For the function Z6)(z), = € D in the case of scheme (4.3), (4.5) we have the estimates

(u—2)

ok
H CfuF < (4.10)

k1
Ox]

-1
<M [e"fl (e+N7Y) N N;l} , ki=k=1,2

—kz(u—,?)

0y

o lu =2l <

<M [(g + N;l)*1 N7+ N21] o ke =0,1,2;

these estimates are unimprovable w.r.t. the values of N, ¢.

Thus, the function Z(x) converges in the norms || - || and [|-||o+ if the following unimprovable
condition holds:
Nt = o(e!tho) (4.11)
where £y = 0 and kg = k in the case of the norms || - || and || - ||o» respectively; k =1,2.

Theorem 4.1. Let estimates (9.2), (9.3) be satisfied for the solutions of boundary value
problem (2.2), (2.1) and their components from representation (9.1). Then, in the case of
finite difference scheme (4.3), (4.5), the condition (4.11) is necessary and sufficient for the
convergence of the function Z(x), x € D in the norms | - || and || - ||cx. Estimates (4.4), (4.6),
(4.7), (4.8), (4.10) are valid for the mesh solutions and derivatives; estimates (4.7), (4.10), and
also estimates (4.6), (4.8), if condition (4.9) holds, are unimprovable with respect to the values
of N, €.

2. We now consider the convergence of scheme (4.3), (4.5) in the p*"(-) metric.
The solutions of this scheme are not bounded (N, €)-uniformly in the pf"(-) metric. The
condition

N =0 (e + 1)) (4.12)

is necessary and sufficient for the numerical solutions to be bounded in the p*(-) metric. Under

this condition, we have the following estimate
PMz) < MNT'e (e + 1) + N, k=12, (4.13)

13



which is unimprovable w.r.t. the values of N, €.
The condition
N =o(e In (et 4 1)) (4.14)

is necessary and sufficient for the convergence of scheme (4.3), (4.5) in the p*"(-) metric. The

convergence defect of this scheme in the p®(-) metric is O (e 7' In(e™! + 1)).

Theorem 4.2. Let the hypothesis of Theorem 4.1 be fulfilled. Then condition (4.12) (con-
dition (4.14) ) is necessary and sufficient for the solutions of finite difference scheme (4.3), (4.5)
to be (Ny, €)-uniformly bounded (to be convergent) in the pt(-) metric; the convergence defect
of this scheme is O (¢ 'In(e™' 4+ 1)). Under condition (4.12), the estimate (4.13) unimprovable
with respect to the values of N, € is satisfied for the solutions of the difference scheme.

3. As above in the case of the model boundary value problem (3.2), (3.1) and finite difference

scheme (3.4), (3.1), we establish the following non-existence result.

Theorem 4.3. In the class of meshes (4.1) satisfying condition (3.25) on the interval [0, d],

there do not exist meshes on which scheme (4.3) converges e-uniformly in the pt*(-) metric.

5. Piecewise uniform mesh. The model problem

For the boundary value problem (3.2), (3.1) we give a scheme on piecewise uniform meshes
which converges e-uniformly in the norm || - || and discuss the approximation of derivatives.

On the set D we construct the mesh
D, = Dj (o) = Dy(1) = . (5.1a)

Here W is a mesh with a piecewise constant stepsize. To construct the mesh @, we divide the
interval [0, d] into two parts [0, 0] and [0, d], in each of them the mesh stepsize is constant and
equal to h() =20 N1 and h® = 2(d — o) N}, respectively. Assume

o=o(e,N,d;l,;m) = min [2_1d, Im™eln N |, (5.1b)

where m = a~'h, [ > 0 is a mesh parameter. The mesh D, is thus constructed. Let us

introduce auxilary parameters v, used in the sequel for constructions
Ve ="(e;m) =kmteln(e +1), m=mgy, k=12 (5.2)

Note that the meshes
Eh* = EZ(5.1)(Z) (5.3)

have been introduced in [4] (see also [5, 9, 6]), where [ is an arbitrary number satisfying the

condition [ > 1.
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For the solutions of difference scheme (3.4), (5.1) we have the estimates

|lu—2| < M {Nl min {lnN, 671} + N7t (8 + Nl)l} = (5.4a)
= M po(N, &;1);
lu—2| < M(N'InN+ N7, M= M(). (5.4b)

Estimates (5.4a) and (5.4b) are unimprovable w.r.t. the values of N, e and N respectively. We

obtain the best e-uniform order of convergence

|lu—Z2]] < MN'InN (5.5)

if the following condition holds
[>1. (5.6)

For the derivatives in the case of scheme (3.4), (5.1), we have

d

%u(m) — ,2(x)

<Me g (N, el), x€Dy;

d2

@u(:v) —6~z(x)| < Me 2o (N, g;l), 1€ Dy,

where 1o (N, ;1) = pioi.a) (N, €;1); these estimates are unimprovable. For the function Z(x),

x € D, we have the unimprovable estimate

dk
’ dgjk(u_z) ) ||U'_g||0,’f < M{—j_k,uo (N7 6;[), k=12 (57)
k
The error || ——(u—2)||, k=1,2 is bounded under the condition
T

(NleFmin[InN, e ']+ N e be + N"H L < M) -

N~! =0 (e2/+1) for 1<1,
=0 (el (et +1)) for 121, k=1
(5.8)
(53/(l+1 ) for 1 <271,
(52 In~ (e + 1)) for 1>271 k=2;
this condition is unimprovable. The condition
N-1 = 0(€(k+1)/(l+1)> for 1< kfl;
(5.9)

Nt'=o(*In e+ 1)) for 1>k, k=12
is necessary and sufficient for the convergence of the derivatives (d*/dz*)z, x € D.
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The convergence defect of the scheme in the norm || - || is

