Maths Intervarsity Competition 2000

Dublin City University

10.00-13.00 March 4t

Answer all questions.

> (1) - (3)

for any positive integer n.

1. Prove that

Answer: Let

Then

and so the sum 1is

chcn,k = coefficient of x" in (14+ciztcow®+- - +cpa™) (14crz+cor®+- - +cpa™)
k=1

But
(1+ 1+ cr® + -+ cpa™) = (1+2)™

Thus

Y 2
Z CkCn—i = coefficient of ™ in (1 + 33)2" — ( n)

n
k=1

2. Determine all positive integers n for which 2" + 1 is divisible by 3.

Answer: Since

= —1mod 3



it follows that

2" =(—=1)" mod 3

Hence

'+ 1=(-1)"+1=

2mod 3 ifn is even
0mod 3 ifn is odd

Thus
312" +1

if and only if n is odd.

. Show that the sequence

VT, VT =V, [T\ T+ VT, \/7—\/7+\/7—ﬁ,...

converges and evaluate the limit.

Answer: Let

aozﬁ,alz 7—\/7,....
Then

ap+2 = T—VT+an, (n>0)

Suppose a,, — {. Then

0=\T—VT+1,
1€
P =7-VT+1,
1€
(7T—?)? =1,

1€

=140 — 0+ 42 = 0.



One root of this is £ = 2, since 16 — 56 — 2 + 42 = 0. Dividing,
0 — 1407 — 0+ 42 = (0 — 2) (6% + 207 — 100 — 21).

Now we see that ¢ = —3 is also a root, since —27 + 18 + 30 — 21 = 0.
Thus
0P — 140 — 0+ 42 = (0 = 2)(L +3) (> = = 7).

The full set of roots is

1
2, =3, S(1& V29).

Now a, < VT for alln, and so £ < V7. Thus the only possible limit is
0 =2.

We observe that

an < VT = VT+a, <\/T+VT

= Qpio > \/7—\/7+ﬁ:a2.

Also
Ap > Gy = T+ a, > V7+as
— an+2§\/7—v7+a2:a4.
Thus
ag < ap < ay
forn > 2.

To prove that the sequence converges, note that
T—an = VT +an
and so
(a2, —7)° =T+ ay.
Simalarly,

(CL721+3 - 7)2 =7+ Ap41-



Subtracting,

Upy1 — Qp = ai+3 - ai+2 - 14(a$z+3 - ai+2)
= (a721+3 - a721+2>(a721+3 + a721+2 —14)

= (Gn+3 - an+2)(an+3 + an+2>(ai+3 + ai+2 - 14)

Thus
(07% — Qp,
o e —(@n+2 + an+3)(14 - @i+2 - a721+3)'
Ap+3 — An42
Now
Upt2 + Apyg > 200 > 2,
while
14—ai+2 —ai+3 > 14—2@?1
=14 —2(7T— /7T + Vaz)
=2(\/7+ Vaz
> 4
Thus

Qa — Q
|—H " >8> 22

Ap+3 — Gp42
It follows by induction that

27" ay — ap| if n is odd

a —a <
| n+3 n+2| = {2n|a2 _ CL1| an 1S even.

In all cases,
|an+3 - CLn—s—2| S 02—n7

for some C' > 0. Hence
an =ap+ (a1 —ap) + -+ (@ — an_1)
18 convergent.
4. The sequence {zg, x1, X2, ...} is defined by the conditions

Tpo1+ (2n — 1)z,
2n '

ro=a, v1=0>b x,1=



Express lim,, . 2, concisely in terms of a and b (given numbers).

Answer: We can write the given relation in the form

1

Tpyl — Tp = —%(:vn — Tp_y).
Thus by induction
Tpt1 — Tp = <_1)n2n o _11) 5 (x1 — )
— (_1)"%2_”(1‘1 — )
Hence
Tp =20+ (11 —x0) + (T2 — 1)+ + (T — Tp1)
=20 + (11 — 20)(1 — %2—1 4.4 %Q—n);

and so

Tn — T+ (11 — 20)et? = a4 (b — a)e'/?.

. A random number generator can only select one of the nine integers
1,2,...,9 and it makes these selections with equal probability. De-
termine the probability that after n selections the product of the n
numbers will be divisible by 10.

Answer: The product will be divisible by 10 if and only if 2 and 5
occur among the chosen numbers.

Let X denote the set of all 9™ choices, let S denote the set of choices
not including 2, and T the set of choices not including 5. Then the set
of choices containing at least one 2 and at least one 5 is

X\ (SUT).

Now
| X = 9",

while

151 = 1T = 8"

since in either case we have n choices from 8§ digits; and similarly

1SNT|| =7,

5



since there are now 7 choices for each of the n digits.

