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Attempt 7 questions. All carry the same mark. The word ‘curve’
always means projective curve.

. Explain informally how two points on an elliptic curve are added.
Find the sum P + @ of the points P = (0,1), @ = (1,2) on the curve

=2 +2+1

over the rationals Q. What is 2P?

Answer: Let £ be the elliptic curve. We choose any point O € £ as
the zero point.

Suppose P, () € &, the elliptic curve in question. The line PQ) meets €
in a third point R (which may coincice with P or Q). We set

PxQ =R.

If P = Q then we take the tangent at P in place of the line PQ).

Now we set
P+Q=0x%(PxQ).

Suppose the elliptic curve is given in the standard Weierstrass form
y2 + iy + c3y = 23+ cx® + ey + cg.
More precisely, £ is the projective curve
Y2Z 4+ XYZ4+c3YZ2 =X+ X2 + ey X 7% + ¢ Z°.
In this case we normally take O = [0, 1,0]. If now
R=PxQ=(z,y)

then



Now consider the points
P=(0,1), Q@ =(1,2)
on the elliptic curve
EQ) :y*=2"+22+1.

Suppose PQ) is the line
Yy = mx + c.

Then
2—-1 ]
m —m — =
1-0
Thus the line is
y_lzma
e
y=x+ 1.

This line meets the curve where
(mx +c)* =2° + 22+ 1.
Thus if P x @Q = (a9, y2) then
0+ 14a9=m>=1,

e
To = 0.
Hence
Yo =22+ 1=1.
Thus
Px@Q=(0,1) =P,
and so

P+Q=1(0,-1).

Since the line PQ) meets the curve again at P, this line is the tangent
at P. Hence

PxP=qQ=(1,2),
and so

2P = (1,-2).



2. Show that all cubics through 8 given points in general position in the
plane pass through a 9th point.

Hence or otherwise show that addition on an elliptic curve is associative.

Answer:

(a) Let the points be P; (i =1 —10). A cubic curve I' has 10 coeffi-
cients:

Cng+C2X2Y+C3X2Z+C4XY2+C5XYZ+C6XZ2+C7Y3+C8Y2Z+09YZ2+010Z3 = 0.

The requirement that I' passes through P; gives 8 homogeneous
linear conditions on these 10 coefficients. The solution space has
dimension > 10 — 8 = 2. In other words the cubics form a pencil
of homogeneous dimension > 1.

We may suppose that no 4 of the points are collinear, and that the
points do not all lie on a conic.

We claim this in this case the dimension must be exactly 1. For
suppose it is > 2. Then we can find a cubic in the pencil passing
through any further 2 points. Let us choose 2 points U,V on the
line P;Pg. Then the line { = P, PsUV must lie entirly in the cubic,
which must therefore split into

I =(C,

where C' is a conic. Thus the 6 points Py(i = 1 — 6) must lie on a
conic.

By the same argument, any 6 of the 8 given points must lie on a
conic.

But there is only one conic through 5 points QQ;(j =1 —5), no 4
of which are collinear.

For suppose first that three of the points are collinear, say

m = (1Q2Q3.
Then the only conic through the 5 points is
C = mn,
where
n = Q4Qs.

Now suppose no three of the points are collinear; and suppose there
are two conics through the 5 points. Then the conics through the



(b)

points form a pencil of projective dimension > 1, and we can find
a conic in the pencil through any further point W .

Choose W on m = Q1Q2. Then the conic must degenerate into
two lines,
C' = mn,

and Qs3, Q4, Qs must lie on the line n, contrary to hypothesis.

Thus, returning to the 8 points P;, there is a unique conic through
Py, Py, P3, Py, Ps. But as we have seen, this conic must pass through
Ps; and by the same argument it must also pass through P; and
Pys. Hence all 8 points lie on a conic, contrary to hypothesis.

Therefore the pencil is of dimension 1; and if I'1, 'y are two curves
in the pencil then the general curve in the pencil is

I' = /\Pl + MFQ.

The curves I'1,I'y meet in the 8 points P;. Let the curves have

equations
F(X,)Y,Z)=0, FZ(X,Y,Z) =0.

We can regard these as cubics in Z with coefficients in X,Y . If
we form the resultant of the two cubics we obtain a homogeneous
polynomial R(X,Y) of degree 9 in X,Y, whose vanishing is a
condition for the two cubics to have a root in common.

The 8 points P; will provide 8 roots for this equation. By con-
sidering the sum of the roots, it follows that there is a 9th root
in the field k we are working over. Thus the two cubics meet in
a 9th point Py = [Xo, Yy, Zo|. Moreover, by the argument above
Yo/ Xo € k; and similarly Zg/Xo € k. Hence Py is defined over k.

