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Chapter 1

The Prime Fields

2 OU WILL BE FAMILIAR with finite or modular arithmetic—in which
A\ an integer m > 0 is chosen as modulus, and we perform the arithmetic
operations (addition, subtraction and multiplication) modulo m.
These operations define the structure of a commutative ring on the set of
remainders

{0,1,2,...,m—1}.

(Recall that a commutative ring is defined by 2 binary operations—addition and
multiplication—satisfying the usual laws of arithmetic: addition and multiplica-
tion are both commutative and associative, and multiplication is distributive over

addition.)

We denote this ring by Z/(m) (said: ‘the ring Z modulo m’). We can think of
Z/(m) either as the set {0,1,...,m—1} of remainders; or as the set of congruence
classes

a={...,a—2m,a—m,a,a+m,a+2m,...} (a=0,1,2,....,m—1).

The latter is ‘classier’; but the former is perfectly adequate, and probably prefer-
able for our purposes.

Ezample 1. Let m = 6. Addition and multiplication in Z/(6) are given by

+10 1 2 3 4 5 x|0 1 2 3 45
0(01 2 3 45 0/j0 00 00O
111 2 3 4 5 0 1101 2 3 4 5
212 3 45 01 210 2 40 2 4
313 45 01 2 310 3 0 3 0 3
414 5 0 1 2 3 410 4 2 0 4 2
515 01 2 3 4 510 5 4 3 2 1

Proposition 1. Suppose p is prime. Then each non-zero element a € Z/(p) is
invertible, ie there exists an element b € Z/(p) such that

ab=1 (mod p)
Proof. Consider the p remainders

a-0modp, a-1modp, ..., a-(p—1) mod p.
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These are distinct. For if
a-r=a-s (mod p),

where 0 <7 < s <p—1, then
a-(s—r)=0 (mod p).

In other words,
pla(s—r).

Since p is prime, this implies that
plaorp|s—r.

Both these are impossible, since 0 <a <pand 0 < s—1 < p.

Since the p remainders a -7 mod p above are distinct, they must constitute the
full set of remainders modulo p (by the Pigeon-Hole Principle). In particular, they
must include the remainder 1, ie for some b

a-b=1 (mod p).
O

Recall that a field is a commutative ring with precisely this property, i.e. in
which every non-zero element is invertible.

Corollary 1. For each prime p, Z/(p) is a field.
Definition 1. We denote this field by Fy,.

The reason for the double notation—F, and Z/(p)—is this. We shall show
later that there exists a unique field F,» for each prime-power p". The fields F,
form so to speak the lowest layer in this hierarchy.

Nb: F,» is not the same as the ring Z/(p"), unless n = 1. Indeed, it is easy to
see that Z/(m) cannot be a field unless m is prime.

Finite fields are often called Galois fields, in honour of their discoverer, the
French mathematician Evariste Galois. As you probably know, Galois died in a
duel (not even over a woman!) at the age of 21.

The notation GF(g) is sometimes used in place of Fy, although F, seems to be
becoming standard, presumably to emphasize that finite fields should be considered
on a par with the familiar fields Q, R, C.

Example 2. Addition and multiplication in F7 are given by

+10 1 2 3 4 5 6 x|0 1 2 3 45 6
0(0 1 2 3 4 5 6 00 00 0 O0O0OO
1112 3 45 6 0 1101 2 3 4 5 6
212 3 45 6 01 210 2 46 1 3 5
313 45 6 01 2 310 3 6 2 5 1 4
414 5 6 01 2 3 410 415 2 6 3
515 6 01 2 3 4 510 5 3 1 6 4 2
66 01 2 3 45 6/0 6 5 4 3 2 1

Summary: For each prime p the remainders modulo p form
a field IF,, containing p elements.
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Chapter 2

The Prime Subfield of a Finite
Field

SUBFIELD OF A FIELD F is a subset K C F containing 0 and 1, and
_ ) closed under the arithmetic operations—addition, subtraction, multipli-
9 cation and division (by non-zero elements).

Prop081t10n 2. Suppose F is a field. Then F' contains a smallest subfield P.

Proof. Any intersection of subfields is evidently a subfield. In particular, the
intersection of all subfields of F' is a subfield P contained in every other subfield.
O

Definition 2. We call the smallest subfield P of a field F' the prime (or rational)
subfield of F.

Definition 3. The characteristic of a field F' is defined to be the smallest integer
n > 0 such that

n times
——
n-1l=1+14---+1=0,
if there is such an integer; or 0 otherwise.

Proposition 3. The characteristic of a field is either a prime or 0. The charac-
teristic of a finite field is always a prime.

Proof. Suppose the characteristic n of the field F' is a non-prime integer, say
n =rs, where 1 < r,s. Since 1-1 = 1, repeated application of the distributive law
gives
r times s times
(r-D(s-)=14+14+---+H)(1+14---+1)=n-1=0.
Since F' is a field, it follows that either -1 =0 or s-1 = 0; and in either case the
characteristic of F'is less than n, contrary to hypothesis.
Now suppose F' is finite. Then the sequence

0,1, 1+1, 1+1+1,

must have a repeat; say

where r < s. Then

and so I has finite characteristic. OJ
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Proposition 4. If F is a field of characteristic p, then its prime subfield P C F
is uniquely isomorphic to F:

char F = p = P =T,.
Proof. If F has characteristic p then we can define a map
0:F,—-F

by
re—r-1 (r=0,1,...,p—1).

It is readily verified that this map preserves addition and multiplication, and so is
a homomorphism. (We always take ‘homomorphism’ to mean unitary homomor-
phism, i.e. we assume that ©(1) = 1.)

Now a homomorphism of fields is necessarily injective. For suppose ©a = Ob,
where a # b. Let ¢ =b — a. Then

Oa=0b = Oc=0
— O(1)=0(cc)=0c0c =0
— O(z)=0(z-1)=06(x)0(1) =0,

for all x.

Thus © defines an isomorphism between IF,, and im ©.

But every subfield of F' contains the element 1, and so also contains 7 -1 =
1+ ---+ 1. Hence the field im © is contained in every subfield of F', and so must
be its prime subfield:

P=im0O =F,.

Finally, the isomorphism © is unique, since

Ol=1=—0r=0(1+---+1)=061+...01=r-1.

Corollary 2. F, is the only field containing p elements.

Much the same argument shows that the prime subfield of a field of charac-
teristic 0—which as we have seen must be infinite—is uniquely isomorphic to the
rational field Q:

char F =0=— P =Q.

Summary: Every finite field F' contains one of the prime
fields I, as its smallest (or prime) subfield.
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Chapter 3

Finite Fields as Vector Spaces

;K};: UPPOSE THAT F is a finite field of characteristic p, with prime subfield
‘%:)) P =TF,. Then we can regard F' as a vector space over P.

L, may be more familiar with vector spaces over C and R. In fact the full
panoply of linear algebra—the concepts of basis, dimension, linear transformation,

etc—carry over unchanged to the case of vector spaces over a finite field.

Theorem 1. Suppose F is a finite field of characteristic p. Then F contains p"

elements, for some n:
I1F]l = p".

Proof. Suppose that F', as a vector space, has dimension n over P. Then we can
find a basis {e1,ea,...,e,} for F over P. Each element a € F is then uniquely
expressible in the form

a = Ae1] + Ageg + - -+ + Apey.

There are just p choices for each coordinate \;; so the total number of elements in
Fis .
n times
e N n

O

By convention, we usually denote the number of elements in F' by ¢q. So we
have shown that
qg=p":
every finite field has prime-power order.
We are going to show—this is one of our main aims—that there is in fact
exactly one finite field (up to isomorphism) of each prime order p™, which we shall
denote by Fyn.

Proposition 5. Suppose the finite field F' contains p™ elements; and suppose K
is a subfield of F. Then K contains p"™ elements, where m | n.

Proof. In the proof of the Theorem above we considered F' as a vector space over
P, and we showed that if this space has dimension n then

L[ = [P
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But we can equally well consider F' as a vector space over K. Our argument
now shows that if this space has dimension d then

IF = |l &%
If |F|| = p", it follows that || K| = p™, where n = md. O

Another way to prove this result is to consider the multiplicative groups
F*=F—-{0}, K* = K — {0},

formed by the non-zero elements of F' and K. These groups have orders p™ — 1
and p™ — 1. Since K * is a subgroup of F'*, it follows by Lagrange’s Theorem that

@™ =1 " -1)

We leave it to the reader to show that this is true if and only if m | n.
We shall see later that in fact Fy» contains exactly one subfield with p™ ele-
ments if m | n; as we may say,

Fpm CFpn <= m | n.

We can exploit the vector-space structure of F' in other ways (apart from
proving that ||F'|| = p™). Suppose a € F. Then multiplication by a defines a map

o F— F:x— azx.

This map is evidently a linear transformation of F, regarded as a vector space
over P. It follows that we can speak of its trace and determinant; and these will
in turn define functions

T, D:F—P

on F' with values in P:
T(a) =trpe, D(a)=detp,.

We’'ll return to these functions later, when we have finite fields to hand in
which to see them at work. At present the only finite fields we know about are
the prime fields F), and T'(a) and D(a) both reduce trivially to a in this case.

Summary: The number of elements in a finite field is neces-
sarily a prime-power:

IE] = p".
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Chapter 4

Looking for [F,

u\qg OES THERE EXIST a field with 4 elements? (This is the first case in
g}i@% which there could exist a non-prime field.) A bull-headed approach—with
@:"’@/@ a little help from the computer—will surely succeed in such a simple case.

