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IRISH MATHEMATICAL SOCIETY

SECRETARY'S REPORT (January 1983 to August 1984)

As I must now resign as Secretary of the Irish Mathemat-
ical Society because I am to go on leave for 1884/1985, I feel

it 1s appropriate to summarise my activities as Secretary.

1. Massera et al,

Shortly before I took up office the Society decided to
support the cases of J.L. Massera (an elderly Mathematician
and Pafliamentarian imprisoned without trial in Uruguay) and
V. Kipnis (a Russian Mathematician who had his doctorate re-
voked following refusal of permission for him to emigrate).
As directed by the Society I wrote various letters in support
of these two mathematicians to appropriate Ambassadors, to
the President of the Academy of Sciences of the USSR, to the
Minister for Foreign Affairs in Ireland and most recently
(in January 1984) to the United Nations Centre for Human
Rights. Most of these letters did not receive a reply but
the Minister replied (in a sympathetic vein) to several of
my letters and finally the United Nations, the Minister and
the International Campaign for Massera wrote to inform the

Society of Massera's release in March.

No progress appears to have been made in the case of
V. Kipnis, though (in March 1983) the Minister for Foreign
Affairs informed us that he was aware of the case. (See also

the report by S. Dineen in the Newsletter of March, 1984).

The Society has now been requested to lend its support
to a new campaign in support of Yury Orlov (Physicist) and
Anatoly Shcharansky (Computer Scientist) both of whom have

been refused permission to emigrate from the USSR. The




Society is to decide its attitude to this campaign (which is
organised by those who tan the Massera Campaign) at the Dec-

ember 1984 Ordinary Meeting.

Y. Orlov obtained his doctorate in 1963 and worked at
a Physics institute in Armenia until 1872, when he moved to
Moscouw. In 1973 he wrote an open letter in support of Sakh-
arov and became a founder member of the Soviet Branch of Amn-
esty International. He was dismissed from his Moscouw post
in January 1974. He continued various kKinds of { 'iticnl
activity until 1878 when he was arrested and seﬁtenced to
seven years hard labour and five years exile, at a suspect
trial. He has since been puﬁished for trying to smuagle 3

scientific article out of his prison.

A. Shcharansky worked at the All-Union Scientific Res-
earch Institute of 0il and Gas until 1875, until he was dis-

missed following repeated unsuccessful applications to emig-

rate. He then became associated with Sakharov and the Hels-
inki group. The Soviet press began a campaign accusing him
of spying for the US3A. He was then convicted at a closed

trial and sentenced to 13 years in prison.

- These summaries are paraphrased from 3 May 1980 article

by Istael Halperin.

2. per Lingus Young Scientists Exhibition

1 suggested early in 1983 that the Society might consider
sponsoring a prize at this Exhibition. The Society aqgreed
but Rer Lingus eventually replied that they felt more than a

prize would be needed to encourage Mathematical projects.

In response to the Aer Lingus reqguest P, Boland drew up
a list of topics considered suitable for projects. I have
since expanded this into a short article. In addition

N. Buttimore (TCD) has written an article on projects concern-

ing software for computer-aided Mathematical instruction and

AL Wooud (NIHE, Dublin) has written an addendum on Mathematical
modelling. These have been circulated to a limited extent,
hut unfurtunately they were not ready in time for the IMTA to
circulate them. Aer Lingus are considering including them

with other literature on the Exhibition.

3. Joint Meeting with LMS

I wrote to the London Mathematical Society asking them
to consider co-operation and reciprocity with the IMs. This
has resulted in a proposal (as yet not completely firm) to
hold a joint two-day meeting of the LMS and IMS in Izeland in
1986. The meeling, assuming it goes ahead, will probably
take place in Dublin on a fFriday afternoon and a Saturday
morning. There will be six lectures by eminent invited
speakers on a coherent set of topics of wide interest. This
represents a new departure for the IMS and I hope it will be
possible in the future for the Society to organise similar
meetings on a smaller scale but with more than one speaker.
The proposed joint meeting with the LMS will coincide with
the 10th anniversary of the founding of the IMS.

4, Newsletter

As all members are by now well auware the Newsletter has
reached an enviable standard of professionalism in recent
years due to the efforts of its editor Donal Hurley assisted
by Pat Fitzpatrick. The Society and its Committee have Tep-
eatedly expressed their appreciation to the Editor and to the
Associate Editor. Donal Hurley has indicated that he wishes
to step down as tditor after the March 1985 issue, when his

term of office expires.




S. Drganisation

Some changes in the organisation of the
First the system of havina foral

Society have occ-

urred in the past two years.

representatives has proved an efficient means of distributing

the Newsletter and collecting dues. Second the responsibility

for distributing the Newsletter has been given to P. Boland
to relieve the gditor of this unnecessary hurden.

and myself,

This seems an appropriate point to mention the conacient -
ious and herculean efforts of the Treasurer, G. Enright, in
keeping the Society's financial affairs in order and in coll-

ecting outstanding subscriptions. He has also succerded in

attracting a moderate number of members from abroad.

6. IMTA

Discussions with the Irish Mathematics Teachers Associat-

ion with a view to establishing reciprocity of membership and

n have been going on for some time.

While reciprocity of mem-

closer co-operatio
M. Clancy has represented the ims.
bership has not yet been established, some benefits have arisen

from the discussions.

Richard M. Timoney

26th July, 1984

CONFERENCES

The Irish Mathematical Society is happy to be able to
assist with the funding of mathematical conferences. Duting
1983/1984 we sponsored Professor Fveritt's Lecture Tour in
December, UCD Matrix Theory Conference in March and UCG Group
Theory Conference in May. Applications for support for
1984/1985 should be submitted as early Aas possible. Forms

are. available from the Treasurer.

-6 -

ROYAL 1RISH ACADEMY

Section A of the Proceedings of the R.I.A. is avallable
to members of the lrish Mathematical Society at a special
price. A discount of one-third of the normal price is allowed

on orders placed through the T1.M.5. Treasurer

Institutional Members

Institutional Membership of the Irish Mathematical Society
is available for 1984/1885 at IR£35.00. Please encourage
your Department, College or other Institution to join and to
support I.M.S. activities in this way. Institutional members
receive two copies of each issue of the Newsletter and they
may nominate up to five students for free membership of the
Society. Suhscriptions are normally paid in advance in Sept-

ember of each year.

Urdinary Members

Ordinary Membership of the I.M.S. continues to be good

value at IR£3.50 (internal) and IR£4.00 (overseas) for the

session 1984/1985. Please encourage your colleagues at home
and abroad to join. Subscriptions are normally paid in Jan-
uary of ench session. Local Representatives should collect
from members who do not use Banker's Orders. All subscript-
ions should be forwarded to the Treasurer. Application forms
for new members are asvailable.

-7 -




PERSONAL TTEMS
Ma Michael Arennan of Our Lady's Bower School has heen Aappoin-

ted to a position in the Regional Technical College, Waterfoud.

Dn Soo Bong Chae of New College (UsF), Sarasota, Florida, is
visiting the UCD Department of Mathematics from Seplembher 1984
to January 1985. Dr Chae is interested in functional Analyois

and Set Theoretic Topology.

Dn Stephen Gurdinea has taken up 3 position in the Department
of Mathematics at UCD. Dr Gardiner formerly held a joint
appointment with the Northern Ireland Department of Aaricult-
ural Biometrics at Queen's University, Belfast. His ~pecial
interests include Classical Potential TheoTy and the dewian

and analysis of experiments.

Da Rodeadick Gow of the Mathematics Department, UCD, is visiting
the Department of Mathematics at the University of Wisconsin

(madison) for the academic year 1984-86.

Dn Wolfgung Heusgen is visiting the Mathematics Department,
UCD, for the academic year 1984-845. Nr Heusgen comes from
Munich and is interested in Function Theory, Banach Hpaces

and Functional Analysis.

Da Mohammed Kuzim Khan of the Mathematics Department, Kent
State University, Ohio, will visit the Mathematics Department,
UcD, from January 1985 to June 1985, Dr Khan is interested

in Statistics and Software Reliahility.

Da Maciei KCimek has been appointed to a position in the Dep-
artment of Mathematics, UCD. Dr Kliwek is from Cracow, Pol-
and, and his interests include Complex Analysis, Polar Sets

and Plurisubharmonic Functions.

Da Geaand J. flurphy has been appointed to a position in the
Mathematics Department, UCC. Dr Murphy did his undergraduate
studies at TCD, got his Ph.D. at Cambridge University and

-8 -

comes to UCC from a position at the University of Oregon

His special interests are in Operator Theory.

Mo Paul Nelinsen who is completing a Ph.D. for Warwick Univ-
ersity is replacing Richard Timoney at TCD this year. His
interests are in Symplectic Geometry and Geometric Quantiz-

ation.

e Jeanne Ny-Ntynes of the Waterford Regional College has
been appointed to a position at the Cork Regional Technical

College.

Na fuatin Stynes has beep appointed to a position in the Math-
ematics Department, UCC. Dr Stynes did his undergraduate
studies at UCC, got his Ph.D. at the University of Oregon
and comes to UCC from the Waterford Regional Technical College.

His special interest is Numerical Analysis.

Na Richurd 7imency of the School of Mathematics, TCD, is
visiting the Mathematics Department, University of North

Carolina, Chapel Hill, for the academic year 1984-85

CSO scoops Nobel
mathematics prize

THIS YEAR'S Nobel Prize for advances in Pure
Mathematlcs has been awarded to Ireland’s Central
Statistics Office.

Th‘e yqbel committee, sitting in Stockholm, cited the
CSO’s “highly imaginative techniques” which led to the
discovery of the famous £500 million ‘black hole’. The judges
also paid tribute to the “truly original” methods employed in
assessing the more recent milk quotas.

From The Phoenix, 26 October, 1984




AN ELEMENTARY NUMBER THEORY RESULT

. . Xk ..
¥po o Airch and N, Singmasten

The first two functions introduced in number theory are
usually 7n(n), the number of primes less than or enual to n,
and ¢(n), Euler's ¢-function, the number of totitives nof n
(i.e. positive integers which are < n and coprim: " N
There is a simple relationship between these functions, namely:

#{n) > m(n) apart from a finite number of exceptional n.

This relationship, despite its simplicity, is generally
unknown - it does not occur in Dickson, Hardy and Wright, or

Leveque. After our discovery of it, A. Makowski referred us

to [m] and [S].
The second is a proof of Erdos described by Sier-

The first appeared in 3 small unreviewed
journal.
pinski in the Polish original edition of his "flementary Theory
of Numbers", but omitted from the English edition. Conseqg-
vently, we are presenting the result again, in the hope that

it will become better knouwn. Qur proof is similar to [Mm].

We need one non-elementary but well known tesult.
For any x > 1, there is

Bertrand's Postulate. [H, p. 3ai].
a prime p such that 2x > p > x [

From this, we obtain the following.

Theorem 1. If n has r 2 5 distinct prime factors then

a/n) z 2r.

Proof. If n has more than 5 distinct prime factors, then
n2 2:3-5-7+11 = 2310 and hence Vn > 48, Since 4% is the
14th prime, the result is true for r = 5, 6 or 7. We now

prove it generally for t =z 7 by induction. Assume the result

is true for every number which has k prime factors, for some

- 10 -

y

K = 7, and suppose n has k+1 prime factors, Hence n > 16m

which implies /o > 4/m. By Bertrand's Postulate, there

are

at least two primes between /o oand Vm. By the induction hyp-

otheais, n(v/m) z 2k, hence n(v/n) z 2k+2.0

Denote the number of composite totitives of n by c(n).
The number of prime totitives of n is the number of primes less
than or cgqual to n minus the number of prime factors of n,
i.e. n{n) - t(n) (where we have used r(n) for what we prev-

iopusly denoted r).

composite, we have:

Lemma . Ifn oz 42, then &{n) > n(n).

Proof. From (), we see that ¢(n) > n(n) if and only if
c(n) = r(n).

If r(n) < 2, then at least two of {4, 9, 25, 49} are

Recalling that 1 is neither prime nor

co-
prime to n and so c(n) 2z 2 2 r(n) for n z 50

If r(n) = 3 and 21n, then 4, H, 16 are coprime to n.

If r(n) = 3 and Eln, then 9, 27, 81 are coprime ta n.

If r{n) = 3 and n = 283YpC for some prime p > 3, then at
teast one of 25 or 49 is coprime to n and at least two of
{35, 99, 64H, 77, Y1l are coprime to n. So if r(n) = 3 and
noz U2, then c(n) = r{n).

