Chapter 1

Algebraic numbers and
algebraic integers

1.1 Algebraic numbers

Definition 1.1. The number o € C is said to be algebraic if it satisfies a

polynomial equation
" a4+ ta,

with rational coefficients a; € Q. B
We denote the set of algebraic numbers by Q.

Eramples:

1. a= % 2 is algebraic, since it satisfies the equation

2
_Z =0
Ty

2. o = v/2+ 1 is algebraic, since it satisfies the equation
(x—1)7°=2,
ie
23— 32> +3r—-3=0.

Proposition 1.1. Q C Q.

Proof ». This is trivial; r € Q satisfies the equation z — r = 0. <
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Theorem 1.1. Q is a subfield of C.

Proof ». We have to show that

a,€Q = a+p,a8€Q,

and that ) )
a€Qa#0 = 1/aeQ.

The last result is easy to prove; if « satisfies the equation
fl@)=a"+aa" +- - +a, =0
then 1/« satisfies
2" f(1/z) = apa™ + -+ a1z + ag = 0.

For the first part, we introduce an alternative description of algebraic
numbers.

Lemma 1. The number o € C' 1is algebraic if and only if the vector space
over Q
V={1,aa*...)

is finite-dimensional.
Proof » Suppose dimg V' = d. Then the d + 1 elements
La,...,«

are linearly dependent over Q, ie « satisfies an equation of degree < d.
Conversely, if
a"+aa 4+ +a,=0

then
Q"= —aq "t~ —a, € {l,a,...,a"")
Now
"t = —aqa" — - —apa € (1,a,...,a"t);
and so successively
O(n+2,Oén+3, c <1’a7 ,Ozn71>

Thus

is finitely-generated. <
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Now suppose «, 3 € Q. Let
U={l,a,0%...), V=(1,65...).
By the Lemma above, U,V are finite dimensional vector spaces over Q; and
aUCU, pvV CV.

Let
UV =(uw:uelUwvelV)

be the vector space spanned by the elements uv. (Thus the general element
of UV is of the form wyvy + -« - u,0,.)

Then UV is finite-dimensional; for if U, V" are spanned by uy, . .., Um, V1,...,Up,
respectively, then UV is spanned by the mn elements u;v;.

Furthermore,

(a+BUV C UV, (aB)UV C UV.

Hence B
a+p,a8 €Q,

by the Lemma. <
A slight variant of the Lemma is sometimes useful.

Proposition 1.2. The number o € C s algebraic if and only if there exists
a finite-dimensional (but non-zero) vector space

VcC

such that
aV CV.

Proof ». If « is algebraic then we can take
V={(1aad...)

by the previous Lemma.
Conversely, suppose dimg V' = d. Choose v € V,v # 0. Then the d + 1
elements

are linearly dependent, and so (as before) « satisfies an equation of degree
<d. <
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Theorem 1.2. Q is algebraically closed, ie if o € C satisfies an equation
"o 44, =0

with ¢; € Q then a € Q.

Proof ». Fori=1,...,nlet V; be a finite-dimensional (but non-zero) vector
space such that
Vi C Vi
and let
Vo= {1,a,...,a"").
Set

V=WW Vi,

ie the vector space spanned by the products
Qg - U,

with v; € V.
Then
aV CV.

It is sufficient for this to show that
oy v, €V

This is immediate unless ¢ = n — 1, in which case

vy v, = — Z vy 01 (€0 )Vig -+ Unt.

0<i<n

But c;v; € V;. Hence
vy, €V,

and so
aV CV.
Since V is finite-dimensional, it follows from Proposition above that
acQ.
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1.2 The minimal polynomial of an algebraic
number

Recall that a polynomial f(z) € k[z] is said to be monic if its leading coeffi-
clent is 1:
flx)=a2"+aa" "+ +a,.

Proposition 1.3. An algebraic number o € Q satisfies a unique monic
polynomial m(z) € Q[z]| of minimal degree; and if f(x) € Q[z] then

fla) =0 < m(z) | f(z).

Proof ». If a satisfies two monic polynomials mq(x), ms(x) of the same de-
gree, then it satisfies the polynomial m;(z) — mq(z) of lower degree.
If f(a) =0, divide f(x) by m(x), say

contradicting the minimality of m(x) unless r(z) = 0, ie m(z) | f(z). <

Definition 1.2. The polynomial m(x) is called the minimal polynomial of
a; and if degm(z) = d then « is said to be an algebraic number of degree d.

1.3 Algebraic integers

Definition 1.3. The number o € C s said to be an algebraic integer if it
satisfies a polynomial equation

"+ a" - ta,

with integer coefficients a; € 7. B
We denote the set of algebraic integers by 7Z.

Remark. In algebraic number theory, an algebraic integer is often just called
an integer, while the ordinary integers (the elements of Z) are called rational
integers.

Ezamples:



1.3. ALGEBRAIC INTEGERS 1-6

1. We have B
a=3vV2+1¢€7Z,

since « satisfies
(z —1)* =18,
ie
x? — 22 —17=0.

2. Again,

a:\/§+\/§EZ,

since « satisfies
(z—V3)?=(z—2V3+3=2,

ie

22 = 2V3z +1=0.
Hence

(22 +1)% = 1222,

ie

z* —102° +1=0.

Proposition 1.4. 1. ZCZ;

2. ZNQ = Z ie if an algebraic integer is rational then it is a rational
nteger.

Proof ». The first part is trivial: n € Z satisfies the equation z — n = 0.

For the second part, suppose
r
o= -,
s

with r; s € Z, ged(r, s) = 1, satisfies

"+ a" - a,
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with a; € Z.
Then
"+ ar" s+ 4 aps” = 0.

Hence

s|rm.
Since ged(r, s) = 1, this is only possible if s = £1, ie a € Z. |
Proposition 1.5. If o« € Q then

no € Z

for some non-zero n € 7.
Proof ». We may take the equation satisfied by « in the form
apr" + a1z '+ +a, =0.
But then = aga satisfies
2"+ apay ™t + -+ afa, =0,

and so
apa € 7.

Thus each algebraic number a can be written in the form

_B
oa="=
n

where (3 is an algebraic integer and n is a rational integer.
Theorem 1.3. Z is a subring of C.
Proof ». We have to show that

a,BEL = a+fB,aB € L.

We follow an argument very similar to the proof that Q is a field (Propo-
sition . except that we use abelian groups (which we can think of as
modules over Z) in place of vector spaces over Q.

We start by introducing an alternative description of algebraic integers.
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Lemma 2. The number a« € C' is an algebraic integer if and only if the

abelian group
B=(l,a,a?...) CC

is finitely-generated.

Proof » This abelian group is torsion-free. It follows from the Structure
Theory for Finitely-Generated Abelian Groups (which we shall abbreviate to
FGAG) that a torsion-free abelian group B is finitely-generated if and only
if it is free, ie

B=7"
for some r. We say in this case that B has rank r; and it follows from the
theory that every subgroup C' C B has rank s < r:

C=7Z (s<r).

Suppose B has rank r. Let by,...,b. be a basis for B, ie each element
b € B is a linear combination

b:Zlbl—F"'—f—ZrbT

with integer coefficients z; € Z.
Each of the b;’s can be expressed as a linear combination of a finite number

of powers . Taken together, these expressions for by, ..., b, involve only a
finite number of powers of «, say a subset of {1,a,a?,...,a" 1}.
Then
a” € (by,....,b) C {l,a,...,a" "),
Thus o" is a linear combination (with integer coefficients) of 1,a,...,a" !
say

Q" =29+ za+ -+ 210"

In other words, « satisfies an equation

1

.C(In—anll'ni —"'—ZOIO.

Hence
o € 7.

On the other hand, suppose « satisfies an equation
" +ax" + o+ a, =0

with a; € Z. Let
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Then
Q" =—qa" - . —qa, €C,
and
"= —qa" — - —a,a € {a,0?, ... a") C O,
since " € C'. Continuing in this way,
an+i cC
for all 7. Hence
B=C
is finitely-generated. <

Now suppose «, 3 € Z. Let
B={(l,a,0?...), C=(1,8p5%...)

Then B, C are finitely-generated, by the Lemma.
Let
BC = (bc:be B,ceC)

be the abelian group spanned by the elements bc. (Thus the general element
of BC is of the form bic; + - - - byc;.)

Then BC is finitely-generated; if B, C'is generated by by, ..., by, c1,...,Cp,
respectively, then BC' is generated by the mn elements b;c;.

Furthermore,
(e« + B)BC C BC, (ap)BC C BC.
Hence B
a+ B,ap €7,
by the Lemma |

A variant of this Lemma, analagous to Proposition [I] for algebraic num-
bers, is often useful.

Proposition 1.6. The number a € C s an algebraic integer if and only if
there exists a finitely-generated (but non-zero) abelian group

BcC

such that
aB C B.
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Proof ». If « is an algebraic integer then we can take
B={1,a,a%...)

by the previous Lemma.
Conversely, suppose B has rank r, so that

B=7".

Choose v € V,v # 0. Then the d + 1 elements

are linearly dependent, and so (as before) a satisfies an equation of degree
<d. <

Theorem 1.4. Z is integrally closed, ie if a € C satisfies an equation
2"+ a4 +a, =0
with a; € 7. then o € Z.

Proof ». Fori =1,...,nlet B; be a finitely-generated (but non-zero) abelian
groups such that
a;B; C By;

and let
By = {(l,a,...,a" ).

Set
B = ByB:1---By_1,

ie the abelian group spanned by the products

i
a’by - - by,

Then it follows exactly as in the proof of Proposition [1.2] that
aB C B,
and so B
a €l

by Proposition (1.6} <



Chapter 2

Number fields and number
rings

2.1 Number fields

Suppose k is a subfield of C. Then 1 € k, from which it follows that &
contains all rational numbers:

QckcC

We can consider k as a vector space over Q. In effect we ‘forget’ about
the product a3 unless a € Q.

Definition 2.1. An algebraic number field (or just number field ) is a subfield
k C C which is of finite dimension as a vector space over Q.
This dimension is called the degree of the number field:

deg k = dimg k.

Proposition 2.1. If k is a number field then each o € k is an algebraic
number of degree < degk.

Proof ». Consider the d 4+ 1 elements
La,..., a.
where d = deg k. These elements must be linearly dependent over Q, say
a0+a1a+---+adad:0,

with a; € Q. Thus « satisfies an equation of degree < d over Q. <

2-1
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It follows that any number field k is sandwiched between Q and Q:

QckcQ.

