BOUNDED CONJUGACY CONDITIONS

Murk Cartmaighl

This article surveys the history of the study of grnups
with finite conjugacy conditions. 1t presents some new Te%-
ults obtained by the author. 1t is hased on a talk given by
the author to the Group Theory Conference held in Galway on

11/12 May 1984,

1. BFC Groups and Derived Groups

A group is said to be a BFC qroup if there is a finite
upper bound on the sizes of its conjugacy classes. B.H., Neu-

mann characterized such groups in 1954 [a].

Theorem 1 (Neumann [8]). If b is a BFC group then the der-
ived group G' is finite. Hence the BFC groups are preclsely

the finite-by-abelian groups.

The BFC-number of a BFC group is the maximum of the sirzes
of its conjugacy classes. We write it as n{G) or just n.
Already in [B] Neumann wondered whether the order |G| of a
BFC group G could be bounded in terms of n(G). The question
was answered affirmatively by Wiegold in [14]; refinement of

the argument led to the following result.

Theorem 2 (Wiegold [15]). 1If G is a BFC group then

6] < b 1109 ),

where the logarithm is to base 2 (as will be the case throuagh-

out, unless specified otherwise).

However, even this bound is much too big. Examples of

i i
groups led Wiegold to the conjecture that o] n}(1+lmq ")
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commutator

lished the Wiegold conjecture firs

Theorem 4 (Vaughan-Lee [12])
n(G) = pb, Then [G'] = p

the Wieqgold conjecture has been important since

1n the proof of the following result, by P.M
Vaughan-Lee in [a}.

Thegrem 5 (Neumann and Vaughan-Lee [9])
group.

for any BFC group, and to date no group has

been found that

disproves this, although there are groups known for which
L < L -

cgualily holds with dl‘bi’.[‘arlly ldrge BFC-numbers. OT ) ~
tups Lhe CONn JrCLUre was sharppns'd by el ir e} that the -
4 g

arithm be to base p.

Mdudinald improved the bound of Theorem 2 in [7] to
. . bnllog n)?
oo g.n i i

o] n » Dut the first significant advance came with

Shepperd and Wiegold's paper [10] of 1963

ITheorem 5 (Shepperd and Wiegold [10]). Let G be a BFC gro
up.

i If 6 i 5 5
(i) G is soluble, then |G'| s nq<lDQ n)’ where q(x)

1s a certain quintic polynomial.

(11) If G is nilpotent of class 2, then |G| g (109 N)?

Thus, at the price of restricting attention to special

classes of BFC groups, they were able to produce bounds in

which the exponent is purely logarithmic, as the Wiegold conj

ecture requires.

This set the pattern for the next 11 years. By using

calculations and Lie ring methods, workers estab-

t for class 2 p-groups

(Bride [2]), then for metabelian p-groups (Vaughan-tee [11])
s

and finally for pP-groups in general (Vaughan-Lee (121

‘). Let G be a p-group with
sb(b+1)

The fact that this represents the stronger version of

It was used
Neumann and
. Let G be a BFC

(i) If C is soluble, then [GY| <n2(5+log n)
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L(aahlog n)
(ii) In any case, 6] s n .

The tesult for soluble groups lmproves Shepperd and Uie-
i i s 2 aws lionald conjor bare.
gold's, and indeed is just n® o away from the Wien

This is still the best bound known for soluble groups.

The result for general BrC groups is nob quite 5o quod,
but it is worth recalling thot the previowns heast boomt wac
Macdonald's, in 1961 . Recent ly the present Authoe has Light-
ened this bound (123] and [al). Thic, however, teprnds oo
the Classificaltion Theorem for finite simple gronps, for it
uses the fact that all such groups may he generated by [

elements.

Theorem 6 (Cartwright [31). 1f G is a BEC group, then
\G'\ < n%(ﬂ1+log n),

This is just n2° away from the Wiegold conjecture. The
proof, as well as the result, parallels Neumann and Vaughan-
, as z

Lee's bound for soluble nroups.

Theorems 4, 5(i) and b represent the current state of

knowledge.

2. Class of p-LGroups

The bound given in Theorem 4 on the size of the derived
group of a BFC p-group gives an immediate bound an iltae clanss
namely, a p-group with BFC number pb has class ab most
L(b2+b)+1. This bound is, however, much too big. The Tolant-
breadth conjecture’ for finite p-groups was that such A group
with class ¢ and BFC-number Db satisfies © = Hh+l. This would
mean that the dihedral groups, for example, are a natural cas=e

where the limit 1is attained. In 1969 the following Tesult

was proved, which goes some way towards this.