Let’s suppose, then, that the field F has 4 = 22 elements. We know that F
must have characteristic 2, so that

r+x=0

for all x € F.
Two of the elements of F' are 0 and 1. Let the two others be called L and T

(said: bottom and top). Thus
F=1{0,1,1,T}

Consider the element | + 1. A little thought shows that it cannot be 0, 1 or
L. For example,

14+1=0 = (L+1)+1=0+1
— 14+(1+1)=1
— 1+0=1
— =1,

which contradicts our choice of 1 as an element of F' different from 0 and 1.
Now we can draw up the addition-table for F":

+]/0 1 1 T
0j0 1 L T
11 0 T L
LlL T o0 1
T|T L 10

Turning to the multiplication table, let’s see what we already know:

- ol
— o]

4 = olx
S O O OO
—A = o+~



Evidently it suffices to determine 12 = 1 x L, since the remaining products
will then follow on applying the distributive law.
We have 4 choices:

12 =0 Since L is non-zero, it has an inverse 1. ~!. Thus
12=0 = 17'(1»H=0
= (L'l =0
= 1-1=0
= 1 =0,
contrary to our assumption that L differs from 0 and 1.

12 =1 This gives
12-1=(L-1(L+1)=0

Since F' is a field, this implies that
1l =1or L =-1.
In fact since F' has characteristic 2, —1 = 1 and so
12=1=1=1,
again contrary to assumption.
More simply, since F' has characteristic 2,
12 -1=(L-1)>3
the middle term —2_1 vanishing.

12 =1 This implies that
1(L-1)=0
and so either 1. =0 or L = 1, both of which are excluded.

12 =T As Sherlock Holmes said, When all other possibilities have been exhausted,
the one remaining, however improbable, must be true. So in this case we
conclude that we must have

12=T.

Now we can complete our multiplication table

IxT = L(L+D)=1241=14+T=1,

TxT = (L+1)2=124+1=T+1=1.
x[01 L T
0/0 0 0 0
110 1 L T
L]0 L T 1
TIO T 1 L

So if there is a field with 4 elements, this must be it. But do these tables in
fact define a field?

This is a convenient point to review exactly what we mean by a field, by listing
the Field Axioms.
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Definition 4. A field F is defined by giving
1. A set F' with 2 distinguished elements 0 and 1;

2. Two binary operations on F, ie 2 maps
+:FxF—F XxX:FxF—F,
subject to the axioms:
(F1) addition is associative: for all a,b,c € F,
a+(b+c)=(a+b) +¢
(F2) addition is commutative: for all a,b € F,

bt+a=a+b;

(F3) forallacF,
a+0=a;

(F4) for each a € F, there is a b € F such that

a+b=0;
(F5) multiplication is associative: for all a,b,c € F,
a(bc) = (ab)c;
(F6) multiplication is commutative: for all a,b € F,

ba = ab;

(F7) foralla€F,
a-1=a;

(F8) multiplication is distributive over addition: for all a,b,c € F,

a(b+¢) = ab+ ac.

(F9) for each a # 0 in F, there is a b € F such that

ab =1;

The rationals QQ, the reals R and the complex numbers C are examples of fields,
as of course are the finite (or galois) fields F),.

Proposition 6. Suppose F is a field. Then

1. for each a,b € F, the equation
a+z=">

has a unique solution;



2. for each a,b € F with a # 0, the equation
ay=>=
has a unique solution.

Proof. By (F4) there exists a ¢ such that

a+c=0.
But then
a+(c+b) = (a+c)+b by (F1)
= 0+
= b by (F3)

Thus z = ¢+ b is a solution of the equation a + x = b. It is moreover the only
solution, since

atrz=b=a+y = c+(a+z)=c+(a+vy)
= (c+a)+z=(ct+a)+y by(Fl)
= (a+c)+rx=(a+c)+y by(F2)
— 0+2z=0+y
= x=y by(F'3).

The second part of the Proposition is proved in an exactly analogous way. [

Returning to our prospective field F' of 4 elements: to prove that this s a field
we must verify that the axioms (F1-F9) hold.

This is a straighforward, if tedious, task. To verify (F1), for example, we must
consider 43 = 64 cases, since each of the 3 elements a, b, ¢ can take any of the 4
values 0,1, 1, T.

Let’s pass the task on to the computer, by giving a little C program to test
the axioms.

#include <stdio.h>
typedef enum{zero, one, bottom, top} GF4;
char *61[4] = {non’ "1", "b", "t"};

GF4 add[4]1[4] = {
{zero, one, bottom, top},
{one, zero, top, bottom},
{bottom, top, zero, one},
{top, bottom, one, zero}

};

GF4 mul[4][4] = {
{zero, zero, zero, zero},
{zero, one, bottom, top},
{zero, bottom, top, one},
{zero, top, one, bottom}
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main() {
GF4 x, y, z;

/* testing (F1) x*/

for(x = zero; x <= top; x++)
for (y = zero; y <= top; y++)
for (z = zero; z <= top; z++)
if (add[add[x][y]l1[z] !'= add[x][add[y][z]1])
printf("(%s + %s) + %s !'= s + (%hs + %s)\n",
ell[x], ellyl, ellzl, ellx], ellyl, ellzl);

/* testing (F2) */

for(x = zero; x <= top; x++)
for (y = zero; y <= top; y++)
if (add[x][y] != addly][x])
printf("%s + %s !'= s + %s\n", ell[x], ellyl, ellyl, ellxl);

/* testing (F3) */

for(x = zero; x <= top; x++)
if (add[x] [zero] !'= x)
printf("%s + 0 !'= Ys\n", ellx], ellx]);

/* testing (F4) */

for(x = zero; x <= top; x++) {
for (y = zero; y <= top; y++)
if (add[x][y] == 0)
break;
if (y > top)
printf("%s + x = 0 has no solution in x\n", ell[x]);

}
/* testing (F5) */

for(x = zero; x <= top; x++)
for (y = zero; y <= top; y++)
for (z = zero; z <= top; z++)
if (mul [mul[x] [y]][z] !'= mul[x] [mul[y] [z]])
printf (" (%s * %s) * %s != %s * (Js * %s)\n",
el[x], ellyl, ellz], ellx], ellyl, ellzl);

/* testing (F6) */
for(x = zero; x <= top; x++)

for (y = zero; y <= top; y++)
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if (mul([x] [yl != mully] [x])
printf("%s * %s != %s * ¥s\n", ellx], ellyl, ellyl, ellxl);

/* testing (F7) */

for(x = zero; x <= top; x++)
if (mul[x] [one] != x)
printf("%s * 1 != %s\n", ellx], ellx]);

/* testing (F8) */

for(x = zero; x <= top; x++)
for (y = zero; y <= top; y++)
for (z = zero; z <= top; z++)
if (mul(ladd[x][y]]l[z] !'= add[mul(x][z]] [mul[y][z]])
printf("(%s + %s) * Y%s !'= Ys * Ys + %s * Ys\n",
el[x], ellyl, ellzl, ellx], ellz], ellyl, ellzl);

/* testing (F9) */

for(x = one; x <= top; x++) {
for (y = one; y <= top; y++)
if (mullx][y] == 1)
break;
if (y > top)
printf("%s * x = 1 has no solution in x\n", el[x]);

Not a very strenuous test for the computer, admittedly. But at least it shows
who is boss.

Summary: There is just one field with 4 elements, as we
expected.
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Chapter 5

The Multiplicative Group of a
Finite Field

F* =F - {0}

form a group under multiplication. (We could even take this as the definition of a
field: a commutative ring whose non-zero elements form a multiplicative group.)

If F' contains g elements, then F'* contains ¢ — 1 elements. It follows from
Lagrange’s Theorem for finite groups that

a?l~t =1

for all a € F'*.
(There is a very simple proof of Lagrange’s Theorem for a finite abelian—or
commutative—group
A=A{a,a9,...,a,}.

Suppose a € A. Consider the n products
aal,aas, ... ,ady.

These are distinct, since
ar =ay = =1y.

Hence they must be all the elements of A, in some order:
{aay,aaqg, ... aa,} = {a1,az2,...,a,}.
Multiplying together the elements on each side,

(aay)(aasg) ... (aay) = aras ... ay.

In other words,
Hence
on dividing both sides by ajas ... ay,.)
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Theorem 2. Suppose F is a finite field. Then the multiplicative group F* is
cyclic.

Proof. Recall that a group G is said to be of exponent e (where e is a positive
integer) if
g°=1

for all g € G, and there is no smaller positive integer with this property. (Another
way of expressing this is to say that e is the lem of the orders of the elements of
G.)

By Lagrange’s Theorem, the exponent e of a finite group G divides its order:
el |Gl

In general a group of exponent e need not contain an element of order e. For
example, the symmetric group S3 has exponent 6 (since it contains elements of
orders 2 and 3); but it has no element of order 6 — otherwise it would be cyclic.
However, an abelian group always has this property.

Lemma 1. Suppose A is a finite abelian group, of exponent e. Then there exists
an element a € A of order e.

Proof of Lemma. Let
e = pil .. pff

There must exist an element a € A of order p{'m for some m, since otherwise p;
would occur to a lower power in e. Then

a1 =a"

has order pi'. Similarly there exist elements as, ..., a, or orders ps?,..., per.

Sublemma 1. In an abelian group A, if a has order m and b has order n, and
ged(a,b) = 1, then ab has order mn.

Proof of Sublemma. Suppose ab has order d. Since
(ab)™ = (a™)" (57",

we have d | mn.
On the other hand,

(ab)d=1= (ab)" =1 = a"? =1,
since b = (b™)? = 1. But a has order m; consequently
m | nd = m | d,
since ged(m,n) = 1. Similarly n | d. But then
mn | d,

since ged(m,n) = 1.
We conclude that d = mn. O
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The orders of the elements a1, ..., a, are mutually co-prime. It follows from
the Sublemma that their product

al...aﬂr

is of order
€1 e
py D =e

O

Now suppose the multiplicative group F* has exponent e. Then each of the
q — 1 elements a € F* satisfies the polynomial equation

x*—=1=0.