Proposition 2.2. Suppose « is an algebraic number of degree d. Then the
elements

8= fla),
where f(x) € Q[z], form a number field k of degree d, with basis
La,..., o4t

Proof ». 1t is clear that k is closed under addition and multiplication.
To see that it is closed under inversion, suppose 3 € k, 3 # 0. Consider
the map
O:vw— By k—k.

This is a linear map over Q. Moreover it is injective since
0(y)=0 = pBy=0 = v=0.

But a linear transformation ¢ : V' — V of a finite-dimensional vector space
V' is surjective if and only if it is injective. Thus 0 : k — k is surjective; and
in particular

fy=1

for some 7y € k, ie

Btek.

Suppose [ = f(«), where f(x) € Q[z]. Divide f(x) by the minimal
polynomial m(z) of «, say

where
degr(z) < d = degm(x).
Then
B =fla)=r(a)
Thus
B=co+eaa+- -+
Hence the d elements 1, «, . .., a?! span k; and they are linearly independent

since otherwise o would satisfy an equation of degree < d. So these elements
form a basis for k; and consequently deg k = d. <
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It is evident that this is the smallest number field containing «, since such
a field must contain all numbers of the form f(a).

Definition 2.2. We say that the field k is generated by «, and denote it by
Q(a).

A number field of the form & = Q(«) is sometimes said to be simple,
although the Theorem below makes this definition somewhat superfluous.

But first we note that the notion of extending Q to the number field Q(«)
applies equally with any number field & in place of Q.

Proposition 2.3. Suppose k is a number field of degree d; and suppose
B € Q. Then [ satisfies an equation m(x) € klz] of minimal degree e, and
the numbers v = f([3), with f(x) € k[x], form a number field K of degree

deg K = de.

Proof ». The only part that is any different from the case k = Q is the last
statement, that deg K = de.

Lemma 3. Suppose k = Q(a). Then the de elements
a'F (0<i<d 0<j<e)
form a basis for K over Q.

Proof » Each element v € K is uniquely expressible in the form
Y=g+ o+t a1

with o; € k = Q(«).

But each «; is uniquely expressible as a polynomial f;(«), where f;(x) €
Q[z] is of degree < d. Tt follows that 7 is uniquely expressible as a linear
combination of the de elements o'(37. <

<

Corollary 2.1. If k C K is a subfield of the number field K, then k is a
number field, and

degk | deg K.
Theorem 2.1. Fvery number field k is simple, ie
k=Q(a)

for some a € k.
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Proof ». This is a little tricky.
First of all, we can certainly obtain K by adjoining a finite number of
elements, say

K= Q(O&l,...7057n),

since each adjunction (assuming a;1 ¢ Q(avq,...,@;)) wll increase the de-
gree.
It is sufficient therefore to show that

Q(, 8) = Q(6).

Suppose the minimal polynomials of «, 5 are f(x), g(x); and suppose the
roots of f(x),g(x) are

a=0q,0,...,0q4 andﬂ:ﬂhﬂ%'“aﬁe?

respectively. Note that the a; are distinct, as are the (;, since f(z), g(x) are
irreducible.
Let
0 =ca+ 3,

where ¢ € QQ is chosen so that the de elements
cai + B

are distinct. This is certainly possible, since we only have to avoid a finite
number of values of c.
Now « satisfies the polynomial equations

flx) =0, g(0 —cr) =0,

where the second equation is over the field K = Q(0)

But « is the only common root (in C) of these two polynomials. For any
root of the first equation is «;, for some i; and if this is a root of the second
polynomial then

ﬁj :e—CO{i,
so that
0 = ca; + B = ca + (.

But from our choice of ¢, this is only possible if 1 = 7 = 1.
It follows that

ged(f(z),9(0 — cx)) =2 — a,
where the ged is computed over K = Q(60).



2.2. NUMBER RINGS 2-5

But we know that when we compute a ged, eg with the Euclidean algo-
rithm, we end up with a polynomial in the field we started in.
We conclude that

aec K =Q(@®).
It follows that

b=0—-caeK
also.

Hence
a,f €K,
and so
Q(a, 8) C K.

On the other hand
0 =ca+ € Qa,B)

and so

K C Q(a, ).

We conclude that
Qa, 8) = K = Q(0).

2.2 Number rings
Definition 2.3. To each number field k = Q(«) we associate the ring
A=kNZ,

ie A consists of the algebraic integers in k.
We say that A is a number ring of degree d, where d = deg Q(«).

Given a ring A C C we can form the field of fractions k of A, consisting
of the numbers of the form
CcC = g,
where a,b € A with b # 0.

Proposition 2.4. If A is the number ring associated to the number field k,
A=kNZ,

then k is the field of fractions of A.
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Proof ». This is almost trivial. If o € k then

B=na€Z
for some n € N, n > 0. Hence
B
o= —
n
is in the field of fractions of A. |

2.3 Conjugates, norms and spurs

We suppose in this Section that k is a number field.
Suppose 3 € k. Let pug denote the map

Y= OBy k — k.
This is a linear map over Q.

Definition 2.4. We set

S(B8) = trpg,
N(B) = det pg.
We call S(3), N(B) the spur and norm of 3 € k.

Evidently,
S(8), N(B) € Q.

The following results are immediate.

Proposition 2.5. 1. S(B+7v) =S(8) + S(v);

2. N(Bv) = N(BN(v);
3. if c € k then S(c) = dc, N(c) = c*.

There is an alternative way of looking at the spur and norm, in terms of
conjugates.
If k, K are two fields then any ring homomorphism

0:k— K
is necessarily injective; for if ¢ € k is non-zero then

cckerd = f(c)=0
= f(1) = flec™!) = f(0)f(c™") =0,
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while f(1) = 1 by definition.

Suppose k is a number field, and K = C. We may say that 6 defines an
embedding of k in C. We want to see in how many ways the number field
k = Q(«) can be embedded in C.

Suppose m(x) is the minimal polynomial of a. Let the roots of m(x) be
Qa1 = @, Qa,...,0q S0 that

m(z) = (r—o)(z—ag) - (z — ay).

Note that the roots are distinct, since m(x) is irreducible. For if there was a
multiple root it would also be a root of m/(x), and then

() = ged(m(x), m'(z))
would be a non-trivial factor of m(x).

Proposition 2.6. Suppose k = Q(«) is a number field of degree d, Then
there are just d ring homomorphisms

o, k— C,

given by
0;: fla) = flai)  (f(x) € Qz])
fori=1,...,d.

Proof ». If a+— o then
m(a) =0 = m(a) = 0.

Hence
o = Q4
for some i; and so

fla) = flon).

This map is well-defined, since

fla) =g(a) = m(x) | f(z) - g(z)
= f(ai) = g(a);

and it is evident that it is a ring-homomorphism. <

In other words, there are just d = deg k embeddings of the number field
k in C.

Note that this result is independent of the choice of generator «; it is a
property of the field k itself.
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Definition 2.5. If
01,...,00:k—C

are the d embeddings of k in C then the conjugates of B € k are the d
elements
oi(8) (1 <i<ad).

The following result follows at once from our concrete construction of the
embeddings of k = Q(«) above.

Proposition 2.7. The d conjugates of 5 = f(«) are the elements
0i(B) = flew) (1<i<d).
Theorem 2.2. We have
1. S(B) = Bi+ -+ Bus

2. N(B) = Bi---Ba

Proof ». This is a little tricky.
First consider the case of a. The matrix of the linear map

fo  k — k
with respect to the basis 1, ¢, ...,a% ! is
0 0 0 —ay
NI
0 O . 1 -

Thus

S(a) =tr M = —ay,
N(a) =det M = ay.

On the other hand, the characteristic polynomial of M is
xu(z) =det(z] — M) = 2" + a;z® " + -+ + aq,
ie

X () = m(z),
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the minimal polynomial — as we might have expected, since it is clear that
M satisfies m(M) = 0, and we know that M satisfies its characteristic poly-
nomial. Since m(z) is irreducible, it follows that the two must be the same.
But the roots of m(x) are the conjugates ay = a, ag, ..., aqy.
It follows that these are the eigenvectors of M; and so

S(a)=trM = a1 + - + ag,
N(a)=det M = a; - - ay.
Now consider a general element 5 = f(«) of k. The matrix of the linear

map pg : k — k with respect to the same basis 1,q,...,a?" ! is just p(M);
and we know that the eigenvalues of p(M) are p(«;). It follows that

S(B) =trug
= trp(M)
= plaa) + -+~ + plaa)
=01+ + B
and similarly
N(B) = det g
= det p(M)

= plaz) - --plaq)
— BB,

2.4 The discriminant

Recall that the disciminant of a monic polynomial
f@)=a"+aqa" '+ ta,= (2 — ) (r— ) (2 —ay),

with roots aq, ..., a,, is defined by

i<j

=+ [[(ei — o),

i#j
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where the sign (which doesn’t really concern us) is

+1ifn=0,1mod4

(_1)(n—1)+(n—2)+~~~+1 _ (_1)77,(77,—1)/2 —
—1ifn = 2,3 mod 4.

Evidently the discriminant D = 0 if and only if f(x) has a double root, ie
a; = a; for some @ # j.

The formula for the discriminant can be re-written in several ways. First
note that

fllai) = (i —ar) - (e — 1) (@ — i) (i — aw),
and so
D =+f(a1)-- f(an)
= tNf'(a)

(with the same sign as before), where we have written a = «;.
Secondly, recall that the Vandermonde matrix

O[?il 0/2171 L az—l
a?—2 043_2 L az—?
X = i
1 1 1

has determinant

det X = [ (a; — o).

i<j
Hence
D(f) = (det X)?
=det X'X
=detY,
where

Yi; :a’ia{+---+aﬁlafl
= S(a't).
Now suppose we have a number field

k= Q(a),

where o has minimal polynomial m(x) of degree d. Then 1,«, ..., a%"! forms
a basis for the vector space Q(«) over Q. This suggests the following defini-
tion.
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Definition 2.6. Suppose (i,...,0q4 is a basis for Q(«) over Q. Then we
define the discriminant of the extension with respect to this basis to be

D(Bi, ..., Bq) = det X,

where
Xij = S(B:5;)-

If we choose another basis 71, ..., 74 then
v =Y. Ti;5,
J
where T is an invertible d x d matrix; and it follows that

D(mi, .- ,7a) = (det T)*D(By, . . ., Ba)-

Thus the discriminant is defined up to a square factor p* where p € Q*).
In particular, since

D(By,...,B8) = p*D(1, ..., a" ") = £D(m(x)),

and m(x) is separable, ie does not have repeated roots, the discriminant of a
number field (with respect to any basis) is non-zero.
Now consider the number ring

A=Q(a)NZ.
Proposition 2.8. If 3;,...,3, € A then

DBy, ..., 0,) € Z.