O (5—(1~c+1)/(l+1)> for 1<k™ and O (5_'“ ln(s_1 + 1)) for 1>k7%

Lemma 5.1. The solution of finite difference scheme (3.4), (5.1) converges e-uniformly in
the norm || - ||. Condition (5.8) (condition (5.9)) is necessary and sufficient for the boundedness
of llu=Zllcx, k= 1,2 (for the convergence in the norm || - || ). Estimates (5.4), (5.7) and also
estimate (5.5), if condition (5.6) holds, are satisfied for the mesh solutions. Estimates (5.4a),
(5.7) and estimate (5.4b) are unimprovable with respect to the values of N, € and N respectively;
the convergence defect for this scheme in the norm || - || o is not lower than O (5”“ In(e™t + 1)),
k=1,2.

2. Let us consider the convergence of scheme (3.4), (5.1) in the p**(.) metric.

Taking into account estimate (3.17), we verify that the solution of grid problem (3.4), (5.1)
is not bounded (N, ¢)-uniformly in the p*(-) metric. With regard of estimates (3.16), (3.17)
and the explicit form of the singular components of the solutions to the differential and grid
problems, we establish that the condition (either e 2h(Vy; < M for e '(y, — o) < My, or
N-leW e+ Ny —0) < M for 7 — 0 — Mye >0):

N'1=0 (52(71 — a)’l) for e Yy — o) > M, (5.10a)
oN1=0 (6271_1> for e Yy — o) < My, (5.10b)

is necessary and sufficient for the mesh solutions to be bounded in the pl*(-) metric, where
0 =031, M1 =M@2), Mo is any constant. In condition (5.10a) we have My < e (y — o) <
M In(e7' +1).

In the case of condition (5.10a), we obtain the estimate
P (z) < M {N‘l (min [lnN, g! ])2 + N7? (e + N_l)_le_l(% — 0)} ; (5.11)
while under condition (5.10b) we have

pii(z) < M{N‘lmin [lnN,g_l} ety + (5.12)

+ N1 (5 + N’l) ' exp(—e~ ! (o — 'yl))} .

Estimates (5.11), (5.12) are unimprovable.
Note that under the condition e~ !(y; — ) > M, (see condition (5.10a) and estimate (5.11))
we have e '(y; —0) < M Ine ! + 1.

In the case of the p?"(-) metric, the condition
NT'=0(P(n—0)") for e (r2—0)> My, (5.13a)
oN1=0 (5272_1> for e Yy, — o) < My, (5.13b)
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is necessary and sufficient for the mesh solutions to be bounded. Under condition (5.13a) we

have
p2h(z) < M{N (mln [lnN e” DQ + N7t (€+N_1)_1 e (v, — 0)}. (5.14)

Under condition (5.13b) and the additional condition

H T5U H < M (e+6), when k=2, (5.15)

where A is any constant from the interval [0, 1], the value § = §(N) tends to zero as N — oo,
the following estimate holds
p(z) <M {Nl min [lnN, 571] ety + N1 <€ + Nﬁl)_l (e + 8+
+N7! (8 + N_1>71 exp (—5_1(0 - 72)>} . (5.16)

Estimates (5.14), (5.16) are unimprovable.
It follows from estimates (5.11), (5.12), (5.14) and (5.16) that the condition of convergence
in the p*(-) metric for scheme (3.4), (5.1) depends on the value [. The scheme converges if the

following unimprovable condition holds:

N1t=o(E(y—0)Y), 1<k

o(e*(yk — o)) (5.17)
N=t = o(eb), [>k; k=1,2 and A>0 for k=2,
Nt =o( (v, — o)), 1<k

(e (7 )7 (5.17D)

Nt =o(e), [>k; k=2 and X=0.
If | <k in condition (5.17), then we have
meln e +1) < (p—0) < Mle

Thus, the convergence defect for scheme (3.4), (5.1) in the p () metric is not higher than
O (e tn(e™t + 1)) for I < k; for [ > k the defect is O (5‘"’”) it k=1 and also if k¥ =2 and
A > 0; the defect is O (e7!) if A =0 for k = 2. The defect O (¢! In(e~! + 1)) is achieved, for
example, if the condition v, > (1 +m)o holds.

If the following condition holds

[>kv™ and {N>0, if k=2}, k=12, (5.18)

where v = v(2.10), ¥ < 1, then the convergence defect of scheme (3.4), (5.1) in the p"(-) metric
is not higher than O (¢7), i.e. the scheme converges almost e-uniformly in the p*"(.) metric;

the convergence defect is unimprovable with respect to v. Under the condition

[>k and N7'=0(M), (A>0 if k=2} (5.19)
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the following unimprovable estimate is valid:
M {N‘l min [In N, e In(e™' + 1) + N‘le_l} , k=1,
p(z) < M{N"'min[InN,e }In(e™! + 1) + N-le 2+ (5.20)
+N"He+ N7 e+ )}, k=2

Under the condition
l=k=2 A=0 and N"'=0 (¢ (5.21)

the following unimprovable estimate holds
ph(z) < MN e+ N1H)L (5.22)

Lemma 5.2. In the case of finite difference scheme (3.4), (5.1) the condition (5.10),
(5.13) (condition (5.17) ) is necessary and sufficient for the mesh solutions to be (N, )-uniformly
bounded (for the convergence of the scheme) in the pkh(-) metric. Under condition (5.18) the
scheme converges almost e-uniformly in p**(-); the convergence defect is O (5"’“”) if 1 > k.
Under condition (5.21) the scheme converges in p2"(-) with the convergence defect O (7). The
mesh solutions satisfy estimates (5.11), (5.12), (5.14), (5.16), (5.20) and (5.22) if conditions
(5.10a), (5.10b), (5.13a), {(5.13a), (5.15)}, (5.19) and (5.21) hold, respectively. These estimates

are unimprovable with respect to the values of N, €.