Suppose P,Q), R € £. We have to show that
(P+Q)+R=P+(Q+R).

By definition,
P+Q=0x%(Px*xQ),

where P x Q) is the point where PQ) meets the curve again, and O
1s the point chosen as zero point. Thus we have to show that

Ox((P+Q)«R)=0%x(Px(Q+R)).

Since
UxV=UxW < V=W



it is sufficient to show that
(P+Q)*R=Px(Q+R),
ie
(O (P*Q)*R=Px (0% (QxR)).

Note that
UxV =W «—= VxW=U.

Thus if we set
PxQ=X, Q«R=Y

then
P=QxX, R=Q~xY,

and our equation becomes

O« X)x(Q=*Y)=(Q=*X)*x(OxY),
ie (since V«xU=UxV)

OxX)*x (Y *Q)=(0+Y) (X xQ).
Thus the result will follow if we show that

(P*@Q)* (R*S5) = (PxR)*(Qx5) (1)
for any 4 points P,QQ, R, S € £.

[Conversely, if the operation + is associative then it defines an
abelian group structure on £, with

—-P=0xP

and

PxQ=—(P+Q)
In this case,
(PxQ)*x(RxS)=P+Q+R+S=(PxR)*(Qx05).

Thus the identity (1) holds if and only if the operation is associa-
tive./



Now let us apply the 8-point theorem to the points,
P.Q,R,S,U=P*Q,V=RxSW=PxR X =005
Let us define lines as follows:

(= PQU,m =RSV,n=WX,
f=PRW,g=QSX,h=UV.

Then the degenerate cubics
{mn, fgh

pass through the 8 points, and so must have a 9th point in common.
This 9th point must be where the line n meet £ again, ie the point

WxX=(PxR)*(Q=xS9).

But by the same argument, it must be the point where the line h
meet £ again, ie the point

UxV =(PxQ)*(Rx*S).
We conclude that
(PxQ)*(R*S)=(P*R)*(Qx*S5),

as required.

[This argument assumes, on the face of it, that the 9 points arising
in this was are distinct. There are several ways of extending the
reult to cover the special cases when some of the points coincide.

Thus we could extend the definition of the pencil of cubics so that
if eg P = Q then our pencil consisted of the cubics which had the
same tangent at P as .

Alternatively, we could justify the general result when k = C, say,
by continuity. The result must then be an algebraic identity which
will hold over all fields.

Thirdly, we could appeal to the “Irrelevance of Algebraic Inequal-
ities”, which states that if an identity f(z1,...,x,) = 0 holds
subject to an inequailty g(xy,...,x,) # 0 then it must hold in all
cases.

But the question is long enough as it s, and I think one can assume
that no examiner would expect the student to go into this issue.]



3. Find the order of the point P = (0,0) on the elliptic curve
y2 +y= 3 —x.
Answer: We have a0
(%+¢b;:&ﬂ—1
Thus the slope at (z,y) is

322 —1
m = )
2y +1

The tangent
Yy=mx—+c

at (z,y) meets the curve where
(mz +¢)* + (mx +c) = 2° — .
If this meets the curve again at (xa,ys2) then

20 + Ty = m?.

In particular the slope at P s

-1
m=—=—1,
1
so the tangent
y=-x
meets the curve again where
To = ]_,
e at
Q= (1,-1).
Hence
Q= —2P.
The slope at Q) s
2
= — = —2
S

Thus the tangent at Q) is



e
y=-—x—2,
and this meets the curve again where
2+ a9 =4,
e
Ty = 2,

ie at (2,—4). Thus
—2Q = R=(2,—4).

The slope at R s
3—-1 2

TR T
It follows that R is of infinite order, and so therefore is P.

. Sketch the proof of the Nagell-Lutz Theorem, that a point P = (z,y)
of finite order on the elliptic curve

E(Q):y* + Avy + By = 2° + ax® + bz + ¢,

where A, B, a, b, c € Z, necessarily has integral coordinates x,y € Z.

Answer: It is sufficient to show that
lzll, <1, lyll, <1

for each prime p.

Let us write || - || for || - ||,- Note that
2] > 1 = [lyll > 1;
and if this is so then the terms in y?, x> must balance, ie
I]1* = Iyl

since otherwise y* or x3 would dominate [ie would have larger p-adic
value than any other term/. Let us suppose that this is the case.