Proof ». This follows at once from the fact that

R |

Theorem 2.3. If k = Q(a) is a number field of degree d then the number
ring A =k N7Z is a free abelian group of rank d:

A7,

Proof ». Let (1,...,084 € A be a basis for Q(a) over Q. (We can certainly
find such a basis, since given 3 € k we can always find non-zero n € Z such
that ng € A.) Let

D — D(ﬁla---aﬁd)-
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Lemma 4. If a € A then

:Zlﬁl+"'+2dﬁd
D b

where zq, ..., 24 € 7.

Proof » Let
0i:Q(a) = Qloyy) (1<i<d)

denote the d injective isomorphisms (or embeddings) Q(«) — C, given by
oi(f(a)) = flai) (f(z) € Qlz]).

Suppose 7 € A. Then

v =cpr+ -+ caba,

with ¢; € Q. Hence

S(vB;) = S(BiBi)er + - - - + S(Bafi)xa

fori=1,...,d.
We can regard these as d linear equations for cy,...,cs. The matrix of
the equations is

Dij = S(5:55)
with determinant

D = D(B4,...,0B4).

Moreover all the traces (or spurs) S(-) are in Z. It follows (eg from Cramer’s
rule for solving linear equations) that the ¢; are all of the form

C;, =

2
D

It follows from the Lemma that the abelian group A is sandwiched be-
tween two free abelian groups of rank d:

(Bry.. Ba) CAC(B/D....,BaJD).

But this implies, from the Structure Theory of Finitely-Generated Abelian
Groups, that A itself is also a free abelian group of rank d. <
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Proposition 2.9. Any two bases o, . .., a4, b1, ..., B4 of a number ring have
the same disciminant:

D(ala'-->ad) :D(ﬁla"wﬁd)'

Proof ». Since the elements of each basis can be expressed in terms of the
other, there are d X d matrices T, U such that

o = ZTiij? Bi = ZUMO‘J"
j i

It follows that

TU =1 = detTdetU =1
= detT =detU = £1.

The result follows, since
D(ay,...,aq) = det(T)?D(By,. .., Bq).
A |

Definition 2.7. The discriminant D = D(A) of a number ring is the dis-
criminant of a basis for A (as an abelian group).

The discriminant D(A) is an important invariant of A.

Ezxamples:

1. Consider the quadratic field Q(y/m), where m € Z is square-free.
Suppose first that m #Z 1 mod 4. Then

A=zl

The numbers 1, /m form a basis for A. Hence

D) = (Si(ﬂ—n ?9(@{?)

(6 an)

= 4m.
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2. Now suppose m = 1 mod 4. In that case the integers are the numbers

1
a+b +2\/ﬁ

(a,beZ).

Thus

( S((1 4 v/m)/2) )
S( 1+\/_/2 S((m+1)/4+/m/2)

1 m+1/2>

m.



Chapter 3

Quadratic number fields
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Chapter 4

Ideal Theory

4.1 Ideals

We shall assume throughout this Chapter that A is a commutative ring with 1.
Definition 4.1. An ideal in A is a non-empty subset a C A such that

1. a,bea = a+bea;

2.a€A, bea = abea.

There is an intimate connection between ideals and quotient-rings. In
fact the two concepts are more or less interchangeable.

Note that a ring A has an underlying structure as an additive group, if we
‘forget’ about multiplication; and if @ C A is an ideal, then a is a subgroup of
A. We assume that the notion of a quotient-group is familiar. The following
result is readily verified.

Proposition 4.1. Suppose a C A is an ideal. Then there is a natural ring-
structure on the quotient-group A/a, with

ab = ab.

Thus we may speak of the quotient-ring A/a.
Recall that a ring-homomorphism

f:A—B
is a map such that

L fla+b) = fla) + f(b);

4-1
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2. flab) = f(a)f(b);
3. f(1)=1.

Proposition 4.2. Suppose
f:A—B

1 a ring-homomrphism. Then
ker f ={a € A; f(a) =0}
is an ideal in A; and
im f = A/ ker f.

Conversely, if a C A is an ideal, then the map a — a defines a surjective

homomorphism
A— Ala,

with kernel a.

Proof ». The First Isomorphism Theorem for groups establishes an isomor-
phism

im f = A/ ker f
of additive groups; and it is a straightforward matter to verify that this
isomorphism preserves multiplication. <

Proposition 4.3. If a,b C A are ideals then so are
1. aUb;
2.a+b={a+b, acabeb};
3. ab={aby+---ab,, ay...,a. €a, by...,b. € b};
4. (a:b)={a€ A:ab C a}.

These are all immediate. Note that we must allow sums in the definition
of the product; an element of ab is not necessarily of the form ab.

4.2 Principal ideals
Definition 4.2. We denote the ideal generated by aq,...,a, € A by

(a1,...,a,) ={aguy + -+ + apuy, s ug, ..., u,. € A}

An ideal (a) generated by a single element is said to be principal.



4.2. PRINCIPAL IDEALS 4-3

Remark. Observe that

(0) = {0}, (1) = A.
Proposition 4.4. If a,b € A then
(a) =(b) <= b=cea
for some unit e € A.

Definition 4.3. We say that A is a principal ideal domain if every ideal
a € A is principal.

The abbreviation PID is often used for ‘principal ideal domain’.
Proposition 4.5. Z is a principal ideal domain.

Proof ». Suppose a C Z is an ideal. If a = (0) the result is immediate.
If not, suppose n € a, n # 0. We may suppose that n > 0, since

nea = —n=(—1)neca
Let d be the smallest integer > 0 in a. Then
a=(d).
For suppose n € a. Divide n by d, say
n=dq+r,

where 0 < r < d. Then
r=n+(—-q)dea

since n,d € a. Hence r = 0, by the minimality of d. Thus

n = dq € (d),

and so
a=(d).
|

Proposition 4.6. If k is a field, then the ring k[x] (of polynomials in one
variable over k) is a principal ideal domain.



4.3. PRIME IDEALS 4-4

Proof ». The proof is almost identical to that for Z.
Suppose a C k[z] is an ideal. If a = (0) the result is immediate. Other-
wise, let m(x) be the monic polynomial of lowest degree in a. Then

a= (m(x)).
For suppose f(z) € k[z]. Divide f(z) by m(x), say
f(x) = m(z)q(z) + r(z),
where 0 < degr(z) < degm(z). Then
1) = $(z) — q(z)m(z) € a.
Hence r(z) = 0, by the minimality of m(z). Thus
f(x) = m(z)q(z) € (m(z)),

and so

4.3 Prime ideals

Definition 4.4. The ideal p C A is said to be prime if p # (1) and
abep = ac€porbenp.

Proposition 4.7. The principal ideal (a) is prime if and only if the element
a 18 prime.
Proof ». Suppose (a) is a prime ideal, Then
albc = bce (a)
= be(a)orce (a)
= a|boralec

Conversely, if the element a is prime then

bec € (a) = a | bc
= alboralc
= b€ (a)or c€ (a).
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Proposition 4.8. The ideal p € A is prime if and only if the quotient-ring
A/p is an integral domain.

Proof ». Let a denote the image of a € A in A/p. Then

ab=0 <= ab=0
< abeyp
< acporbeyp
< a=0o0rb=0.

There is one very important case in which we know an ideal is prime.

Definition 4.5. The ideal m € A is said to be maximal if m # A and
mCaCA = a=mora=A4

for any ideal a.

Proposition 4.9. An ideal m C A is mazimal if and only if the quotient-ring
A/m is a field.

Proof ». A ring A is a field if and only if the only ideals in A are (0) and
(1).

The ideals in A/m are in one-one correspondence with the ideals a D m
in A.

Thus A/m is a field if and only if the only ideals a such that

mcacCA

are m and A itself, ie if m is maximal. <
Corollary 4.1. A mazimal ideal is necessarily prime.

This follows at once from the Proposition; but it is easy to see directly.
Suppose m is maximal, and suppose ab € m but a ¢ m. Then

(m,a) =A=(1).
Thus we can find m € m, ¢ € A such that

m—+ac=1.
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But now, multiplying by b,
b=mb+ (ab)c € p,

showing that m is prime.

We shall see that in the case of a number ring A: every prime ideal except
(0) is mazximal.

And our main aim. of course, is to prove Dedekind’s Theorem, that every
non-zero ideal a in a number ring A is uniquely expressible as a product of
prime ideals

a=p...p.
4.4 Co-prime ideals
Definition 4.6. The ideals a,b C A are said to be co-prime if
a+b=(1)=A
Proposition 4.10. If the ideals a,b C A are co-prime then
aNb=ab.

Proof ». 1t is evident that
ab C anb;

that is true for any two ideals.
By definition, there are elements a € a, b € b such that

a+b=1.
Suppose

reanb.
Then

r=2xz(a+b) =za+ xb € ab;
for za € ab since a € a,x € b, and similarly zb € ab. <
Proposition 4.11. 1. if a is coprime to b then a® is coprime to b/ for
any e, f € N;

2. If a is coprime to by, ..., b, then it is coprime to by ---b,.
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Proof ». 1. Suppose
a+b=1.

Then
(a+ ) =1.

The terms in the binomial expansion all lie either in a® or in b/.

2. Suppose
a; + bz = 1,

with ai,...,a, € a, b; € b;. Multiplying these equations together we
obtain 2" terms, all of which lie in a except for by ---b,. € by ---b,.
<

Corollary 4.2. Suppose the ideals ay, ..., a,. are mutually co-prime. Then

€Er
r

a Nag* N---Na” =af'as' - -a
for any exponents ey, es, ... e, € N.

Note that distinct maximal ideals p, q are necessarily co-prime. Thus if
p1,...,Pp, are maximal then

PP O NPT = iyt ey

The following result might be called the Chinese Remainder Theorem for
ideals.

Theorem 4.1. Suppose a,b C A are co-prime ideals; and suppose r,s € A.
Then there exists a € A such that

a=rmoda

a = s mod b.
Moreover, b € A is a second solution to these two congruences if and only if
= bmod ab.
Proof ». Since a + b = (1) we can find u € A, v € B such that
u+v=1.

Note that
= 0 mod a, {Elmod a,

=1 mod b, = 0 mod b.
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It follows that

= r mod a,
TV + SU
{E s mod b.

Conversely, suppose a, b are two solutions to the two congruences, Then
a—beanb=ab,
ie
a = bmod ab.

<

The result can be expressed equivalently in terms of quotient-rings, as
follows.

Suppose a,b C A are two ideals (not necessarily co-prime). Then the
homomorphisms

A— Ala, A— A/b

combine in a homomorphism
©:A— Alax AJb.

Since
ker©® = anb,

this gives an injective homomorphism
®:A/(anb) — A/ax A/b.