6. Finite difference scheme with improved p!" convergence.
The model problem

The magnitude o from mesh (5.1), which locates the transition point = = ¢ of the mesh,
depends on the values of N, &, [. On such meshes the scheme converges in the pt(-) metric
under condition (5.17), in particular, under the following condition (unimprovable with respect

to the value of ¢):
N7t =0 for 1>k k=12 (6.1)

It is of our interest to construct piecewise-uniform meshes on which scheme (3.4) converges in
the p*" () metric under a weaker condition than condition (6.1).
1. We consider schemes on piecewise-uniform meshes in the case when the transition point

x = o satisfies the following condition
eto=1(e), where Y(e) — 00, () -0 as &— 0.
On the set D we construct the mesh
Dy = E}:Eam)(a(n))a (6.2a)

where
o =o(g;n,m) = min [2_1d, nm teln(e™ + M)} . M= My, (6.2b)
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n > 0 is a mesh parameter; the constant M is chosen to satisfy the condition In(1 + M) > d,

M > e. For such values of o we have

V(z)| < Me", x>0, z€D.

By using the explicit form of the components (the singular part and the main term of the
regular part) of the solutions to problems (3.2), (3.1) and (3.4), (6.2), we establish the estimate

lu—Z|| < M {min {N’l In(e™ + 1), 1} + N~ten (E + N’l)il} = (6.3)
= M (N, en);

this estimate is unimprovable w.r.t. the values of N, . The error |u — Z|| is e-uniformly

bounded under the condition

VN, Ve. (6.4)
The scheme converges in the norm || - || if the following unimprovable condition holds:
Nt =o(ln (e +1)); (6.5)

thus, the convergence defect of the scheme is O (In(e™! + 1)).

In the case when the solution of the difference scheme converges under the condition
N~'In"(e7' +1) — 0, where r > 0 is some constant, we say that the scheme converges
e-uniformly up to a logarithmic factor (namely, up to the factor In"(s™! + 1)).

Thus, scheme (3.4), (6.2) converges in the norm || - || e-uniformly up to the logarithmic
factor In"(e7! +1).

For the derivatives we get the unimprovable estimates

< Me 'y (N, gin), x€Dy;

< Me?pui (N, gn), x€ Dy;

where p1 (N, €;1) = pie.3) (N, €;1). For the function Z(z), 2 € D we have the unimprovable
estimate

< Me (N, gn), k=12 (6.6)

U—Z

i
The condition %y (N, e;m) < M, ie.
N1=0 (Ek In~ (et 4 1)) for n>1;

(6.7)
N1=0 (&:Hk*") for n<1; k=12
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dk _
T(U —2)

: to be bounded. The derivatives
T

is necessary and sufficient for the error

(d*/dz*)z(x), = € D converge if the following unimprovable condition holds:

Nt =o(FIn " (et +1)) for n>k;
(6.8)
N1 = o(gtth=m) for n<k; k=1,2.

The convergence defect of the scheme in the || - [[;x norm, k=1,2 is O (5*1*’”’7) forn <1
and O (z—:*k In(e™! + 1)) for n > 1.

Lemma 6.1. Conditions (6.4) and (6.7) (conditions (6.5) and (6.8)) are necessary and
sufficient for the errors in the solutions of finite difference scheme (3.4), (6.2) ||lu — Z|| and

or)

respectively. Estimates (6.3), (6.6) unimprovable with respect to the values of N, € are satisfied

|lu — Z||cx  to be bounded (for the convergence of the scheme in the norms || - || and || - |

for the mesh solutions. The convergence defect of the scheme is O (In(e™! + 1)) in the norm
|- || and not lower than O (e_k In(e™t + 1)) in the norm || - || -

2. We now consider the appoximation of the solutions to the boundary value problem by
the discrete solutions in the p"(-) metric.

The solution of difference scheme (3.4), (6.2) is not bounded (N, ¢)-uniformly in the pl?(-)
metric. The condition (either h < Meln ™ (e™' +1) for n <1, or h< M In" (e~ +1) for

>1):
e N‘lz(’)<5 ln_1(5_1+1)) for n<1;

6.9
N*1:(9< ln_2(5*1—|—1)> for n>1 (69)
is necessary and sufficient for pl"(2) to be bounded.
In the case of condition (6.9) we have the unimprovable estimate
M [N e+ N )+ N el (1 —n)n(et+1)] for n<1,
pih(z) < (6.10)

M [Nfl In?(e™ '+ 1)+ N~1em (e + Nfl)*l} for n>1.

It follows from this estimate that the scheme converges in the pl"(-) metric under the

following unimprovable condition:

Nt=o(eIn (et +1)) for n<l,
N1 =o(e) for n=1, (6.11)
Nl=o(n?(Et+1) for n>1

In the case of the p2"(-) metric, the condition

N1=0 (5 In~(e ™t + 1)) for n<2;

N1=0 <1n_2(5*1 + 1)) for n>2 (6:12)
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is necessary and sufficient for the mesh solutions to be bounded. If this condition and also

the following additional condition hold

d2

o < M (sln(e™' +1) +6)%, (6.13)

U(0)

where A is a number from the interval [0, 1], the value § = §(NV) tends to zero as N — oo, then

we have the unimprovable estimate

P (2) < (6.14)
MINT e+ N4 N el @ —p)n(e + 1)) for <2,
<\ M {min [N"1n®(e7 + 1), 1] + N7H e+ N7 eln(e ™! +1) + N7+

+N-1en=2 (a—l—N‘l)*l} for n>2.
The scheme converges in the p'(-) metric under the unimprovable condition

Nl'=o(eln7' (e  +1)) for n<2;

N-1=o(e or n=2;
( )_2 for | (6.15)
N=t=o(n*(t+1)) for n>2, if \#0;
N~1 =o(e) for n>2, if A=0.
Thus, scheme (3.4), (6.2) under the condition
n>k {A>0, when k=2} and N7'=o 2 '+1), k=12 (6.16)

converges in the p*(-) metric, that is, the scheme converges e-uniformly up to a logarithmic
factor (the convergence defect is O (ln2 (et + 1))) Under the condition

n>k=2 A=0 and N '=o(e), (6.17)

the scheme converges in the p2"(-) metric; the convergence defect is O (71).