But a polynomial p(x) of degree d has at most d roots. It follows that
qg—1<e.

Since e | ¢ — 1 we conclude that
e=q—1.

Hence, by our Lemma, F* contains an element a of order ¢ — 1, which therefore
generates F™* (since this group has ¢ — 1 elements). In particular, F* is cyclic. O

Definition 5. Suppose F is a finite field. A generator of F* is called a primitive
element (or primitive root) of F'

Our Theorem can thus be stated in the form: Fvery finite field possesses at
least one primitive element.

Recall that Euler’s function ¢(n) (for positive integers n) is defined to be the
number of numbers ¢ in the range

{0,1,2,...,n—1}
coprime to n (ie with ged(é,n) = 1). Thus
o(1) =1, 6(2) =1, $(3) =2, (4) =2, ¢(5) =4, ¢(6) =2, ¢(7) =6, $(8) =4,
and so on.
Proposition 7. The number of primitive roots in F' is ¢(q — 1).

Proof. Since we know that
F* = qula

the result is a consequence of the following Lemma.

Lemma 2. The cyclic group Cy, has ¢(n) generators

Proof of Lemma. Suppose g is a generator of C,,. We have to determine how many
of the elements ¢" with 0 < r < n are also generators of C,.

Sublemma 2. The order of g" € C,, is

_n
ged(n, r)
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Proof of Sublemma. Let the order of ¢" be d; and let ged(n,r) = e. Then
n=en, r=er (ged(n',r") = 1).

Hence
since g" = 1. It follows that

On the other hand,

(0 =1=yg"=1

= n|rd
=’ |r'd
=’ |d,
since ged(n/, ") = 1.
We conclude that
den/ ="__ "
e ged(n,r)

O

In particular, the number of elements of order n in C,, ie the number of
generators of C,, is equal to the number of integers r in the range 0 < r < n which
are coprime to n. But that, by definition, is ¢(n). O

O

Recall the explicit formula for ¢(n): if

[SPR2)

n=pi'py’ ...pg°

then
o(n) =p py — Dp2t(pa — 1) ... p= " Hps — 1).

This follows from the fact that the function ¢(n) is multiplicative in the number-
theoretic sense, ie

o(mn) = G(m)p(n) if ged(m,n) = 1.

(This in turn is a simple consequence of the Chinese Remainder Theorem.) The
result now follows from the particular case n = p°. But the only numbers in
{0,1,2,...,p°—1} not coprime to p° are the multiples of p; and there are just p®~!
of these. Hence

P(p®) =p° —pt =pHp-1).

So now it is easy to determine the number of primitive elements in a finite
field. For example, o1 has ¢(15) = 8 primitive elements, while Fys has ¢(31) = 30
primitve elements.

Surprisingly, perhaps, it is just as difficult to prove our theorem for the ele-
mentary finite fields I, as in the general case. Moreover, there is really no better
way of finding a primitive root modulo p (ie a primitive element of F),) than testing
the elements 2,3,5,6,... successively. (We can at least omit powers like 4; for if
4 were primitive 2 would certainly be so.)
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On the other hand, once we have found one primitive element a € F* it is
easy to determine the others; they are just the powers

a” where ged(r,g — 1) = 1.

As an illustration, consider the field F7 = Z /(7). We find that

Thus 2 has order 3, and is not primitive. But 32 = 2, 33 = 6. Since the order of
every non-zero element must divide ¢ — 1 = 6, we conclude that 3 has order 6, and
so is a primitive root modulo 7. There are just ¢(6) = 2 primitive elements; and
these are the elements 3" where 0 < r < 6 and ged(r,6) = 1; in other words r =1
and r = 5. Thus the full set of primitive roots modulo 7 is

3,3% =5.
(We may note that since 3¢ =1,
3P =31

And clearly, if @ is a primitive element of F* then so is its inverse a~1.)

Summary: The multiplicative group F'* of a finite field F' is
cyclic. The generators of this group are called the primitive
elements of the field.
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Chapter 6
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Turning to addition, consider the sum

a4+ .

If j > i, we can write this is

(1 + 7.

Thus addition will be determined if we know 1 + 7 for each i (

).

0<:<14

We have

1+7Ti:7Tj,
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for some j = o(i). Since we are working in characteristic 2, we can rewrite this as
74+ 7o) = 1.

Evidently o is a permutation of {1,2,...,14} of order 2,

o = 1,
ie o(o(i)) =i for all i. Furthermore,

o(i) # 1,
since ¢ + 7* = 0. Thus o is a permutation of type 27, that is, it splits into 7
2-cycles.

There are 141
ﬁ:13-11-9-7-5-3:135135

such permutations. For we can write the numbers 1,2,...,14 is 14! ways; and if

we now bracket successive pairs, eg
(3,7)(8,2)(10, 13)(14, 4)(6, 1)(5,9) (12, 11),

we have a permutation of type 27. Each such permutation arises in 277! ways; for
firstly, we can write each of the 7 pairs in 2 ways, and secondly, we can order the
7 pairs in 7! ways.

Recall that 7' = 1. Thus we can regard the exponents of m as numbers
modulo 15, and ¢ as a permutation of Z/(15). With this understanding, o defines
the addition of 2 different powers of 7 by the rule:

7l = gitei=i),

The permutation o determines the addition table, while the multiplication ta-
ble is already known. In principle we could go through the 135135 cases, examining
in each case if the 9 field axioms were satisfied.

For example, if

o= (1,11)(2,8)(3,12)(4, 5)(6,13)(7,9)(10, 14)

the addition table starts

+ 0 1 T 71_2 7T3 7T4 7T5 7r6 71_7 7T8 7T9 7T10 7T11 7T12 7T13 ,/.‘_14
0 0 1 T 7.(.2 7T3 7.[.4 71.5 7.‘,6 7r7 7T8 7.(.9 7.‘.10 7.(.11 7.‘.12 7'l'13 71.14
1 1 0 7.[.11 ﬂ.S 7T12 7.[.5 7.‘_4 7.[.13 71_9 7T2 7.(.7 7T14 T 71'3 7.‘.6 ﬂ.lO
T T 7T11 0 7T12 7T9 71_13 7T6 7r5 7T14 7r10 7T3 7T8 1 T 7T4 7r7
7.[.2 7.(.2 71_8 7[.12 0 7.(.13 7T10 7T14 7T7 71_6 1 71.11 7.‘.4 7.[.9 T 7.‘.3 7T5
7T3 7T3 7T6 7T9 7T13 0 71_14 7T11 1 71—8 7T7 T 7T12 7T5 7.‘_10 7T2 7T4

On going through the axioms, it is clear that all except the first two are auto-
matically satisfied for every permutation o of type 2”—we only need to consider
the associativity and commutativity of addition.

Taking commutativity first,

l+n=n+1 = 770 = gite(=)
= o(i) =1+ o(—1)
= o(i) —o(—i) = 1.
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It’s readily verified that if this holds for all i € {1,...,14} then 7* + 7/ = 7/ + 7*
for all 7, j.
Suppose this is so. Turning to associativity,

4+1+m) =@ +1) 40 = 7470 =770 4 I
—  gito(e(h)=i) — pitolo(d)—j)
= o(0(j) —i) +i=0(c(i) —Jj) +J.
Again, it is readily verified that if this holds for all i,j € {1,...,14} then 7 +
(n + 7F) = (7 4+ 79) 4 7* for all 4, j, k.

So all(!) we have to do is to run through the 135135 permutations, and deter-
mine in each case whether or not these 2 relations hold:

o(i) —o(—i) =1
for all i, and
o(o(j) —i) +i=o(o(i) —j) +J.
for all 4,5. If these relations do hold then the permutation yields a field of 16
elements.

But it’s more instructive to look at the question from another point of view.
Since (a + b)? = a® + b? in a field of characteristic 2,

4l =1 — g2 4g%0 =
= 0(2i) = 20(7).
In other words, 0 commutes with multiplication by 2. Formally, let
u: 2/(15) — 2/(15)
be the map corresponding to multiplication by 2:
p(i) = 2i.

Then
ol = Uuo.

Now p is a permutation of Z/(15); in cyclic notation
u=(1,2,4,8)(3,6,12,9)(5,10)(7, 14, 13, 11).

Under p, in other words, 1 — 2, 2 — 4, etc.
o
There is a neat way of expressing commutation among permutations. Note

first that

ou = uo < Jua_l = U.

But if we have a permutation expressed in cyclic form, say
0 = (a1,az,...,a;)(b1,b2,...,bs)...

then it is readily verified that for any other permutation g,

g9~ = (ga1, gas, ..., ga,)(gb1, gbo, ..., gbs) . ...

(Under gfg~!,
g ! 0 g
gai — ai — ai+1 — ga’i+17
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for example.) Applying this to the present case,
ouoc~t = (01,02, 04,08)(03,06,012,09)(05,010) (07,014, 013, 511).

This must be the same as u:
J,uafl = L.

It follows that ¢ must permute the three 4-cycles in some way, and must send the
2-cycle to itself. Since oi # i, the latter implies that

o(5) =10, o(10) = 5.

In other words,
o+ =1.

As for the action of o on the three 4-cycles, there are 2 possibilities. Either o
sends each 4-cycle into itself, or it interchanges two and sends the third into itself.
In any case, it must send at least one 4-cycle into itself.

Suppose o sends the 4-cycle (a,b, ¢, d) into itself:

(ca,ob,0c,0d) = (a,b,c,d),

Then we must have
ca=c, cb=d, cc=a, od=0.

For we know that oa # a; while for example
o(a) =b= 0(b) = 0(2a) =20(a) =2b=c,

whereas we know that
o(a) =b= o(b) = a,

since 02 = 1.