Now suppose a, b are co-prime. Then aNb = ab; and by Theorem [4.1} ©
and so ® are surjective.
Hence @ is bijective, ie an isomorphism:

A/(ab) = A/a x A/b.

4.5 Noetherian rings

Definition 4.7. The ring A is said to be noetherian if every ideal a € A is
finitely-generated.

All the commutative rings we meet will be noetherian. In fact, virtually
all commutative rings one is likely to meet in mathematics are noetherian.
(There is perhaps an analogy with locally compact spaces in topology.)

There is an alternative way of defining the property of noetherian-ness.
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Proposition 4.12. The ring A is noetherian if and only if its ideals satisfy
the increasing chain condition, ie every increasing sequence of ideals

GpCap Cay C .-

is stationary, that is
ap = 0Qpt1 = Opy2 = - -

for some n.

Proof ». 1t is easy to see that the union
a=Ja
i

of an increasing sequence of ideals is itself an ideal.

Suppose A is noetherian. Then this ideal is finitely-generated, say by
ai,...,a,. Each of these elements lies in one of the a;. Hence all of them lie
in a, for some n; and then

ap = 0Qpt1 = Qpyo = -+

Conversely, suppose the ideals in A satisfy the increasing chain condition;
and suppose a € A is an ideal. Choose any element a; € a. If a = (a;) we
are done; if not choose an element as € a\ (a1). If a = (ay,az) we are done;
if not choose an element az € a '\ (ay,as).

Continuing in this way, we obtain an increasing sequence of ideals

(a1) C (a1,a2) C (ay,az,a3) C ---
By the increasing chain condition, this process must stop, ie
a=(a,...,a)
at some stage. <

Proposition 4.13. Every number ring
A=Qa]NZ
15 noetherian.

Proof ». By Proposition /refD3,
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as an additive group, where
d = deg Q(a) = dimg Q[a].

But from the Structure Theory of Finitely Generated Abelian Groups,
every subgroup of a finitely-generated abelian group of rank r is also finitely-
generated, of rank < r.

It follows that every ideal a € A is finitely-generated as an abelian group
by < d elements. A fortiori it is generated by < d elements as an ideal. <«

We shall see later that in fact each ideal in a number-ring A is generated
by at most 2 elements.

Theorem 4.2. Suppose A is a noetherian integral domain. Then A is a
Unique Factorisation Domain if and only if it is a Principal Ideal Domain.

Proof ».

Lemma 5. Fach element a € A is expressible as a product of irreducibles

a = pip2- - Pr-
Proof » 1f a is not irreducible, then it factorises
a = a10Gg,

where neither a; nor ay are units. Note that

(a) C (@), (a) C (ag),

with both inclusions proper; for if (a) = (ay), say, then a = ea; where € is a
unit, and then it follows (since A is an integral domain) that ay = €.
If now aq, ay are both irreducible then we are done. If not then one, say
a, factorises:
a1 = a11011-

Continuing in this way, if all the factorisations end then we are done.

If not, then one (at least) of a;, as must factorise indefinitely. Suppose it
is a;. Then one of the factors ay1, a1 must factorise indefinitely. Suppose it
is ajq.

If this continues indefinitely then we obtain a strictly increasing sequence
of ideals

(a1) C (@) C -+,

contrary to the supposition that A is noetherian.
Hence the factorisation must end, giving an expression for a as a product
of irreducibles. |
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Now suppose A is a UFD. We have to show that every ideal a C A is prin-
cipal. It is sufficient to prove this for ideals (a, b) generated by two elements;
for every ideal is finitely generated, and this will allow us to repeatedly reduce
the number of generators by one:

a=(ay,...,a.) = (byas,...,a,) = (¢c,a4,...,a,) = -+~
Express a, b as products of irreducibles, say

a=e[[ps, b=n][pl,

where we include all inequivalent irreducibles p;, with e;, f; = 0 for all but a
finite number of 7.

Let .
d _ szr‘mn(e“fl)-
Then
d|a,b;
and

ela,b = e]ld,

as one may see on expressing e as a product of irreducibles.
It follows that
(a,b) = (d);

for if
c=ua+ vb € (a,b)
then
min(e;, f;) c
and so d | ¢, ie
c e (d).

Conversely, suppose A is a PID. If p is irreducible, then p is prime. For
suppose
p | ab.

Let
(p,a) = (d).
Then
p = cd.

Since p is irreducible, either c or d is a unit.
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If ¢ is a unit then d ~ p, and so

pla.

If d is a unit, then
(p,a) = (1),

ie there exists u, v such that
up +va = 1.

Multiplying by b,
b= (ub)p + v(ab).
Since p | ab it follows that
plo.

Now the uniqueness of factorisation follows in the usual way, eg by in-
duction on the minimal number, r say, of irreducibles in an expression for

a € A. Thus if
a=€pi...pr=1q1 . (s
then p; | ¢; for some 4, and so
P1 ~ G,
since ¢; is irreducible. Now, on dividing both sides by p;, the problem is
reduced to a number expressible as a product of < r irreducibles. <

4.6 Fractional ideals

It is convenient, and satisfying, to extend the notion of ideals from a number
ring A to the corresponding number field Q(«), ie the field of fractions of A.

We suppose in this Section that A is an integral domain with field of
fractions k.

Definition 4.8. A non-empty subset ¢ C k is said to be a fractional ideal if
c=ca
for some ideal a C A, and some c € k*.

Evidently a non-zero ideal a C A is a fractional ideal; the notion extends
the concept of an ideal.

Most of our results on fractional ideals follow immediately from the cor-
responding result for ordinary ideals, and will be given without proof.
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Proposition 4.14. If ¢,0 C k are fractional ideals then so is
d={adi+ - +cd-:c1,...,¢c, €¢, dy,...,d. €0}
Definition 4.9. If ¢ C k s a fractional ideal then we set
c'={cek*:ccCa}.
Proposition 4.15. If ¢ is a fractional ideal then so is ¢!,
If ¢ is a fractional ideal then by definition
cc !l C A
Definition 4.10. The fractional ideal ¢ C k is said to be invertible if
col = A
Proposition 4.16. The invertible fractional ideals in k form a group.

Proposition 4.17. If the fractional ideal ¢ is invertible then so is cc for any
cek*.

Proposition 4.18. The fractional ideal ¢ is invertible if and only if there is
a fractional ideal 0 such that

0= (c)=cA
for some ¢ € k*.

Remark. The notation (c¢) for cA is somewhat ambiguous, but unlikely to
cause confusion in this context.

Proposition 4.19. If A is a number-ring, then every fractional ideal is in-
vertible.

Proof ». 1t is sufficient to show that every non-zero ideal a € A is invertible.

Lemma 6. If a C A is a proper ideal (ie a # (0), (1)) then
al¢ A

Proof » Since a C p for some maximal ideal p, and

-1 -1

p Ca’,

it is sufficient to prove the result for a maximal ideal p.
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Choose a € p, a # 0. By Proposition ??, we can find maximal ideals
p = Pp1,p2,...,pr such that

pit-py C (a).

Let us suppose that this is a minimal expression of this form, ie with
minimal e; 4 - -- + e,. Since a € p, p must be among the primes on the left,

say p = pi1.
But now

Pyt pl Z (a).



Chapter 5

Dedekind’s Theorem

We suppose throughout this Chapter that A is an integral domain, with
field of fractions k. Of course we are interested primarily in the case of a
number-ring A and its field of fractions k = Q(«).

Definition 5.1. A integral domain A is said to be a Dedekind domain if
every non-zero ideal a € A is expressible as a product of prime ideals:

a=pipr.

5.1 Fractional ideals

Definition 5.2. A subset a € k is said to be a fractional ideal if ca is an
ideal in A for c € k*.

Proposition 5.1. If a,b € k are fractional ideals then so is
ab={aby +---a.b.:ay,...,a, €a, by,...,b. € b}.
Proof ». If aa, bb are ideals in A, then so is

(ab)(ab).

Proposition 5.2. If c € k* then
(c) =cA

is a fractional ideal.

o1
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Proof ». This follows at once, since
c ) = A.
<

Definition 5.3. The fractional ideal a is said to be invertible if there is a
fractional ideal b such that

ab= (1) = A.
Proposition 5.3. If the fractional ideal a is invertible if and only if
ab = (¢)
for some fractional ideal b and some c € k*.

Proof ». If a is invertible then

ab = (1)
for some fractional ideal b.
Conversely, if
ab = (¢
then
a(c_lb) =(1).

<

Proposition 5.4. If the fractional ideal a is invertible then it is finitely-
generated.

Proof ». Suppose

ab = (1).
Then
a1b1+---—|—arbT: 1
for some elements aq,...,a, € A, by,...,b. € B.
If follows that aq,...,a, generate a:

a=a A+ +a.A
For suppose a € a. Then

a=alaiby + -+ a,b,)
= (abi)ay + - - - + (ab,)a,.

Since ab; € A this establishes the result. |
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Definition 5.4. If a C k is a fractional ideal we set

al={reck:rzacC A}

Proposition 5.5. If a C k is a non-zero fractional ideal then so is a™*.

Proof ». Suppose ¢ € a, ¢ # 0. Then
ra C A = xce A
with d € A.
cat C A
It is readily verified that

1 1

— ct+dea
U'— gceal.

c,d €a”
a€Acea

1

If follows that ca~! is an ideal in A, and so a~! is a fractional ideal. <«

Proposition 5.6. The non-zero fractional ideal a C k is invertible if and
only if

aal=(1)=A
Proof ». Suppose
ab=A
Then
bcal
from the definition of a=!.
Hence
aa”! Dab = A.
But

aa~ !l C A,
again from the definition of a=!. Hence
aat = A
<

Proposition 5.7. The integral domain A is a Dedekind domain if and only
if every mon-zero fractional ideal is invertible.
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Proof ». Suppose first that A is a Dedekind domain. It is sufficient to show
that any non-zero ideal a C A is invertible; for then

(ca) ™t =ctat.

Choose any a € a, a # 0. Then
(a) C a.

It follows on expressing both (a) and a as products of prime ideals that
(a) = ab,

where b C A is an ideal. Hence a is invertible, by Proposition [5.3]

Conversely, suppose every non-zero fractional ideal is invertible. Then
every ideal is finitely-generated by Proposition [5.4] Hence A is a noetherian
ring.

Now suppose a C A is an ideal. We show first that a is a product of
prime ideals.

If a is prime there is nothing to prove. Otherwise, by Proposition 77, we
can find a maximal (and therefore prime) ideal p; such that

acC p;.