1f r(n) = 4, then n 2z 2+3-%7 = 210 and there are always
at leasl four composite itives 2 2

U ymposite totitives, Qs Q; 5 9,9,, 0,03, where

g, o= 11, g, = 13 and g, = 17 are prime totitives of n. So
c(n) z 4 = t(n).

If r(n) = %, then since 7{(/n) 2 2r(n), there are at least

r prime totitives of n, say g,, dzs ..., Qps, all less than v/n.

|1§

(In fact, we hauve c¢(n) z r(r+1)/2.)0

He ? 2
ence i, s ...y Up oare all less than n and so c{n) z T

-1 -




Either by pursuing the arqument a little further or by
examining every integer less than 92, we obtain our maln

result.

Theorem 2.

i

o(n) < m(n) if and only if n =6, 10, 12, 18, 24, 30, 42 or 603
¢(n) = w{n) if and only ifno= 2, 3, 6, B 10, 14, 20 or 3503

¢(n) > n(n) for all other n.O

Corollary. ¢(n) > n/log n except for n = 1, 2, 3, 4, B, 10.
12, 18 or 30.

Proof. 1t is well known that m(n) > n/log n for n 2z 17 (R,
p. 71 or SW, p. 106].

n > 60 and some calculation yields the complete result.]

The Corollary follows immediately for

The following two results are immediate corollaries to our

work using a little calculation.

Proposition 1. (n) 2 /n except
Proposition 2. An integer n has the property that all of its
totitives are prime or if and only if n = 1, 2, 3, 4, b, B,
12, 18, 24 ar 30. (schatunowsky (1893) and Wolfskel (1900)

{D, p. 132, item 73 and p. 134, item 917].)

1t is known [SW, 4.1} that

i ®(n) log log n _ e”Y, yhere Y is Fuler's constant
1ime o =
L _— ¢(ﬂ) _ . t
(= lim ,of ) 1/i - log r}) and 1im qhe —h = 1. The first
of these ié:;ore accurate than our Corollary, but only asympt -
otically.
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BOUNDED CONJUGACY CONDITIONS

Murk Cartmaighl

This article surveys the history of the study of grnups
with finite conjugacy conditions. 1t presents some new Te%-
ults obtained by the author. 1t is hased on a talk given by
the author to the Group Theory Conference held in Galway on

11/12 May 1984,

1. BFC Groups and Derived Groups

A group is said to be a BFC qroup if there is a finite
upper bound on the sizes of its conjugacy classes. B.H., Neu-

mann characterized such groups in 1954 [a].

Theorem 1 (Neumann [8]). If b is a BFC group then the der-
ived group G' is finite. Hence the BFC groups are preclsely

the finite-by-abelian groups.

The BFC-number of a BFC group is the maximum of the sirzes
of its conjugacy classes. We write it as n{G) or just n.
Already in [B] Neumann wondered whether the order |G| of a
BFC group G could be bounded in terms of n(G). The question
was answered affirmatively by Wiegold in [14]; refinement of

the argument led to the following result.

Theorem 2 (Wiegold [15]). 1If G is a BFC group then

6] < b 1109 ),

where the logarithm is to base 2 (as will be the case throuagh-

out, unless specified otherwise).

However, even this bound is much too big. Examples of

i i
groups led Wiegold to the conjecture that o] n}(1+lmq ")

- 14 -

commutator

lished the Wiegold conjecture firs

Theorem 4 (Vaughan-Lee [12])
n(G) = pb, Then [G'] = p

the Wieqgold conjecture has been important since

1n the proof of the following result, by P.M
Vaughan-Lee in [a}.

Thegrem 5 (Neumann and Vaughan-Lee [9])
group.

for any BFC group, and to date no group has

been found that

disproves this, although there are groups known for which
L < L -

cgualily holds with dl‘bi’.[‘arlly ldrge BFC-numbers. OT ) ~
tups Lhe CONn JrCLUre was sharppns'd by el ir e} that the -
4 g

arithm be to base p.

Mdudinald improved the bound of Theorem 2 in [7] to
. . bnllog n)?
oo g.n i i

o] n » Dut the first significant advance came with

Shepperd and Wiegold's paper [10] of 1963

ITheorem 5 (Shepperd and Wiegold [10]). Let G be a BFC gro
up.

i If 6 i 5 5
(i) G is soluble, then |G'| s nq<lDQ n)’ where q(x)

1s a certain quintic polynomial.

(11) If G is nilpotent of class 2, then |G| g (109 N)?

Thus, at the price of restricting attention to special

classes of BFC groups, they were able to produce bounds in

which the exponent is purely logarithmic, as the Wiegold conj

ecture requires.

This set the pattern for the next 11 years. By using

calculations and Lie ring methods, workers estab-

t for class 2 p-groups

(Bride [2]), then for metabelian p-groups (Vaughan-tee [11])
s

and finally for pP-groups in general (Vaughan-Lee (121

‘). Let G be a p-group with
sb(b+1)

The fact that this represents the stronger version of

It was used
Neumann and
. Let G be a BFC

(i) If C is soluble, then [GY| <n2(5+log n)

- 15 -




L(aahlog n)
(ii) In any case, 6] s n .

The tesult for soluble groups lmproves Shepperd and Uie-
i i s 2 aws lionald conjor bare.
gold's, and indeed is just n® o away from the Wien

This is still the best bound known for soluble groups.

The result for general BrC groups is nob quite 5o quod,
but it is worth recalling thot the previowns heast boomt wac
Macdonald's, in 1961 . Recent ly the present Authoe has Light-
ened this bound (123] and [al). Thic, however, teprnds oo
the Classificaltion Theorem for finite simple gronps, for it
uses the fact that all such groups may he generated by [

elements.

Theorem 6 (Cartwright [31). 1f G is a BEC group, then
\G'\ < n%(ﬂ1+log n),

This is just n2° away from the Wiegold conjecture. The
proof, as well as the result, parallels Neumann and Vaughan-
, as z

Lee's bound for soluble nroups.

Theorems 4, 5(i) and b represent the current state of

knowledge.

2. Class of p-LGroups

The bound given in Theorem 4 on the size of the derived
group of a BFC p-group gives an immediate bound an iltae clanss
namely, a p-group with BFC number pb has class ab most
L(b2+b)+1. This bound is, however, much too big. The Tolant-
breadth conjecture’ for finite p-groups was that such A group
with class ¢ and BFC-number Db satisfies © = Hh+l. This would
mean that the dihedral groups, for example, are a natural cas=e

where the limit 1is attained. In 1969 the following Tesult

was proved, which goes some way towards this.

Theorem (t eedham-Green, P.M. Neumann and Wiegold (b)),

et L be a finite p-group with BIL number uh and class c.
Then ¢ < (—E e, In

Do particular, if G is nonabelian then

However, in a series of papers in 1880-81, examples of
groups were constructed for each integer k with ¢ > b+k. In
fact the groups produced in |[5) have class approaching b+b%,
Those examples are all Z-groups; so far, no-one has found

counterexamples for odd primes.

The most recent result in this area (in [4]) improves the

bound of Theorem 7 to o = %b+1.

3. Derived Length of Soluble Groups

It is well-known that the derived length of a nilpotent
group of class @ is at most 1 + log.c. From Theorem 7 we may

therefore deduce the following.

Theorem 8. let b be a nonabelian finite p-group with BFC-
number pb and derived length d. Then d = 2 + log b.

Thus if H is a nilpotent group of BFC-number n and derived
length d, we have d < 2 + log log n.

Despite the gap in Theorem 7, this bound is very nearly the
best possible. for if H is taken to be a Sylow 2-subgroup
of Sy, the symmetric group of degree Zk, then H has derived
length precisely k and order (and therefore BFC-number) less

than ZRk, 50 that here we have d > log log n.

Perhaps more surprising than this is that a similar result
can be proved for soluble groups in general, as P.M. Neumann

and Vaughan-Lee showed in [9].




Theorem 9 (Neumann and Vaughan-Lee [al). Let G be a nonabelian

soluble BFC group with BFC-number n and derived length d.
Then d < alog logn+8, where a = 1+(5/1og 3) = 2.58.

Among known examples, those with largest derived length

relative to their BFC-number are the 2-groups mentioned above.

4, Generalisations

Baer [1] generalised the concept of a BFC group in the
following way. Suppose G is a group and HoK = 6. We call
(H,K) a BFC pair in G if there are integers m,n such that
[H:cp(y)] s m for all v & K and |[K:iCk(x)] s n for all x& H.

Theorem 1 then generalises as follows.

Theorem 10 (Vaughan-Lee [13]). Suppose (H,K) is a BFC pair
in a group G. Let M and N be the normal clasures in <H,K> of
H and K respectively. Then the commutator subgioup [H,K] is

finite if and only if both [M:H| and [n:k] are finite.

Moreover, the size of [H,K] may be bounded in a way that
parallels Theorems 2-6. Vaughan-Ler in [13] proves the foll-
owing result, which deals with the case where baoth H and K are
normal in <H,K>; but it is easy to see how this may be adapted
to the more general case. Naturally, the parameters ]M:H[

and |N:K| must also be used.

Theorem 11 (Vaughan-Lee [13]). Suppose (H,K) is a BFC-pair
in G, with H,K 2 <H,K>, and suppose m and n are upper bounds=
for (]H:CH(y)| : y € K} and {[K:EK(X)l : x € H} respectively.
Then [[H,K]] gm?(3+13log n),

Corresponding to the Wiegold conjecture for BFC groups,

there is a conjecture in this more general situation. 1t is
thought that [ [H,K]] = mlP9 N alyays holds. (This is a symm-
etric bound, for mlog n . plog m.log n ) Again, cases ate

known in which this value is attained, but no example has come

218 -

Theorem 13 (Carturight [4]).
with H,K 2 <H,K>, Let max{|H:Chy(y)| : v € K} =
max {-|K:Cx(x)] : x € H} = n.

to light which disproves the conjecture.

Unlike the situation with BFC groups, the conjecture has

been established for relatively few special cases. Vaughan-

Lee in [13] verified the conjecture in the case that [H,K] is
2

in the centre of <H,K>, and improved on Theorem 11 in the case

where [H,K] is central in H,

this slightly.

The present author has extended

Theorem 12 (Cartwright [4]). Let (H,K) be a BFC pair in a

p-group G, with H,K g <H,K> and [H,K] = Z(H). Let

max { [H:Cy(y)] vy € K} = p? and max ([K:C(x)] : x € H} = pb

Then |[H,K]| = pab,

Also in [4], improved results are obtained for more gen-
eral cases.

Let (H,K) be a BFC pair in G,

= m and

H . I
(i) If G is a p-group then |[H,K]]| = m§+(7/ﬂ)logpn.

(ii) In any case, |[[H,K]]| = m(a1/2)+(25/8)log n

This work was done while the author held a Research

Studentship under the SERC.
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MATHEMATICAL MODELLING [N PHARMACOLOGY
James g Granne ((

Introduction

The primary objective of Clinical Phatmacology is the

effective treatment of human disease by drug therapy. The
associated problem is the design of rational drun clministirat-
ion programs. The resolution of the problem lies in the con-

vergence of many disciplines ranging from Biochemistry and
Physiology to Statistics and (more recently) Mathematics.

The response of humans to drugs displays considerable variab-
ility. Thus, statistical techniques have played an important
role in drug administration. Advances in techniques of
measurement during the past ten years have made possible the
study and reduction of variability by wusing mathematical (and

numerical) modelling.

Classical Basis of Drug Therapy

The basic concepts in drug administration are

(i) Dose: A single dose is adequate in some circum-
stances. In other cases it may be necessary to
give a sequence of doses, for example, until a
disease has been cured or on an extended basis if

a disease can only be contalned.

(ii) Response Or Pharmacologic effect: There is normally
a desired minimum therapeutic effect. Drugs usually
have multiple effects, some of which may be toxic

(causing,e.g. nausea, vomiting) or lethal.

The problem is to understand the relationship betueen

dose and response. The classical approach is statistical in
nature. Consider the single dose administration program as
- 22 -

an illustration.

Each member of a sample of the population

is lven a se a ions e sa e =
3 a dos and e ac h N i
. 3 om a e
rapeullc respons i U se S -
{ [ espnNnse and 1 whom a toxic respon occu i
‘ < ) rs 1 eas
ured. C i )
he cumulative requency distribution o response

typically (there are well-known exceptions [1]) has th
earance shown in Figure 1. o

fIHLLionP

Kewponding

Therapeutic

Dose
FIGURE 1

e dose at whic per ce of the sa ple shows a t erapeutic
1
(tleL) response 1s co o} ly denoted by ED (IESD. D ).