We have dramatically reduced the number of possibilities; there is just one o
sending each 4-cycle into itself, while if o swaps 2 4-cycles, we can choose the one
that goes to itself in 3 ways, and there are then 4 ways of defining o, eg if

0(1,2,4,8) = (3,6,12,9)
we have 4 possibilities:

cl=3, 02=6, o04=12, 08=09;
cl=6, 02=12, 04=9, 08=3;
cl=12, 02=9, o0¢4=3, 08=6;
cl=9, 0¢2=3, o0c4=6, o8=12.

Note that in each of these cases, o is completely determined. In the first case,
for example,

o =(1,3)(2,6)(4,12)(5,10)(7,13)(8,9)(11, 14).

Thus we have reduced the 135135 cases to just 1 +3-4 = 13.

Observe that in this reduction we have not invoked the conditions that com-
mutativity and associativity of addition impose on o. Consider the commutativity
condition:

o(—i) =o(i) — 1.
Suppose o sends the 4-cycle (1,2,4,8) into itself. As we have seen this implies
that
ol =4.
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But this in turn implies that
o(-1)=0(14) =0(1)—1=3.

Since 14 and 3 belong to different 4-cycles, the first of our 13 cases is out; o must
send one 3-cycle into itself, and interchange the other two.

There is one last reduction. We should perhaps have noted earlier that the
three 4-cycles are not on the same footing. While (1,2,4,8) and (7,14,13,11)
correspond to primitive elements (since the numbers are co-prime to 15), the 4-
cycle (3,6,12,9) corresponds to elements of order 5.

Now we could have chosen any of the permutations 7, with 4 co-prime to 15,
in place of 7. In particular we could have chosen 7” in place of w. This would have
interchanged the two primitive 4-cycles. Thus the case in which the third 4-cycle
is sent into itself is effectively the same as that in which the first 4-cycle is sent
into itself. We have reduced the 13 cases to 8.

In fact, if the first 4-cycle is sent into itself, o is determined completely. For
as we saw, we must have

cl=4, 02=8, 03 =14, 05 =10,
o13=0(-2)=02—-2=6,012=0(—3) =03 -3 =11.

Thus
o=(1,4)(2,8)(3,14)(5,10)(6,13)(7,9)(11, 12).

Suppose the second 4-cycle is sent into itself. Then
03=12, 06 =9,012 = 3,09 = 6.

But
03=12=012=0(-3)=03-3=09.

We conclude that this case cannot occur.
In the end therefore we are left with only 1 case, (corresponding to the permu-
tation above) leading to the addition table

+ 0 1 r w2 @ gt xS g8 gt g g9 g0 gl Rl2 g 4
0 0 1 A i A N A L Y e e e A 4
1 1 0 7t xS gt g g0 g3 29 g2 4T g5 g2 gl g s
. r 0 A 1 1 72 g0 g4 100 30 8 6 13 120 7
a2 | 72 8 45 0 a8 #0 o g3 L1201 14 9 7 14 I3
I S It ) Sty S ST N Qe . S . B s [ 1
B I 1 70 27 o g8 g2 g3 .5 14 20 13 6 11 o9
P R R [ TS § G 0 70 g3 g4 6 1 a3 g4 g7 p12
7.{.6 71.6 p13 71.11 7T3 7.[.2 7.‘.12 7.‘.9 0 7.‘.10 7T14 7T5 7T7 T 7.‘.4 1 ’778
T AT om0 plt 12 gt g3 g3 g0 g gl g B .
7.{.8 71-8 7T2 71.10 1 71.13 71.5 7.‘.4 71.14 7.(.11 0 7.‘.12 T 7I.7 7.‘.9 7.[.3 7.‘.6
Bt | s E O g 1 72 o g8 2 ;8 g0 4
L0 10 5 o8 o4 12 2 1 B L Y N = . St S
A g 12 6 29 o5 13 o3 0 o8 T o2 114 1 a4 10
g2 g2 L 13 o7 10 6 14 4 2 9 o8 3 1 0 -
A3 | g3 g6 120 214 o8 11 o7 1 7 3 g0 9 4 o 0 2
A4 | g4 30 7 13 p9 12 o8 o 6 o4 11 100 o5 2 0

It only remains to verify that this addition table (together with the ealier
multiplication table) do indeed defined a field; that is, the identities enshrining
the commutativity and associativity of addition hold.

We pass the task on to the computer.
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#include <stdio.h>

int sigmal16] = {0, 4, 8, 14, 1, 10, 13, 9, 2, 7, 5, 12, 11, 6, 3};
main()
{

int i, j;

int err = 0;

/* testing (F1) */

for(i = 1; i <= 14; i++)

for(j = 1; j <= 14; j++)

if (sigmalil !'= j)
if ((15 + sigmal[(15 + sigmali] -j) % 18] + j) % 156 !=

(16 + sigma[(15 + sigmal[j] -i) % 151 + i) % 15) {

err++;

printf ("\\pi~%d + (1 + \\pi~%d) !'= (\\pi~%d + 1) + \\pi~%d\n",

i, j, i, 3);
}
if (lerr) printf("Axiom F1 satisfied\n");

/* testing (F2) */

err = 0;
for(i = 1; i <= 14; i++)
if ( (15 + sigmal[i] - sigma[15-i]) % 15 !'= i) {
err++;
printf ("1 + \\pi~%d '= \\pi~%d + 1\n", i, 1i);

}
if (lerr) printf("Axiom F2 satisfied\n");

Summary: We have shown that there exists just 1 field Foa
containing 16 elements. Moreover, our construction would ap-
ply in principle to any finite field Fan of characteristic 2.
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Chapter 7

Polynomials over a Finite Field

oz POLYNOMIAL over a field F' is a formal expression

fx)=cpz™ +cp1a™ '+ (¢ €F).

When F is finite we must distinguish between the polynomial f(x) and the map

which it defines; for 2 different polynomials may define the same map, or what
comes the the same thing, a polynomial may vanish for all elements of F', as for
example the polynomial

f(ZC):.fQ—.I‘,

in the field 5.

The polynomials over F' can be added and multiplied—we assume that the
constructions are familiar—and so constitute a commutative ring (with 1) which
we denote by Flzx].

Example 3. There are just 8 polynomials of degree < 2 over Fo, namely
0,1, z,x + 1,x2,x2 + 1,:U2 —|—x,x2 + x4+ 1.
We have
(z+ D)+ (@ +r+1) =2 (@+DE*+z+1)=2"+1.

We will be dealing almost exclusively with polynomials over a prime field P.
Many of the questions concerning a finite field F' can be expressed in terms of the
polynomials over its prime subfield, which are generally much easier to get hold
of, particularly with a computer.

At the same time, the study of the ring P[z] of polynomials over the prime
field P is a subject of great interest in its own right. There is a remarkable analogy
between the ring P[z]| and the familiar ring of integers Z. Almost every question
that one can ask about Z—for example, questions concerning the distribution of
the primes—can equally well be asked of P[x]. To take an extreme example, the
Riemann hypothesis (or more accurately, conjecture)—which has baffled genera-
tions of mathematicians—can be proved relatively easily in P[z]. (Usually it is
simpler to establish a proposition in P[z] than in Z.)

Definition 6. A polynomial f(x) of degree > 1 over the field F is said to be prime
(or indecomposable) if it cannot be expressed as the product of 2 polynomials of
lower degree over F.



FEzample 4. There are just 5 prime polynomials of degree < 3 over Fs, namely
m,x—l—1,x2+x+1,x3+m+1,x3+x2+1.

Proposition 8. (The Prime Factorisation Theorem) Every polynomial over the
field F is expressible as a product of prime polynomials over F, unique up to order
(and scalar multiples).

Proof. This is almost identical with the usual proof in the classical case Z.

Lemma 3. Suppose f(z),g(x) € F|x]; and suppose g # 0. Then we can divide f
by g to obtain quotient q(x) and remainder r(x):

f(x) =q(@)g(z) +r(x) (degr < degg).

Lemma 4. Suppose f(z),g(x) € Flx]. Then f and g have a greatest common
divisor
d(z) = ged(f (x), g(x))
such that
d(x) | f(z),9(x);
and if e(x) € F(x) then
e(@) | f(x), 9(x) = d(z) | e(x).

Furthermore, we can find polynomials u(x),v(z) € F|x] such that

u(@)f(z) +v(z)g(x) = d(z).

Proof. We apply the Euclidean algorithm to f(x) and g(x):

fx) = q(z)g(x) +ri(z)
9(x) = qz)ri(z)+raz)
ri(x) = g3(x)r2(z) +r3(2)

ric1(z) = giri(x)ri(w).

the process must end with an exact division, since the degrees of the remainders
are strictly decreasing:

degg > degr; > degry > ...

Now it is easy to see that the last non-zero remainder r;(x) is the required
polynomial:

ri(z) = ged (f(2), 9(x)) -

For on the one hand, going up the chain we see successively that

ri(x) | ri-i(z),
ri(x) | ri—a(z),
ri(z) | g(w),
ri(x) | f(z)



On the other hand, if e(z) | f(z),g(x) then going down the chain we see
successively that

e(x) | ri(z),
e(x) | ra(x),
e(x) | ri(x)
Finally, going down the chain we can successively express ri(z),r2(x),... in
the form
ri(@) = wu;j(@)f(z)+vj(2)g(x)
ritvi(@) = rim1(@) — g (@)ri(z)
= (uj—1(z) = girr(2)ui(2)) f(2) + (vj-1(%) — @1 ()vi(2)) 9 ()
= ujt1(2)f(@) + vjs1(z)g(),
where

w1 (z) = (uj-1(2) = gir1 (2)ui(@)) , vip1(2) = (vj1(2) = gira (2)vi(2)) ;
until finally we obtain an expression for r;(z) = ged(f, g) of the form
ged(f(2), g(x) = u(z)f(x) + v(z)g(z),
as required. O
Ezxample 5. Working over Fs, suppose
fx) =2 +22+1, g(z) =2 + 23 + 1.
We have

f@)+zg(x) = a*+2>+z+1,
f@)+aglx)+g(x) = 2°+2°+z=ri(2)

This is the first step of the euclidean algorithm. Continuing,

g(x) +ar(z) = 23 +24+1,
g(@) +ari(z)+ri(z) = 22 +z+1=rx),
ri(z) +are(z) = 1=r3(x).