Then
aCpla

Moreover, this inclusion is strict; for otherwise, on multiplying each side by
-1

a -,
A=pr,
so that
PP =P
contradicting the invertibility of p;.
If p;ta is prime, say
pl_la = P2,
then
a= p1p27
on multiplying each side by p;.
If not, we can find a maximal (and therefore prime) ideal py such that

pyla Cpa.
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Again,
—1 —1, 1
ppaCpypra,
with strict inclusion.
If the ideal on the right is prime, say

py 'prta = ps,

then
a = p1pops.

If not, then we continue as before.
Since A is noetherian, this process must end, yielding an expression

a=>p; P,

Finally, to prove uniqueness we argue by induction on the minimal number
r of primes in an expression

a=prop

Suppose we have a second expression

a=4qi---qs
where s > r. Then

qi---qs C P,
and so

q; C p1
for some 1.
But then
prlai Cpyip =4,

ie

b=p'a

is either the whole of A, or an ideal in A, which can be expressed as a product
of prime ideals, say

b=gq;--q
(where the product will be empty if b = A).

Thus
pflu:pa---pr =qr- - Gic1Gie1 - Gsqy -y

But now, applying the inductive hypothesis, we must have ¢ = 0, and the g

(for j # i) must be po, ..., p, in some order. On multiplying by p; we deduce
that the expression for a is unique (up to order). <
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In the course of this proof we have established two further results.
Proposition 5.8. Every Dedekind domain is noetherian.

Proposition 5.9. In a Dedekind domain, every non-zero prime ideal is maz-
imal.

Proof ». This follows because we obtained an expression for a as a product
of maximal ideals. |

Theorem 5.1. Each number ring A is a Dedekind domain.

Proof ». <



Chapter 6
Dedekind’s Theorem

6.1 Dedekind domains

Our aim in this Chapter is to show that every number ring is a Dedekind
domain, according to the following definition.

Definition 6.1. The integral domain A is said to be a Dedekind domain if
every non-zero ideal a C A is uniquely expressible (up to order) as a product
of prime ideals:

a = pi gl

6.2 Ideals in number rings

We suppose in the rest of this Chapter that A is a number ring, ie
A=Qa)NZ

where Q(«) is a finite extension of Q.

Proposition 6.1. Every non-zero ideal a C A contains a rational integer
n > 0.

Proof ». Take any non-zero element o« € a. Since a € Z, it satisfies a
minimal equation of the form

o+ a0 4+ ag =0,

with a; € Z. Then
ag=—a(a® 4 a4, € q

and aq # 0, since otherwise a would satisfy an equation of lower degree. <

6-1
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Proposition 6.2. If a C A is a non-zero ideal in the number ring A then
the quotient-ring A/a is finite.

Proof ». We have to show that there are only a finite number of residue
classes modulo a.
We know that, as an abelian group,

Ax=74
where
d = deg Q).
Let eq,...,eq be a basis for this abelian group, ie each element a € A is

uniquely expressible in the form
a = zi1€1 + -+ Zq€q,

with z; € Z. By the last Proposition, there is a natural integer n > 0 in a.
Let r; € {0,1,...,n — 1} be the remainder when z; is divided by n, say

Zi = ng; + 1.
Then

a=n(qer + -+ qgeq) + (ries + - -+ + reeq)
=rie; + -+ rgeq mod a

since n € a.
Thus each a € A is congruent moda to at least one of the n? elements

rieg + -+ reeq (0 <r; <n);

and so

#(A/a) < n’.

Definition 6.2. We call
N(a) = #(A/a)

the norm of the ideal a. By convention we also set
N((0)) = 0.
Proposition 6.3. Ifa,b C A are ideals with a C b then
N(a)=N(b) <= a=0b.
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Proof ». This is trivial. If N'(a) = N(b) then
r=ymodb = x =y mod a.
Thus

beb = b=0modb
= b=0mod a
— beca

Corollary 6.1. If a # (0) then N(a) > 1; and

6.3 Dedekind’s Theorem

Proposition 6.4. Fvery non-zero prime ideal p in a number ring A is max-
imal.

Proof ». If p is prime then A/p is an integral domain, by Proposition ?7.
Also A/p is finite, by Proposition ?7.

Lemma 7. A finite integral domain A is a field.

Proof » Suppose a € A, a # 0. Consider the sequence

an—l—r — an7
where r > 0. Then
a"(a"—1)=0.
Hence
a" =1,

Hence A is a field. |
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It follows from the Lemma that A/p is field, and so p is maximal, by
Proposition ?7. <

Theorem 6.1. Every number ring A is a Dedekind domain, ie each non-zero
ideal a C A is uniquely expressible (up to order) as a product of prime ideals:

a= pl oo pr_
Proof ». Suppose a # (0).

Lemma 8. There are only a finite number of ideals b D a; and in particular
there are only a finite number of maximal ideals

P1,...,pr O a.

Proof » There is a one-one correspondence between ideals b O a and ideals
in the quotient-ring A/a. But this ring is finite; so it only has a finite number
of subsets, let alone ideals. <

Lemma 9. We can find a product of mazimal ideals

pi---prCa.

Proof » We argue by induction on A (a).

If a is prime then it is maximal by Proposition and there is nothing
to prove.

If a is not prime then by definition there exist u,v € A such that

uv € a but u,v ¢ a.

Thus
a=(a+ (u)(a+(v)).

with both a + (u), a + (b) strictly larger than a.
By the inductive hypothesis we can find prime ideals

pi...p. Cat(u), qi...q5s Ca+t(v),

and then
P1.--P:91...9s C a.

Recall that if a C A is a non-zero ideal then

al={cck:cac A} DA



6.3. DEDEKIND’S THEOREM 6-5

Lemma 10. If p C A is a prime ideal then

Pl #E A
ie p~1 is strictly greater than A.

Proof » Choose a € p, a # 0. By Lemma [9] we can find a product of
maximal ideals

p1---pr C (a) Cp,

where we may assume that r is minimal.
Then some

pi C P,
by Proposition ??7. Thus
b=
since p; is maximal. Let us re-order the p; (if necessary) so that p = p;.
Choose
bepy--pr, b pip2---pr = (a).
(This is possible, since ps - - p,. Z (a) by the minimality of r.)
Then
bp Cppa---p, C (a).

Thus b
- p C A7
a
and so
b -1
c=—-& p )
a
while
c¢t A
since b ¢ (a). <

Lemma 11. Fvery maximal ideal p C A is invertible:
plp=A

Proof » Since A C p~t,
pCptpcCA

Since p is maximal, it follows that

pl'p=por A
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In the latter case p is invertible.
If not then

h=p
Suppose ¢ € p~t. Then
cp=7p.
But as an abelian group, p is a finitely-generated subgroup of C. It follows
therefore from our criterion for an algebraic integer (Proposition ?7?) that

ceZ,
ie
ce€Q(a)NZ = A.
Since this is true for all ¢ € p~1,
pl C A,

contrary to the last Lemma.
We conclude that p must be invertible. <

Lemma 12. FEvery non-zero ideal a C A is expressible as a product of prime
1deals:

a=piopr

Proof » We argue by induction on N (a).
We know by Lemma [J] that we can find prime ideals py, ..., p, such that

pl"'pTcaa

where we may assume that r is minimal.
Multiplying by p;* (and using the fact that p; is invertible),

py--op. Cpla

But p~'a is strictly larger than a, by the minimality of 7.
Thus by our inductive hypothesis,

prla=di---qs,
where the q; are prime. Hence

a= Pl(Pfla) = P11 9s-
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Lemma 13. The expression of a non-zero ideal

a=7pi---pr
as a product of prime ideals is unique up to order.

Proof » We argue by induction on the minimal r in such an expression.
Suppose
a=pr-Pr=4q1 s
Then
di- s CP1 = q; TP

for some 7.
Since q; is maximal (by Proposition it follows that

q; = P1-

We may assume, on re-ordering the q; if necessary, that

q1 = p1.
But now
pl_la:p2"'pr:q2"'q5)
and the result follows from the inductive hypothesis. <

That concludes the proof of Dedekind’s Theorem; we have shown that
each non-zero ideal is uniquely expressible (up to order) as a product of
prime ideals:

e er
a:pll...pr‘

6.4 First consequences

We continue to assume that A is a number ring, with field of fractions k.

Proposition 6.5. Suppose a,b C A are ideals. Then
aCbhb <= a=bc

for some ideal ¢ C A.
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Proof ». 1t is clear that

Conversely, suppose
b = PP

We argue by induction on r
The result is trivial if r = 0, ie a = A.
If » > 1 then on multiplying by pi*,

prlacpilo=np---p,.
Hence, by the inductive hypothesis,
pla=plobe
for some ideal ¢, and so, on multiplying by pq,

a = bc.

We may say that b divides a if a C b, and write
bla < acCh.

Similarly, we can extend the notation p® || n for exact division by a
rational prime p, by writing (for a non-zero prime ideal p)

p¢ || a if p© | @ but p¢* fa.

We can express any non-zero ideal in the form
€;
a=[]r,
i

where the product extends over all non-zero prime ideals p;, with the under-
standing that e; € N, with e; = 0 for all but a finite number of e;. (We may
say that e; is almost always 0.)

Proposition 6.6. Suppose a,b C A are non-zero ideals, with

a:Hp?7 b:szZ

Then '
a+b= prlm(e"’fi).
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Proof ». Suppose
a+b=]]p

Then
a,bCa+b = ¢ <e,fi = ¢ <min(e;, fi).

On the other hand, suppose e; < f;. We can find
a€a\ap;.

Then

pit I ().

Since a € a+ b, it follows that

a+b.

.
P’

Thus
g = €, = min(ei, fi)‘

In view of this result, it is natural to write
ged(a,b) =a+b.
Proposition 6.7. Fvery ideal a C A is generated by at most 2 elements:
a=(a,b).

Proof ». If a = (0) the result is trivial. Otherwise choose any non-zero a € a.

By Proposition a| (a); say
a=(a)pi' -y,

where pq,...,p, are distinct prime ideals.
We only have to choose b to “avoid” this finite set of ideals.

Lemma 14. We can find b € a such that

b=(a)qf" - -qf,

where none of the q;’s is equal to any of the p;’s.
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Proof » For each i, choose
bi € apy - Pi1Piy1- - Pp \ APL Py
(This is possible, by the uniqueness part of Dedekind’s Theorem.) Thus
bj €cap; <= j#1.

Set
b=0by+---+0b,.

Since all the b; except b; are in ap;, while b; is not, it follows that

b ¢ ap;
for each 1.
Thus (b) is of the form specified in the Lemma; no additional powers of
the p;’s occur in it apart from those in a. <

Let b be as in the Lemma. Suppose p is a non-zero prime ideal, and
suppose

e 1l ol Il (a), p? || (B).
Then f,g > e, and we have chosen b so that if f > e then g = e. Thus
e = min(f, g).