Under the condition
n>k, {A>0, when k=2} and N"'=0 (ln*Z(efl + 1)) , k=12, (6.18)

we have the estimate

M [N (e + 1) + N7 k=1,
pi'(z) < (6.19)
M [N—l (e +1)+ N InN + N—W} k=2
and, under the additional condition
n>k+1, k=12, (6.20)

we have the estimate
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M N-'In?*(e !t + 1), k=1,

6.21
MN'In*(e ' +1)+ N InN, k=2 (6.21)

P (2) < {
The scheme converges in the p*"(.) with the first-order accuracy for & = 1 and with the order \
(up to the factor In N) for k = 2, moreover, the convergence for k = 1 and k = 2 is e-uniform
up to the factor In*(s~! 4 1).

In the case of the condition
n>k=2 A=0 and N'=0(e) (6.22)
we have the estimate
pl(z) < M|NHe+ NH)™ 4 N7 (6.23)

and, under the additional condition (6.20), we have
ph(z) < MN e+ NH, (6.24)

i.e. the scheme converges in the p?"(-) metric with the first order of accuracy and with the

convergence defect O (71).

Lemma 6.2. In the case of finite difference scheme (3.4), (6.2) conditions (6.9), (6.12)
(conditions (6.11), (6.15)) are necessary and sufficient for the mesh solutions to be (N,e)-
uniformly bounded (for the convergence of the scheme) in the p"(\) metric. Under condition
(6.16) the scheme converges in the pt" () metric e-uniformly up to the factor In*(e~*+1). Under
condition (6.17) the scheme converges in the p2(-) metric with the convergence defect O (71).
The mesh solutions satisfy estimates (6.10), (6.14), (6.19), (6.21), (6.23), (6.24) if conditions
(6.9), {(6.12),(6.13)}, (6.18), {(6.18),(6.20)}, (6.22), {(6.22),(6.20)} hold respectively. These
estimates are unimprovable w.r.t. the values of N, €.

7. Special scheme on piecewise-uniform meshes. Problem (2.2),
(2.1)

1. For boundary value problem (2.2), (2.1) we consider the approximation of the solutions
and derivatives in the case of finite difference scheme (4.3) on piecewise-uniform meshes. On

the set D we construct the mesh
Eh*:ﬁ,j(a(l)) :E,f(l):wl* X Wo. (7.1a)

Here w, is a uniform mesh and @y is a piecewise-uniform mesh. To construct the mesh @/, we
divide the interval [0, d] in two parts [0, 0] and [0, d]; in each part the mesh stepsize is constant
and equal to A =20 N; ! and h® = 2(d — o)N; ' respectively. Assume

o=o(e, Ny, d;l, m):min[Q’ld, ImtelnN |, (7.1b)
where m = a~'b, [ > 0 is a parameter of the mesh. The auxilary parameter v, is defined by
Vo= (Em)=kmeln(e" +1), m=mgy, k=12 (7.1c)
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For the solutions of difference scheme (4.3), (7.1) (taking into account the explicit form of

the singular components from representation (9.3)), we find the following estimates
lu— 2| < M [Ny minfln Ny, e+ N7 e+ NPT NG = (7.2a)
= M [uuo(Ny,e;1) + Ny Y = M py (N, ;1);

lu— 2| < M [N7VIn Ny Ny Nyt = M (N5 1), (7.2b)

Estimates (7.2a) and (7.2b) are unimprovable w.r.t. the values of N;, ¢ and Ny respectively.

Under the condition

[>1 (7.3a)
we achieve the best e-uniform order of convergence
lu— 2| < M [Ny In Ny + Ny (7.3b)
For the derivatives we have the estimates
om _
Ha su=2), llu—Zllee < M [ po (N1, &51) + Ny
ki =k=1,2; (7.4)
ok
’M(U—Z) < Mpy (N, g;l), ke=1,2; (7.5)
Lo

these estimates are unimprovable w.r.t. the values of Ny, €. The errors in the solutions of finite

difference scheme (4.3), (7.1) are bounded in the norm || - || under the condition

N1_1 -0 <€(k+1)/(z+1)) for 1<k
7.6
NI =0 (et 4 ) for 12k k=12 (0

The scheme converges in the norm || - [+ under the condition
N1_1 —0 (5(k+1)/(l+1)) for 1<k
N'=o (&“k In~'(e7t + 1)) for 1>kt k=1,2.

Conditions (7.6), (7.7) are unimprovable.