3

Suppose first that p # 2. In this case we can bring the equation to
standard form
EQ) Y =2 +da* +Vx+



by “completing the square” on the left, with the change of coordinates
Y =y+cax/2+ c3/2.

The coefficients o', b, ¢ will still be p-adic integers. Also iy’ will be a
p-adic integer if and only if y is a p-adic integer. So we may assume
(if p # 2) that the equation takes this simpler form.

Lemma. Suppose
E=E(Q):y*=1"+az® +bxr +c

is an elliptic curve with a, b, c € Z,; and suppose P = (z,y) is a point
on & of finite order. Then z,y € Z,.

Remark: the result (and proof) still hold if p = 2. However, the full
equation cannot in general be reduced to this simpler form if p = 2.

Proof. In homogeneous terms the equation takes the form
Y27 = X? +aX?Z +bX 7% + cZ°,

where
r=X/Z, y=Y/Z.

Since y # 0 we may take Y = 1, so that
7 =X +aX*Z +bX 7%+ cZ?, (%)

with

x=X/Z, y=1/Z,
or conversely,

X=zly, Z=1/y.
Note that

X1 =l /llyll = ]2 < 13
121l =1/llyll < 1.

By repeatedly substituting for Z in the right-hand side of (*) we obtain
a series expansion for Z in terms of X, starting

7 =X 4+aX*(X?+ - )+ bX (X3 P eX(XP )P

7 =X+ 0(XP).

Let
Epny ={P =1[X,1,Z] € £(Q,) : | X[ <p™", [ Z]l < 1}.



Lemma. &g,y is a subgroup of £(Qy). Moreover, if
P1 = [Xl, 1721], PQ = [XQ, 1,22] S g(pr)7

and
Py =P+ P, = [X3,1,Y5]

then
X3 = Xl + X2 mod p3r'

Proof. Suppose P, P, is the line

Z =mX +d.
Then
Zy — I
m=———.
Xo — X4

Subtracting the equation for P; from that for P,
(Zo— Z1) = (X5 — X3) + a(X32, — X72y)
+0(XoZ5 — X1 Z7) + o(Z5 — Z3).
We can write this as

(Zy — Z1) = (X3 — X7) + a(X5 — X7)Zy — aX{(Zo — Z1)
+0(Xy — X1)Zy — bX\(Z2 = Z2) + c(Z3 — 7).

Hence
m = (X7 + X1 Xo + X3) + a(X; + Xo)Zy — mX;
—|—ng — mel(Zl -+ ZQ) -+ cm(Z% —+ lez -+ 222)
Thus
wU
=7
where
U=X+X,Xy+ X2+ ---=0mod p*
V=1-X3+-.. = lbmodp™.

It follows that
m = 0 mod p*".

Hence
d=7y+mX; =0mod p?”".



Suppose
P=[X,1,7]=[X/2,1)Z,1] = (X/2,1/2) = (z,y),
say. Then
—P=(z,—y)=(X/Z2,~1)2) = [X/Z,-1/Z,1] = [-X,1,-Z].

In other words,
—-[X,1,Z] =[-X,1,-Z7].

In particular,
_P3 = [_X37 17 _Z3]
Now Py, P, —P5 lie on the line Z = mX + d. Thus, on substituting
Z =mX +d in (%) and equating the coefficients of X2 and X3,
(a + 2bm + 3cm?)d)

14 am + bm? + cm?
= 0 mod p*".

X+ Xy — Xy =

In other words,
X3 = X1 + X2 mod pST.

In particular,
Xl [[Xol| <p™ = [|Xs]| <p™".
Thus
P,Pc&r = P +Pcé&,
ie £,ry is a subgroup. O
Lemma. The only point of finite order in &) is P = 0.

Proof. Tt is sufficient to show that there is no point of prime order q.
For if P is of order ¢; - - - ¢, then (g - - - g-) P is of order ¢.

If ¢ # p this follows at once from the Lemma. For suppose P =
[(X,1,7] € &), and suppose

X[ =p"
Then (writing X (¢P) for the X-coordinate of ¢P)

X(qP) = ¢X mod p*"
# 0 mod p".



The same argument also holds if ¢ = p, since
X(pP) = pX mod p*",

while
IpX || =p Y.

Since r + 1 < 3r it follows that
X(pP) #0mod p"*.

[]

We have reduced the problem to the case p = 2, where we have to
return to the original equation.

The argument is similar, but more complicated.

