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81 Introduction

The spectral theory of compact monothetic semigroups of linear operators examined by
Kaashoek and West in [1], [2] together with two block matrix theorems where the blocks are
either strictly positive or zero are used to give an exposition of Perron-Frobenius theory of
positive matrices. The approach in this paper is based on ideas of Smyth and West devel oped
in[4], [5].

We consider a linear operator T in finite dimensions which has a matrix representation [T]
relative to a given basis. Where there is no ambiguity we often write the matrix as T. T = O if
[Tlij =0 (Oi,)whileT>0if [T]; >0 (U i,j). The spectrum and spectral radius of T will be
denoted by o(T) and r(T) respectively. The trace of T (the sum of its eigenvalues) will be
written astr(T), and the peripheral spectrum will be denoted by T(T) ={A O o(T); A\| =r(T)}.

Thei™ row and "™ column of T relative to the given basis will be written row;(T) and col;(T)
and the diagonal of T will be denoted diag(T). The spectral projection of T relative to T(T)

will be written Py, .
Smyth [5] has introduced a hierarchy of subsets of matrices T > 0.

Definitions. (i) T ispositiveif T > 0;
(i)  Tisprimitiveif T > 0 for some positive integer k;
(i)  Tisconnected if [Ji,j Dapositiveinteger k such that [Tk]ij >0,
(iv)  Tispotentif diag(T¥) > O for some positive integer k;
(v)  Tiszero-freeif norow or columnis zero;

(vi) T has positive spectral radius.
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Remarks.

The above sets are strictly ordered by inclusion. T is connected if and only if there exists a

positive integer psuchthat T+ T2+ ..... + T°> 0. It is also connected if no basis permutation

=(00]

where U and W are square blocks. If Sand T are zero-freethen sois ST. It followsthat if T is

resultsin a block representation

zero-free r(T) > 0. Note also that all these subsets are invariant under a basis permutation, and

that if S> T and T is contained in any one of these setsthen sois S.
The following upgrading lemmawill be important.
Lemmal [IfST=0,T# 0andSisconnectedthen ST = TS impliesT is potent.

Proof.  Observe that by replacing Shy S+ S + ...... + S for sufficiently large p we may
assume that S> 0. First we show that under these conditions T is zero-free. AsT # 0, [T];; >0
for somei,j. Then [ST]y; = [S]i[T]; > 0 (O k), therefore [TS]y; > 0 (O k) so rowy(T) is non-
zero (O k) and taking transposes gives the same result for columns.

We provethat T is potent by induction on the size of the matrix. The result istrivially true for
1 x 1 matrices so assume that it holds for k x k matrices (k = 1,....., n-1).

If T (nx n) isconnected the result istrivially true so assume that T is not connected. Then by

abasis permutation T has lower triangular block form

T=
[ T T2 ]

where T1; and T, are square blocks which must be non-zero as T is zero-free. Corresponding
to this decomposition
S:[ Sii Si2 J
21 S22 ) with §;> 0 (0 ).
Since S and T commute we have T11S11 = ST + SioTor - But tr(T11S11) = tr(S11T11) S0
tr(Si2T21) = 0. By positivity To; = 0 but now T1; commutes with S;; > 0 and T2, commutes
with Sy, > 0. By our induction hypothesis, these blocks are both potent hencesoisT. @
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Let T be connected. Then r(T) > 0 so, without loss of generality, we take r(T) = 1.

Proposition 2. If Tisconnected and r(T) = 1then ||T"|| =M (n=1,2,......).

Proof. S (T)=c{T"; n= 1} isaclosed monothetic (singly generated) semigroup, further
W =R *S (T) isalso asemigroupand W ; = {W OW : |W|| = 1} is aclosed, bounded, non-
empty subset of W which is therefore compact. If W O W ; then W is potent by Lemma 1,
hence r(W) > 0 for each W O W ;. Further the spectra radius is norm-continuous and
therefore attains its minimum p on the compact set W ;. Then

rW)=2pu>0 WOW,) andso r(S)|SI* = p (SOS (T)).
But r(S) = 1 for SOS (T) hence ||S]|< p™ (S TS (T)) and the monothetic semigroup S (T) is

closed and bounded, therefore compact. ®

The structure theory for such compact monothetic semigroups [1], [2] now shows that S (T)
contains a unique idempotent which is Py, that al eigenvaluesin 1(T) are smple and that
G (T) =PrS (T) =S (PxT)