Hence
ged (f(x), 9(x)) =1,

and working backwards we find that

1 = ri(z)+ar(x)

= 7 )
= g(

= g

— f(@)+ag(a).

Returning to the proof of the Prime Factorisation Theorem—sometimes call
the Fundamental Theorem of Arithmetic—
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Lemma 5. Suppose p(x), f(z),g(x) € F[z]|; and suppose p is prime. Then

p(x) | f(2)g(z) = p(x) | f(z) or p(x) | g(x).

Proof. Consider
d(z) = ged (p(z), f (7))

Since d(x) by definition divides p(z); and since p(x) by definition has only the
factors 1 and itself, either d(z) =1 or d(z) = p(z).
If d(z) = p(z) then
p(x) | f(z)

(since d(x) | f(x)) and we are done.
On the other hand if d(z) = 1, then by the Lemma above we can find u(z),v(x) €
F[z] such that

u(@)p(z) +v(@)f(x) = 1.
Multiplying by g(z),
u(@)p(z)g(x) + b(@) f(z)g(x) = g().
Now p(z) divides both terms on the left (since p(z) | f(z)g(z)). Hence
p(z) | g(z).
0

Turning to the proof of the Proposition, if f(z) is not a prime then we can
factorise it

f(x) = u(z)v(z)

into 2 polynomials of lesser degree. If these are not prime, they can again be split;
until finally we must attain an expression for f(x) as a product of primes.
Finally, if we have 2 expressions for f(z) as products of primes

pi(@) - pm(@) = f(@) = 1(2) -+ ()
then the last Lemma shows that the p’s and ¢’s must be the same, up to order. [

Proposition 9. Suppose F is a finite field, with prime subfield P. FEach element
a € F is a root of a unique prime polynomial m(x) over P.

If ||[F|| = p" then the degree of m(x) is < n.

For each polynomial f(x) over P,

fla) =0 = m(z) | f(z).

Proof. If | F|| = p", then
dimp F = n.

Hence if a € F, the n + 1 elements

must be linearly dependent, ie
co+cla+ca®+ - +cpa® =0
for some ¢; € P (not all zero). In other words a is a root of the polynomial

f(x)=co+crz+cox® + -+ cpz™ = 0.
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Now let m(z) be the polynomial of smallest degree > 1 satisfied by a. Then
degm(z) < deg f(z) < n.

Also m(z) must be prime. For if

then
0=m(a) =u(a)v(a) = u(a) =0 or v(a) =0,

since F' is a field. But that contradicts the minimality of m(x).
Finally, suppose f(a) = 0. Divide f(z) by m(x):

f(x) = m(x)q(x) + (),

where degr(xz) < degm(x). Then

and so r(z) = 0 by the minimality of m(z), ie m(z) | f(x).
This last result shows in particular that m(x) is the only prime polynomial (up

to a scalar multiple) satisfied by a. O
Remarks 1. 1. Another way of seeing that a € F' satisfies an equation of degree
< n is to consider the linear map pu, : ' — F defined by multiplication by
a:
o (t) = at.

By the Cayley-Hamilton theorem, this linear transformation satisfies its own
characteristic equation

Xa(x) = det (zI — pq) -

It follows that a also satisfies this equation:
Xa(a) = 0.

2. We shall see in Chapter 9 that if a € F,» then the minimal polynomial of a
must have degree d | n.

Conversely—and more surprisingly—we shall find that all the roots of any
prime polynomial of degree d | n lie in Fpn.

Summary: Each element a € F' is the root of a unique prime
polynomial m(x) € P[z].




Chapter 8

The Universal Equation of a
Finite Field

Theorem 3. Suppose F' is a finite field of order q. Then every element a € F
satisfies the equation

Proof. By Lagrange’s Theorem

a?l=1
for all @ € F*. Multiplying by a,
a? = a.
But this is also satisfied by a = 0. Thus it is satisfied by all a € F. O

Corollary 2. Suppose F' is a finite field of order q. Then

2! —x = H(ﬂv—a)

aceF

over F.

Corollary 3. Suppose F is a finite field of order q; and suppose p(x) € Plx],
where P is the prime subfield of F'. Then

p(z) =0 for allx € F < U(x) | p(x).

Corollary 4. Suppose F is a finite field of order q; and suppose a € F'. Then the
minimal polynomial m(x) of a is a factor of the universal polynomial:

Let
Up(z) = 2P —x.

We want to show that

It turns out to be simpler to prove a more difficult result.
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Proposition 10. Let d = ged(m,n). Then
ged (U (), Un(2)) = Ua(x),

where .
Un(z) = 2" —z, Uy(z) = 2" —z, Ug(z) = 22" — z.

Proof. Recall the recursive version of the euclidean algorithm (for calculating
ged(m, n)), enshrined in the following C-code.

unsigned gcd( unsigned m, unsigned n )
{
if( m == 0 ) return n;
if( n == 0 ) return m;
if (m <n ) return gcd( m, n - m );
return gcd( n, m - n );

Following this idea, we prove the result by induction on max(m,n). The result
is trivial if m = n, or m = 0, or n = 0. We may therefore assume, without loss of
generality, that 0 < m < n. Let

n=m-r.

By the binomial theorem,

m-+1

(J:pm —x)p =P — P,

all the terms except the first and last in the expansion vanishing. Repeating this
r times,

Un(z)f" = (2 - x)pr
o xpm-H“ . $pr

It follows from this that
ged (U (z), Un(x)) = ged (Ur(2), U () -
But by the inductive hypothesis,

ged (UT (‘T)7 Un (33)) = Ugcd(r,m) (x)
= Ugcd(m,n) ((IZ),

since
ged(r,m) = ged(m, n).

Corollary 5. We have

Summary: In a finite field, every element satisfies the uni-
versal equation
79 =z,

where g = || F|.
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Chapter 9

Uniqueness of the Finite Fields

F WE ARE NOT YET in a position to show that the field [Fj» exists for
each prime powers p", we can at least show that there is at most one such

Theorem 4. Two finite fields with the same number of elements are necessarily
isomorphic.

Proof. Suppose F, F' are finite fields with
I1F||=q=[F]

(Of course we know that ¢ must be a prime-power: ¢ = p™.)
Choose a primitive root m € F. Let its minimal polynomial be m(x). Then

m(x) | 29 — .
Now let us go across to F’. Since
2! —x = H (x—a/),
a’eF’
m(x) must factor completely in F’, say

m(z) = (x —dy) - (z — ag).

Choose any of these roots as 7/, say ' = a}j. We are going to define an

isomorphism

O:F—>F

under which
T .

Observe first that 7’ must be a primitive root in F’, ie it must have order ¢ — 1.
For suppose its order were d < ¢ — 1. Then n’ would satisfy the equation

24— 1.

Now m(x), as a prime polynomial satisfied by 7/, must in fact be its minimal
polynomial. Hence
m(z) |24 —1.

But then, going back to F', this implies that

4 —1=0,

9-1



ie  has order < ¢ — 1. We conclude that 7’ must be a primitive root in F’.
Thus 7 and 7’ each generates a cyclic group Cy—1. So we can certainly define
a group isomorphism
O:F* - F™ :xts .

We can extend this to a bijection
©O:F = F

by adding the rule 0 — 0.
This bijection © certainly preserves multiplication:

O(ab) = O(a)O(b)
for all a,b € F. It remains to show that it also preserves addition, ie
O(a+b) = O(a) + O(b).

If one (or both) of a and b is 0 this holds trivially; so we may assume that
a,b # 0. There are 2 cases to consider, according as a + b = 0 or not.
Dealing first with the second (and general) case, let

a=n', b=, a+b=r"

Thus

74+l =gk

in F. In other words, 7 satisfies the equation
2+l —F=o0.

It follows that

m(z) |z + 27 — 2.

Going across to F’, we deduce that 7’ also satisfies the equation
a2l —F=o.

In other words
) . )
7_[_” + 7'(',] — 7_[_/

Thus
©(a) +O(b) =O(a+b),

as required.
It remains to consider the trivial case

a+b=0.

If the characteristic is 2 then this implies that a = b, in which case it is evident
that ©(a) = ©(b), and so
O(a) +O(b) = 0.

If the characteristic is odd, then we note that —1 is the only element in F' of
order 2; for the polynomial

2 —1=(z-1)(z+1)
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has just the 2 roots £1. (This is a particular case of our earlier result that the
number of elements in F' of order d | ¢ — 1 is ¢(d).) In fact we must have

qg—1
—1 =TT 2

since the element on the right certainly has order 2.
Thus if we suppose that i > j (as we may without loss of generality)

T4 =0 = 717 =-1
— i—j:g

2
— (7)Y =1

— 7'+ 7 = 0;

so addition is preserved in this case also.

We have shown that the bijection © : F' — F’ preserves addition and multipli-
cation; in other words, it is an isomorphism. O]

Summary: There is at most 1 field Fp» with p™ elements. (It
remains to be shown that this field actually exists!)
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Chapter 10

Automorphisms of a Finite
Field

2 HE AUTOMORHPHISM GROUP G of a field F is usually called its Ga-
lois group. Galois theory establishes a correspondence between subfields
of F' and subgroups of G. To each subfield K C F we associate the
subgroup

{g€G:gx=uxforal z € K}.

Conversely, to each subgroup H C GG we associate the subfield
{reF .:gr=xforallge H}.