ED9Y is significantly less than TD1 .

the drug is considered to
e e - H?mever, if TD1 > EDYY it is not
e o ' & ’ se which will be both safe and therapeut-

y effective for the whole population.

be both safe and effective.

an n S a r ) a e e 1 ’
y 1mportant dI‘LJQ‘ 11 i the r cat gory and
us

becom S S 1
es ecessary to understand the ature o the variabilit
Y

in orde safe 8 i
er to safely and effectively treat many diseases
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Physiological and Biochemical Considerations

All theories of drug action start from the premise that

a drug exerts its effect by interacting chemically with certain
molecules, called receptors, in the body [1]. The location
of the receptors depends on the drug. The identification of

receptors is now a major research area in Pharmacolongy (2,37,
Implicit in such theories is the view that, in order to wunder-
stand the nature of response to a drug, the distribution of
the drug throughout the body must be known or inferred.
Further, if the interaction is chemical, the concentration of
the drug at receptor sites will be the key quantity which det-

ermines the magnitude of the response.

Drugs are commonly introduced into the body by the nral
and intravenous routes (there are many other routes). In the
intravenous case the drug is injected directly into the blood-
stream. Orally-administered drugs may be absorded into the
blood from any part of the gastro-intestinal tract (mouth-
stomach. - small intestine - large intestine - rectum). The
main site of absorption is the small intestine. In each case
the introduction of drug into the blood is important since it
.transports the drug throughout the body. The other fluid con-
tents of the body are also important for the distribution of
drug. Body fluids account for 60% of body weight. The vol-
ume of the blood is about 5 litres of which 3 litres consists
of plasma water and 2 litres is contained in blood cells. A
further 26 litres is contained in other cells of the body
(intracellular) and 10 litres occupies the space between cells
(intercellular), Most drugs, once in plasma, will distribute
throughout the extracellular fluid. The rate of drug penet-
ration into intracellular fluid depends on the degree of per-
fusion of the various tissues (groups of similar cells) by
blood. In addition to convective transport by blood, distrib-
ution of drug occurs by various diffusion processes. The
known processes are: neutral diffusion in accordance with
Fick's law [4], electrodiffusion in accordance with the Nernst-

planck law [5], facilitated diffusion [6] and active transport
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[6]. The following list gives a

rough categorization of

tissure on the basis of vascularity (perfusion by blood):

(i) A highly perfused tissue group; blood cells, heart
. . ’

lung, liver, kidney, brain and spinal cord.
(ii) A poorly perfused tissue group; muscle and skin

(iii) A fat group; includes bone marrouw.

(iv) A negligibly perfused group; bone, teeth,

cartilage and hair.

ligaments,

Drugs are removed from the body by the processes of excretion

and biotransformation, The most impartant vehicle for the

excretion of drugs is the kidney. (Volatile gases, which are

mainly excreted by the lung, are not considered in this art-

icle.) The renatl (kidney) elimination process is complex and

involves three processes: glomerular filtration (driven by a
pressure gradient from plasma to urine),

(electrodiffusion of dr

tubular reabsorption

ug from urine back into plasma ) and

tubular secretion (removal of drug from plasma by active trans-

port). The relative significance of each process is drug-

dependent. Biotransformation corresponds to the de-activation

of drug by chemical transformatiaon. Such chemical reactions

occur mainly in the liver and are enzyme-mediated The

transformed inactive drug (metabolite) is eliminated by the
kidneys [7].

Mathematical Modelling - Pharmacokinetics

The aim
fold:

of the receptor-theories of drug action is two-

(i) to obtain an understanding of the relationship bet-
ween dose and response in a manner that disposes of

inter-individual variability;

(ii) to enable the design of rational drug-administration

programs.

|
|




1
a2

Since the effect is now postulated to depend on the concent-

ration of drug at receptor sites, the variability must he due
to pHysiological factors which cause a given dose to give TiSe
to different concentrations at the receptor sites of different
individuals. Thus, it would seem that pro=zpective mathemot -

ical models would have to be able te Jdescribe Lhe evolutiaon

of drug concentration in the bady and also to describe the

relationship between concentration at receptor sites (nsually
unknouwn, at present) and pharmacologic effect. The approach
that has been taken by pharmacologists is pragmal . . P'hys-

iological modelling would be a complex process [a,8]) and it

would probably be quite difficult to develop simple whole hody

models which could easily he used in clinical practice. The
simplest approach would be to administer a drug and scee what
happens. There is, however, a SBVEIR limitation on the nature

of measurements that can, ethically, be made at the present
time. The measurement of drug levels is limited to those
in blood plasma and urine. The concentrations can be very
small (of the order of nanograms/mi]lilitrﬁ) and are difficult
to measure. Considerahle effort has heen expended on the

development of accurate techniques oOVer the past ten years [a].

Compartment Models

Consider the following experiment. A dose of drug is
rapidly injected intravennusly and plasma concentrations are
measured at a number of later times. The results are surp-
risingly simple. For many drugs, the plasma concentration
decays exponentially. More precisely, a decaying pxponential
seems to fit the data. for other drugs, a linear combination
of decaying exponentials will fit the data. The curves are
usually fitted using non-linear least sqguare techniaues (101,

{t could certainly be argued that these results have no great

physiological significance. For example, Muntz's theorem [11]
Co. -Ant
tells us that the set of exponentials (e "N, 0 < A < Azl
-1
oLy =} is complete on L2(0,®). However, continuing in

a spirit of pragmatism, we could speculate that these expon-
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entials could correspond to eigenfunctions

of a linear-system

of differential equations

a
<

=  Av

Q
ey

here v i a - i
w 1s an n-vector, A is an nxn matrix and n is the number

of exponentials. Then the plasma concentration would be one

component of a vector, On the basis of this model, pharma-

cologists consider the body Lo consist of a number of comp-
artments between which drug can transfer reversibly A
compartment does not necessarily correspond to any anatomically

or physiologically identifiable part of the body

The One-Compartment Model

In this case the model equation is

a
(9]

a
s

= -kc , t >0 (1)

uhe . Lo . L .
re t is time since administration (assumed to be instant

aneous ) ¢ is ¢ > i
us) and ¢ is plasma concentration of drug. The time

taken for the drug concentration to decrease by a factor of

one-half 1s known as the drug half-life( = ln 2/k)

Typical

half-lives range from hours to days, so that injection times

of the order of a few minutes may be taken to be instantaned
us.

Both c(0), the initial plasma concentration and k are found

from the exponential curve fit. The known initial quantit
y

is the amount of drug administered, D. If the drug were

confined to plasma then we would expect

8]
Vo= orgy = 8 L
oy ¢ 4 litres (the volume of plasma-water)

The quantity, V, bears the unfortunate name of 'volume of

distri i ! 2
ribution' of the drug. Observed values of V can be sev-

eral orders of magnitude greater than 3. For example, the
3

1 . .
:é ue of V for quinacrine (an anti-malarial drug with a half-
ife of 10 days) is of the order of 10" litres. In general
3

onl s : i i i
y a mall fraction of drug is in plasma. The transfer of

- 27 -




drug from plasma to the rest of the body must be rapid in

order for the early concentration in plasma to be so small.

This simple model has contributed to the understanding
of dose-response variability. When plasma levels of indiv-
iduals given the same dose are measured it is found that both
c(0) and k are variable. The value of k can show consider-
able variation which is thought to be related to genetic fact-
OrS. 1t can also vary significantly with age (e.g. under-
developed elimination processes in newborn babie«w ., wilth temp-
erature (which can be raised or depressed in illness and can
influence biotransformation processe%) and with other factors
[77. Thus, we have a possible explanation of variahility
in response to a fixed dose. Space does not permit a Hdisc-
ussion of the various receptor theories of concentration-
effect [1,12]. If the relationship between plasma concent-
ration and that in other parts of the body were simple it
might be possible to find a relatiaonship bhetween plasma conc-
entration and effect. Pharmacologists have made the simplest
assumption that the concentration in other parts of the body
is proportional to that in plasma and have gone an to seek
relationships between plasma concentration and effect. Relat-

jonships of this type which also conform to receptor-theory

have been found [13,14].

The model has also been applied to the design of thera-
peutic drug administration programs. 0f the many possible
routes for administration we consider only the oral and intra-
VENDUS Cases. Some drugs (e.g. analgesics, hypnotics, neuro-
muscular blocking agents, bronchodilators and anti-emetics)
may be used effectively as a single dose, but drugs are most
frequently given on a continuous basis. The following are

examples of administration programs.

(i) Single intravenous injection.
(ii) Intravenous infusion at a constant rate.

(iii) A sequence of intravenous injections.

ective level.

acrine)

. . .
(iv) Single oral ingestion in tablet or

form

(v) A sequence ol oral ingestions

As ave se
we have seen the one-compartment model can be applied

to case (i i j
o case (i). It is not a priori obvious that this model can
be applied to cases (ii) and (iii)

that it

. but experiment has shouwn
tan in fact also be used to describe these cases

We procee is i
p d now to discuss the administration of drugs accord

ing to programs (ii) - (v).

Case (ii)

The model equations are:

dec
ot r - ke (2)
c{0) = 0
her =
where 1 R/V and R is the amount of drug infused per unit
ti . ass i
ime The assumption that V has the same value as in cas
, e

(i) is verified by experiment [13]. The solution to (2) i
s

c(t) = [(1 - ekt

50 th : C e ati i '
at the concentration in plasma evolves towards a steady

stat g re
e or plateau level, r/k. Thus it is possible to establish

a fixed concentration of drug in plasma (

and presumabl i
the rest of the body). b

The plateau-effect i
provides th i
for much of drug therapy. e

identified for

1f a range of plasma levels can be

which the therapeutic effect is manifested (the

thera icore
rerapeutic range) then the objective is to get the pl
plasma

le i i ;
vel into this range and to hold it there for as long as is

necessary., imit i
ry The upper limit is the concentration at which

toxi o)
Oxlc effects appear and the lower limit is the minimum eff
For drugs with large half-lives (e.g. quin-

-an initial priming dose is essential in order to rap
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idly achieve the therapeutic effect. In this case

c(0) = D/v
and
I -kt
c(t) = D’ (k c(0))e
where D is the amount of priming dose. In order to achieve

a rapid effect D should be chosen close to R/

Case (iii)

Let the amount of each injection be A and let T be the
time interval between injections. At time jt, j = 0, 1, 2,
..., the plasma level will jump by an amount a = A/V. The

model eguations are

dc -
—= = §oas(t - jt) - ke
dt it
c(o) = =
where § is the Dirac delta-function. The problem may more

easily be formulated as a sequence of initial-value problems.
Let c,(t) denote the plasma-concentration between the (n-1)th
and n th injections where t is now measured relative to the

time of the (n-1)th injection. Then

dcp
T = -kcy, U0 <t <1
en(0) = cnq(1) +a , 0= 1,2,....
where cg,(1) is defined to be zero. Then
chlt) = en(0)e ™t

The initial conditions may then -be employed to recursively
compute:

(1 - e—nkt)
g J

(1 - e kKT

ae - NKT

Che1(0) = +

(D) = Lim ¢ (0 = a
N->m m( ) 1 - e—k'[
and T
(1) = Lime (1) - —=
AR 1 - e-kt

cnce, a 'Dlate: ig - i
Hence, a 'plateau’ 1s also established in this case, but now
there are oscillations between fixed limits, as indicated in

)

ffigure /.

& Toxic Level
Therapeutic
Range
Minimum Therapeutic Level
0 T 21 Time

FIGURE 2

[f a priming injection equal to Ucm(D) is given the plateau

level will be immediately established.

Case (iv)

A tablet or capsule, which dissolues readily in the
gastro-intestinal fluid, is the most common form of drug prep-

aration for oral administration. If the plasma concentration

of a drug falls in a mono-exponential fashion following intra-

- 31 -




venous injection it will exhibit a bi—exponential behaviour

if administered orally 113,15]. The typical plasma concent-

ration cuTVve is indicated in Fiqure 3. The small jntestine

is the majoT site for drug (and Autrient)

its larage surface area (about 200 m?) and high yascularity

(77,

absorption due to

FIGURE 3

prug which is transported from the intestinal fluid AcCTOSS
the cells of the intestinal wall into the blood will be cont-
inuously removed by convection. The concentration of druq
in blood returning to the intestine will be low (due to dist-
ribution) in comparison with that in the intestinal fluid.
Hence a high concentration gradient will exist practicnlly
throughout the absorption process mhic% implies that drun-
transfer is 3 one-way process [16]. There is A fFurther dim-
ension to compartmental modelling which arises in the multi-
compartment case. 1dentification of coefficients becomes

a problem. This is partially circumvented by introducing

mass-balance principles. The models are formulated in terms
of the total amount of drug 1n each compartment, rather than
in terms of concentratinns, and the assumption 1s made, as
mentiuned previously, that concentrations in various parts

of a compartment are proportional to the total amount. In
the current case, the gastro-intestinal tract may be viewed
as one compartment and the remainder of the body as another.

