
Irish Math. Soc. Bulletin
Number 76, Winter 2015, 35–36
ISSN 0791-5578

PRECONDITIONING TECHNIQUES FOR
SINGULARLY PERTURBED DIFFERENTIAL

EQUATIONS
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This dissertation is concerned with the numerical solution of linear
systems arising from finite difference and finite element discretiza-
tions of singularly perturbed reaction-diffusion problems. Such lin-
ear systems present several difficulties that make computing accu-
rate solutions efficiently a nontrivial challenge for both direct and
iterative solvers.

The poor performance of direct solvers, such as Cholesky factor-
ization, is due to the presence of subnormal floating point numbers
in the factors. This thesis provides a careful analysis of this phenom-
enon by giving a concrete formula for the magnitude of the fill-in
entries in the Cholesky factors in terms of the perturbation param-
eter, ε, and the discretization parameter, N . It shows that, away
from the main diagonal, the magnitude of fill-in entries decreases
exponentially. Furthermore, with our analysis, the location of cor-
responding fill-in entries associated with some given magnitude can
also be determined. This can be used to predict the number and
location of subnormals in the factors.

Since direct solvers scale badly with ε, one must use iterative
solvers. However, the application of finite difference and finite ele-
ment discretizations on layer-adapted meshes results in ill-conditioned
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linear systems. The use of suitable preconditioners is essential. In
this thesis we analyze several preconditioning techniques. They in-
clude the diagonal and incomplete Cholesky preconditioners for fi-
nite difference discretized systems, and a specially designed bound-
ary layer preconditioner for a finite element discretized system. The
study of the diagonal and incomplete Cholesky preconditioners fo-
cuses on the simplicity and robustness of these techniques; while that
of the boundary layer preconditioner is concerned with optimality.

Finally, a novel contribution of this thesis is a pointwise uniform
convergence proof for one-dimensional singularly perturbed prob-
lems. The central idea of the proof is based on the the precondi-
tioning of the discrete system.
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