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This is an abstract of the PhD thesis Flat surfaces of Finite Type
in the 3-Sphere written by Alan McCarthy under the supervision of
Martin Kilian at the School of Mathematical Sciences, University
College Cork, and submitted in May 2014.
The local theory of flat surfaces in S3 through the use of asymptotic curves in S3 was already known by Bianchi [1], however the
problem of classifying flat tori was first posed by Yau [4] in 1974.
Kitagawa [2] provided a classification by using asymptotic lifts of
’admissible pairs’ of closed curves on S2 . Flat tori were also classified by Weiner [3] in terms of their Gauss maps.
My thesis is concerned with finite gap flat surfaces. These are surfaces whose generating curves on S2 have finite gap geodesic curvatures, which means that eventually all flows of the mKdV hierarchy
are finite linear combinations of preceeding ones.
We provide a summary of finite gap curves in terms of Lax pairs,
Killing fields, their spectral curves and provide conditions that ensure that the curve remains closed and spherical. We also provide
a discussion of the isoperiodic deformations and monodromy associated to the frame of the curves.
As an application we show that given an admissible pair of curves
γ1 , γ2 with geodesic curvatures k1 , k2 ∈ L2 (S1 , R), there exists a pair
of finite gap curvature functions that generate curves on S2 that are
admissible and that these finite gap curvatures are also dense in the
Sobolev norm.
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