The model equations in this case are:

=%
[op}

A

gC

Ef B LG - k€ (3)
c(o) = 0

c(o)y = 0

where G and C are the amounts of drug in the gastro—intestinal
tract and the body, respectively, and D is the amount of the
dose. The magnitudes and signs of the system matrix coeff-
icients are chosen to conserve mass and to incorporate dir-
ections of mass transfer. Thus, the rate of loss of drug
from the gastro-intestinal tract is equal to the rate of entry
of drug into the body. fqautions (3) are usually expressed

in the forms:

a
le]

\

gpe-%t - xC (4)

a
[

and pharmacologists consider this to be a one~compartment
model with time-dependent rate of administration. The sol-
ution is

Cn) = (et - et (s)

and the plasma concentration is given by




yhere VY can pe found from an intravenous injection Pxpvrimnnf.
The duration of action of the dose (during which ¢ exceeds Lhe
minimum therapeutic level) can be computed (using Newton's

method for example) from equations (4) and (9).

Case (v)

The most common form of oral drug—administration program

consists of a priming dose followed by @ sequence maller
maintenance doses. The problem is most easily formulated as
a sequence of initialvvalue problems, as in cASsk (iil). lLet

Cn(t) and Gn(t) denote the amounts of drug in the body and
gastro-intestinal tract, respectivelys during the interval
((n-1)T,n1)- Let D and E denote the amounts of the priming
and maintenance doses, respectiuely. The seguence of initial-

value problems is:

dGn R

I = -G, , 0 < o<1
dCnh = 6y - kCn

dt

Gn(D) = Gn_*[('[) + B

Cn(D) = Cn_1(T)

Gq(ﬂ) = D

(0 = O

The expression for Cp 18 complicated and is best computed
recursively on 3 computer. A plateau also OCCUTS in this

case and it is easily shouwn that:

i %0 okt o- 2t
c (t) = LimC (t) = ———le—7 ~ % e
! e [ k{1 - eTKT 1 - C_“T}

which oscillates between the lowerl limit Cowl0) = Ce(T) and the
upper limit ColT) where

[he effect of the priming dose 15 transient and serves only

Lo atuess the plateau level rapidly. An examples indicating
the pyolution of the drug level, 1s given in Figure b,
C

Toxic Level B

__ _Therapeutic

T Range
platead 9

fiinlmum Therapeutic Level

FIGURE 4

The design of the administration program is more complex in
this ©ase and reyuires the use of numerical methods. 1t is
usually further complicated when time intervals petween dosSes

are not constant (p.g. during the night).

le—Com'artment Models

Multip )

The one—compartment model is applicable to drugs that

distribute very rapidly throughout the body . Many drugs, hou-

- ever, have a distributive phase that lasts for houTs OrL even
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days. For such drugs, plasma concentration curves (following
intravenous injection) typically display a rapid initial decay

[13] as indicated by the X-curve in Figure G. ALl molti-

compartment models are assumed to contain the blood in a4 «inngle
compartment (known as the central compartment). A1l other
compartments are termed peripheral, The guestion of the
nature of elimination of drug is important in the construction
of model eguations, In most cases it is reasnnable to assume
that elimination takes place from the central compattment alone
since it is likely that the highly vascular liver b Ty
are contained therein. Other elimination pathways are owually
negligible [15]. The equations far the two-compartment model
are therefore given by (in the case of intravenous injection):

%tﬁ = kY - kX - kX

dy

T Ckav v kX

x(n) = D

y(p) = 0

where X and Y denote the amounts of drug in the central and
peripheral compartments, rtespectively. The term involving

ko Tepresents elimination from Lhe central compartment and the
magnitudes and signs of the system matrix are based on mass-
balance principles. The link with teality is again obtained
by postulating that the blood-plasma concentration, c, is prop-

ortional to X:
c = X/v
Data analysis will yield
c = Ae-ot 4 pge-Bt

It is then possible to solve (uniquely) for the coefficients

kos kis ky and V in terms of A, B, a and B [13]. This would

not be possible if the system matrix was assumed to be a gen-
eral Zx2 matrix. The value of V obtained in experiments is
usually greater than 3 litres which again indicates an early
rapid transfer of drug out of plasma into the remainder of the
central compartment [13]. Typical curves for X and Y are

v

shown in bigure 5.

A2

If @ >> B the amount of drug in the peripheral compartment will
peak early and the subsequent decay in both compartments will
rapidly become mono-exponential. Since the number of comp-
artments is unknown, a priori, it is important to sample plasma
levels freguently in the early stage. The single intravenous
injection data may be used to design infusion and multiple-
injection programs, as in the one-compartment case. Similar

considerations apply to oral-dosing programs.

Three-compartment models have been developed for a number
of important drugs (e.g. thiopental - a short-acting and
widely-used anaesthetic [17] and d-tubocurarine - a neuromusc-
ular blocking agent [18]). There are many possible models

that could produce tri-exponential behaviour. It is usually




assumed that no direct drug transfer occurs between the peri-
pheral compartments in addition to the central elimination

assumption [13].

If the drug receptors were in a peripheral compartment
the relationship between plasma-level and effect would be less
than obvious. If it were true that drug concentrations at
various sites in a peripheral compartment were proportional
to the amount of drug in that compartment it would be possible
to relate the pharmacologic effect to the periphe i
compartment drug level. Such a relationship was found for
the hallucinogenic drug lysergic acid diethylamide (LSD) in
a study on five human subjects but further studies arc prob-
ably warranted to establish the model [18]. 1t is also known
that brain levels of the anaesthetic y-hydroxybutyric acid in
rats are the same when animals fall asleep and when they awa-
ken while the corresponding plasma levels are quite different
[19]. However, the author is unaware of any study of this

drug that would substantiate a multi-compartment model.

It is possible that therapeutic and toxic effects could
occur in different compartments. Such a situation could give
rise to interesting constrained optimization problems in the
design of administration programs where the objective would
be to maximise the therapeutic effect while minimizing, in some

appropriate clinical sense, the toxic effects [20].

Non-Linear Models and Problems

The biotransformation and renal tubular secretion path-
ways of drug elimination are mediated by enzymes (usually
proteins). The simplest drug-enzyme reaction is that in which
drug and enzyme molecules react to produre a drug-enzyme comp-
lex which then dissociates to produce a metabolite (inactive)
and the original enzyme. The enzyme concentration is usually
very small in comparison with that of drugs. The same enzyme

molecules react repeatedly with the drug molecules tn gradually

- 38 -

lower the concentration of drug. The reaction is governed
by a system of two first-order non-linear differential equat-
ions, which can be approvimated using a singular-perturbation

procedure to yield the single equation:

de _ _-Ve (6)

dt K + cC
for the drug concentration, c, where V and K are constants
[6,21]. The solution of (6) is a uniform asymptotic expan-

sion of the Lrue solution with error or order E/D, where E

and D are the initial enzyme and drug concentrations respect-
ively. fguation (6) would be valid in vitro but it could
hardly be expected to model the evolution of plasma concent-
ration in vivo (in the case in which biotransformation is the
main elimination pathway). However a number of drugs have
plasma decay curves which agree qualitatively with the solution
of (6). 1f ¢ >> K the decay rate is approximately constant
(the process is said to saturate) and if c << K the decay is
approximately expunential. The latter result suggests that
drugs, which behave in accordance with the earlier one-
compartment model and are eliminated by biotransformation,

are present in concentrations well below the saturation level.
The major anti-epileptic drug, phenytoin, conforms to model (6)
[22,23]). Other examples are ethanol (alcohol) [24} and asp-
irin [7]. ln the case of alcohol, ¢ >> K, in the 'therapeu-
tic' range. The therapeutic range for phenytoin is quite
narrow (10 - 20 micrograms/millilitre). The minimum desired
effect is elimination of epileptic selzures. Toxic effects
include ataxia and psychological disturbances. Further the
fully-nonlinear behaviour occurs in the therapeutic range.
There is a further effect which makes clinical treatment diff-
icult. The drug is usually given orally (one tablet per day)
for chronic treatment. Consider, for simplicity, the case

of continuous intravenous infusion for which the equations

are:




dc Ve
gt ' "X, bt 0D
c(0) = 01

It ; .
may easily be shown that c increases up to the plateau
level o

if <
T V, but that the concentration increases without bound

if > i
T V. Thus, the plateau is unstable if r is close to V

5

1s 1s usua S ctice. 2 < E >
ly e case 1 ra irce la b
1 P o consil AL 10n:

apply in the case of multiple oral-dosing. Further, the
de?ign of administration programs for this drug requires num-
erical integration technigues. Adjustments of dosaqp’mou]d
also require care and this model is very useful in q;;h

situation [18,22].

a

A phen i i
p omenon, known by'the misleading name of protein hinding

is i
considered to be of paramount importance in Pharmacology

15},
[ ] All drugs underqgo reversible chemical reactions with

proteins (mainly albumin) in the blood. Proteins and drug

protein complexes cannot diffuse through the cells of arterial
and ' Ce S IS L ]
venous walls. Hence, protein binding will influence the

distri i i

° stribution of drug. The ratio of the concentration of total
T i 7 v
ug and that of drug-protein complex appears to be constant

over i
the therapeutic range for the majority of drugs under

most cohditions, A number of drugs (e.qg. phenylbutazone
a PR . o
powerful anti-inflammatory agent, clofibrate - an inhibjtor
of i '
cholesterol synthesis, naproxen - used to treat gout) exh
E - = xh-

i{bi By .
ibit non-linear effects, in the therapeutic range, which
C s ] are

believed to be attributable to protein-binding Reduced
Q. ce

las 1 T S ic 1 S dlseas 5 es
p evels o protein (\U occu n ome seased ta
a 2

and i
in the newborn) may also cause such effects to be manif

ested. e subject is surroundec Dy cC QVersy Lhe pharm-
3

acol i i
ogical literature. Both compartmental [25,25] and physio-

logical [27] models have been considered Part of the ¢ t
. the contr-
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pversy concerns the effect of protein-binding on elimination
and the physiological models deal only with liver or renal

into whole-body models.
in both

function and have not been incorporated

The governing differential equations are non-linear

cuses and have been solved using numerical integration rtout-
ines. The simplest models contaln at least five parameters
which makes it difficult to extract a qualitative picture from

aumerical solutions. The author has recently carried out

Pl ulmgu\ur—perturbation analysis of some of these models which

identifies conditions under which the phenomenon may have
importance [28]. Ihere seems to be no consensus yet on the

status of the various models.

f related, but more complex, problem is that of drug-

interactions. 1t is freguently necessary to administer a

number of drugs simultaneously. Unfortunately, most drugs

interact in a non-linear fashion when co-administered. A

anisms of interactive behaviour are

Mathematical model-

number of possible mech
understood but are unquantified [7,15].

ling in this area appears to be non-existent.

Some drugs exert their effects, not on the human being

directly, but on an invading population of bacteria {(which

can cause many serious diseases such as tuberculosis and bub-

onic plague). Compartmental models have been developed for

most antibintics but a satisfactory understanding of the rel-

ationship between the nature of the administration program

and effect may require incorporation of bacterial population

dynamics [1al. An iatrogenic phenomenan known as superinf-

cction may occur if a drug disturbs the population balance

of micro-organisms in the body . Such a disturbance may allouw

a species to grow to a size at which it becomes pathogenic.

penicillin, for example, 1s fatal in guinea pigs for this

reason [29]. Mathematical modelling appears not to have been

attempted in this area.




Conclusion

Mathematical modelling has contributed significantly to

the understanding of many drugs and to rational and safe drug

therapy. The subject is recognized as being of increasing

importance in Clinical Pharmacology. There are now two med-

ical journals on the subject [30,31]. A need for more phys-
iological modelling has been expressed in recent reviews in
Clinical Pharmacoloqgy [32,33] which indicates a perception

that more advanced mathematical modelling is required fo

continued progress. There would thus seem to be cunidorable
scope for collaboration between mathemalicians and pharmacolon-

ists in this area.