Since this is true for all p,

(a,b) = (a) + (b) = ged ((a), (b)) = a.

Dedekind’s Theorem extends at once to fractional ideals.

Proposition 6.8. Every non-zero fractional ideal a C k can be expressed
uniquely in the form
a=I»7"

where e; € Z, with e; = 0 for all but a finite number of e;.

Proof ». By definition,

a
a—gb

where a.b € A and b C A is an ‘ordinary’ ideal.
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Lemma 15. Every non-zero ideal a C A is invertible; if

a=p---pr
then
al=ptop
Proof » This follows at once from the fact that

pl...prfl...p;1:<1)_

The result follows from the Lemma, since
r
a=-b
s

= (s)7'(rb).
(We leave the uniqueness of the expression as a — very simple — exercise.)
|

6.5 Prime ideals and rational primes

Proposition 6.9. Each non-zero prime ideal p contains exactly one rational
prime p.

Proof ». We know that there is a non-zero rational integer n € p, by Propo-
sition DT?. We may assume that n > 0 since n € p = —n € p. By the
Fundamental Theorem of Arithmetic,

n= g
where pq, ..., p, are rational primes Hence
piEP

by the definition of a prime ideal.
Suppose there are two distinct rational primes

D,qE€Pp.
Then ged(p, q) = 1, and so we can find w,v € Z such that

up +vg = 1.
But then
pagep = lep,
contrary to the definition of a prime ideal. <

We may say that the prime ideal p belongs to p.



Appendix A

Continued fractions

A.1 Finite continued fractions
Definition A.1. We write
lag,ai,...,ay

for the finite continued fraction

Oé:ao+
a; +
as +

We call a,, the nth quotient of o, and we call
Ty, = [ag,ai, ..., a,)
the nth convergent to o (for 0 <n < N). Finally, for 0 <n, N we call
ap = [an, ..., ay]
the nth remainder for «

Example. The continued fraction

2,1,3,2] =2+

1-1
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represents the rational number

1 7
2p =24 —
+1+2 "9

7
_5
=2

Although we are mainly interested in the case where
a; € L, ai,ag,...,0, > 1

(when we shall speak of a as a simple finite continued fraction), we also need

to consider « as a rational function of ag,aq,...,a,. Thus
[ao] = Qo,
1 apal + 1
[ag, a1] = ap + — = ———,
ay ay
etc.

Proposition A.1. For0 <n < N,
lag, . ..,an] = [ag, ..., apn_1, ).

Proof ». This is what we get if we end the computation at

1
o = ag+ 1
a; + 1
as + 1
A
<
Proposition A.2. The nth convergent
~ Pn
Ty = —,
dn

where py, q, are defined by the recursion relations

Pn = QpPn—1 +pn727
dn = QpQ4n—1 + dn—2;
with the initial conditions

Po = ag, qo =1

p1=aoar +1, ¢ = ay.
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Proof ». We argue by induction on n. We have

Tpt1 = [0, - - Qn, Qg1

1 ‘|
an+1

e
(a aﬂ)pn 11 Pn-2
-
_(
 (

(7% a+1)n1+Qn2

UnGni1 + 1)Pp—1 + Qny1Pn—2
Anlni1 + 1)@n1 + ny1Gn—2
41 (AnPr—1 + Pn—2) + Pn—1
g1 (AnGn-1 + Gn-2) + Gn—1
(p+1Pn + Pn—1

Unt1Gn + Q-1

Proposition A.3. Forn > 0,

Pnt1Gn — Gn1Pn = (—1)",

1€

Tpn4+1 — Tn =
Proof ». Substituting for p,1, ¢ni1,

Pn+149n — Gn+1Pn = (an—i-lpn + pn—l)Qn - (an+1qn + Qn—1>pn
= Pn—14n — 4n—1DPn
—(PnGn—1 — @uPn-1)-

Thus by repetition (or induction on n),
Prt1Gn — Gns1Pn = (—1)"(p1go — q1po)

(=D)"((a1a0 + 1) — ajao)
(=)™

v

Corollary A.1. If « is a simple continued fraction, ie a; € Z with ay, ..., ayx
1, then p,,q, € Z and

ged(pn, qn) =1
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with q, > 1; in other words, the fraction

_ Pn
Gn

Tn

18 1n its lowest terms.

Proof ». Since
Pnn—1 = @uPn—1 = (=1)"71,
any common factor of p,, ¢, would also divide (—1)"~!; while it follows by
induction from
Gn+1 = An41Gn + Gn—1

that ¢, > 1. <

Example. Continuing the previous example, the successive convergents to
(2,1,3,2] are

2

2="=

1

3

2,1] ==
21 =1,
11

2,13 =—.
[7’] 4
25
2,1,3,2] = —.
[777] 9

Thus

(Po,q0) = (2,1), (p1,q1) = (3,1), (P2, q2) = (11,4), (p3,q3) = (25,9).

There is an intimate relation between the continued fraction for x = 2
and the Euclidean Algorithm for the numbers p,q. In fact the successive
quotients in the algorithm are precisely the numbers a; in the continued
fraction.

Example. Suppose © = % Then the Euclidean Algorithm for the numbers
23,17 runs as follows:

23=1-17+6,
17=2-6+5,
6=1-5+1,

5=25-1.
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This corresponds to the continued fraction expression

23
7:[1727]-’5]:]-_}‘

17 1

24—

1+1
3

Proposition A.4. Fach rational number
r="2 eQ
q

can be expressed in just two ways as a continued fraction
x = [ag, a1, ..., a,] (ap €Z, ay,...,a, € N\ {0}),

one with last quotient a, = 1, and one with last quotient a,, > 1. as a finite
continued fraction

Proof ». Note that if a,, > 1 then
lag, . .., an_1,an] = [ag, ..., Gp_1,a, — 1,1].

As we have just seen, the euclidean algorithm yields a continued fraction
for p/q, with final convergent a,, > 1 (unless p/q € Z).

It remains to show that there is just one continued fraction for p/q with
final quotient a, > 1. We argue by induction on the length n + 1 of the
shortest continued fraction for z.

Suppose

= lag,...,a,) =[ag,...,a,].

Since
ao < [GOaala"'>an] <a0+17

we must have
ap = [x] = ag.

Thus ]
.T:CLO—F*:CL()"‘*,,
aq o
where
a=lay,...,a,], o =|ay,...,a,l.
Hence
a=da,

and the result follows by induction. <
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Proposition A.5. The even convergents xg, s, Ty, ... to
a=lag,...,a,)
are monotonically increasing, while the odd convergents xq,xs,x5,... are

monotonically decreasing. Moreover, every even convergent is less then every
odd convergent, and « is sandwiched between the even and odd convergents:

Lo <To < Ty < - <a<: - <xr5 <3 <.
Proof ». By Proposition
(-1 e

Tn — Tp—1 = y Ip—1 — Tp—2 = .
qndn—1 qn—1Gn—2

1" 1 1
Tp — Tp—2 = ( ) ( - )
gn—1 gn—2 dn

= (_l)nena

Thus

where €, > 0 since the g, are increasing (as ¢,+1 = Gni1¢n+Gn-1 > Gu+qn_1)-
It follows that x, is increasing for even n, and decreasing for odd n.
Also if n is even then

Tpy1l — Tp = > 07
qn+19n
1e
Tpt1 > T
It follows that
Tor < Tost1
for all r, s.

Finally, the last convergent

_ Pn
n

«

is in the middle of the chain, whether n is even or odd. |
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A.2 Infinite continued fractions

So far we have been considering finite continued fractions, representing ra-
tional numbers. But it is easy now to pass to the infinite case.

Proposition A.6. Suppose

ap, A1, a9, ...
is an infinite sequence of integers, with ay,as, -+ > 0. Then the sequence
Ty = [ag, ..., a,)

converges as n — infty.

Proof ». It follows from the finite case that the even convergents x,, are
increasing, and
Top < T71.

Hence the even convergents converge, say
Top — L.

Similarly the odd convergents converge, say

Tosy1 — L.
Also, since
1
Tpy1 — mn’ = —0
qn+19n
it follows that
L=I,
ie the sequence x,, converges. <
Definition A.2. We write
a = [ag,ay, .. .|
if
Ty = ag, ..., a,] — «
as n — oo.

Thus the infinite continued fraction [ag, ay, .. .| is said to have value a.
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Proposition A.7. The value of an infinite continued fraction [ag,ay,...]
s an irrational number o € R; and every irrational o € R has a unique
expression as an infinite continued fraction.

Proof ». Observe that we can carry out the Euclidean Algorithm — perhaps
we should call it the Continued Fraction Algorithm — for any a € R. Thus
we set

ag = [a],

a1 = )
a — Qo

etc. If « is irrational, this process will never end, and we will obtain an
infinite sequence

[&0,@1, .. ]

By Proposition [A.5] the even convergents xo, and the odd convergents
Z9sy1 Will converge to the same limit, o’ say.

We don’t really need the following Lemma to see that o/ = «, but we
shall find the result useful later.

Lemma 16. Let
f(z) =lag, ..., a,, x|
If n is even then f(x) is strictly increasing for x > 1; while if n is odd then

f(z) is strictly decreasing for x > 1.

Proof » We argue by induction on n. By Proposition [A.T],

where
g(.ﬁU) =01 = [a’h' . 7an]'

If n is even then by the inductive hypothesis g(z) is decreasing for z > 1, and
so f(x) is increasing. Similarly, if n is odd then by the inductive hypothesis
g(x) is increasing for = > 1, and so f(z) is decreasing. <

If follows from this Lemma that

IN
Q
I

Tn = [ag, ..., ay) [ag. ..., o],

if n is odd, while

Ty = [ag,...,a,] > a=lag....,ql,
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if n is even.
Thus both «, o’ are both sandwiched between the odd convergents and
the even convergents, and so

le
a = lag, ai,...].

To see that the continued fraction for irrational o € R is unique, we argue
by induction, our hypothesis being that if

a = lag,a1,...] = [ag,dl,...]

then a; = a} for i =0,1,...,n.
This holds trivially for n = 0 since

ap = [a].
Now suppose
— _ /
a=[ag, .., an, g1, -] =[A0, .., Qn, Ay g, -]
By Proposition [A.T]
1
a=ay+—=a+ —,
aq 1
where
— ! /
ar = [ar, ... Qn, Apgrs .- -], 0 =[ar, .. G, a0,
Since
ap = af

it follows from the inductive hypothesis that

!/
Api1 = an+1.
<

Thus each irrational number has a unique expression as a continued frac-
tion while each rational number, as we have seen, has two such expressions.
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A.3 Diophantine approximation

Diophantine approximation is the study of rational approximations to real
numbers. The successive convergents to a are very good approximants.