Lemma. Suppose
E=E(Q,):y*+Avy + By = 2° + ax®* + br + ¢
is an elliptic curve with A, B,a,b,c € Z,. Then
Epy ={P=[X1Z] €& X[ <pT |Z]| <p~™}
is a subgroup of € for each r > 1. Moreover, if
Py =[X,1,Z1], P, =[X5,1, 2] € Epry

and
P3:P1+P2:[X3717Z3]

then
X3 = X7 + X, mod p*".

Proof. As before, on passing to (X, Z) coordinates we can express Z
as a power-series in X, though now there is a term in X*:

7 =X - X'+ 0(X°).
The computation of m and d for the line
Plpg 4 =mX + d
is a little more complicated, but as before

Imll <p~, fldll < p~.



[In detail, the equation of the curve is now
Z+AXZ + BZ? = X?+aX*Z +bX 7%+ cZ°.
Subtracting the equation for P; from that for Ps,

(X3 = X7) + a(X3Zs — X7 Z)) + b(XoZ5 — X1 Z7) + o Z3 — Z7).

We can write this as

(Zo— 20) (1 + AXo + B(Zo + Z1) — aXj — b(Xo(Zo + 21) — c(Z3 + ZaZy + Z7)) =
(Xo — X1) (—AZy + (X5 + X X1 + X7) + aZi(Xo + X1) + bZ7) .

Thus
Jo— 21 U
m=-—-———-—-= P
Xo—-X, V
where
U=0modp?, V =1modp*;
and so
m = 0mod p*, d=0modp*,
as before.]

Now suppose
Py =—-P; =X}, 1, 7;].

Then Py, P», P; lie on the line Z = mX + d. This line meets the curve
where

(mX+d)+AX (mX+d)+B(mX+d)* = X°+aX?*(mX+d)+bX (mX +d)*+c(mX+d)°.

Thus

Am + Bm? — (a + 2bm + 3cm?)d
1+ am + bm? 4+ cm3
= 0 mod p*".

X1+ X+ X, =

[Note that the term Am means that we only have equivalence modp?”
rather than modp®” as before.] Hence

X:; = —(Xl + XQ) mod p2r'
In particular,

| X1, [|[X2]| = 0mod p" = || X5]| = 0 mod p"
= 23] = 0 mod p*



since Z3 = mXs3 +d.

The formula for —[X, 1, Z] is a little more complicated than before. We
know that —(zo,y0) = (20, y}) is the point where the line z = z7 meets
the curve again. Considering the given equation as a quadratic in vy,
we see that

Yo +yp = — (12 + c3).
Thus
_(muy) = (SL’, _(y+01I + 03));

or in (X, Z)-coordinates,

—[X,1,Z2)=—(X/Z,1/7)
=(X/Z,—(1/Z + 1 X/Z + ¢c3)
=X, -1+ X +32),7]
_ X | Z
14+ X+e3Z 7 14+ X+cesZ|

In particular,

X
Xt =— >
1 + Cng + Cng
= X3+ X5+
= — X5 mod p*".
Thus
X5 = X, + X, mod p*".
O
If » > 2 then

X3 = X; + X, mod p" 2
and our argument in the simpler case above yields the following result.
Lemma. Suppose
E=E(Q,) :y*+ Ary + By = 1° + az® + bx + c,

where A, B,a,b,c € Z,. Then the only point in £z of finite order is
P=0.

Finally, suppose p = 2; and suppose P = [X,1,Z] € &q) is of finite
order. As before, we may assume that P is of prime order ¢. Let

X2 = 27"



If ¢ is odd then our previous argument holds, since
X (qP) = ¢X mod 2%

and
[¢X]l2 = [ X =27".

Our previous argument also holds if ¢ = 2 and r > 2, since in that case
X(2P) = 2X mod 2%

and
12X || =27 > 277,

We are left with the case ¢ = 2, r = 1. In this case either 2P = 0 or
else
2P € 5(22),

in which case it follows from our previous argument that 2P is not of
finite order. O

. Find all points of finite order on the elliptic curve
E(Q):y? =2*+17.

Answer: By Nagell-Liitz, if P = (z,y) is of finite order then z,y € Z
and either y =0 or
y* | D,
where
D = —(4b® + 27¢%) = 27 - 17%,

Thus
y=0oryl|3-17.

There is no integral solution with y = 0.
If 17 | y then

17|2° = 17| 2
= 17|y
— 17 | ¢*
= 17%| 17,

which s absurd.

Hence
y = {+£1,+3}.



If y = £1 then

which has no integral solution.

If y = £3 then

giving x = —2, ie the points (—2,£3). Let P = (2,3), so the points are
+P.

It remains to determine if £ P are of finite or infinite order.