The value of statistics has long bren appreciated in

medical education. A lot of insight  can he gained in Pharma-
cokinetics with a modest background in calculus and different-
ial equations. When one considers the extent of drug therapy

in the treatment of disease there seems to be a strong case

for the inclusion of mathematical modelling in the medical
curriculum.
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MATHEMATICS AND COMPUTING - THE GREAT DIVORCE

Timothy Plurphy

5 X R
oftware is a branch of logic, and therefore of mathemat-

ics.

A co i
mputer program is a sequence of propositions, prec-

isely analogous to a proof in geometry or the difterential

c .
alculus. It is true that these propositions are metaphors

£ . .
or changes in the internal state of a real or imaginary mach

ine; but equally, a theorem in geometry (say) carries a meta-

phorical allusion to a real or imagined world

Computing is the child of mathematics. The fore-runners

of computing - Pascal, Babbage, von Neumann - were all draun

r .
rom a mathematical background; as were the founders of theor-

etical computing - G&del, Turing, Church.

(How amused, incidentally, these patriarchs would have

b .
een to hear themselves described as "computer scientists"

It would have seemed as absurd to them as speaking of Gauss
as a "number scientist". ‘

The term "sci "
cience", as has often been remarked, is only

attach j i i
ed to a subject if its proponents entertain secret doubts

about its ;cientific respectability. Books are written an

"Astrologi i
i ".
gical Science"; no-one speaks of "Astronomical Science"

- t n H
he word "Astronomy" being, so to speak, its own guarantee

Sociologi i i i

gists are scientists; social scientists, in general
’

are not. Lux quod non lucendo.)

. What went wrong? What caused the Great Divorce? And
is it too late for a reconciliation?

Certainly the linking of software and hardware, under the
name of computer science, cannot be regarded as moIe than a

temporarly convenience. The connection between, say, the

complexity of algorithms and the technique for depositing ions

in a semiconductor is tenuous, to say the least; and it is

just as absurd to reguire the student of one to study the other
ae it would be to link algebraic geometry and surveying, or to

expect a student of fluid mechanics to be au fait with the lat-

cst advances 1n plumbing.

There is no doubt that the fault lay, historically, with
Mathematics. Most mathematicians affected - and many still
do affect - to despise computers and all their works. Only
a3 Turing could see past the feeble machines of his day to the

profound theoretical concepts beyond.

Any yet. When all that is said, it remains puzzling uwhy
the concept of computability, for example, has not been abs-
orbed into the main-stream of mathematics. pfter all, it
affects every branch of the sub ject. Most mathematicians are
aware, however dimly, that the problems they are sweating over
may in fact be insoluble. The ghost of Gédel haunts us all,

however far our interests may 1ie from the computer.

There may be a purely technical explanation (at least in
part) why theoretical computing remains so much a "foreign

"hody" in the corpus of mathematics.

Computing is necessarily concerned with "partial" funct-
ions

FeX =+ Y,

ije functions which are defined everywhere on their domain X -
and which are therefore not functions in the strict mathemat-
ical sense. For the computer program may nNever finish. And
what is more, Turing has shown that one cannot simply set, say,
f{x) = 0 in this case without destroying the computable char-

acter of f; for there is no way (in genéral) to determine
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. eSS

. .
T Oor the co utatio w i e i p 8} S8,
hethe t h tat nd in a ar a ase

other than by carrying it out.

A . .
lthough this use of partial functions may seem a small
matter, it did nevertheless set computing on a course auay
" : se aus
rom the mathematical consensus, which was striking a more and
[3 2 C [&

mo i i i :
re puritanical attitude towards the singularities of funct

ions. i i
s If Cantor's insights were to be exploited to theit:

£ . .
ull potential, it seemed essential that the concepts of set

a .
nd map (or function) should be rigorously defined, .id lest-

rict R
icted to those definitions. The careless schoolboy notion

£ . .
of function which regarded cos(x) and log(x) as siblings, sim

1
? y caused too many headaches when complex constructs were at
issue. |

Scott's Data Types

If th i - i
. at is so and it may be an oversimplification, or
a e
any rate of less significance than is suggested here then
Scott! > : ;
s concept of a Data Type may mark an important step touw-

a . .
rds reconciliation between Mathematics and Computing [1]

F .
or Scott has, in effect, supplied computing with its own

category - the category of Data Types - which is, one might

say, the ultimate accolade of mathematical respectability

We can take Scott's concept in two steps

Fi i :
irstly, he sidesteps the partiality of f:X » Y by passir
to the extended function o

Fe2h oo oY

where 2%
denotes the set of subsets of X, and we extend f to
F by setting ' ‘

for each suhset S &€ X. 1f f(x) is undefined for a particular

<« € § then no value for f(x) is included on the right-hand

side:; and in particular F(ix}) = ¢.

This has the incidental but important advantage of all-

owing non-detorministic computations. For if we allow that
F(x) = F({x))

may he empty, then we may pqually well go in the opposite

direction, by allowinag f(x) to be multi-valued, i.e. by

allowing

TP > 1,

where |S| denales Lhe carpdinal pumber of S.

This fits in very neatly with the recent preoccupation
of both theoretical and practical computing with parallel proc-
essing, and the interaction of different computers linked in
some way, €.Q. ACTOSS 3 nelwork. For in that case it is imp-
ractical to suppose that the behaviour of a particular comp-
uter is entirely predictable. fven if we knew what message
would reach the caomputer, uwe cannot be certain of the exact
instant at which the message will arrives; and so an element
of indeterminacy 1is necessarily injected into our calculations.
However, Scott noted - and this was the second step tow-

ards his concept of a data type - that it would go too far to

allow any function
Feof > 27

There are simply foo many of them. He observed that the
functinona F arising from (possibly partial) functions fex > Y

are order-preserving, i.e.
s T=F(s) CF(T).

in fact they possess a stronger property:
5 - Us; =>F(s) = UF(54i).
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e neatest ay o EXPpIress t s conditio - 3 une

at leads atura ly towards ge eralizatio - s t
4 S O tmpose «

topology on 2%, and
5 to restrict F to continuous functions
F:2X 5 2Y,

e PP P o} 0 ) e e ct
DOl qy turns u to ychono P
h a Topriate t t b th T h c .

topology on 2X h
» where however we tqke the so-called Sierpinski

ypology o the factor spaces 2. 2 sSe - e 2
t a o be preclse, we bLak

t = s
e s {.L } place 0O e L opo aqy 2 t
h e B 1 2 t e ] a

defined by taking as open sets the 3 subsets
0,{T},B.

A Dat i
a Type D, then, is a topological space, albeit of

a rather special kind
. 1
t turns out that "special kind" can

be 2 a e S
0s ply e e stark athematical ter
t si defi d i est o m

a dat i n inj iv of
a type D is an injective object in the category
) -

spaces.

Th . . .
at is a convenient point to break the story Scott
. co

as DIESEItE co DUt wit its ow category, t <atEQDI
d 1ng g Y’ e
- 2 Y

(s] Data ypes (a d co ilnuous aps). 1s gives a
T t h e un ty

and a
a1st 1p11 e to what as tendec ) e a ragme ta d
Y

disparat j i
p e subject. Such diverse subjects as Computability

Cod 5 8] & [}
Q eory 1(__]01‘1 ic Co exiry and Semanti car t
. o A . 1 2 a
ye discusse a ¢ (s) a age; a a angua
C . ge

is ili
one familiar to mathematicians at least

) ing as come mes; 1 1S 2 i -
ance agal L Lhne a1n

stream of mathematical thought.
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"CURRENT MATHEMAT I CAL PUBLICATIONS™ A5 A
RE SEARCH TOOL IN THE MATHEMAT 1 CAL SCHENCES

Anthony Kanel Seda

By the end of this calendar yeaTr (1984), it is expected
that some 46,000 hooks and papers will have been reviewed in
Zentralblatt fFiir Mathematik. The corresponding number for
Mathematical Reviews 19 about 40,000. put in a3 more access-
ible way, these figures mean that a research worker in partial
Differential Eguations (Mathematical Revieu Code 35), Numer-
ical Analysis (65), Gtatistics (2) or Global Analysis (58)
is faced with @ flow of papers and books of about, or in excess
of, 50% per week. A worker in Computer Sscience (68), Funct-
ional Analysis (48), Dperator TheoTy (a7), Mathematical Logic
and Foundations (03) or Combinatorics (p5) is faced with a
flow of about SD* papers and books per week. Necessarily,
therefore, time being 1imited, such a worker will be highly

selective with regard to his orT her choice of material for in-

depth study. gut making such @ choice reguires an awareness
of the current literature, OT "current ayareness' in library

jargon. Now there are several SOUTLCES of current awaTreness,

but only one gffering anything significantly peyond current

awareness, and this is Current Mathematical Publications (cmp)

published by the American Mathematical Society.

Conversations with several of my colleagues and others

have, surprisingly, led me to believe that the usefulness af

CMP is not as widely appreciated as it might be. Certainly
its value purely from the current awareness point of view is
clearly tecognised, but it has certain other merits which do

In this note I want to comm-

on the effect-

not seem to be common knowledge.

ent, as a regular and fairly longstanding user,

¥ These figures are based on a simple count of entries appearing in this
year's issues of cMP, taking into account cross-referencing and secondary

classification.




lv es
S and cost e ectiveness o CMP eit er 1 8]
e ne's

own

personal library or institutional library

Couerage

- . s .
S 1 P y P €. S y a aterila
Thi s rett ell com let Es entiall 11 t al

whic W e
ill be reviewed i athe atical Revieuws is listed i

C e e e 1 ans ea a Lterature she
H c v Yy Tly r publi
P ff L 1 t S e 1 literat 5

anyuw i
Yy ere 1 the world. Issues o cmp appear at present
2 nt,

every thr i
y ee weeks, and typically a given issue carrie:

e material
one month to four or five months prior to the date f
s]

at is E
sue. Ir practice this usually eans that Y Cco
~ Py o

CMP ar 2] ond g our-
rives at about the same time as the Corresp 1
J r

nals become available in the library at ucC

e But, of course,

s library is
y by no means comprehensive in its caverage

Accessing Information

e papers listed i C are c Ssl1ltile 1 accordance
A t p la z

W S
itt the Mathe atics Sub ec ass tcatio o athematica

Revi C e
eviews (1980 classification at present) This syst
- . E ystem is
0 used by Zentralblatt, and so CMP can easily be d i
used in

?o?junction with the two major reviewing journals I
Ttlon, each issue of CMP carries an author index ;nd 3nkadd_
index of colloquia, proceedings of symposia, special ( .
Every half-year complete author ‘ e

for that period are included. It

ions etc.
and key indexes
1s therefore relatively

S1 e to a wor 1 I ere 25
p r k Y ks
)W a autho S ere Ce o

a given topi
g oplc or check whether or not preprints (other peo

ple's!) have a i i
ppeared in print. Incidentally, a complete run

of five years of Cmp occupies consider

ab s ‘
o mert e ably less than one metre

Geograghical Coding

In An on-Qoing Process,
the American Mathematical Society on

institutions are being assigned

a grngraphical code by

a worldwide basis fach such code contains the postal address
of the corresponding institution. From September of last year

entries in CMP have carried this code next to the author's

name, provided the author's institution has been coded of

COUT S0, Ihis makes it, or at least will make it in time, a

simple matter to =oend a card request to such an author for off-

prints. Granted a little cooperation on the part of authors,

this procedure should be cheaper than, and just as effective

as, inter-library loan services.

Cost Effectiveness

Whilst Mathfile (the on-line database of Mathematical

‘Reviews) may be inexpensive in the USA, in Ireland its use is

fairly expensive. For example, a single journal search using
keywords and Mathematical Review codes, and printing, says
about 100 references can cost up to IRESO0. This is not all
that much less than the cost of an individual's subscription
to CMP for one year at current prices. Given the present
strength of the US dollar, CMP itself is not particularly
cheap but it is relatively so if used in the ways discussed
above, and in my view is fully cost effective. I am not of
course suggesting that CMP is a viable alternative to Mathfile,

if one is seeking hundreds of references, but for the purposes

already indicated it is invaluable.

There is one other feature of CMP worth noting. If used
regularly, it becomes apparent, to some extent, which subject
areas of mathematics are most active and where one's own res-
earch specialisation stands in relation to others. This can
be quite revealing. For example, on more than one occasion
1 have heard it said, usually by algebraic topologists, that
General Topology is no longer interesting and is practically

dead. Now 1 am not going to comment on the first of these
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criticisms, but a
glance at a few copie
s of e :
pels the second. P of LMP quickly dis-

peie . . Currently there is some three to four times
material, at least, being published in General T 1 7
> opol-

o . .
gy (54) as in Algebraic Topology (55). So it certainl
inly is

not - i j
dead or maybe it just refuses to lie douwn!