Proposition A.8. The convergents p,/q, to « all satisfy

1
Qn qn

Proof ». Since « lies between z,, and z,1,

@ = Z| < |Tps1 — T

1
gn+19n
1
< qu
|
Remarks:
1. Since

Gn+1 = Qpi1qn + Gn—1,

we actually we have the stronger result

2. One can establish the Proposition without using continued fractions by
an argument due to Kronecker. Given N > 0, divide the interval [0, 1)
into N equal sub-intervals:

[0,1/N),[1/N,2/N),...,[(N —1)/N].
Let {x} denote the fractional part of z € R:
{z} =2 —[z].

Consider the N + 1 fractional parts

{0a}, {1la}, ..., {Na}.
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Two of these, say {ra}, {sa} (where we may assume that r < s) must
lie in the same sub-interval. But then

{ra} — {sa}] < %
1

(r = s)a = [ra] [sa]] < .

ie

J— <7
where
g=r—s<N, peZ.
Thus
1
lga —p| < —,
q
ie
P 2
a—=|<1/q%,
| q! /

Proposition A.9. Of two successive convergents p,/q, to o one at least will
satisfy

Dn 1 | _pn+1’< 1
¢ 2¢% Qo1 20244

Since « lies between the two convergents,

n n 1 1
qn+1 Gn 2(]714-1 QQn
But

Dot _ P 1

dn+1 dn dn+14n ‘
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Thus

1 n 1 - 1

2%21—4—1 2q721 QnJrl An ’
1e
q721+1 + %21 < 2(]n+1Qm

ie

(Qn—i-l - Qn)z < 07
which is impossible. <

Proposition A.10. If

P 1
R <7
| q! 2

then p/q is a convergent to «.

Proof ». Let the continued fraction for p/q be
p
= =lag,...,a,),
q

where we choose n even or odd according as

a>£ora<]—?.

q q

Let the last 2 convergents to the continued fraction be

Prn—1 ]ﬁ _ b

-1 Gn  q

(Our choice of n means that « lies on the same side of p/q as the penultimate

convergent pp_1/qn_1-)
Consider the function

f(z) =lag,...,an, 2] =

This has an inverse of the same form; to be precise,

1 n—149n—1T — Q4n
r)=(—1 _
[ (z) = (=1) PR—

_ DnZ + Pn—1
GnT + Gn—1
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(More accurately, f(x) defines a bijective map from the real projective line
R U {oo} to itself.)
In particular, there is exactly one # € R such that

an + Pn—1
a= f(f) = —F"-—.
f< ) %19 + gn—1
If we can show that
0>1,
with continued fraction
9: [bo,bl,...]

then it will follow from Proposition that
o = [Clo,...7b1,b1,...],
implying in particular that
P _ P
q an

is a convergent to «.
Since

oa—— =
q @0+ agn1
(_1)n—1
Qn<Qn9 + dn—1 ’
it follows that
1 1
0 _

ie
Qne + n—1 > 2%“

from which it follows that
0>1,

which as we have seen establishes the result. |
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A.4 Quadratic surds

Ezxamples:

1. Let us compute the continued fraction for /2. We have

V2=1+(W2-1),
1 V241 _
V-1 (V)2 -1) AR
1
5 =2+ (vV2-1),
and so on. Thus
V2=11,2,2,...]=[1,2],

where the dotted number indicates recurrence.

2. Let us compute the continued fraction for v/3 similarly.

\/§:1+(\/§_1)7
1 V3+1
V3—-1 2
V3-1
-1
-
2 =v3+1
V3-1
=2+ (V3-1).
;:1_’_@’
V3-—1 2
and so on. Thus
V3=1[1,1,2,1,2,1,...] = [1,1,2],

with a cycle of length 2.
Recall that a quadratic surd is a real number of the form
a=z+yVd,

where d > 1 is a non-square: d # m?.

In other words, a quadratic surd is an irrational element of a real quadratic
field.
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Theorem A.1. The continued fraction for a € R is periodic if and only if
a s a quadratic surd.

Proof ». Suppose first the continued fraction for « is periodic, say
a=lag,...,an,Co, ..., Cnl.

By Proposition [AT]
o = pnﬁ + Pn—1

qnﬁ + qn—1 ’
where (3 is purely periodic:
ﬁ: [C.Q,...,C;n].
By Proposition [AT]
ﬁ o Pmﬂ + mel
Qmﬁ + Qm—l 7

where P;/Q); are the convergents to 5. Thus [ is a root of
me2 + (mel - Pm)x —P,,_1=0.

Hence (3 is a quadratic surd.

It follows at once that « is also a quadratic surd, in the same quadratic
field. (It cannot be rational, or the continued fraction would be finite.)

The converse is more difficult. Suppose

a = [ag,ay,.. .|
satisfies the quadratic equation
az® 4 2bx + ¢ = 0.
By Proposition [A.T]

o ApPn—1 + Pn—2
- )
QpPn—1 + Pn—2

where
ap = [an, Gpit, -]

Thus «,, satisfies the quadratic equation

Ax? + 2Bz + C,
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where

A=ap’_; +2bpy_1Gn—1+ cqo_y,
B = aPp—1Pn—2 + b(pn—1Qn—2 + Qn—lpn—Q) + Cn—14n—2,
C= api,Q + 2bpp—2Gn_o + cq,2172.

We shall show that A, B, C are bounded. It will follow that some triple
(A, B, C) must be repeated an infinity of times, from which it will follow that
there is a repeat

Ampr = Oy,

and it will follow from this that «,,, and so «, is a quadratic surd.
To see that A is bounded, note that

A
—zzar2+2br+c,

where

Since aa? + 2ba 4+ ¢ = 0.

ar® + 2br 4+ c = a(a® — r?) + 2b(a — 1)
= (a—r)(ala+1)+2b).
Since
1

|0z—7“|<—2
n

it follows that

la+ 7| =20 — (e — 1)|

1
<20a|+ —
o a2
< 2)a| + 1.
Hence 5 ) ol
\ar2+267"+c\<a(a+2>+ ||
4y
Thus

1A] < 2a(]al + 1) + 2/b|.

By exactly the same argument (with n — 1 in place of n),

|C] < 2a(|a| + 1) + 2[b].
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We could prove that B is bounded in much the same way, using the fact

that
B

Gn—19n—2
where r = p,_1/qn-1, S = Pn_2/qn_2 are both close to a.

Alternatively, one can verify by a straightforward (if lengthy) computa-
tion — which is left to the student — that

=ars+b(r+s)+c

B? — AC =b* — ac.
This is not a surprising result since

a = [ag,a,...] € QWb —ac), o, =lan,ant1,...] € QVB2— AC),

while we know they lie in the same quadratic field.
In any case, A, B, C are bounded, and so some triple (A, B, C') must occur
an infinity of times. In particular,

Qp = Qpnim
for some n, m with m > 0. But then, if o, = [by, b1, .. .],

/ /
_ _ Prm—1Gn + )
Op = Opym = / / 9
Tm—10n + Gm_2

where the p’, ¢’ are convergents to «,,. Thus «,, is a quadratic surd; and so

therefore is
o= pnflan + pn72

Gn—10p + Gn—2 ‘

A.5 Pell’s Equation

Proposition A.11. Suppose the integer d > 1 is not a perfect square. If
x,y > 0 1s a solution to Pell’s Equation

22— dy? = £1
then x/y is a convergent to V.

Proof ». Since

¥’ —dy® = (v + yVd)(x — yVd),
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it follows that ) .
N/
| y| v Vd+t
But
Vid+Z>o/d— |Vd— 2
Yy Yy
:2\/g_|90—y\/3|
x
1
= 2Vd —
z(|lz + Vd)]
1
=>0/d— —
7
But 1
WVd——= >2
Vid
for d > 2. Hence
T 1
\\/E——]<—2;
Yy Y

and so z/y is a convergent to v/d, by Proposition [A.10]
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P-adic numbers

B.1 Valuations

Definition B.1. A valuation on a field k is a map
z |zl k=R
such that
1. |z >0 and ||z]| =0 <= = =0;
2. lz+yll < llzll + llyll;
3. Alzyll = ll=l[llyll;
4. ||lz|| # 1 for some x # 0.

We sometimes use the term wvalued field for a field k together with a
valuation ||-|| on k.

Proposition B.1. 1. ||1]| =1;
2. [|-1f = 1;
. |l=f| = [l]]-
Proof ». 1. This follows from 12 = 1;
2

2. Similarly, this follows from (—1)* = 1;

3. =l = lI=1lHll=[[l«]-

2-1
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Examples:
1. The absolute value |z| defines valuations on Q, R and C.

2. Suppose k is a field. Recall that k(z) denotes the field of rational

functions (@)
flz) = m7

where u(z),v(z) € k[z] are polynomials.

If f(z) is not identically zero then we can write

where r(0), s(0) # 0 (ie z 1 r(x), s(z)).
It is readily verifed that

If (@)} = 27"

defines a valuation on k(x).
Thus || f(z)|| is determined by the order of the pole (or zero) at x = 0.

The choice of 2 was arbitrary. We could equally well have set || f(z)| =
e~". We shall return to this point (or place) shortly.

More generally, for any a € k we can define a norm || f(z)||, on k(x) by
setting

1f(2)]le=27"

if n is the order of the pole (or zero) at z = a.

3. We can define another norm on k(z) by setting

[u(z)/v(z)]leo = degu(z) — degv(x).

We can think of this as the ‘norm at infinity’ since
1f (@)oo = [1F(1/2) 0.

Each non-zero rational

can be written as
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where p { u,v. We may say that
per
Recall that if p is a prime and n € Z then we write
p° || nif p° | n but p*t {n.

We can extend this to Q by setting
n
d
Definition B.2. Let p be a prime. Suppose r € Q, r # 0. If

_ U
polr= 1fr:pe; (p1u,v).

Pl

then we set

—e

], = p
We call ||-||, the p-adic valuation on Q.

Proposition B.2. The p-adic valuation is indeed a valuation of Q.

Proof ». If
el Pl s
then
s
while

pmin(e.f) | r 4+ s.

We sometimes denote the absolute valuation on QQ by
[2]loo = ||.

However, the p-adic valuations ||z, differ in one important way from the
absolute valuation ||z||; they satisfy a much stronger triangle inequality.

Proposition B.3. Ifr,s € Q then

I+ s]| < max([[7[], [Is[])
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Proof ». Suppose

||T||p:ea ||S||P:f’
ie
p_e H T? p_f H S.
Then
pmln(fe,ff) — p* max(e, f) | r—+ s,
and so

I+ sll, < max(e, f).