In the case of a finite field F', as we shall see, this establishes a one-one correspon-
dence between the subfields of F' and the subgroups of G.

Proposition 11. Suppose F is a finite field of characteristic p. Then the map
a+— af
is an automorphism of F.
Proof. The map evidently preserves multiplication:
(ab)? = aPbP.
Less obviously, it also preserves addition:
(a4 b)P =aP + bP.

For on expanding the left-hand side by the binomial theorem, all the terms except
the first and last vanish. For

p|(€> (i=1,....p— 1),

since p divides the numerator but not the denominator of

<p>:p(p—1)~-(p.—i+1).

) 1-2.---3

Finally, the map is injective since
a? =0=a=0.

Since F' is finite, this implies that the map is bijective, and so an automorphism
of F. O
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Remarks 2. 1. This is an astonishing result. In characteristic p, the map
x — aP

is linear.

2. The map a +— aP is an injective endomorphism for any field F' of character-
istic p. But it may not be bijective if F' is infinite.

Definition 7. We call the automorphism a — aP the Frobenius automorphism of
F', and denote it by ®.

Theorem 5. Suppose F' is a finite field, with
I1F[| = p".

Then the automorphism group of F' is a cyclic group of order n, generated by the
Frobenius automorphism:

AutFpn = Cp, = {I,®,0%,...,0" 1 : d" =T}
Proof.
Lemma 6. The Frobenius automorphism ® of F,n has order n

Proof of Lemma. We know that
" =a

for all a € F. We can rewrite this as

P"(a) =a
for all a, ie
®" = 1.
Suppose
" =171
for some m < n. In other words
a?" =a

for all @ € F'. This is an equation of degree p™ with p™ > p™ roots: an impossibility.
We conclude that ® has order n. O

We must show that
I,,82 ... ¢"!

are the only automorphisms of Fn.

Lemma 7. Each automorphism © of a finite field F' leaves invariant each element
of its prime subfield P.

Proof of Lemma. If ¢ € P, we have

Hence
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Lemma 8. The only elements of a finite field F' left invariant by the Frobenius
automorphism ® are the elements of its prime subfield P.

Proof of Lemma. By the last lemma, the p elements of P are all roots of the
equation
®(a) = a® = a.

Since this equation has degree p, they are all the roots. O

Lemma 9. Suppose w is a primitive element of the finite field F'. Then any
automorphism © of F is completely determined by its action on w; that is, if ©, 0’
are 2 such automorphisms then

O(r) =0 () = 0=0".

Proof of Lemma. Since every element o # 0 in F is of the form o = 7 for some
1, the result follows from the fact that

O(r) = (1) = O(n) = &' ().

Let 7 be a primitive element in F'. Consider the product
flz)=(z —7m)(z—®nm)---(z — ®" ).
Applying the automorphism ® to this product,
@) = (z—@n)(x— @) (z—m)
= f(2),

the n factors simply being permuted cyclically. Thus f(z) is left unchanged by
®. From the Lemma above, this implies that the coefficients of f(x) all lie in the
prime subfield P:

f(z) € Plz].
Now suppose O is an automorphism of F'. Then
fO(z) = f(=),
since the coefficients of f(x), being in P, are left unchanged by ©. Thus

) = (z—0On)(z—0O0dn) (xz—Od" 1x)
= (z—m)(x—®n) - (x— D" 7).

It follows that ‘
O =d'r

for some 7. But by the last lemma, this implies that
CEX
O

Proposition 12. Suppose p(x) € Plz]| is a prime polynomial of degree d; and
suppose p(x) has a root o in the finite field F. Then all the roots of p(x) lie in F;
they are in fact the d elements

{oz,fba, .. .,@d_la}.
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Proof. Since the automorphism & leaves the elements of the prime field P fixed,
pla) =0= p(®a) =0

Thus ®a = of is also a root of p(x). So by the same argument are ®2a, ®3a, .. ..
On the other hand, we saw in the proof of the last Proposition that

flz) = H (z — @'a) € Pla].

0<i<n

Since p(x) is the minimal polynomial of a, and « is a root of f(z), it follows that

p(@)|f(x).

But f(x) factorises completely in F'. Hence the same is true of p(z); and its roots

must lie among the roots
{a, dq, ..., <I>"_1a}

of f(x).
Let e be the least integer > 0 such that

P°a = q.

Then the elements
{a, da,. .., q)e_la}

are all distinct. For if 0 <i < j <e,
Pl = Pla = & a = a,

on applying the automorphism ®~¢. But since 0 < j — i < e that contradicts the
minimality of e.

On the other hand, we saw that the elements of this reduced set are all roots
of p(x). In fact they are all the roots. For we know that every root is of the form
®’; and if

i=eq+r (0<r<e),

then '
P'a = P"a.

Finally, since p(z) is of degree d, it has just d roots. Hence d = e. O

Proposition 13. The field Fpn» has exactly one subfield containing p™ elements
for each m | n.

Proof. We know from Chapter 3 that if F' C Fp» contains p™ elements then m | n;
and we also know that in this case

F =Fpm.
It follows that all the elements of F' satisfy the equation
¥ =,
Since this equation has at most p™ roots in Fy», it follows that

F:{xEFpn:xpm:x}.
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Conversely, suppose m | n. Let
F = {erFpn:xpm:x}
= {ze€Fp: @Mz =1z}.
Then F' is a subfield of F,n, since ®™ is an automorphism of [Fn:
z,yeF = ®Mr=xdMy=y
= ®"(z+y)=z+y " (zy) =2y
= x+vy,xy € F.
But we saw in Chapter 8 that
m | n = Up(z) | Up(z).
Since Uy, (x) factorises completely in F', the same must be true of Uy, (z). In other
words, Up,(z) has p™ roots in Fpn, ie
|1E[| = p™.
O
In conclusion, let us see how this fits in with the general remarks on galois
theory with which the chapter opened.
A cyclic group C), has just 1 subgroup of order m for each m | n (ie each
m allowed by Lagrange’s Theorem). These subgroups are all cyclic themselves.
Suppose ¢ generates Cy,. If n = md then the subgroup of order m is generated by
o
Con = {1,<I>d,<1>2d, o ,<I><m*1>d}.

According to the prescription of galois theory this corresponds to the subfield
K = {seFp:ol =z}

= {xEFpn:xpd:x}

= F.

Thus we have a one-one correspondence between subfields and subgroups:

Fpm > n/m

Notice that under this correspondence, the larger the subfield the smaller the
subgroup: if K «— S, K’ +— 5,
KCcK = 5>¢.

It follows from this that the Galois correspondence sends intersections into joins,
and vice versa:

KNK «— (5,5, (K,K')«—Sn§S.

(The join (K, K') of 2 subfields K, K’ is the smallest subfield containing both K
and K’; Similarly the join (S,S’) of 2 subgroups S, S’ is the smallest subgroup
containing both S and S’.)
Concretely, if Fyn exists, and d | n,e | n then we can regard Fpa and Fpe as
subfields of Fyn:
de7 ]Fpe C ]Fpn.

It follows from the galois correspondence that

de N ]Fpe = ]Fpgcd(d,e )7 <de7 ]Fp€> = ]Fplcm(d,e)-
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Summary: A finite field has just one subfield of each allowed
size:
Fpm CFpn <= m | n.
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Chapter 11

Wedderburn’s Theorem

RS F WE RELAX THE CONDITION that multiplication should be com-
o) . ) . ) .

o mutative, but retain all the other laws of arithmetic, we are left with the

* axioms for a skew-field or division-algebra. (We shall use the term skew-
field.) Note that with this definition, fields (ie commutative fields) are

also skew-fields.

pie

The most familiar example of a non-commutative skew-field is furnished by the
quaternions
H={t+zi+yj+zk:t,z,y,z € R},

with multiplication defined by

2 _ 42 g2

it = =-1,1=—ji=k, jk=—-kj=1i, ki=—ik=].

In fact one can show that the only finite-dimensional skew-fields over R are: R
itself, the complex numbers C, and the quaternions H.

Theorem 6. Fvery finite skew-field is commutative.
Proof. Suppose S is a finite skew-field. Let F' be the centre of S, ie
F={ze€S:zs=szforall seS}.

We have to prove in effect that F' = S.
To this end we assume that F' # S; we shall show that this leads to a contra-
diction. We do this by ‘counting conjugates’ in the multiplicative group

S* =5 — {0}

Let
|F|| =q=p™.

Just as in the commutative case, in Chapter 3, we can regard S as a vector space
over F'. As there, we deduce that

IS1 = 1#1"

where n = dimpg S.
Recall that 2 elements h, k of a finite group G are said to be conjugate (and
we write h ~ k) if there is an element g € G such that

k= ghg™'.

Conjugacy is an equivalence relation; so G is partitioned into conjugacy classes.
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Lemma 10. Suppose G is a finite group; and suppose g € G. Then the number
of elements conjugate to g is

1G]]
1Z(a)II”

where
Z(g) ={z € G:zg = gz}

Proof of Lemma. Each element x € G defines a conjugate zgz~! of g. We shall
see that each conjugate arises just ||Z(g)|| times in this way.
Suppose h ~ g, say
h = zogxy L

Then

zgr t=h= xogxal = :L'alwg = g:rglx
= x5z € Z(g)
— z€x9Z(g).

Thus just ||Z(s)|| elements x € G give rise to h ~ g. Since this holds for each
conjugate of g, the number of conjugates is

1G]]
1z

We apply this result with G = S*.
Lemma 11. Suppose s € S. Then

Z(s)={z€8S:2zs=sz}
is a sub-skew-field of S.
Corollary 6. With the same notation,
1Z(s)] = ¢
for some d | n
Proof of Lemma. Regarding Z(s) as a skew-field over F', we see that
1Z(s)]| = ¢

If s = 0 the result is trivial. Suppose not; then s € S*, and Z(s)* is a subgroup
of §*. Hence, by Lagrange’s Theorem,

¢ —1]¢" -1
As we have already seen, this implies that
d|n.
(For on dividing n by d, say n = md + r (where 0 < r < d), we have
¢"—1=¢""" —1=q"(¢"d - 1)+ (¢" — 1),

Thus
¢ —=11¢"-1,¢"-1|¢"-1=¢"-1|¢ - 1.