Saphisti i i
p icated information retrieval systems are cert:
a great boon to those researchers I

to who I
cheaply available. m they are readily and

Thei i
1T existence and use by some in tech

nologically ady
anced countries, h
> however, makes il
v, rather

tha: less, incumbent on all workers in a competitive envi
:en4 to be aware by some means or other of what is éoin'lron-
eisiglthe CéSE of the law of the land, ignorance is notgaogéf
librar: ::z:t;onémp In these days of zero, or even negative,
s can go a considerable way towards compen-

sati . L.
ing for funding deficiencies in libraries 1f
o ' ' . 5. used flex-
ys it is an effective and cost effective tool for b
] use by

y < Se
anyone engag in ical scienc
ed research e a ema e

Depaniment of Muthemutics,
Univensity Collegye,
Conk.

MATHEMATICAL EDUCATION

COMPUTERS AND THE TEACHING OF MATHEMATICS 10 TECHNICIANS

Paul Banay

This article is a personal reflection on the direction

that my teaching, and that of several nof my colleagues, has

taken in the last few years a2t Waterford Regional Technical

College. The majority of my teaching has been to engineering

technicians, and hence a certain bias will not go unnoticed

in what follows. 0ddly enough,
s is perhaps not so entrenched in Science

the use of computers in the

teaching of mathematic
t is on the Engineering side. This

and partly due to the fact that

or Programming courses as i
is partly due to the syllabi,
it has not been seen 3sS part of the mathematics lecturer's

role that he/she should get involve
Nevertheless, given the nature of such coursess it

d on the computing side of

things.
would seem that the sort of mathematics being taught should

be very amenable to computer implementation and investigation.

My own impression is that personal preferences have been the
deciding factor. This is perhaps borne out by the fact that
the Physics syllabus on many Science and Programming coO

y 3 computer-assisted tutorial system which has

urses

is backed up b
proved its worth over a number of years.

Before the establishment of the RTCs, the standard level

of 'mathematics' that was the daily diet of technical students

amounted to little more than mensuration.
jcation is a Pass D in the

The fact that now-

adays the minimum mathematics qualif

Leaving Certificate has allowed educators to rtaise their stan-
The presence of professional and degree courses in

d type of math-

dards.
several RTCs has led to a much more sophisticate

ematics being available, and this is certainly bound to have

its effect on the Certificate Level courses.




However, the challenge that most lecturers face can still

the majority of
students may only have the minimum Tequirements in

- a Pass D.

been E?

seem daunting, 0n many technician courses,

mathematics
The fact that a number of these may well have

s before statistical adjustment means

that basic numer-
acy cannot be taken for granted.,

To bring a class of such

Leaving Certificate Hon-
ours level in one year can sometimes seem an awesome task e

ecially when many of the topics are so new to them.
ience shows that the first year is the

students to a level somewhat beyond

5P~
Exper-
'make or bLicuk!
-students who pass into the second vear of their studies

quite well able to handle levels of mathema
ion,

year -

tical sophisticat-
often higher than their Leaving Certificate results

would
seem to indicate possible,

(This in itself would seem to
raise questions about the way that school

mathematics is
taught.)

Fortunately, the development and expansion of the RTCs

has been paralleled by the increasin

9 use of computers in
education,

Waterford RTC has well established computer fac-
ilities - a vAX 11/780 and micros -
domain of the courses in computer pr
early on,

which were originally the
ogramming. However,
the need for most technicians to h

ave some knowledqe
of pProgramming was perceived,

and hence most courses h
simple pProgramming/computer architecture module attac
Inuariably,

ad a
hed.

it was the mathematics lecturer who was charged

with these modules. It was natural that the

should seek inspiration for their programming

the mathematics that they were teaching.

se lecturers
exercises in
Hence mathematics
vas a source of exercises for programming. Gradually, how-
and increasingly the computer

he teaching of mathematics,

ever, the emphasis is changing,
is being seen as g vehicle for t

Computer modelling of mathematics is becoming the bridge that

e to grips with the concepts
that heretofore left him/her baffled.

is the limit process,

allows the weaker student to com

An example of this
which has normally been assumed to he

beyond the grasp of the majority of first year technician
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e C Duter investigatio o a ew well-behave
> C g

students.
The
imi sonn clears that up. ‘ . -
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ter graphics. Functions come alive on the grap ;d e
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dlIE‘EtlY 1 ront O the student. How any athe atical

nder aduates en pars ago pia with Bessel u @)
g 1 1 cti S
y g9 y

a3 ser ea = onics e cla S e Cc
Yy E 1
Lhe way ? ] A t techni ~ud t a do

a friend,
i the Fast Fourier Transform become
now? We are seeing t 5

UltlDlF‘, regressio become routine, sti ess ethods a pract-

icality.

The fact that the computer can come up with theagzlz:z'
answers once the student has mastered the com:epts,roum "
increasing availability of suitable softmar? (h:Tzi A
bought), poses a profound guestion on th? dlri; 1rOle o
of technician mathematics, and by EXtE?SlDH, et e
teacher in this context. Is it more important Zibe e
to differentiate exp(-x)sin(x)cos(x) than to de?c e e
differentiation is? Ideally both are equally 1mzithDUt .
indeed it can be argued that you cannot have one

ther., However, 1 have seen classes 'calcul?te"such dizlv-
Zti;es with consummate ease, and yet only a mlnorL;yiizu "
ive a satisfactory explanation of what they were Od ; "
?tq possible uses, My own fault, of course. Nor do

- - € re the ansuer. ore time bette E’XD]_E ations,
9 t r
that computers a
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better motivation are part of one. But in the absence of
at least two of these, the computer surely can help. 1t

frees us to sell the concepts, and lets the students get on
with the exploratory modelling that r
should we then examine?

einforces them. What
And what happens when the staff
whose courses we are serving find that they have a new breed

of student, with vast amounts of (computer—based) mathematicnl

firepower that some at least are only too anxious to use?

At Waterford RTC, the Engineering Department i, made

a concerted effort to integrate the computer with a1l aspects

of technician learning. The mathematics lecturers who ser-

vice this Department have been more or less eager to help.

The benefits are many - concepts can be taught rather than

sterile methods, self study takes on a neuw meaning, algorithms

become important - in short, the student begins to think about

what he/she is doing. Students acquire a ﬁaste for mathemat-

ical modelling, with the inculcation of a Ywhat if!

mentality
being reinforced by immediate response in

many cases, New

functions are investigated with the same (almost!) enthusiasm

as new equipment.

A welcome tansequence which may not be immediately pre-

dictable is that overall numeracy increases, I hesitate to

analyse the reasons too closely, but Presumably the student

feels more in control, and more motivated to get things right.

The investigation of an algorithm leads to clearer thinking

than the brainless application of a 'melhod!, The computer

interface is more encouraging perhaps that the human one, with

all the remembered connotations of torrection and humiliation

that can go with jt, The 'inhumanness' of computer mesnages
leaves them free of Jjudgement, and thus nore acceptable ang
more likely to instigate a fruitful lirne of thought.,

more mundane reason is that if the compute
ively,

Another,
r is used effect-

concepts are grasped more quickly and
can be spent on problems.

more class time
The computer can draw the sine

graph far quicker than I can, and with suitable animation
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BOOK REVIEWS

"M N i
ODERN DIMENSION THEORY (Revised and Extended Edition)

By J. Naguta

Published by Heddermunn Vealuy, Berlin, 1983, DMGS

ISBN 3-88538-002-1 S

From the publisher's description:

1 boo 1S a co e revise a e e e e
plie ly v X d
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of "Modern Dimensi
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“WILLIAM ROWAN HAMILTON. PORTRAIT OF A PRODIGY"
By Scun 0" Nonne (€
published by Aecle Press, Dublin, 1983, $24.95, pp. xvi + 224,

THRN H=-00R78I-16-2

This latest bingraphy of William Rowan Hamilton deals much
more with the man than with his work, but claims that in the

end 'eurn the most recondite arhievements! will seem less mys-

terious in the lighl of the study of Hamilton's pbersonal dev-
elopment. Mow the portrait of an artist as a man may some-
times throw scme light on the way in which he came to exercise
his imagination; but in {he case of scientists, and of math-
ematicians especially, the roots of personality and invention
are far tuoo mysteriously entwined for us to disentangle them
with the imperfect insights presently at our command . When-
ever Lhe evidence is avallable, it is good to have biographies
of important mathematicians simply because we want to know
what kinds of people our heroes uwere and what kinds of lives
they led. Such a biography need not duwell in detail on the
subject's achievements, so long as the reader learns enough

of these to obtain a true measure of the intellectual stature
of the subject, and so long as they are portrayed as vital
components of his life (e.g. Mr Reid's biography of Hilbert).
As T.L. Hankins writes in.what Mmr O0'Donnell acknowledges 3s
the 'definitive life' of Hamilton (published 1980) "it will
not do to write the life of a mathematician excluding his
mathematics". Unfortunately, that is what Mr 0'Donnell has
done - not intentionally, for he attempts to summarize Hamil-
ton's scientific work; but inevitably, for he does not under -
stand any of the mathematics well enough to convey its import-
ance in any way other than by quoting from time to time what
others have said of it. probably Mr 0'Donnell wanted this
account of Ireland's greatest scientist to reach a much wider
audience than did the monumental 'Life' of Graves or the sch-
olarly book of Hankins, and of course he may succeed, for he

has a lively style of writing; but if the object was to make




more people aware of Hamilton's greatness, as all readers of

this journal would wish, then he has not succeeded. Indeed,

there is a sense in which he himself progressively

lose enthusiasm for the task he set himself,
unfolds,

seems to
As the story
Mr 0'Donnell becomes increasingly preoccupied with
the defects of Hamilton's personality and chides him regul -

arly, like a Victorian moralist, for having accomplished les:s

=)

than he might have done had he been more practical,

punctual,
abstemious, modest,

sparing in language and decisive in action

(alsa, Mmr 0'Donnell would have had Hamilton be a 111 [prish-
man!). Finally, if Hamilton's mathematics receives short
shrift, Hamilton's personality in the end really does little
better.

A few psychological cliches applied to this or that

episode that stand for 'modern' insights do not amount to a

serious in-depth study of one of the greatest scientists of

the nineteenth century. What survives the moralistic tirades

is only a limp cardboard figure.

Mr O0'Donnell is best on Hamilton's origins and family

background - he makes a good case for the conjecture that

Archibald Hamilton Rowan, the wealthy political rebel and Ham-
ilton's godfather, was actually Hamilton's father; and he is
good on Hamilton's up-bringing by his devoted Uncle James,

the curate of Trim. There is also much of interest in the

early chapters on life and education in the Ireland

of Hamil-
ton's youth.

On the other hand, Mr 0'Donnell's idiosyncratic
stance manifests itself already at the very beginning: he is
excited to dispose of the 'myth' of Hamilton's linguistic
powers (as if anyone had ever taken this at its face value!)
and refers to this discovery several times, From now on we

shall have to be content with the knowledge that, aged thirteen,

Hamilton could read easily 'only!

in Latin, Creek and Hebrew.,
Also,

we were invited to regret that Uncle James did not think
to add Gaelic or Irish to young William's

repertoire of lany-
vages!

We learn of other ways in which Uncle James might
have strayed with advantage from the classics-based education

he imparted with such ardour, but we learn nothing new about
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"COMPLEMENTARY P1vOT
. TING ON A PSEUDOMAN
: IFOLD
APPLICATIONS TO THE DECISION SCIENCES® S TRUCTURE Wi

By 7. Goury
o Goultd, Graduate School of Business, Uniuyc I
ago, and 7, 70 3 ’ e
- B ' delle Totee, Dept of Mathematics, Uni i
rth Carolina at Chapel Hil] Lo

Published by Hedermunn Ve

21luy, Berli
ISBN 3-88538-402-7. 7 Perlin, 1883, omss, 202 pp.