Definition B.3. The valuation ||x|| is said to be non-archimedean if
[l +yll < max(fl], [lyl])

for all xz,y. If this is not so the valuation is said to be archimedean.

Evidently the p-adic valuation on Q is non-archimedean, while the abso-
lute value is archimedean.

The term “ultrametric” is sometimes used for a non-archimedean valua-
tion.

For any field k. there is a unique ring-homomorphism

7 — k
If n € Z we write n € k for the image of n under this homomorphism.
Proposition B.4. The valuation ||-| on k is archimedean if and only if
Il > 1
for some n € Z.
Proof ». We have to show that if
lnfl <1

for all n € Z then the valuation is non-archimedean.
Suppose z,y € k. Then

(+y)" =a"+eaz" Y+ Ay
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where
7
Thus
|z +yl" = [(z+y)"|
= [2" + ey oyl
< 2" + [l yll + -+ [ly" |
= llz[I" + [J=[" gl + - - + lyl"
< (n+ 1) max(|[z]], [[y])"
Hence

lz + gl < (n + )Y max(||]], [ly]).

Since (n 4 1)Y/™ — 1 as n — 0o (as one can see by taking logarithms),
[l + gl < max([l]l, [[y])-

<

Corollary B.1. A valuation on a number field k restricts to a valuation on
Q; and the valuation is archimedean or non-archimedean according as the
restriction is archimedean or non-archimedean.

Proof ». All is immediate, except perhaps that a valuation on k& might be-
come trivial on Q, ie ||c|| = 1 for all ¢ € Q.

Suppose that is so. Then the valuation on k& must be non-archimedean.
Suppose ||a|| # 1 for a € k, a # 0. Taking a~! in place of «, if necessary,
we may assume that ||al| > 1.

Since « is an algebraic number it satisfies some equation

"+ 440, =0,
with ¢; € Q. Since ||¢;|| =1,

o™ = [lera™ ™ + - + el
< max(fo", ol ., 1)
= flaf*,
whence

el <1,

contrary to assumption. <



B.2. PLACES 2-6

B.2 Places

A valuation on k defines a metric
d(z,y) = ||z = yll;
and this in turn defines a topology on k.

Definition B.4. Two valuations on k are said to be equivalent if they define
the same topology.
An equivalence class of valuations is called a place.

Proposition B.5. The valuations ||||1, ||| are equivalent if and only if
]z = (17
for some p > 0.

Proof ». It is evident the valuations will be equivalent if they satisfy such a
relation.
Conversely, suppose the valuations are equivalent. With any valuation,

" — 0 <= |z < L
Thus, since the topologies are the same,
lz]1 <1 <= ||lz]2 < L.
Hence, taking z/y in place of z,
[zl < llylly <= llzll2 < llyll2-
We have to show, in effect, that

log||z{[s
log]|z][2

is constant, ie
log|lz|ls _ log|lz|2

logllylli — logllyll

for all z,y # 0.
It is sufficient to prove this when ||z||1, ||y||; > 1. Take a high power z",
and suppose
Iyl < Nzl < [yl
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Then
lylls" < llzll3 < llyll5*.

Taking logs,
m < longﬂl’ log||z|2 < m+ 1
n ~ logllyl[x " log[lyll2 n
Since this is true for arbitrarily large n,

log|[z]ly _ log]lz|]2
logllylly  log[lyll>”

as required. >

Note that we do not assert that if ||z|| is a valuation on k then so is ||z||”.
This is true if 0 < p < 1, but is not true in general; for example, |z|* does
not satisfy the triangle inequality in R. All we are saying is that if we have
two equivalent valuations then they must be related in this way.

B.3 Places in Q

Theorem B.1. A valuation on Q is equivalent either to a p-adic valuations
||, or to the absolute valuation |-|.

Proof ». Suppose first that ||-|| is a non-archimedean valuation on @, so that

Inf <1
for all n € Z.
We must have ||n|| < 1 for some n # 0; for otherwise we would have
||z|| = 1 for all non-zero x = m/n. Let

n = +p - pir.

Then ||p;]| < 1 for some i.
Set p = p;; and suppose ¢ is another prime. Then we can find u,v € Z
such that
up +vg = 1.

It follows that ||¢|| = 1, since otherwise ||1]] < 1.
But now we see that ||n|| depends only on the power p° of p dividing n:

Il = el

from which it follows that ||-|| is equivalent to the p-adic valuation |-||,.
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Now suppose ||| is archimedean. We want to show that
]| = fz]”

for some p.
It is sufficient to prove this for all a € N. This is equivalent to showing

that
lall _ lal
el
for all integers a,b > 1.
Take a high power b/ of b; and suppose

a® < b < at.

Then
eloga < flogb < (e+1)loga
ie
epmoen

Now let us express b/ to base a, say
bV =a®+ ot - e,

where
0<c¢<a (1<i<r).

It follows that

16117 < [lall® + [leallllall™ + - -+ fle, |
< C (llal* + flal +..1)

where
C = max(|| 1], 2]}, .., [|r = L]))-
If ||a]] <1 this gives
Bl < C(e +1).
Thus
bl < (Cle + 1))
As f — oo,

< (Cle+1") -1,
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since logb
e < o8
~ loga

f.

It follows that
o]l < 1.

Since this is true for all b, the valuation is non-archimedean, contrary to
hypothesis. We conclude that

lall > 1

for all a > 1.
Now the inequality above yields

Bl < Cle +1)]|a]l®
ie
flog||b]] < elogllal] +log C(e+ 1).
Thus

log]| | o logC(e+1)

loglla| = f * flog]a]
log b N logC(e+1)

~loga  flogllall

As before, the last term — 0 as f — oco. Hence

log||b]| < logb
logllal| ~ loga
Similarly,

log||al| < loga
log||b]| ~ logb’

Thus
log|[b]  logb
logllal|  loga’

as required. <

We have shown, accordingly, that there is a place in QQ corresponding to
each prime p, together with a place corresponding to the absolute valuation,
which we denote by co. In general, the places in a number field corresponding
to archimedean valuations are said to be infinite.
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B.4 P-adic numbers

The reals R can be constructed from the rationals Q by completing the latter
with respect to the valuation |z|. In this construction each Cauchy sequence

{z;€Q:|z; —x;] = 0asi,j— oo}

defines a real number, with 2 sequences defining the same number if |z;—y;| —
0.

(There are 2 very different ways of constructing R from Q: by completing
Q, as above; or alternatively, by the use of Dedekind sections. In this each
real number corresponds to a partition of Q into 2 subsets L, R where

lel,reR = <.

The construction by completion is much more general, since it applies to
any metric space; while the alternative construction uses the fact that Q is
an ordered field. John Conway, in On Numbers and Games, has generalized
Dedekind sections to give an extraordinary construction of rationals, reals
and infinite and infinitesimal numbers, starting ‘from nothing’. Knuth has
given a popular account of Conway numbers in Surreal Numbers.)

We can complete Q with respect to the p-adic valuation in just the same
way. The resulting field is called the field of p-adic numbers, and is denoted
by Q,. We can identify = € Q with the Cauchy sequence (z,z,x,...). Thus

QC Q.

To bring out the parallel with the reals, we sometimes write

R = Q..

The numbers x € Q, with ||z||, < 1 are called p-adic integers. The p-adic
integers form a ring, denoted by Z,. For if z,y € Z, then by property (3)
above,

[+ yll, < max([[z]],, [lyll,) <1,

and so © 4+ y € Z,. Similarly, by property (1),

lzylly = lllpllyll, <1,

and so zy € Z,.
Evidently
1L C Zp.
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More generally,
r=" € Ly
n

if p t+ n. (We sometimes say that a rational number z of this form is p-
integral.) In other words,

QﬂZp:{%:an}.

Evidently the p-integral numbers form a sub-ring of Q.
The p-adic numbers are in many ways simpler than real numbers, as the
following result suggests.

Proposition B.6. The series
D an

in Q, converges if and only if
a, — 0 as n — oo.
Proposition B.7. Each element x € Z,, is uniquely expressible in the form
T=co+cip+copt -

with ¢; € {0,1,...,p—1}.
More generally, each element x € Q, is uniquely expressible in the form

r=cp i Heipqp T4+ Fegtapto (0< ¢ <p).

We can think of this as the p-adic analogue of the decimal expansion of
a real number x € R.

Suppose for example p = 3. Let us express 1/2 € Q3 in standard form.
The first step is to determine if

= 0,1 or 2 mod 3.

N | —

In fact 22 = 1 mod 3; and so

Next
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1e
1 2
5—251-3m0d3.

Thus

=2+1-3mod3?

DO | —

For the next step,

giving
1
5:2+1-3+1-32mod33
It is clear that this pattern will be repeated indefinitely. Thus

1
S =24343+3F+ .

2
To check this,
243+3 4+ =1+(1+3+3"+--+)
S
13
1
:1——
2
1
=5
As another illustration, let us expand 3/5 € Q;. We have
2:2m0d7
1/3 1
(2-2)=—-=4mod7
7(5 50
1 1 3
(- —4)=-Z=
7< 5 > 5 = Smod7
1 3 4
— == —=5)=—==2mod
7< 5 5> 5 =2mod7
1 4 2
—|—==2)=—==1mod
7( 5 ) p = 1mod?
1 2 1
S (-2-1)=--=4mod7
7( 5 ) 5 °
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We have entered a loop; and so (in Q)

3
5:2+4-7+5-72+2-73+1-74+4-75+5-76+---

Checking,
1 960
1+ (1+4- P42 =1—-—
+ (1447457 + 7)1_74 2100
2
=1-=
5
_3
==

It is not difficult to see that a number z € Q, has a recurring p-adic
expansion if and only if it is rational (as is true of decimals).
Let © € Z,. Suppose ||z||, = 1. Then

T =c+yp,
where 0 < ¢ < p and y € Z,. Suppose first that ¢ =1, ie
r =14+ yp.

Then z is invertible in Z,, with

e =1y Yt~y

Even if ¢ # 1 we can find d such that
dc =1 mod p.
Then

dx = dc =1 mod p,
say
dr =1+ py,
and so x is again invertible in Z,, with
z! :d(l—yp+y2p2—---).

Thus the elements x € Z, with ||z||, = 1 are all units in Z,, ie they have
inverses in Z,; and all such units are of this form. These units form the

multiplicative group
Z; ={zxeZ,:|z|, =1}
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B.5 The product formula
Proposition B.8. Suppose a € Q, a« # 0. Then
Jal, = 1
for almost all places p, ie for all but a finite number of p; and

[Tlell, =1,
p

where the product extends over all the places in Q.
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