Is a compact monothetic group with unit Py consisting of all limit pointsof S (T). Note that
Pr= 0 and that, since P, commutes with T, Py is potent hence diag(Py) > 0.
Further if T(T) = {A1, A2, ... , A} then G (T) is isomorphic to the compact monothetic
subgroup of € ¥ ¢l {K1, K2, ..., KZ; N1} By hypothesis T is potent hence diag(T?) > 0 for
some positive integer p. It follows now by [4], Proposition 2 that T(TP) = {1} hence the
peripheral eigenvalues of T are al p™ roots of unity. It follows at once by the above
isomorphism for & (T) that G (T) is a finite cyclic group generated by T. Put R = PyT.
Obviously R = 0 and, since T is connected, Tp = ShaT" >0 for sufficiently large p. Further

Rp =2 R =PTp. Now since diag(P) > 0, [Relij = [PTylyj 2[Pli[Teli > 0 (D1, j)

s0 R, > 0 and R is connected.
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Consider the simple case in which T(T) = {1}. Then by the isomorphism & (T) consists of
one element P, so T" - P (n - o). Thus for a general connected T as we have seen T(T) =

{1} for apositiveinteger pso G (T) isafinitecyclicgroup and (TP)"=T™ - P; (n - ).

We now use these results to characterise primitive matrices. Note that if T¢ > 0 then T< =
T*T is the product of a positive with a zero-free matrix which is therefore positive. Hence

T*" > 0 for all positive integersn.

Proposition 3. Let T > Owith r(T) = 1. Then the following are equivalent :
(i) Tisprimitive;
(i) Tisconnected and r7(T) = {1} ;
(iii) Tisconnectedand T" — Py;

(iv) Tisconnected and G (T) = {P.

Proof. (i) = (ii). Assume that T is primitive. Then T is connected. Now T* > 0 for some k

hence diag(T) > 0 therefore T" — Py (n - ) so TP = Py.

Next we show that P> 0. Suppose not, then [P]jj =0 for somei, j hence

[T*Polj = 2.3 [ T Iim[Polmi =0 thus, using positivity, [P = 0 (O m), that is col,(Py) = 0
contradicting the fact that diag(Pr) > 0. Hence P, > 0 hence rank(Pr) = 1 therefore T(T) = {1} .
Conversely let T be connected with T(T) = {1}. Then T" - Pr(n - ) s0 T"Py=PyT" = Py
(On). Suppose [Prij = 0 for somei, j. Since T is connected [T4 ij > 0 for someKk, therefore
0=[Pdij 2 [T"]ij [Prjj so [Prj; = 0 which contradicts the fact that diag(Pr) > 0. Hence P> 0

and because T" - Py (n — o) it now followsthat T" > 0 for some m.

(ii) = (iii). The preceding remarks show that if T(T) = {1} then T" - P;;. Conversdy if
T" - Py then (T") - mPp ={1} (n - =) whichimplies T(T) = {1}.

(i) = (iv). Itisclear from our remarks prior to Proposition 3 that, if T is connected and

(T)=1then(T)={1} = 6(TM)={P}. ®
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83 Block Matrix Representations

The following block representation of a zero-free idempotent P = 0 is well known ([3],
Lemmab5.1.9).

Proposition 4. Let P > O be a zero-free idempotent matrix of rank h then via a basis

permutation P has the block matrix representation

Pu O .. O
p= 0 Pxp .. O
O O .. Pm

where all the off diagonal blocks are zero, the diagonal blocks are square and P;; > O isan

idempotent of rank 1 (i = 1,......,h).