The convergence defect of the scheme in the norm || - [| o is
O (5_(k+1)/(l+1)> for 1<k and O (s_k In(e™! + 1)) for 1>k

Under the condition
>kt (7.8a)

we have the estimate
lu—Zllee < M [N7'e ™ min[ln Ny, e ']+ N k=12 (7.8b)

that is, the scheme converges for fixed values of the parameter ¢ with the first order up to a

logarithmic factor.
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Theorem 7.1. Let the hypothesis of Theorem 4.1 be fulfilled. Then the finite difference
scheme (4.3), (7.1) converges e-uniformly in the norm || - ||. Condition (7.6) (condition (7.7))
is necessary and sufficient for the boundedness of the error (for the convergence of the scheme)
in the || -||cx  morm. The mesh solutions satisfy estimates (7.2), (7.3), (7.4), (7.5), (7.8);
estimates (7.2a), (7.4), (7.5), (7.8) and estimates (7.2b), (7.3) are unimprovable with respect
to the values of Ny, € and Ny respectively.

2. We now give the estimates of convergence for scheme (4.3), (7.1) in the case of the
pF(-) metric. The solution of problem (4.3), (7.1) is not bounded (N, e)-uniformly in this
metric. Taking into account the explicit form of the singular components of the solutions for

the differential and discrete problems, we establish the condition
N'=0 (52(% — 0')_1) for e (v — o) > My, (7.9a)
oN;'=0 (52 7,;1) for e (yp —0) < My; k=1,2, (7.9b)

where 0 = 0(7.1), Y = Vk(r.1), Mo is any constant. This condition is necessary and sufficient
for the boundness of pk"(2).

Under condition (7.9a) we obtain
P2y < M {Nll (min [ln Nl,é‘*lDQ + (7.10)
+N; ! (6+ Nl_l)_ls_l(’yk —0)+ Nz_l} , k=12
Under condition (7.9b) we have the estimate
p(z) < M {5_1 v1 N; ' min [ln Ny, 6_1} + (7.11)
AN (4 N7 ep (=7 o =) + N5
and, under the additional condition

Ulx)

2
' 0 < M(e+6), zely, (7.12)

2
Oxy

where A is a number from the interval [0, 1], § = §(NV) tends to zero as N — oo, we have
ph(z) < M { e v, Ny ' min {ln Ny, 6_1} + (7.13)
1 -1
N7 e+ N7 e+ 0N+ +NT (e N exp (—e (o —2)) + N } .

Estimates (7.10), (7.11), (7.13) are unimprovable. Note that in the case of the condition
ey — o) > My (see condition (7.9a) and estimate (7.10)) the inequality e !(y — o) <
Mn(e7!' +1) is valid.
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These estimates imply that the condition

Nt =o((p—o)™), 1<k

7.14a
Nt = o(ef/h), [>k k=1,2 and A>0 for k=2; ( )

Nt =o(E(yp—o)™), 1<k

. (7.14Db)
N{* =o(e), [ >k A=0 and k=2

is necessary and sufficient for the convergence of the scheme in the p*'(-) metric. Note that in

the above condition (7.14) for | < k, the following estimate occurs
meln™ e +1) <2 (p—o0) < Mle

Thus, the convergence defect of the scheme in the pf(-) metric is not higher than
O (e tIn(e + 1)) for I < k; the defect is O (5_’“”) for [ > k for k = 1 and also for k = 2 when
A > 0; the defect is O (¢71) for k = 2 and A = 0. The defect O (¢~ In(e~! + 1)) is achieved, for
example, under the condition ~; > (1 4+ m)o.

If the following condition holds
[ >kv' and {\>0, when k=2}, k=12, (7.15)

where v = 110y, v < 1, the scheme converges almost e-uniformly in the p"(-) metric,
moreover, the convergence defect is not higher than O (¢7¥) and unimprovable with respect to

v. Under the condition
1>k and Ny'=0 (), {A>0, when k=2}, k=12 (7.16)
we have the unimprovable estimate
M N min[In Ny, e ) In(e™ + 1) + N'e ™+ Np '}, k=1,
Py <M {N;1 min [In Ny, e In(e™ + 1) + Ny le ™2+ (7.17)
+N Y e+ N7 e+ 0 + Ny k=2.

Under the condition
I>k=2 A=0 and N;' =0 (e) (7.18)

the following unimprovable estimate holds:
p(z) < M NTH e+ N7 4 NG (7.19)

Theorem 7.2. Let the hypothesis of Theorem 4.1 be fulfilled. Then condition (7.9) (con-
dition (7.14)) is necessary and sufficient in order that the mesh solutions of finite difference
scheme (4.3), (7.1) are (N, €)-uniformly bounded (the scheme is convergent) in the p*"(-) met-
ric. Under condition (7.15) the scheme converges almost e-uniformly in the p*"(-) metric; the
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convergence defect is O (5_’“/’) for 1 > k. Under condition (7.18) the scheme converges in the
P2 (-) metric with the convergence defect O (7). The mesh solutions satisfy estimates (7.10),
(7.11), (7.13), (7.17) and (7.19) if conditions (7.9a), (7.9b), {(7.9b), (7.12)}, (7.16) and (7.18)
hold respectively; these estimates are unimprovable with respect to the values of Ny, €.

Remark. In the case of the meshes from [4, 5, 9] the value [ is choosen to satisfy only the
condition [ > 1. Thus, scheme (4.3) on the meshes from [4, 5, 9] converges in the pl*(-) metric
if the condition N;* = o(¢¥) holds, where v = [~! < 1, moreover, v may take arbitrary values
as much as desired close to 1. On the same meshes, under A > 0 the scheme (4.3) converges in

the p2"(-) metric if the condition Ny ' = 0(?/!) holds when the value [ insignificantly exceeds 1.

8. Finite difference schemes with improved p"(.) convergence.
Problem (2.2), (2.1)

1. In this section we construct a scheme which converges in the p*"(-) metric e-uniformly
up to a logarithmic factor.

On the set D we construct the mesh

Dy, = E;(Tla) (a(n)), (8.1a)

where
o =o(g;n,m) =min[27'd,nm 'eln(e™! + M)], (8.1b)

m = mge), 7 > 0 is a parameter of the mesh, M is a constant satisfying the condition
In(14+ M) >d, M > e.