The slope at (x,y) is
322
m=—.
2y
If the tangent
Yy =mx—+c

meets the curve again at (xo,ys) then x,x,xo are the roots of
(mz +c)? = 2° 4+ 17.

Thus

20 + Ty = m>.

In particular the slope at P = (—2,3) is
m =126 = 2,
so the tangent is
y—3=2(zr+2),
e
y=2r+7,
and this meets the curve again where
—2 =24 xy = 2%,
e

IL‘2:8.



6. Show that the elliptic curve

E:y+aoy=a®—2>—22-1

has good reduction modulo 2 and 5; and determine the groups & (Fs)
and E(F5).

What can you deduce about the group of points of finite order on £(Q)?

Answer: The curve takes homogeneous form

FX,Y,2)=Y?Z+XYZ - X® - X?7Z -2X7* - 7°=0.

At a singular point,

OF [partialX =Y 7 —3X* —2X7Z —27* =0,
OF [partialY =2YZ + X7 =0,
OF /partialZ = Y* + XY — X* —4X7Z —32% = 0.

(a) In characteristic 2, the second equation gives

(b)

XZ=0 = X=0o0rZ2Z=0.

If Z = 0 the first equation gives X = 0, and then the third equation
gwes Y =0. Thus X =Y = Z =0, which is impossible.
If X =0 then the first equation gives

YZ=0 = Y=0o0rZzZ=N0.
We have excluded Z = 0, so
X=Y=0= Z2=0

from the third equation, so again X =Y = Z = 0, which is
mpossible.

We conclude that there is no singular point, ie the reduction at 2
s good.

In characteristic 5, the second equation gives
ZQ2Y +X)=0 = Z=0o0or X =-2Y.

If Z =0, then as before the first equation gives X = 0, and then
the third gives Y = 0.
Thus X = =2Y = Y =2X (as —1/2=4/2=2), and the first
equation gives

2X* =27 = X =42



The third equation now gives
(44+2-1F4-3)X>=0 = X =0.

Thus X =Y = Z =0, which is impossible.

We conclude that the curve is non-singular, ie the reduction at 5
18 good.

[Alternatively, one could bring the curve to reduced form since the
characteristic is neither 2 nor 3. Thus the equation can be written

vt — Aoy = 23 — 2% — 22 — 1,
1€

(y —2z)* = 2° + 32> — 20 — 1.
Writing y for y — 2x, and continuing the reduction,

v = 2% + 322 + 32 — 1,
1€
v = (z+1)° -2

Hence the discriminant

D mod 5 = —27-(=2)? £ 0,
ie 5 is a good prime.]

In any characteristic, the only point on the line at infinity Z = 0 is
[0,1,0].

(a) In characteristic 2 there are just 4 finite points: (0,0),(1,0),(0,1),(1,1).
Of these, (0,1) and (1,1) lie on the curve. Thus

E(F2) = Z/(3).
(b) In characteristic 5 we can write the equation
vt — Aoy = 23 — 2% — 22 — 1,
1e

(y —2z)* = 2° + 32> — 20 — 1.



Setting y' =y — 2x,
y? = 2® + 32% + 31 — 1,

1€

where ¥’ = x + 1.

Dropping the's, we have to determine the group on the curve
E(Fs) : y* = 2° — 2.

The quadratic residues modd are: 0,1,4, ie 0,+1. We have the
following table.

x |2 =2 y  points
0 -2 —
1
2

1 £2 (1,42)
1 41 (2,41)

With O = [0,1,0],
|E(F5)|| = 6.

It follows that
E(F5) = Z/(6).

If T C E(Q) is the torsion subgroup, and p is a good prime, then the
map

T — E(Fy)
s an injective homomorphism.

Thus in this case p = 2 gives an injective homomorphism
T —Z/(3).

It follows that
T = {0} orZ/(3).

(The prime p =5 does not give any further information.)



7. Define a lattice L € C. Show that the series

= 2 (o)

weL, w#0

defines a function ¢(z) which is periodic with respect to L.

Show also that ¢(z) satisfies the functional equation

o' (2)* = 4p(2)’ + Ap(2) + B

for certain constants A, B.

Answer:

(a)

(b)

A lattice is a subgroup
L= <w1, (UQ>

of the additive group C generated by two non-zero complex numbers
w1, wsy such that

wo/wy ¢ R.