But that is impossible unless r = 0, since ¢ — 1 > ¢" — 1.) ]
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Proof of Lemma. We can regard S as a vector space over the skew-field Z(s).
Usually we consider linear algebra over a commutative field; but the fundamental
theory—the notions of dimension and basis—extends to vector spaces over a skew-
field. In particular, if

dimZ(s) S=e

then
" =S| =1Z(s)° = q™,

and so n = de, ie

d | n.
O
Lemma 12. The number of elements conjugate to s € S* is
" —1
¢ —1
for some d | n.
Proof of Lemma. The number of elements conjugate to s is
1< _q"—1
1Z(s)*ll q*—1
by our last result. O

An element s € S* lies in a conjugacy class by itself if and only if s € F*.
Thus there are just ¢ — 1 such elements. Each of the remaining conjugacy classes

contains
gt —1

g4 —1

elements, for some d | n (d # n).

So counting the elements in the various conjugacy classes gives an equation of
the form
¢" -1  ¢"—1

qd1_1+qd2_1+”‘

We are going to show that all the fractions

¢"—1=q—-1+

gt —1
g4 —1

share a common factor f > 1, which also divides ¢" — 1. It will follow that

flg—1

But that, as we shall see, is impossible since f > q. We thus arrive at a contradic-
tion.

Definition 8. Suppose n is a positive integer. Let

Then the cyclotomic polynomial C),(z) is defined to be

Cp(z) = 11 (z —wb).

0<i<n, ged(i,n)=1

Thus Cp(x) is a polynomial of degree ¢(n) (where ¢(n) is Euler’s function).
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Lemma 13. For each n > 0,

" —1= HCd(:c).
dln

Proof of Lemma. We know that

" —1= H (z — wb).

0<i<n

We divide the factors x — w® according to the value of ged(i, n).
Suppose n = de. Then

ged(i,n) =d <= 1i=dj, ged(j,e) =1, 0< j <e.

Thus
[ G@-vw= ] @-d),
ged(i,n)=d,0<i<n ged(g,e)=1,0<j5<e
where
d 2mi
g=WwW =¢€e¢e.

In other words,

11 (z — w') = Ce(z).

ged(i,n)=d,0<i<n

We conclude that

" —1= HC%(Z‘).

dn

Since 5 runs over the factors of n as d does, we can rewrite our last result as

" —1= HC’d(w).

din

Corollary 7. The cyclotomic polynomial Cy(x) has integer coefficients.

Proof of Lemma. We argue by induction on n. Suppose the result true of Cy,(z)
for all m < n.

We have
" —1

a Hd\n,d;ﬁn Cd(x) ‘

Each cyclotomic polynomial is evidently monic, ie has leading coefficient 1.
But if we divide f(x) by g(x), where both f(z) and g(z) have integer coefficients
and g(x) is monic, say

f(@) = q(z)g(x) +r(z) (degr(z) < degg()),

Cn(z)

then both ¢(x) and r(x) have integer coefficients. (This is clear if we derive ¢(z)
and r(x) by repeatedly reducing the degree of f(z) by subtracting terms of the
form az"g(x).)

Since by our inductive hypothesis the factors Cy(z) have integer coefficients,
and each is monic, the same is true of their product. Hence C),(z), as the quotient
of 2 — 1 by this product, also has integer coefficients. O
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Example 6. We have

Ci(x) = -1

2 —1
Cy(zx) = p— =z+1

=1
Cg(fﬁ) = m:x2—|—x—i—1

| =1
Cylz) = = =22 +1
1(@) Ci(z)Ca(z)  (x—1)(z+1)

51
Cs(x) = 3;_1 =zt +2 +2? +a+1

28 —1 28 —1

x5 —1

CG(.%') =

Lemma 14. Ifd|n (d # n) then

q" -1
Proof of Lemma. Let
" —1
2d 1 = f({L')
Then f(x) has integer coefficients.
We know that
Cn(z) | f(2).
It follows on substituting x = ¢ that
Cnla) | f(q),
ie n_q
q —
Cn(q) | -1

for all d | n (d # n).

(z—1)Co(2)Cs3(z) (—Da+ 1)@ +z+1 (z+ 1) —1)

=X

O

Thus we see that the number of elements in each conjugacy class in S* — F*

is divisible by

f=Ch(q).
Since Cp(q) | ¢ — 1, we conclude that
Cn(Q) ‘ q— L.
But A
Culg)= [] (¢—v"
ged(i,n)=1
and so '
Cu(a)l = [T la = ' = (¢ = 1)*,
since

\q—wi\Zq—l.

Moreover there is equality only if each factor is ¢ — 1, which is the case only if

n = 1. Thus if n # 1,
[Cn(g)] > q—1.
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But this contradicts our assertion that

Cn(q) | ¢ —1.

We conclude that our original hypothesis is untenable, ie F' = S, and so S is
commutative. O

Summary: There are no ‘finite quaternions’; every finite
skew-field is commutative.
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Chapter 12

Existence of IFpn

E CLAIMED at the outset that finite fields abound in nature. But to
date, apart from the prime fields F, we knew about anyway, we have
only come up with a couple of trivial examples. It is surely time to ‘put

up or shut up’!

We shall see in the next two Sections how finite fields can arise in two contexts—
in group representation theory, and in the theory of algebraic numbers.

Unfortunately, it does not seem possible in either case to prove that every finite
field arises in this way, without delving deeply into one theory or the other.

We are therefore forced—against out natural inclination—to demonstrate the
existence of Fyn by construction. This we carry out in Sections 3 and 4.

So for the first 2 Sections that follow, we are in ‘waffle mode’. The results
we quote are not required for the theory that follows; and the discussion can be
ignored without danger.

12.1 Looking for F,.: 1. Among group represen-
tations

How do fields—or skew-fields— arise ‘naturally’?

One way is as the endomorphism ring of a simple object in an abelian category.
If that sounds highfalutin, a concrete example should make it clearer.

Suppose G is a finite group. Recall that a representation o of G in a finite-
dimensional vector space V is defined by an action of G on V, ie a map

GxV —=V:(g,v)— gv,

satisfying the conditions:
L (gh)v = g(hv);

2. ev=uv;
3. g(u+v) = gu+gv;
. g(Av) = A(gv).

We say that the space V, with the action of G on it, constitutes a G-space. If
U,V are 2 G-spaces, amap t : U — V is said to be a G-map if it preserves the
action of G, ie

S

t(gv) = g(tv)
for all v € V and all g € G. (The category of G-spaces and G-maps is an example
of an abelian category—abelian because maps u,v : U — V can be added.)
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The representation o of G in V' is said to be simple (or irreducible) if no proper
subspace of U C V is stable under G, ie

gueUforallge Giue U= U = {0} or V.

Suppose « is a representation of G in the vector space V over the field K.
Then the G-maps ¢t : V. — V form a ring E(«), the endomorphism-ring of « (or
V). This ring is not in general commutative, but it has an identity element 1.

Now suppose « is simple. In that case F(«) is a skew-field. For suppose
t € E(a), ie t is a G-map

t: V-V

It is readily verified that both
kert ={veV:tv=0} and imt={veV :v=tufor someu eV}
are stable subspaces of V. Since « is simple, this implies that
kert = {0} or V, imt¢ = {0} or V.
But kert =V and imt = 0 each imply that ¢ = 0. Thus if ¢ # 0,
kert =0, imt=V.

In other words, ¢ is both injective and surjective. This implies that ¢ is invertible,
ie there exists a G-map u : V — V such that tu = 1. Thus every element ¢ # 0 in
E(a) is invertible, ie E(a) is a skew-field.

This skew-field contains the scalar field:

K C E(a).

Moreover, E(«) is a finite-dimensional vector space over K. For E(«) is a subset
of the space hom(V, V') of all linear maps t : V'— V, and so

dimg E(a) < dimhom(V, V) = (dim V).

In other words, E(«) is a finite-dimensional division-algebra over K.
In the familiar case, where K = C and we are dealing with representations
over the complex numbers, it follows that

E(a) =K.

For since C is algebraically-closed the only finite-dimensional division algebra over
C is C itself. This is the well-known Schur’s Lemma: In a simple representation,
the only linear maps ¢ : V' — V commuting with all elements of G are the multiplies
of the identity. In matrix terms,

TA(g) =A(g)T forallge G =T = \I.
But this is far from the case if K is finite, say K = P = F,. In this case,
E(Oé) = Fpn,

where in general n > 1.
So we have a prescription for finding finite fields: Take a simple representation
(of which there is an enormous choice), and determine E(«).
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Unfortunately, this is not a practical way of showing that IF,» exists for all
prime powers p", as we would have to delve into representation theory too deeply.
However, it is easy enough to see that if F)» exists then it arises in this way!

To see this, suppose F, exists, where ¢ = p". Consider the cyclic group

Cyr = .

This has a natural representation, p say, in 4, regarded as an n-dimensional vector
space over P = [F;:
(g9,) — ga (geF ,acl,).

It is easy to see that this representation p is simple. For suppose U is a proper
subspace of F,;. Choose any element a # 0 in U. Then

g:afleG — ga=1€U
= g-1l=geU

for all g € F. Thus U =F,.
On the other hand, suppose a € ;. Let

ta - Fqg — Ty
be the map defined by multiplication by a:
to(z) = ax.
This map evidently commutes with the action of Cy—1. Thus

ta € E(p).

So we have a natural injection
F, C E(a).