In these he
ady days when the influence of computi
ng on

mathematics
o waxes ever more strongly, a natural g
€ enhanced statuys of constructi et

lve exist
example, the standard inf/sup argument Looe praots.

mediate valuye theorem could well

For
used to prove the inter-
be supplanted by the slightly

longer (but i
constructive!) proof which Tepeatedly bi
lsects the

interval i
: ) under Consideration. However, it j
0 obtain a constructive proof o ’ e e

. fa know
[2] published the proor of hie £ ¢ oresult.

amous fixed .
point t i
» and several alternatiye or heorem in

but not until 19g7 did Scarf [5]

i1ve proof (which enableg one ta f

00fs appeared in later years
. B £
glive an explicitly construct-

Z, in the sense that ,l ind "approximate fixed pointgn
Hirsch [3] i f(z)-z“OO is small). Incident ‘
in 1963 published a broof o cidentally,

(e .
to) the Brouwer theorem (a resuit equivalent

the construct;
only noticed in 197g by Kellogg tve nature of which
?

was

Li and Yorke [a].

0 ondi ere 1a e ear s e a e alc ations,
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f ff t b f 1 eq Al
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the 1970s. A description of this procedure follows.

Consider a house having one entr-
All

First, an analogy.
The house consists of a finite number of rooms.

All doors link exactly two rooms

Then if

ance.
rooms have 0, 1 or 2 doors.
(the exterior of the house is regarded as a room).
the house and obeys the rule that one cannot enter
it is not difficult

none enters
and leave a room through the same door,

to see that one's path must terminate in a room inside the

house having one door.

Let's translate the analogy into mathematics (I shall

cut some ftechnical corners here). Qur house becomes a closed,

bounded, simply connected subset D of RM. Each room corres-

ponds to an n-simplex (a 0O-simplex is a point, a 1-simplex is
a line segment, a 2-simplex is a triangle, a 3-simplex is a

tetrahedron, etc.: an n-simplex is the closed convex hull of

its n+1 extreme points or vertices ). The set D is the union

of these n-simplexes, and moreover the n-simplexes are required

to fit together in a geometrically pleasing way: the inter-

section of each pair S;, S, is either the empty set or an m-

simplex, 0 ¢ m g n, whose vertices are vertices both of S; and
of S,. Every n-simplex has n+1 (n-1)-dimensional faces which

are themselves (n-1)-simplexes. Certain of these faces will

be designated as doors, in a way that corresponds to the anal-

ogy above.

To each vertex of each n-simplex we assign a label

chosen from the set T, = {(0,1500e5n}e (The way in which

this assignment is carried out depends on the nature of the
Thus each n-simplex S has a set of

problem being solved.)
n+1 labels associated with it, which may include some repetit-

ions. 1f this set equals T,, we say that S is completely

labelled (cl). Similarly associate a set of n labels with
each (n-1)-simplex S' which is a face of some n-simplex. We
say that S' is almost completely labelled (acl) iff this set

equals T, _ 1.




Observation: if S' is an acl face of S, then either 5

is cl or S has exactly one other acl face

e ( Suppose that we choose our labelling so that among all

e 1) es .

. n-1)-simplexes making up the boundary of D, exactly one

is acl. i —
c Returning to our house analogy, this exceptional

(n-1)—simplex is our entrance.

doors in the house.

The acl faces in D are the
All the conditions d i i
escribed in the a
‘ : nal -
9y are now seen to hold (the Observation shows that each n

simpl
plex has 0, 1, or 2 acl faces). We can there! 1o start

qu Cc ace ¢ e ou Y v (pr(C)
1rID| the uni e a a (@) ) anc ove ]
o one n-si plex to another tIIOLJg) the acl aces until we

terminate at a c1 n-simplex

Th i
e labelling should be such that cl n-simplexes yield
approxi i
Fpp Oximate solutions of the problem under consideration
or e i .
Tample, if f = (fl,Fz,...,fn):D + R™ is continuous and
one wishes to solve f(x) = (0,0, 0) .
evas0),

elling of each vertex z is

an appropriate lab-

0if flz) <0 for i = 1,2,...n

min{i:f;(z) 2 0} otherwise.

It is eas to sho a S bell ever po t
Y w t t owit thi la ing Yy 1
Yy

a cl n-si
simplex S has Hf(y)l]m "small" (the smaller the diam

t
eter of 5, the smaller the bound on [lf(y)[’ ) To en
ol ensure

that ex - -si ’
actly one acl ( ) sS1 plex lies o the boundary 8] D

ca X plLe a extra arti a =-S1 ylexe o D
one or exa 1 d 1 3 N

This, in essence, is Scarf's algorithm Many imp
ments to i : o
. 0 it have been put forward, and many other algorithm
incor i )
porating some form of complementary pivoting have been

published since it first appeared

T . iv F G 1 Tolle! ( ) "
oy a e Tam C ese a L S
[u] unified ewor 1 O whil ost o t S 1@ rit
eser f k o m

can fit" ii i i
and (ii) "to provide instructive examples of their
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application". The book is easily divided into two halves
reflecting these objectives: Chapters 1-4 cover (i) while

Chapters 5-8 examine applications of complementary pivoting. -

Although Chapters 1-4 do reach objective (i), the treat-

ment is a little disappointing. It is a determined rigorous

abstraction of the way in which our n-simplexes were assembled
to form the set D (this generalization is called a pseudoman-
itold) followed by a description of the complementary pivoting

The style of

these early chapters is adeguate but unexciting. (I note
"hasic solutions"

algorithm as it operates on this structure.

that 1 was baffled by the "definition" of
on page 24!). The boek's choice of examples leans towards
operations research, in particular linear programming, and
end-of-chapter exercises are good though perhaps too few.

My main complaint is that the basic algorithm is not reached

until page 70, at the end of Chapter 4. This is surely much

too late, considering the publisher's claim that books in this
series "introduce the reader to a field of mathematics".

A novice should hardly be asked to wait this long to learn
about what is, more or less, the algorithm of Scarf we desc-

ribed earlier. One can see the authors' dilemma, caught bet-

ween the above claim and their own objective (i), but I feel

that a page or two in Chapter 2 (yhere pseudomanifolds are
defined) giving a sketch of the algorithm would have been a

good investment. Alternatively, Chapter 3 ("examples and
constructions of pseudomanifolds") and Chapter 4 ("complem-

entary pivoting") could have been interchanged.

Happily, I can be much more positive about Chapters 5
to B. These deal with the application of the complementary

pivoting algorithm to linear complementarity theory, Brouwer
unconstrained nondifferentiable
This is

and Kakutani fixed points,
minimization, and nondifferentiable programming.
mostly operations research material which many mathematicians

never encounter. The presentation seems somewhat smoother

than in the earlier chapters, perhaps because there is less
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effort at abstraction, All in all it makes for interesting

reading.

Merrill's significant extension of Scarf's algorithm is
hidden in section 6.3, "fixed points of upper semicontinuous
point-to-set mappings", and deserves a much more prominent
place (it isn't even mentioned in the index, which is far too
short and selective), Furthermore, there is no description
of any of the several new algorithms developed since the mid-
70s which now dominate the field; all that is off.q.dy iu a
list of references. This is difficult to Justify, and greatly

lessens the value of the book to current researchers.

For beginners, my advice is to look first at the attract-
ive review article of Allgower and Georg [1], which is fairly
up-to-date and discusses the implementation and efficiency
of complementary pivoting algorithms as well as covering nicely

much of the book's early material.

References
hetrerences

1. ALLGOWER, F.L. and GEORG, K.
"Simplicial and Continuation Methods for Approximating
Fixed Points and Solutions to Systems of Equations'.
SIAM Review, 22 (1980) 28-85.

2. BROUWER, L.E.J.
"Uber Abbildung von Mannigfaltigkeiten". Math. Ann.,
71 (1912) 97-11s5,

3. HIRSCH, M.u.
"A Proof of the Nonretractability of a Cell anto its
Boundary", Proc. Amer. Math. Soc., 14 (1963) 3ba-sus.

4, KELLOGG, R.B., LI, T.Y. and YORKE, J.A.
"A Constructive Proof of the Brouwer Fixed Point Theorem
and Computational Results", STAM J. Numer. Anal., 4
(1976) 473-483.

Y. SCARF, H.E. '
"The Approximation of Fixed Points of a Continuous

5 -1343.
Mapping". STAM J. Appl. Math., 15 (1967) 1328-13

Nu~din Styncs,
Depa-dment of Aathematic s,
Uninersily College,

Cozh.

i s Regional
(This review was written while the author was at Waterford Reqgi

Technical College)

i ics d its
YEANITE FIELDS" (Encyclopaedia of Mathematics an
ppplications, Volume 20)

By Rudolf Lidl und Hanald Niecdonneditlen

Published by Addison-teslcy, Reading Mass, 1983, Stg £57.80,

pp. xx + 755, ISBN 0-201-13519-1

Recently, before breakfast one morning, I received a tele-

phone call from a former student of mine who is now teaching
He wanted to know if a cer-
This

at a Regional Technical College.
tain polynomial of degree 16 was irreducible over GF(2).
question was motivated by a project one of his stuéenfs ?as
hoping to carry out in coding theory. For me, th%S 1n?1dent
epitomises the sudden rush of interest from many sides in the

classical thenry of finite fields.

Tt is difficult to know where to begin describing the book

Perhaps some raw statistics may serve to convey
It has 755 (+xx)

in hand.
something of the scope of this massive work.

. . ib-
pages in all handsomely bound. There is a comprehensive bi

liography of 160 pages of detailed references to finite fields
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from ABDULLAEV, I, through LAFFEY, T.J. to 7SIGMONDY, K.
The author index has 15 pages of entries and there are 21
pages of very useful tables relating to such topics as irred-
ucibility of specific polynomials over fields of small arder.
In addition there are 634 carefully worded exercises ranging

from the pretty:

Let F be a field; if F* is cyclic show that f is finite,
through the purely routine

Factor x° + 3x" + 2x° - 6x% + 5 over TF,,

to the difficult, of which there are many.

There are two features of this book that I particularly
welcome. All sections, especially those introducing new or
difficult material, are explained and clarified by an aston-
ishing number of thoroughly worked examples of varying levels
of difficulty. This means that although the book is pitched
at a reasonably advanced level it is very suitable for students
or those wishing to learn the subject for the first time.

The second notable feature is that each chapter is followed

by a section of pleasantly readable notes running to twenty
pages of text in the case of some chapters. These notes give
the historical background and significance of the results
proved in the chapter as well as detailed references to the

bibliography.

Chapters 1-3 give the standard information on algebraic
foundations, structure of finite fields and polynomials over
finite fields, carefully presented. The section on the var-
ious algorithms for finding the roots of linmearised polynom-
ials is particularly readable. Chapter 4 is concerned with
the factorisation of polynomials over "small" and "large"
finite fields. Chapter 5 on Exponential Sums takes us into
the applications of finite fields in number theory and Chapter

6 gives a very thorough treatment of equations over finite
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fields Chapter 7 on permutation Polynomials gives us fur-
i . Chap

ther algebraic background far what one suspects is the meat

5f the book - the many nnlikely and exciting applications of

the theory of finite fields - linear recurring sequences, lin-
¢ i ) ) . -

ar rodes in general, cyclic codes in particular, finite geom

aspects of combinatorics such as block

ptries and various o
designe and latin squares. In the section on finite g?om—
etrins Lhero is some delightful material on the connection '
hetweon the Lheorems of Desargues and Pappus via Wedderburn's

Theorem. Quernll, the range and scope of the material pres-

ented is almost overwhelming.

Any teservations? Well, it is almost churlish to mention

them but any bonk of this length is unlikely to please every-

one in every detail. Though there seem to be remarkably few

misprints, the language reads a little strangely at times.
"An element ¢ € R is called a

1"
prime element if it is no unit ..." and on page 18 "... the

For example, on page 17 we read

. . "
ring R/(C) consists only of one element and is no field".
Dve%all perhaps the book is a bit too clinical with little
emphasis on the beauty and elegance of the theory of finite

fields. Maybe this is the price to be paid for a definitive

work on the subject.

"Finite Fields" is a must for all libraries and, despite
its price, probably essential for anyone with a serious inter-
est in algebra. Lidl and Niederreiter have written a super-
lative book which is likely to be regarded as the last word

on finite fields for many years to come.

Ne NacHale,

vepuriment of Plathematics,
Univeasily Colloyge,

Coah,




PROBLEM PAGE

First of all, here are some new problems.

1. (Suggested by Pat Fitzpatrick). Consider the seguence
of digits
198423768 cceveens

obtained using the following rule.

"After 1984 every digit which appears is the final digit

of the sum of the previous four digits."

Does the grouping 1984 appear later in this seguence and,

if so, when? What about the grouping 19857

2. (Due to John Conway and suggested to me by Harold Shapiro.)
Imagine playing solitaire on an unlimited board, on which

is drawn a horizontal line.