[One could equally well define a lattice as a discrete subgroup of
C of rank 2. A discrete subgroup of C is isomorphic to Z" where
r < 2. In this subject we would normally exclude lattices of rank
0 (ie the group {0}) or 1 (ie the group (w) consisting of multiples
of some w € C)./

Let
1 ' 1 1
=52 (o)
Then
i. The series converges absolutely for any z ¢ L;
1. the convergence is uniform in any bounded closed region ex-

cluding lattice points, and so the series defines a merormor-
phic function on C with a double pole at each lattice point;

11. The function is periodic with respect to L, ie
weL = p(z+w)=p(2).

To prove (i), note that
1 1 1 1
(-wP @ w(l-z/w)? WP
=w?((1-z/w)?-1)
=w?(2z/w+ 327 /W + )
=2z/wd + 322wt + -



If

then

= Q(m,n),
where Q(m, n) is a positive-definite quadratic form. It follows that
Cy(m? 4+ n?) < |w|® < Cy(m? + n?)

for some Cy,Cy > 0.
In particular
|w””| < C(m*+ n2)””/2.
But ,
Z (mQ + n2)—r/2

converges for r > 2, eg by comparison with

/(az2 + 427" 2 dx dy.

It follows that
/
2w
converges absolutely for r > 3; and so the series for p(z) converges
absolutely for z ¢ L.

This argument also shows that the convergence is uniform in any
bounded region where say

|z —w|>e>0

for all w € L.

[Tt is a little more difficult to prove periodicity than one might
think. If one could completely separate the terms
1 1

5 and —

(z —w) w?

it would be trivial, but unfortunatele these two series do not con-
verge.]

Suppose z ¢ L = (wy,wsy). We regard z as fixed. It is sufficient to
show that

p(z+wi) = ().



Given € > 0 we can find R such that

1 1
Z (z —w)? Cw? <€
m24n2>R2
and
> | <
(z4w) —w)? w?

m2+n2>R2

Thus it is sufficient to consider the terms with m* + n? < R?.

But now the terms in the finite sums can be split in two. Now all
the terms will cancel except for the terms

1
(mwy + nws)?

when one of
m? +n? and (m + 1) + n?

1s < R and the other is > R. But this implies that
Im| < R+ 1.
Hence
(m,n) € A= {(z,y): R* —3R < 2* +3* < R* + 3R}.

Since
|(mw + nws)?| > C(m* + n?),

the discrepancy will be

1
/
<C Z m2+n2'

(m,n)eA
- C”/ dz dy
(@y)ear T2+ y?

A ={(z,y) : R* —4R < 2* + y* < R* + 4R},

But this is

where

say. But the area of A" is 8w R, while the value of the integrand is
always > 1/(R* — 4R). Thus the integral is of order O(1/R) and

so — 0 as R — oo. Hence the discrepancy can be ignored, and

p(z +w) = o(2).



Similarly

and so
e(z +w) = ¢(z)
for all w € L.
(c) Since
eI CEEORES)
22 322 423
TEt AT

in the neighbourhood of z =0
1 2
o(z) = §+2G32+3G4z +--,

where {
!/
GT — E u?
(for v >3). If r is odd then
G, =0,

since the terms in +w cancel out. Thus

1
o(z) = 2 +3G42? + 5Gsz* + O(2°).

Hence 5
¢'(z) = = + 6G4z 4+ 20Ge2* + O(2°),
and so A o4Cy
1rN2 4
= — — 1).
PP =5 - 4 o)
On the other hand,
1 9G,
3 _
©(2) st T 0(1)
Thus 60C
P ()~ dple) =~ +0(1)
Hence



Thus the periodic function on the left has no poles. But such a
function is bounded on a fundamental parallelogram, and so on
the whole of C. Hence it is constant, say

¢'(2)* = 4p(2)° + 60Gap(2) = B,
1€
¢'(2)? = 4p(2)® + Ap(2) + B,
where A = 60G4.

8. Find the rank of the curve
E(Q):y* =2° - bz
Answer: The associated elliptic curve is
é:y2:x3—|—20x.

The rank r of £ is given by

2% = Jimy| |imy],

where )
X €—Q2/QY, x: € — Q?/Q*
are the auxiliary homomorphisms.

We know that
{1,5} C imy C {£1,£5}.

Ife=—1thenef =b= -5 = f =05 (working always modQ*?).
Thus —1 € imyx if and only if the equation

u? = —st+5¢4

has a solution with ged(s,t) = ged(u,t) = 1. This equation has the
obvious solution
s=1,t=1, u=2.

We conclude that —1 € imy, and so
imy = {£1, +5}.

[The solution (s,t) = (1,1) corresponds to a point on the curve. To
see what is, recall how the auxiliary homomorphisms are defined. Any



rational point on the curve is of the form (a/t? b/t?), with ged(a,t) =
ged(b,t) = 1. This lies on the curve if and only if

b’ = a® — bat* = a(a® — 5tY).