Theorem (t eedham-Green, P.M. Neumann and Wiegold (b)),

et L be a finite p-group with BIL number uh and class c.
Then ¢ < (—E e, In

Do particular, if G is nonabelian then

However, in a series of papers in 1880-81, examples of
groups were constructed for each integer k with ¢ > b+k. In
fact the groups produced in |[5) have class approaching b+b%,
Those examples are all Z-groups; so far, no-one has found

counterexamples for odd primes.

The most recent result in this area (in [4]) improves the

bound of Theorem 7 to o = %b+1.

3. Derived Length of Soluble Groups

It is well-known that the derived length of a nilpotent
group of class @ is at most 1 + log.c. From Theorem 7 we may

therefore deduce the following.

Theorem 8. let b be a nonabelian finite p-group with BFC-
number pb and derived length d. Then d = 2 + log b.

Thus if H is a nilpotent group of BFC-number n and derived
length d, we have d < 2 + log log n.

Despite the gap in Theorem 7, this bound is very nearly the
best possible. for if H is taken to be a Sylow 2-subgroup
of Sy, the symmetric group of degree Zk, then H has derived
length precisely k and order (and therefore BFC-number) less

than ZRk, 50 that here we have d > log log n.

Perhaps more surprising than this is that a similar result
can be proved for soluble groups in general, as P.M. Neumann

and Vaughan-Lee showed in [9].




Theorem 9 (Neumann and Vaughan-Lee [al). Let G be a nonabelian

soluble BFC group with BFC-number n and derived length d.
Then d < alog logn+8, where a = 1+(5/1og 3) = 2.58.

Among known examples, those with largest derived length

relative to their BFC-number are the 2-groups mentioned above.

4, Generalisations

Baer [1] generalised the concept of a BFC group in the
following way. Suppose G is a group and HoK = 6. We call
(H,K) a BFC pair in G if there are integers m,n such that
[H:cp(y)] s m for all v & K and |[K:iCk(x)] s n for all x& H.

Theorem 1 then generalises as follows.

Theorem 10 (Vaughan-Lee [13]). Suppose (H,K) is a BFC pair
in a group G. Let M and N be the normal clasures in <H,K> of
H and K respectively. Then the commutator subgioup [H,K] is

finite if and only if both [M:H| and [n:k] are finite.

Moreover, the size of [H,K] may be bounded in a way that
parallels Theorems 2-6. Vaughan-Ler in [13] proves the foll-
owing result, which deals with the case where baoth H and K are
normal in <H,K>; but it is easy to see how this may be adapted
to the more general case. Naturally, the parameters ]M:H[

and |N:K| must also be used.

Theorem 11 (Vaughan-Lee [13]). Suppose (H,K) is a BFC-pair
in G, with H,K 2 <H,K>, and suppose m and n are upper bounds=
for (]H:CH(y)| : y € K} and {[K:EK(X)l : x € H} respectively.
Then [[H,K]] gm?(3+13log n),

Corresponding to the Wiegold conjecture for BFC groups,

there is a conjecture in this more general situation. 1t is
thought that [ [H,K]] = mlP9 N alyays holds. (This is a symm-
etric bound, for mlog n . plog m.log n ) Again, cases ate

known in which this value is attained, but no example has come
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Theorem 13 (Carturight [4]).
with H,K 2 <H,K>, Let max{|H:Chy(y)| : v € K} =
max {-|K:Cx(x)] : x € H} = n.

to light which disproves the conjecture.

Unlike the situation with BFC groups, the conjecture has

been established for relatively few special cases. Vaughan-

Lee in [13] verified the conjecture in the case that [H,K] is
2

in the centre of <H,K>, and improved on Theorem 11 in the case

where [H,K] is central in H,

this slightly.

The present author has extended

Theorem 12 (Cartwright [4]). Let (H,K) be a BFC pair in a

p-group G, with H,K g <H,K> and [H,K] = Z(H). Let

max { [H:Cy(y)] vy € K} = p? and max ([K:C(x)] : x € H} = pb

Then |[H,K]| = pab,

Also in [4], improved results are obtained for more gen-
eral cases.

Let (H,K) be a BFC pair in G,

= m and

H . I
(i) If G is a p-group then |[H,K]]| = m§+(7/ﬂ)logpn.

(ii) In any case, |[[H,K]]| = m(a1/2)+(25/8)log n

This work was done while the author held a Research

Studentship under the SERC.
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