Using the a-priori estimates of the solutions to the boundary value problem, for difference
scheme (4.3), (8.1) we establish the estimate

lu— 2| < M {min [N In(e™ + 1), 1] + Ny 'e"(e+ Ny )7 4+ Ny = (8.2)
= M [po(N1,&5m) + Ny 'l = M pu (N, &5 ),

this estimate is unimprovable w.r.t. the values of Ny, €. The error ||u — Z|| is (V, €)-uniformly
bounded under the condition
VN,, Ve, s=1,2; (8.3)

the scheme converges under the unimprovable condition
Nt =o(ln e ! +1)). (8.4)

The convergence defect of the scheme is O (In(e™! + 1)).

For the derivatives we have the unimprovable estimates

ok _
| Te=9) < M os), B-12 5
2
o
||axk’1(u_g) ’Hu_g”c’f <M [g_klﬂ’ﬂ(Nbg;n)—{_NQ_l}? k:k1:172
1
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Errors of the mesh solutions are bounded in the norm || - [+ under the condition

N'=0 (5’“ In~'(e ™t + 1)) for n>1;

(8.6)
N'=0 (5”’“”’) for n<1; k=12
the scheme converges under the condition
Nit=o(eFIn7 et + 1)) for n>1;
' ( ) (8.7)

N'=o (81““*”) for n<1; k=1,2;

conditions (8.6), (8.7) are unimprovable. The convergence defect of the scheme in the norm
| llgr 18 O (5_1_k+") forn<1and O (5"“ In(e™! + 1)) forn > 1.

Theorem 8.1. Let the hypothesis of Theorem 4.1 be fulfilled. Then conditions (8.3) and
(8.6) (conditions (8.4) and (8.7)) are necessary and sufficient for the boundedness of the errors
|lu—Z|| and |[u — Z||cx in the solutions of difference scheme (4.3), (8.1) (for the convergence
of the scheme in the norms || - || and || - | ox ) respectively. The mesh solutions satisfy estimates
(8.2), (8.5) which are unimprovable with respect to the values of Ny, ; the convergence defect
of the scheme is O (In(e™! + 1)) in the norm || - || and not lower than O (5_’“ In(e™t + 1)) in

the norm || - [| o -

2. In the case of the p*"(-) metric, the solutions of finite difference scheme (4.3), (8.1) are

bounded under the (unimprovable) condition

N'=0 (5 In~ (et + 1)) for n <k;

) ) (8.8)
Ny :(’)<1n_ (5’1+1)) for n>k;, k=1,2.
Under this condition we have the unimprovable estimate
1h —1
p(z) < M Ny + (8.9a)
M [Nl_l (e+N7H T+ N e M (1 —n)In(e™! + 1)} for n <1,
M N7 (et 1) + Nyt e e+ N for n>1,
and, under the additional condition
62
|| WU(ZL‘) < M(eln(et+ 1)+ xely for k=2, (8.10)
Ty

where \ is a number from [0,1], § = (V) tends to zero e-uniformly as N — oo, we have the

following unimprovable estimate
pi'(2) < MNy' + (8.9b)
M [Nfl (e+ N H P+ NPl (2—n)In(e + 1)} for n <2,
+< M {Nl—l (e + 1)+ N e+ NeH) Heln(e™ + 1) + )M+
+N;7 e 2 (e + Nl_l)*l} for n>2.

~_ —
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The scheme converges in the p*(-) metric under the unimprovable condition

Nit=ole In"' (et +1)) for n<1;
Nit=o(e) for n =1, (8.11a)
Nt =o(In2(e' + 1))  for n>1;

while in the p2"(-) metric the scheme in question converges under the unimprovable condition

Nit=o(e (e +1)) for n<2;
N7t =o(e or n=2;
. ( >2 f ! (8.11D)
Nl =o(n (e +1)), if X#0
Nt =o(e), if A=0 n>2
Thus, scheme (4.3), (8.1) under the condition
n>k {A>0, when k=2} and N;'=o(ln (e +1)), k=1,2 (8.12a)

converges in the p*(-) metric, and the convergence is e-uniform up to the logarithmic factor
In?*(e7! +1).
Under the condition

n>k=2 A=0 and N;'=o(e), (8.12b)

the scheme converges in the p?*(-) metric; the convergence defect is O (¢71).

In the case of the condition
N>k {A>0, when k=2} and N'=0(In>(c" +1)), k=12, (8.13)

we have the estimate

ph(z) < M N;' + (8.14)
M N7 (e 1) + N k=1,
MINT I (e 4+ D)+ NP NP N, k=2,

and, under the additional condition
n>k+1, k=12 (8.15)

the estimate
M Ny In?(e7t 4+ 1), k=1,

8.16
MANT I+ 1)+ NP Ny}, k=2, (8.16)

P (z) < MN21+{

The scheme converges in the p*(-) metric with the first-order accuracy with respect to N; for
= 1 and with the order of accuracy A (up to the factor In Ny) for k = 2 e-uniformly up to
the factor In*(e~! 4 1).
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Under the condition
n>k=2 A=0 and N;' =0 (e), (8.17)
we obtain the estimate
P(z) < M NT e+ Ny N NG (8.1%a)
and, under the additional condition (8.15), the estimate
Pz < M [NTHe+ Ny NG (8.18b)
that is, the scheme converges with the first order of accuracy and with the convergence defect
O (eh).