Now
ged(a, a® — 5t*) = ged(a, 5t*) = ged(a, 5).

If ged(a, 5) =1 then
a=+s o —5t" = +u?
and so
u? = s* — 5t or u® = —s* + 5t

Conversely, the solution (s,t,u) = (1,1,2) of u> = —s* + 5t4 arises
from the point (a/t3,0/t?) = (=1,2). The slope at this point is

_3x2—5_ 1
- % -

m

Thus the point is of infinite order, and the rank of £(Q) is > 1.
However, it not necessary to show this in order to answer the question./

Turning to Y,
{1,5} C imy C {£1,+2,£5,+10}

(since 20 = 5 mod Q*?).
Ife=—1thenef =b=20 = f = —20. Thus —1 € imy if and
only if
u? = —st — 20t
which is absurd. Hence —1 & imy, and similarly —2,—5,—10 & imy.
Thus
{1,5} C imy C {1,2,5,10}.

If e =2 thenef =20 = f = 10. Thus 2 € imyx if and only if the
equation
u® = 25" 4+ 10t

has a solution with ged(s,t) = ged(u,t) = 1. Evidently u is even, say
u = 2v, and
20° = s* + 5t



Since ged(s,t) =1, t is odd, and so
st +5t1 =5 or 6 mod 8,

while
202 =0 or 2 mod 8.

Hence 2 ¢ imy, and so

imy = {1,5}.
We conclude that
27 = 4.2,
1€
r=1

. Find all rational points on the curve

E(Q): ¢y =2 —1.

Answer: We begin by determining the points of finite order.

Nagell-Liitz, if P = (x,y) is of finite order then x,y € Z and

By

y=0ory*|D,
where
D = —(4b* + 27¢%)
=33
Thus
y € {0,+£1,+3}.
If y = 0 then x = 1. Thus there is just one point of order 2, namely
(1,0).
If y = +1 then
3= -2,
which is impossible.
Similarly, if y = +3 then
3 =10,

which is again impossible.



Hence the only points of finite order on the curve are the point (1,0),
of order 2, and the zero point O = [0,1,0].

It remains to determine the rank of the curve. First we bring the root
x =1 of the cubic to 0 by the transformation x’ = x — 1. Dropping the
's, our curve is not

E(Q) : y* = 2 + 32° + 3z.

The associated elliptic curve is

g:y2:x3—6x2—3x.

The rank r of £ is given by
242 = |imy| |imx],

where .
x:€—Q/QY, x: € — Q/Q*
are the auxiliary homomorphisms.

We know that
{1,3} C imy C {£1,+3}.

Ife=—1thenef =b=3 = [ = -3 (working always modQ*?).
Thus —1 € imy if and only if the equation

u? = —s* + 3522 — 3!

has a solution with ged(s,t) = ged(u.t) = 1.
If 31 s then s* =1 mod 3 and so

uw?> = —1mod 3

which is impossible.

Hence 3 | s. But then
3|u = 3| -3t" = 3|t
contradicting ged(s,t) = 1. Hence —1 ¢ imy, and so

imy = {1, 3}.

Turning to x,
{1, -3} C imy C {£1,£3}.



10.

Ife=—1thenef =b=—3 = f=3. Thus —1 € imx if and only
iof the equation
u? = —s* + 65%? + 3t

has a solution with ged(s,t) = ged(u.t) = 1.
As before, if 31 s then s* =1 mod 3 and so

uw?> = —1mod 3

which is impossible.

Hence 3 | s. But then
3|u = 3*|3t" = 3|t
contradicting ged(s,t) = 1. Hence —1 ¢ imy, and so

imy = {1, -3}

We conclude that r = 0, so the only rational points on the curve are
the points of finite order.

Thus there is only one rational point on the curve, namely the point

(1,0) of order 2.

Either show that the equation

has no solutions in non-zero integers x,y, z; or show that the equation

23 4B = 28

has no solutions in non-zero integers x,y, 2.

Answer:

(a) We may suppose that ged(z,y,z) = 1, which means that z,y, z
are pairwise co-prime.

We shall show that the equation

2yt = 2
has no solution in integers with xyz # 0 and ged(z,y, z) = 1.
We use the following result on “Pythagorean triples”.

Lemma. Suppose



where z,y,z € Z and zyz # 0,gcd(x,y,z) = 1. Then one of x,y
is even, and one odd. If we suppose that y is even then

r =u?— v, Yy = 2uv, 2z =u?+0v?

for some u,v € Z.
Applying the Lemma to z* 4+ y* = 22, and supposing = is odd and
Y 1S even,

2? =u? — 02, y? = 2uv.