0o 0 0 o o
<~ 0o 6 0 o
ooDOKO
oooc)o
o o © ® O
o © o o ©

The aim is to lay out pegs below the line in such a way that,

with the usual solitaire moves, a single peg can be mancevured
as high as possible above the line. The above arrangement of
four pegs enables a single peg to reach the second row (above

the line).

Find an arrangement which enables a single peg to reach
the fourth row and show that there is no arrangement which

onahles a peqg to reach the fifth tou.

Now here are the solutions to September's problems.

1. Prove that
n
- 2 Kk n{2n-1) ;
Leot (?n+1) 3 ’ ()
le=1
and dedure that
L 2
P L - - (2)
k:Wk

This problem was suggested by Finbarr Holland who proves
(1) using the finite Fourier transform. The classical proof

(found in turn-of-the-century calculus texts) goes as follous.

By De Moivre's theorem,

)2n+1]

: sin(2n+1)86 Im{(cos® + isin®

Siﬂ2n+191m[(CDt6+ i)2n+1]

sin™Tep(cot?e),

where P is the polynomial

Px) = (?nr1)x” - (zﬁgj)x”‘1 .. 4 (-1

For 6 = kn/(2n+1), K = 1,2,...,n, we have sin{2n+1)8 =
sinkt = 0 and sin® z0, so P(x) = 0 when x = cot?(km/(2n+1)),

kK = 1,2,c005N. These n numbers are the roots of P and so

their sum is

(2n+1)/(2n+1)

n(2n-1)
3 1 ’

3




which proves (1).

To deduce (2) from (1) rewrite the ineguality

sin® < 6 < tang, 0 <8 < /2,
1
as cot?9 < 5z < 1 + cot?p, 0<6 < /7,
to obtain
n n n
K 2n+1, 2 1 \
y cot?( ) < — < 2 ki
o 2n+l =) kz1k2 kz7 (1 cot? (55500

Using (1) and letting n> o gives (2).

It is remarkable that this proof of (2) remained unnoticed

until 1953 when it was published by A.M. Yaglom and I.M. Yag-

lom. It has been rediscovered several times since (Monthly,

80 (1973) 424-425).

Before leaving this problem [ can't resist including a
related 'proof without words'.

L

! 1

l
2. Prove that, if a8y, a; are not both zero Lhen the Sequence
any2 = Ian+1l T n= 01,2, (4)

has period 9.

This problem is due to Morton Brown who proposed it in

American Mathematical Monthly in October 1883, The neat sol-
ution which follows was sent to me by Miceal 0'Searcbid. It
is very similar to one that Morton Brown received from Oonald

Knuth,
The key observation is that if

0 < 2a, S ayq (4)

for some k, then the sequence {a,} is

e Al A4 =V B TP -3 2ak—ak+1, IV Bk 1V Zak+1—3ak,

A4 17 ARTA1 23 BT s

which is easily seen to have period 9 (not 1 or 3).
Since we can define

an = Ian+1| - 8n42s n=-1,-250..5

the same conclusion holds if 0 = 2a,,7 = 3y, for some k.

If ay, ak4q 2z 0 then w.l.o.g. 0 s a8y s a,,q so either (4)
is true or else a, s ap,q < Zay;, in which case 0 < 2ap,5 <
IV N Finally, the sequence must contain neighbouring non-
negative terms since a, < 0 implies that ap,> z O.

A number of related questions suggest themselves. For
example (a) are there similar sequences with other periods,
and (b) what happens if a,, a, are complex. Both these ques-
tions have received attention but, as far as I know, only par-

tial answers have been given.

To attack (a) it helps to think of (3) geometrically.
The mapping

t s (x,y) e (ys |y |-x)
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which takes (apsapyq) to (apy1sansy) can be decomposed as

t = Au/y SAn/2s

where dg denotes reflection in the line making a positive angle

6 with the x-axis, and

s ¢ (x,y) = (x+]y|,y)

is a "piecewise shear",. Thus
t = Cln/q(STn/z)Qn/a;
where Tqu/2 = Qqu/297/4 is a positive rotation through w/2, so
that t is conjugate to u = STy/2. The effect of u on a tri-
angle Ao is illustrated below. Here &, = u"(40), n = 0,1,
.ee 8.
J
G,2)
nh ! 0 @,0
S Y sas
4y Y
=i pa) a {! xc
3 A,“
=1 (-0

To find other sequences having a similar property to (3)
Mike Crampin (Open University) has considered mappings obtained
by glueing together a pair of shears each of which fixes the
x-axis, In this way he finds, for example, that if ag,a, are

not both 0 then the sequence

An+2 =%<an+1 + l5n+1|) = ap, n=0,1,2,...,

has period 5.

With regard to (b) the main question seems to be "Is {an}
bounded?" Since Imlag,»] = -Imlay]l, this question reduces to
"Is {Relap]) bounded?" Dov Aharanov has shown that it is

enoungh to investigate the two cases:

(i) A, = -x + ig, a, =1 + in, 0 x £ 1,

£ >, n >0 arbitrarily small, and

(ii) a9 - x + ig, a; = 1 + 1in,
where |x| - O(max(|e],Inl)).
Taking the special case a, = a € R and a, = i, the points
(Relasnls Relan 1), no= 0,1,2,..., in R2 form an orbit of

the (area-preserving) mapping

(uav) = (MyZe1 - %, Jul - y).
1 3
These orbits are plotted below for a = 5,1,5,...,a. As a » o

the orbits seem more and more to resemble the boundary of the

previous figure!

Phil Rippon,
The Open Univensidy,

MNiltion Keynes.




ANY_QUESTIONS? "

Hesmond Mactale

Recently, I attended a mathematical lecture given by a
guest speaker where absolutely nobody, except possibly the
speaker, had the remotest idea what was going on. Normally,
one can absorb at least some of the preliminary definitions
and follow, say, the first blackboard full of dev. . opwienl of
the theory, but on this occasion everyone was completely lost
after the first definition. After the speaker had finished
over an hour later to an enthusiastic round of applause, the
chairman asked for guestions, and, of course, there was a
deathly and highly embarrassing silence. Then and there 1
resolved to put together a collection of universal questions
for use in such situvations. Such guestions must sound sens-
ible, but they are designed to cover up the total ignorance
of the guestioner rather than to elicit information from the
speaker. The following is the list I came up with.

1. Can you produce a series of counterexamples to show that
if any of the conditions of the main theorem are dropped

or weakened, then the theorem no longer holds?

[The speaker can almost always do so - if not you may
have presented him with a stronger theorem!]

2. What inadequacies of the classical treatment of this sub-
ject are now becoming obvious?

3. Can your results be unified and generalized by expressing
them in the language of Category Theory?
[The answer to this question is always NO!]

4. Isn't there a suggestion of Theorem 3 in an early paper
of Gauss?
[The answer to this question is almost always YES!]

o
.

Jsn't the constant 4.15 in Theorem 2 suspiciously close

to 4mn/37?

[This guestion can clearly be generalized for any constant
Kk - "Isn't k suspiciously close to (p/ag)m (for suitable

integers p and q)?"]

T'm not sure I understand the proof of Lemma 3 - could
you outline it for us again?
[Lemma 3 should be just a little nontrivial, yet not more

than one third of a blackboard in length. ]

Are you familiar with a joint paper of Besovik and Bomb-
ialdi which might explain why the converse of Theorem 5
is false mjthout further assumptions?

[This 1s a dangerous question to ask unless you like liv-
ing dangerously. The answer is always "NO" unless the
speaker is playing the same game as you are, because Bes-
ovik and Bombialdi do not exist, and even if by some unf-
ortunate chance they do exist, it is very unlikely that
they have uwritten a joint paper. I1f the speaker calls
your bluff and asks for details and a reference, tell him
the paper is avallable only in Albanian with Portuguese

summaries. Promise to mail him a copy but forget to do so.]

why not get a graduate student to perform the horrendous
calculations mentioned in Theorem 1 in the case n = 47
[The answer is always "['ye a student doing just that at

the moment."]

Could you draw us a8 simple diagram to show what the sit-
uation looks like for n = 27

[Be careful that he hasn't already done s0.]

What textbook would you recommend for someone who wishes

to get students interested in this area?

[The speaker has almost invariably written such a text-
book himself and will be delighted you asked this gues-

tion. If he hasn't, then you can ask the next question.]




11. UWhen can we expect yourT definitive textbook on this
subject?

12. Why do you think there was such a flurry of activity in
this area around the turn of the century and then nothing

until your paper of 19797

[The true answer is that people in the period .in between
had more sense.]
In general, a good ploy is to stop halfway through a tot-

ally meaningless question you are asking and pretend you

have suddenly seen the answer yourself. However, never,

never

13. What are the applications of these results?

The speaker is probably embarrassed enough already!

CONFERENCE REPORT

THE ROLE OF MATHEMATICS IN ENGINEERING EDUCATION

% The above article is reprinted from the American Mathematical Monthly,
Vol. 90, No. 1, p. 48 (January 1983). We are grateful to the Editor of
the American Mathematical Monthly to reprint it here.

Depantment of Mlathemat ics,
Univensity College,

Conk,

Ineland.

The conference was held on June 7 and 8 at NIHE, Limerick
and was attended by over fifty engineers and mathematicians
from Universities, Polytechnics, NIHEs, RTCs and Colleges of
fducation throughout Ireland as well as a number of represent-
atives from industry. The aim of the conference was to dis-
cuss whether the importance of a mathematical education for
engineers lies in the development of a formal language for the
expression of engineering problems or in the provision of a
praoblem solving tool kit. The six sessions were each add-
ressed by a keynote speaker and followed by lengthy discussion

periods.

The conference was set in motion by that 'honorary Irish-
man' Professor Avi Bajpai of Loughborough University of Tech-
nology who reviewed the development of engineering education
in the last ten years, stressing the greater emphasis on comp-
uters which has led to more numerical and statistical technig-
ues, control theory, optimisation and operations research.

He suggested that the teaching of modelling by means of case
studies could lead to an integrated approach which could be
implemented by team teaching. At the conclusion of his talk
Professor Bajpai demonstrated some material developed for
computer assisted learning in the MIME project (Micros in Math-

ematical Education).

Professor Eamonn McQuade, NIHE, Limerick, looked into his
crystal ball and considered the implications of new technology,
e.qg. CAD, CAM and expert systems, on the skills required of
engineers. He concluded that in the future engineers will
need a strong fundamental knowledge of the underlying princip-
les of their technology and insisted that mathematics teaching
should concentrate on principles and concepts rather than sol-

ution techniqgues.




11

12

13

Tr

D

C

Dr Joe Morris of UCD inspired a lively discussion with
his talk on the impact of Computer Science in Engineering
Mathematics. He stressed the paramount importance of the
ALGORITHM, rather than programming languages, in the teaching
of Computer Science and pointed out that the ALGORITHM should
also be influencing the way mathematics is taught. Some
doubts were also expressed about the introduction of Computer

Science in the secondary school.

After a lively conference dinner, participant. 10ve the
next day to hear Professor Sean Scanlon of UCD ocutline the
roles and interactions of model building and mathematical
analysis in engineering design work. He pointed out that,
as engineers must be equally skilled in both aspects of design,
their mathematical education should be directed towards equip-
ping them with an understanding of the 'fundamental ethos of

the mathematics outlook'.

Tom Power of Waterford RTC addressed the problem of tech-
nician education. He advocated a structured approach to the
teaching of concepts and algorithms with material organised

so as to be easily referenced by engineering lecturers.

The final session of the conference was addressed by
Dr Peter Lawes from Howmedica. His text was 'We don't know
what we don't knouw'. He emphasised that only through strong
links between industry and third level institutions can this
information gap be bridged. He invited those in education
to learn from industry so that they could in the long run

influence industry.

A complete account of the proceedings of the conference
will be published in a forthcoming issue of the International

Journal of Mathematical Education in Science and Technology.

The organisers of the conference acknowledge the generous

sponsorship of Howmedica International Inc., Analog Devices BV -

and the Royal Irish Academy.




CONFERENCE  ANNOUNCEMENT
= ANWJUNGEMENT

4th European Meeting of the Psychometric Society

and Classification Societies,

Cambridge, 2-5 July, 1985

Papers on psychometric and classification
topics are invited for this meeting,
Accommodation will be in Queens! College
(full board fa4 per day, bed angd breakfast
£16.50, registration £40, £50 if not a
member of a sSponsoring society - half price

for students),
Enquiries should be sent to:

Dr Ian Nimmo Smith,

MRC Applied Psycholagy Unit,
15 Chaucer Road,

CAMBRIDGE,

CB2 2¢F,

U.K.
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