
Exercise 5
In Exercises 1–16 determine all solutions of the given congruence.

* 1. 3x ≡ 1 mod 23

* 2. 7x ≡ 1 mod 47

** 3. 5x ≡ 2 mod 210

** 4. 6x ≡ 7 mod 25

** 5. 8x ≡ 5 mod 31

** 6. 8x ≡ 12 mod 32

** 7. 12x ≡ 6 mod 21

** 8. 2x ≡ 2 mod 16

** 9. 20x ≡ 8 mod 24

*** 10. 7x ≡ −3 mod 2009

** 11. x2 ≡ 1 mod 12

** 12. x2 ≡ −1 mod 15

** 13. x2 + x+ 1 ≡ 0 mod 3

** 14. x2 − 2x+ 3 ≡ 0 mod 5

** 15. x2 − 2 ≡ 0 mod 7

*** 16. x4 + 2x2 + x− 2 ≡ 0 mod 7

* 17. What is the order of 10 in the additive group Z/(24)?
** 18. Determine the orders of the elements 7, 11, 21 in the multiplicative

group (Z/36)×.
** 19. What is the order of the group (Z/36)×?
*** 20. Is the group (Z/36)× cyclic?
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*** 21. Is Christmas equally likely to take place on any day of the week?
**** 22. Given integers x1, x2, . . . , x11, show that there exists a finite sequence

a1, ..., a11 of numbers from {−1, 0, 1} such that the sum

a1x1 + ...+ a11x11

is divisible by 2009.
*** 23. Construct the field containing 4 elements.
**** 24. Show that there is no field containing 6 elements.
*** 25. Determine the orders of all the elements in F×

11?
** 26. What is the order of the multiplicative group F×

q ?
*** 27. How many elements are there of order 4 in F×

17?
*** 28. Prove that there is a multiple of 2009 which ends with the digits

000001.

5–7


	Prerequisites
	The number sets
	The natural numbers
	Divisibility

	The Fundamental Theorem of Arithmetic
	Primes
	The fundamental theorem
	Euclid's Algorithm
	Speeding up the algorithm
	Example
	An alternative proof
	Euclid's Lemma
	Proof of the Fundamental Theorem
	A postscript

	Euclid's Theorem
	Variants on Euclid's proof
	The zeta function
	Euler's Product Formula

	Fermat and Mersenne Primes
	Fermat primes
	Mersenne primes
	Perfect numbers

	Modular arithmetic
	The modular ring
	The prime fields
	The additive group
	The multiplicative group
	Homomorphisms
	Finite fields

	The Chinese Remainder Theorem
	Coprime moduli
	The modular ring
	The totient function
	The multiplicative group
	Multiple moduli

	Polynomial Rings
	Polynomials
	Long division
	Irreducibility
	The Euclidean Algorithm for polynomials
	Unique factorisation
	Gauss' Lemma

	Fermat's Little Theorem
	Lagrange's Theorem
	Euler's Theorem
	Fermat's Little Theorem
	Carmichael numbers
	The Miller-Rabin test

	Primitive Roots
	The multiplicative group of a finite field
	Primitive roots
	Prime power moduli
	Carmichael numbers, again

	Quadratic Residues
	Introduction
	Prime moduli
	The Legendre symbol
	Euler's criterion
	Computing  repstopdf()ap
	a = -1
	a = 2
	Hensel's Lemma

	Quadratic Reciprocity
	Gauss' Law of Quadratic Reciprocity
	Wilson's Theorem
	Rousseau's proof

	Gaussian Integers
	Gaussian Numbers
	Conjugates and norms
	Units
	Division in 
	The Euclidean Algorithm in 
	Unique factorisation
	Gaussian primes
	Sums of squares

	Algebraic numbers and algebraic integers
	Algebraic numbers
	Algebraic integers
	Number fields and number rings

	Quadratic fields and quadratic number rings
	Quadratic number fields
	Conjugacy
	Quadratic number rings
	Units I: Imaginary quadratic fields

	Pell's Equation
	Kronecker's Theorem
	Pell's Equation
	Units II: Real quadratic fields

	Q(5) and the golden ratio
	The field Q(5
	The number ring Z[]
	Unique Factorisation
	The units in Z[]
	The primes in Z[]
	Fibonacci numbers
	The weak Lucas-Lehmer test for Mersenne primality

	Z[3] and the Lucas-Lehmer test
	The field Q(3)
	The ring Z[3]
	The units in Z[3]
	Unique Factorisation
	The primes in Z[3]
	The Lucas-Lehmer test for Mersenne primality

	Continued fractions
	Finite continued fractions
	The p's and q's
	Successive approximants
	Uniqueness
	A fundamental identity
	Infinite continued fractions
	Diophantine approximation
	Quadratic surds and periodic continued fractions

	The Structure of Finite Abelian Groups
	The Structure Theorem
	Primary decomposition
	Decomposition of the primary components
	Uniqueness
	Note