Clearly ged(u,v) = 1. Also u must be odd and v even, since
22 = 1 mod 4.

So from the second equation,

with ged(r, s) = 1. Hence
r? =t — 45t
Applying the Lemma again to x* + 4s* = r?,
r? = a® +b?, 25> = 2ab,

with ged(a,b) = 1. Hence

a=X2b=Y
with ged(X,Y) = 1; and so
=Xt Y

Thus from the solution (x,y,2) of x* 4+ y* = 2* we have derived a
second solution (X,Y,r).

Moreover, this new solution is strictly smaller than the old, in the
sense that
max(|X|*, [Y[*) < Ir|
< ul
<yl
< max(|z|*, [y[*).

This leads to a contradiction, since a strictly decreasing sequence
of positive integers must terminate.

Hence the equation
2yt = 22
has no non-trivial solution, and the same is therefore true of

ot oyt =2t



(b) Let

w )
2
and let
A =Zw]
For
a=a+bweA
we set
a=a+ bw?
N(a) = aa = a* — ab + b*.
Evidently
N(a) € N,

N(a) =0 < a=0,a8=ap,
N(aB) = N(af).

We say that o € A is a unit if
N(a) =1.
It is easy to see that the only units in A are
+1, +w, +w?.

We shall assume the following result.

Lemma. The ring A is a unique factorisation domain.

Let
T=v-3=1+2w.

Then 7 1s prime, since
N(m) = 3.

Suppose
2+’ + 2% =0,
with ged(z,y,z) =1, xyz # 0.
If x =1 mod 3 then
7® = (1+ 3u)?
=1 mod 3°.



Similarly

r=-1mod3 = 2° = —1mod 3?,
while
r=0mod 3 = 2> =0 mod 3°.
Thus
23 =0, +1 mod 3°.
Since

+14+141=0mod9,

It follows that just one of x,y, z is divisible by 3. We may suppose
without loss of generality that

3| z,

1€

Thus, replacing z by —z,
2+ y3 =7z

We want to show that

23 4B = 2

has no solution with x,y,z € Z, xyz # 0.

We shall prove the more general result that the equation
23 4+ 4% = en®23

has no solution with x,y,z € A = Zlw|, zyz # 0, and with € a
unit. We may suppose that

ged(z,y,mz) = 1.

There are 3 residue classes modm, represented by 0, +1.
Lemma. If r = £1 mod 7 then

2> = +1 mod 7.



Proof. If

r==1+7u
then
23 = (£1 + mu)?
= +1+ 37w + 37%u? + 7343
=+1 — 73u + m°u® mod 7
=41 — 7*u(u® — 1) mod 7*
= +1 mod 7,
since

vw=0,+1mod 7 = «?—1=0mod .

/
Euvidently
x,y = +1 mod 7.

We may suppose without loss of generality that

r=1modm, y=—1mod 7.

We can write the equation as
(z +y)(z +wy) (e +w’y) = en®2’.

Since x =1, y = —1 mod 7,

r4+wy=1—w=0mod T,
and similarly for x + w*y. Thus

x4y, T +wy, T+ iy
On the other hand, since ged(z,y) = 1,
ged(x+y, z+wy) = ged(z+y, v+w?y) = ged(r+wy, z+w?y) = 7.

It follows that one of (x +vy), (x +wy), (x + w?y) is divisible by 7
(at least), while the other two are divisible by 7 but not by 7. On
replacing y by wy or w?y we may suppose that

ety 7z twy, 7| z+oty.



It follows that

4,3

rT+y=€mu, 3

T+ wy = mv, T+ Wy = esTw?,

where €1, €9, €3 are units, and w1 u,v.
Now
(z+y) + w4+ wy) +w?(z +wy) = 0.

Dividing by m,
3 33,

621) + eqw’ = €jmu
where €\, €5, €5 are units. Dividing by €, and absorbing —1 into the
cubes we may suppose that €, = 1 and that €; € {1,w,w?}. But
now
v’ w® =+l mod 1 = € = 1.

Moreover,

4

v+ uw*=1-1modr* = 7 |u.

Setting u = wu/, the equation takes the same form

03+ w? = dnbu?

as the equation we started from with v,w,u’ in place of x,y, z

Moreover,
N(u) < N(u')’
= N(u)’/N(r)*
= N(z +y)/N(m)"
< N(z)/N(m).

This leads to a contradiction, since a strictly decreasing sequence
of positive integers must terminate.