Theorem 8.2. Let the hypothesis of Theorem 4.1 be fulfilled. Then condition (8.8) (con-
dition (8.11)) is necessary and sufficient in order that the solutions z(x), x € Dy, of finite dif-
ference scheme (4.3), (8.1) are (N, e)-uniformly bounded (the solutions are convergent) in the
Pt () metric. Under condition (8.12a) the scheme converges in the pth(-) metric e-uniformly
up to the factor In*(e~* +1). Under condition (8.12b) the scheme converges in the p>'(-) metric
with the convergence defect O (e71). The mesh solutions satisfy estimates (8.9a), (8.9b), (8.14),
(8.16), (8.18a), (8.18b) if conditions (8.8), {(8.8), (8.10)}, (8.12a), {(8.12a), (8.15)}, (8.12b),
{(8.12b), (8.15)} hold respectively; estimates (8.9) are unimprovable with respect to the values
of Ng, €.

9. Appendix

1. In this section we give a-priori estimates for the solutions of boundary value problem
(2.2), (2.1) used in the constructions; the technique of deriving the estimates is similar to that
from [4].

The solution of the problem can be decomposed into the sum of two functions
u(z) =U(z)+V(z), = €D, (9.1)

where U(z) and V(z) are the regular and singular parts of the solution. The function U(x),
xr € D is a restriction onto D of the function U%(x), which is the solution of the following

problem on the half-plane D’
L U%x) = fx), x€ D’ Ux)=¢p(x), vl

Here
D’ ={z: =z, €(—00,d), x5 € R},

the operator L° and the function f°(x) are smooth continuations of the operator L3.2) and the
function f(z), which preserve the properties of the data of problem (2.2), (2.1). The function
V(z) is the solution of the problem

LV(x)=0, z€D, V(z)=¢px)-Ux), zel.
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It is convenient to represent the function U°(x), = € D" as the sum of functions which is an

expansion with respect to the parameter ¢:

Z&t"UO ) +upo(z), z€D

where vpo(z) is the remainder term; the functions UP(x) are the solutions of the (initial)

problems for the hyperbolic equations

U {g@w o (@}a%m:f%m, e
U@ = p(a), el
LUNe) == 3 alle) U a(o) w e D

s=1,2

Ul(z) =0, =zel” n=1,2,3.

Here the functions a?(z), v%(z), ¢’ (x) are continuations of the functions as(z), bs(z), c(z).
If the data of boundary value problem (2.2), (2.1) are sufficiently smooth, we have the
following estimate for the function U(x), z € D:
ak

—U
‘ 8$'f18$§2 (z)

<M[1+&*, zeD, k<5 (9.2)

The function V(x) can be written as the sum of functions

V(zg)= Y &"Vo(z)+ov(z), ze€D, (9.3)

n=0,1,2

where vy (z) is the remainder term. The functions V,,(z), x € D are restrictions onto D of the

functions V!}(z), = € D', which are the (bounded) solutions of the problems

0? 0
B30 = {eal) g + 0l L B0 — 0. aeD!

Vo () = p(z) = Up(x), xel
o 9 8. . 08
L% ‘/11(.%) = {—8 aixl(ll(l' )xlﬁ — aixlbl( >x187xl_

1

—ca (95'*)—82 — by(x )—8 + c(z*) Vi ()
2 3x% (91:2 0 ’
0? 0? 0
1y/1 _ ) _ -1 *\ .2 . * 1
Ly Vy () = { €2 —ax% ar(x*) xy —ax% 4 R c(x )xl} Vo (z) +

a * 82 * 1 1
+{—€ax1a1($ )l’laix%—i---.-i-C(Ji )}Vl(x), x e D,

Viz) = -U,(z), xeTl n=1,2;
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the functions V! (z) exponentially decrease for e'a; — oo. Here D' = (0,00)x R, I'* = D'\D?,

x* = (0,22). The functions V,,(z) can be written explicitly in terms of the functions p(z*),
Up(x*) and Uy (z*). Note that p(x) — Up(z) =0, Un(x) =0, n>1 for z € I5.

When estimating the components in representation (9.3), we find
ak

—V
83:’1“18:6’2“2 (z)

< Meh {1 + 53_]“2} exp(—me~'zy), w €D, k<5, (9.4)

where m is any number from the interval (0,m), m = min[a;*(2)b1(z)].

D
The following estimates are also valid:
ok i L _
—V(x)| < Me™™ exp(—mge "x1), x € D; 9.5
‘ xkr Ok (=) p(=mo 1) (9.5)
oF _
‘ e vy (x) | < Mdh [1 + 53_k2} exp(—me~'zy), x€D; (9.6)

k<5 n=012me=minla (2)bi(z)], m=m.a.
1

Theorem 9.1. Let ay, by, ¢, f € C*T*(D), ¢ € C*T(I'), a > 0. Then the components
from representations (9.1), (9.3) satisfy estimates (9.2), (9.4) —(9.6).

2. Generally speaking, A\ = 0 in estimates (7.12) and (8.10). In the p2" metric this
fact results in the convergence defect O (¢7!) for [ > 2 in the case of scheme (4.3), (7.1)
(estimate (7.19)) and for n > 2 in the case of scheme (4.3), (8.1) (estimate (8.18)). We give the
modification of a numerical method which allows us to weaken the convergence defect.

The solution of problem (2.2), (2.1) can be written as the sum of functions

u(z) = uV(z) +u?(z), weD, (9.7)

where u?(z), z € D are the solutions of the problems

L {Zb P <x>}u<l><x>—f<x>, reD\ I, (9.80)

s=1,2
uM(z) = (), wel?
82
L(2.9) u® (x) = f(2)(:1:) = —¢ Z as(m)@u(l)(ﬂf% reD, (9.8b)
2 S

s=1,
u?(z) = p(z) —uV(z), zel

The data of problem (9.8a) as well as the solution u(!)(z) itself are assumed to be smoothly
extended beyond the boundary I} onto the left m!-neighbourhood of the set D. The function
uV(z), x € D is regular. The function U®(z), = € D, i.e. the regular part of the solution to
problem (9.8b), satisfies the following condition

()| <Me, xell.