Moreover,
[SOTN+[SUT] =[S+ 171
Thus
|ISUT| =2-8"—T7".
Hence

IX\(SUT)|[|=9"—||SUT|=9"—2-8" 47"
and the probability that the choice lies in this set is

g —2.8"+ 7"
9n

=1-2(8/9)" + (7/9)".
. Evaluate

Answer: Let

Substituting x = py,

I(a,b) :/ e (@P b
= pl(p*a, p~°b).
Setting p = v/b/a,

I(a,b) = /b/a I(Vab, Vab).

Let
J(c) = I(c,c).

I(a,b) = \A‘/()/_CLJ(\/%)

Differentiating (x) with respect to b ‘under the integral sign’,

al(a’ b) _ - -2 _—(ax?+bx—2)
5 ——/ T % dzx.

Then

—00
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(This is valid, since the integral converges uniformly absolutely.)

Substituting x = y~*,
I(a,b) = / e (@ +027%) g
0

0
2/ e (ay 2 +by?) dy

00 Y’
— 2/00 a2 tetHa N gy,
Thus oI(a.b)
a
2~ (b, a).
ab (b7 a“)
But
I(a,b) = a Y44 J(Vab).
Hence ol (a,b 1 1
(@.0) _ 142 5(Vab) + Sa~tbtr(vab)
ob 4 2
Thus
1
Za—%b—u(\/@ + —a 1b 1J (Vab) = —aib 1] (Vab),
e
J(Vab)(4Vab + 1) = —2vabJ' (Vab).
Thus
dor 41
/ — —
e
J'(x) 1
= _%r — —
J(z) =
Hence
1
log J(z) = —2x — §log$ +c,
e
J(x) = %6_2$



Thus

I(a,b) = a~7b7.J(Vab)

= Ca 2 2Vab,
In particular,

I(1,0) = C.
But we know that

1(1,0) = /_OO e dr = /7.

[e.e]

Hence C' = /7, and so

I(a,b) = \/ée_z‘/@.

. How many zeros are there at the end of the number 2000! = 1 -2 -
3---1999 - 20007

Answer: Suppose 2 occurs to power m in 2000!, and 5 to power n.
Then the number of zeros is min(m,n).

Now 2 divides [2000/2] of the numbers (where x| denotes the greatest
integer < x), 2% divides [2000/22] of the numbers, etc. It follows that

m = [2000/2] + [2000/2°] + [2000/2%] 4 - - - ;
and stmilarly
n = [2000/5] + [2000/57] + [2000/5°] + - - - ,

It is clear that n < m, since every term in the second sum is < the
corresponding term in the first sum.

Thus the number of zeros at the end of 2000! is

n = 400 + 80 + 16 + 3 = 499.



8. It may seem odd but the sets [0, 1] and [0, 1) contain the same “num-
bers” of points. Find a one to one map of [0, 1] onto [0, 1).

Answer: The map
f10,1] =10,1)
defined by

x if x is not of the form %

f<sc>={’++l do=a

has the required property. Thus f maps 1 to 1/2, 1/2 to 1/3, etc, and
maps numbers not of this form to themselves.

9. The area T" and an angle v of a trianlge are given. Determine the
lengths of the sides a and b so that the side cm opposite to the angle
7, is as short as possible.
Answer: We have ]
T = iab sin 7y,

while

& =a®>+b* — 2abcos~y
= (a — b)* + 2ab(1 — cos )
4T7(1 —
:(a—b)2—|— ( : COS/V)
siny

Thus ¢ is minimized when a = b, in which case

[ 2T
a=b= —.
sin

10. What is the smallest amount that may be invested at interest rate i,
compounded annually, in order that one may withdraw £1 at the end
of the first year, £4 at the end of the second year, ..., £n? at the end
of the n'" year, ..., in perpetuity?

Answer: Let the sum at the end of n years be a(n) pounds. Then
a(n+1) = (14 Na(n) — n?,

where A =i/100. Thus
a(n+1) — (14 Na(n) = —n?
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The solution of the homogeneous problem
a(n+1) = (14 A)a(n) =0
18
a(n) = p(1+A)",
where p s a constant.

For a particular solution let us try
a(n) = An® + Bn + C.
Since

An+1)2+Bn+1)+C = (1+AN)(An> + Bn+ C) — n?

for all n,
A =1,
AB = 24,
AC = A+ B.
Hence 1 2 A2
A=y B=w =%

Thus the general solution is

AMn2 42 n+A+2

a(n) =p(1+ )"+ I

We see that a(n) > 0 for all n if and only if p > 0. But

A2
23

a(0) =p+
Thus the smallest value that a(0) can have is

x 10000

A2 200+
X3

pounds.
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