Proof. If Pisconnected then P> 0, h = 1 and the result holds. Assume then that via a basis

uo
atti
rearrangement P has the block representation VW) AsPP=P>0henceU?=Uz20,

and W?>=W >=0and VU + WV =V thus WVU + WV =WV ,soWVU =0. Now asPis
zero-free U has no zero rows and W has no zero columnsthen V = 0. Then U and W are both

uo
idempotents = 0. 0 W is zero-free hence so are U and W. The result follows by

further reduction until the diagonal blocks are all connected idempotents and therefore> 0. ®

(For ageneral block representation of > 0 idempotent matrices see[3], Lemma5.1.9)

Now let T = 0 be connected with r(T) = 1. If PxT = R then & (T) = S (R) is afinite cyclic
group and we can find SOS (R) suchthat PR =RP;=R,PS=SP;=S,SR=P;=RS.
Further R, S= 0 and R is connected, adso R, S are zero-free since P;; i, so each block row of

the block matrix R (and S) corresponding to the block representation of P will have at least

one non-zero block.
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Suppose that Rjj is a block which is not zero. Then we have s, t such that [Rjj]¢ > 0. Now
R=PRP and the blocks P; , B; >0 (U1, j) so, for every compatible pair m, n,
[Rij]mn = [Pii]ms[Rij]st[ij]tn > 0, thus the block Rij > 0.

We now generalise awell known result for = 0 invertible matrices.

Proposition 5.  Let R, S, P be as above and such that RS= P = SR. Then R (and S) have
exactly one block in each row or column which is> 0 and the remaining blocks are zero.

Proof. Since P is zero-free so are R and S so they both have (at |east) one non-zero block in

each row or column. Suppose Ry > 0, then RS= P so the block P1i = (RS)y =21 RyS;i =0
(Oi>1). Takingj =k gives S, =0 (O 1 > 1), by positivity, that is blockrow(S) has exactly
one non-zero block Sy and S > 0. Reversing the order and taking transposes gives the

required result. ®

Replacing each positive block of R with the number one and each zero block with the number
zero gives an h x h permutation matrix, which, since R is connected must be asingle cycle. A

basis permutation then ensures that R has an h x h block representation of the form

o Rop1 where Ry, and all blocks Rj ;.1 > O; all others are zero.

Consider the equivalent h x h block representation T. For each i, j block Rjj = (TP);; =T;iP; .
Since P; > 0 we deduce that R;; = 0 implies that T;; = 0. Thus the block representation T is
subservient to that of R, in the sense that its non-zero blocks can only occur in positionsi, j in
which R;; > 0.
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Finally observe that by [1], [2] if ]A] = 1 and P(A;R) denotes the spectral projection of the
point A associated with the linear operator R that N 2.kt K¥R¥ 3 P(K;R) (N8 =) where
P(\;R) # 0 if and only if A O T(R). But since R™* = R choosing A such that A" = 1 gives
h™ 3y K R = P(K;R) . To show that every h" root of unity is an eigenvalue of R observe
that, from our h x h block representation of R, diag(R*) = 0 (k = 1,...., h-1); but that
diag(R" = diag(P) > 0. Thus P(\;R) # 0 if, and only if, A" =1.

With this block matrix representation for T let D be the block diagonal matrix
D = diag(€®ly, €%, ........ L€M)
where w = 21th. Then DTD™ = €“T and the whole spectral theory of T is invariant under

rotations by multiples of .

Now recall that the trace of T" isgiven by tr(T") = 2.2 K" where o(T)={Ai; 1< i< p}.

Proposition 6. If T> 0 and r(T) =1 then Tisprimtive - T isconnected and

tr(Tn) -1 (n - 00)

Proof. Let T be primitive. Then by Proposition 3(iii) T" - Py sotr(T") - tr(Py = 1.

Conversely let T be connected and, as before, set P;T = R. The above discussion shows that
the eigenvalues of R are precisely the h™ roots of unity for some positive integer h and
therefore tr(R") = h whenever nis divisible by h, otherwise tr(R") = 0. However T(T) = T(R)
andasn — o the n™ powers of o(T)\r(T) go to zero. Hence tr(T") - tr(R") -~ 0 as n — o

so tr(T") is convergent if and only if h =1 and the limit in this particular case is aways 1
®

Corollary. If T> 0 and r(T) =1 then T isprimtive < T is connected and
{tr(T"}," isa convergent sequence.
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