‘ 8901
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To solve problem (9.8), we use the difference scheme
s=1,2

AW W (z) = { > b3 (2)dzs + g (2)05s] — C(x)} 2W(2) = f(a), (9.9a)

IEES)\FQ,

2W(x) = p(x), x€ Iy;

. 9
Mgy 20(2) = FO(0) = = 3 ay(a) 20 (@), @ e DY, (9.9b)
s=1,2 s

2P(x) = p(z) — 2V (x), =zl

Here
b,(f) = wﬁ” X wg) is either Dpz.1y or Dy (9.10a)
521) =" xw is a uniform mesh, (9.10b)
wél) = wéz), the stepsize of the mesh Egl) is equal to the stepsize h§2) of the mesh wﬁz); the mesh

DV is introduced on the set D with its left m'-neighbourhood. Note that the meshes D\ and
ﬁ,(f) coincide outside the o-neighbourhood of the set I'j. The solution of problem (9.9), (9.10)
is defined by

) =2V () +2P(2), zeD. (9.9¢)

For the function z"(x), x € D, in the case of the mesh ES) = Eh(”) provided that
[>k and N7'=0 (), k=12 (9.11)
the following estimate holds
pih(zhy < M {N;l min[ln Ny, e '] In(e™" +1) + Nyle™  + N;l}, k=1,2. (9.12)
For the case of the mesh D;LQ) = Eh(s.l) provided that
n>k and Ny =0 <ln2(€’1 + 1)) : (9.13)
we have the estimate
PIET) < M{NT e+ 1)+ NP RN k=12 (9.14)

Thus, the scheme (9.9), (9.10) converges in the p**(-) metric almost e-uniformly with the con-
vergence defect O (¢7) in the case of mesh (7.1) under the condition [ = kv~! and e-uniformly
up to the factor In* (e7* 4- 1) in the case of mesh (8.1) under condition (9.13).

3. In the p*(-) metric the difference scheme (4.3), (8.1) has the convergence defect
O (In(e™* +1)) (for large values of n), while scheme (4.3), (7.1) has the convergence defect
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O (5_1”) (for large values of [). However, scheme (4.3), (7.1), as opposed to scheme (4.3),
(8.1), converges e-uniformly in the norm || - ||. It is possible to show that, in the class of piece-
wise uniform meshes having one transition point of the mesh @y, there do not exist meshes on
which scheme (4.3) converges e-uniformly in the norm || - || and e-uniformly up to a logarithmic
factor in the p*(-) metric.

4. We give a scheme which converges e-uniformly in the norm || - || and e-uniformly (up to
a logarithmic factor) in the p*(-) metric.

On the set E(g‘l) we construct the mesh

D, (9.15a)
in the following way. Under the condition
NV < et (9.16a)
we set
ﬁ2(9.15(1) = EZ(Zl)v [ =11y,
A > 0 is an arbitrary number. Under the condition
Nb> et (9.16b)

we construct the mesh Ez(g.w) in such a way. The interval [0, d] is divided onto the parts [0, on],
[on, 0. and [o¢,d]. On each of these intervals the stepsize of the mesh w; is constant and equal
to A, B D B =30y N7, AP =3(0. — o) N, AP = 3(d— 0.)N. We assume

on = on@.15)(e, N1,d;[,m) =min [37'd, Im 'eIn N], (9.15b)
0c = 0.9.15) (¢, N1,d;[,m) = oy +min [37'd, pm~teln(e™' + M)], .
where m = mr.1y, M = Mgy, [ =7y, n=ns1, n>1.
The mesh 52(9.15) has been constructed.
The solution of difference scheme (4.3), (9.15) is (IV, €)-uniformly bounded in the norm || - ||,

while in the p*(-) metric it is bounded under the unimprovable condition

Nt =0 (2 (e 4 1), (9.17)
In the norm || - || under (9.17) we have the error bound
lu— 2| < M [Ny + Ny In Ny + Ny (9.18)

Let condition (9.17) be satisfied. Then, in the case of condition (9.16a), we obtain the

estimate
pi(z) < M [N7'In Ny + N7 NP+ NG (9.19a)
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under condition (9.16b) we have the estimate
Pl(z) < M[NT (et 1) + N+ Ny (9.19b)

where v =min[l, n—1].

Thus, scheme (4.3), (9.15) converges in the pL"(-) metric under the (unimprovable) condition
Nt =o(ln?(e' +1)), (9.20)

i.e. the scheme converges e-uniformly up to the factor In?(e~* + 1). Under the condition
l=\=1, n=2 (9.21)

this gives the estimate
lu— 2| < M [N In Ny + Ny (9.22)

and under the additional condition (9.17) we have
p(z) < MANT! [In Ny +In’(e7! + 1) + Ny '} (9.23)

Theorem 9.2. Let the hypothesis of Theorem 4.1 be fulfilled. Then the solution of finite
difference scheme (4.3), (9.15) converges e-uniformly in the norm || - ||. Condition (9.17) (con-
dition (9.20)) is necessary and sufficient for the (N,e)-uniform boundedness (for the conver-
gence) of the mesh solutions in the pih(-) metric; the convergence defect of the scheme is

@ (1n2(€_1 + 1)) The mesh solutions satisfy estimate (9.19) and, in the case of conditions
(9.17), (9.21) and {(9.17),(9.21)}, also estimates (9.19), (9.22) and (9.23) respectively.
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