In fact it is easy to see that every endomorphism v € F(«) arises in this way. For
(1) =a =7 = pa.

Thus we may say that
E(a) =F,.

We have seen therefore that every finite field F' does arise in this way—as the
endomorphism ring of a simple representation over a prime field.

But as we have already pointed out, this is far from proving that F,» exists for
all p™!

12.2 Looking for [,»: 2. In number theory

We know that
Fp =2Z/(p).

It is natural to ask if the other non-prime finite fields can be constructed in the
same way, taking some other ring in place of the integers Z.
A concrete example will show what we mean. Let Z[i] denote the ring of
gaussian integers:
Zli] ={m+ni:m,n € Z}.
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The number 2 is no longer prime in Z[i]:
2=(141)(1—1).
Each of these factors has remainder field o, eg
Z[i]/(1+1i) = Fs.

For modulo 1 + ¢,
0 if m+ n is even,

m—i—mz{ 1 if m+n is odd.

On the other hand, 3 remains prime in Z[i], and
Z[i])/(3) = F32.

In fact, an odd prime p remains prime in Z[i] if p = 3 mod 4, and splits if p =
1 mod 4. Thus
Z[i]/(p) = Fp2 if p= 3 mod 4.

Z[i] is an example of an algebraic integer ring. These form the subject matter of
algebraic number theory, and have been much studied—the initial impetus arising
from attempts to prove Fermat’s Last Theorem. It would take us too far out of
our way to go into the theory here. But in fact every finite field F,» does arise
in this way, with the proviso that instead of prime elements one really has to
consider prime ideals. The 2 rings Z and Z[i] are both principal ideal domains, in
which every ideal is of the form (), consisting of all multiples of some generator
6. In such a case there is no real distinction between elements and ideals. But in
general the Fundamental Theorem of Arithmetic, according to which each n € N
is expressible in the form

e], e

n=pi'py’ Py,

and on which all depends, remains true only in the realm of ideals.

12.3 Extension fields

It is time to return to mathematical mode.
Proposition 14. Suppose F' is a finite field, with prime subfield P; and suppose
a € F. Then there is a smallest subfield K C F containing o; K consists of all
elements expressible in the form f(a), where f(z) € Plx]:

K ={f(a): f(z) € Plz]}.

Proof. Any intersection of subfields is itself a subfield. So there is certainly a
smallest subfield containing «, namely the intersection K of all subfields containing
a.
Clearly
ace K= f(a) e K

for all polynomials f(z) € Plx].

The result will therefore follow if we can show that the set L of elements of the
form f(«) forms a field. This set L is evidently closed under addition, subtraction
and multiplication. It only remains to show that it is closed under division by
non-zero elements.

Lemma 15. A subset S C G of a finite group G closed under multiplication is
necessarily a subgroup.
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Proof of Lemma. We have to show that
seS=s'tes.

By Lagrange’s Theorem,
where n = ||G||. Thus

O

Applying this result to the subset L* = L — {0}, we conclude that L™ is a
subgroup of F*. But this implies that L is a subfield of F', and so L = K. O

Proposition 15. If the minimal polynomial of o« € F has degree d, then the
smallest subfield K C F containing a contains p® elements:

K =TFpa.
Proof.

Lemma 16. Suppose F is a finite field, with prime subfield P; and suppose o € F
has minimal polynomial m(x) € Plzx]. If f(z),g(x) € P[z] then

fla) = g(a) <= m(z) | f(z) - g(x).

Proof of Lemma. This follows at once from the fact that

fla) =0 <= m(z) | f(z).

O
Suppose f(z) € Plz]. Dividing f(x) by m(x),
f(x) =m(z)q(z) +r(z)  (degr(z) <d).
By the Lemma,
fla) =r(a).
Thus each element 3 € K is expressible in the form
ﬁ:Co—l-ClOé—i—CzOéQ—l-"'—I—Cd_lad_l (c; € P).
Furthermore, the Lemma shows that this expression is unique.
It follows that the d elements
17 O(, a27 ) ad_l
form a basis for K as a vector space over P. Thus
dimp K = d,
and so
1K = p”.
Il

Suppose p(z) € P|x] is a prime polynomial. If there is an extension field K D P
containing a root a of p(z), the Proposition above shows us how it is constructed.
Now we must try to turn analysis into synthesis.
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Theorem 7. Suppose m(x) € Plz]| is a prime polynomial over the prime field
P = F,. Then there exists a finite field F' of characteristic p, and an element
a € F, such that « has minimal polynomial m(x);

Proof. The last proposition tells us how to construct F. Each polynomial f (z) €
P[z] defines an element f € F'; and

f=g<=m@@)| fx) —g(z)  (f(z),g(x) € Pla]).
In other words
F = Plz]/ (m(z)).

More precisely, the elements of F' consist of the equivalence classes in P[z] under
the equivalence relation

fx)=g(x) if m(x) | f(z) - g(z).

Addition, subtraction and multiplication of elements of F', ie classes in P[], is de-
fined by taking representatives of these classes, adding, subtracting or multiplying
them, and returning the class of the result. The resulting classes are independent
of the choice of representatives, since eg

m(z) | fi(x) = f2(x), m(z) | 1(z) = ga(x) = m(2) | fr(2)g1(2) = fa(2)g2(2).

We have constructed a ring F' = Plz]/ (m(x)). It remains to show that F is in
fact a field. Suppose f € F; and suppose f # 0, ie

m(z) [ f(x).
Then
ged (f(z),m(z)) = 1;

for the only factor of m(x) apart from 1 is m(z) itself.
It follows that we can find a(z),b(x) € Plx]—for example, by the euclidean
algorithm—such that
a(z)f(x) + b(x)m(x) = 1.

But this implies that
m(z) | a(z)f(z) -1,
and so by definition B
af =1.
Thus f is invertible in F. Therefore F is a field.

Consider the polynomial
i(z) ==z,

and the corresponding element i € F. From the definition of multiplication in F,

2 =a2, 2 = a3,

etc. More generally, for any polynomial f(x) € P[z],

In particular
m (i) = m(z) = 0.

Thus m(x) has a root in the field F', namely i. O
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12.4 Constructing F»

Theorem 8. For each prime power p" there exists a field Fpn containing p™ ele-
ments.

Proof. We may assume by induction that there exist fields F,= containing p™
elements for all m < n.
Consider the prime factorisation of the universal polynomial

Up(x) = 2 — = fi(x) fo(x) ... fr(x)

over the prime field P =T,

Lemma 17. At least one of the factors f(x) = fi(x) is not a factor of Uy (x) for
any m | n:

fla) |2 —z,  f(z) fa" —a

ifm|n, m<n.

Proof of Lemma. Notice that if F,n exists, and « is any element of F,» not in any
proper subfield—for example, o could be any primitive element of Fj»—then its
minimal polynomial m(x) will satisfy the lemma.

But without this assumption, a crude counting argument suffices. For each
m | n, the sum of the degrees of all prime polynomials dividing U,,(z) cannot
exceed the degree of Uy, (z):

> deg f(x) <p™
£@)|Un (@)

Summing this over all factors m of n apart from n itself,

> deg f(z) < Y. p"

f(@)|Um(z), m|n, m<n m|n, m<n

IN
(]
b

3

m<n

_ ot

= 51

< p"
since

> degf(x) =p",
f(@)|Un(x)

it follows that at least one factor f(z) of Uy, (x) divides no Uy,(z). O

Now let F' = P[z]/f(x) be the field extension corresponding to such a factor
f(x), as defined above. Then F' = Fpm for some m. We must show that m = n.
As we saw, F' contains an element « satisfying f(«) = 0. Since f(z) | Un(z) it
follows that
Up(a) = 0.

On the other hand, since o € Fpm,
Un(a) = 0.
It follows that « satisfies

ged (Un(@), Un(x)) = Ua(x),
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where d = ged(n, m). Now f(z) is the minimal polynomial of . Hence

f(@) | Ua(z).

Since d | n, this contradicts the defining property of f(z), unless d = n.
But now we have constructed a field F' = Fpm, where n | m. It follows that F
has a subfield F» containing p™ elements. O

Summary: There exists one and only one field [F» containing
p" elements, for each prime power p™.
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Chapter 13

Prime Polynomials over a
Prime Field

fa S WE HAVE SEEN (particularly in the last chapter), there is an intimate
S 0 relation between the finite fields F» of characteristic p and polynomials—
U L in particular prime polynomlals—over the prime field P = [F,. The fol-
lowing result summarises the relation.

Proposition 16. Suppose o € Fyn. Then the minimal polynomial of o over
P =T, is a prime polynomial of degree d | n.

Conversely, if p(x) is a prime polynomial of degree d in P|x] then the roots of
p(z) lie in Fpn if and only if d | n.

Proof. Let m(z) be the minimal polynomial of a € Fy». Suppose degm(z) = d.
Let K be the smallest subfield containing «. Then

dimp K = d,

where P = F,,. In other words,
K =F,
But since K C Fp» this implies that
d | n.

Conversely, suppose p(z) is a prime polynomial of degree d over P. By the
construction of an algebraic extension in the last Chapter, we can find a field
F D P in which p(z) has a root a. (In fact, as we saw, this means that p(z)
factorises completely in F'.)

Let K be the smallest subfield containing «. As we just saw

K =F,

It follows that « satisfies the universal equation

Uq(z) = 0.

Hence

p(z) | Ua(z).
Butifd|n

Ua(x) | Un(2)
Thus

p(x) | Un(z),
and so p(x) factorises completely in Fpn. O
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Corollary 8. Let
Ulx) =a2P" —z

over P =T,. Then the prime factorisation of U(x) takes the form

Uz)= [[ ml),

deg m(z)|n
where m(x) runs over all prime polynomials of degree d | n over P.

Corollary 9. IfII(n) = II,(n) denotes the number of prime polynomials of degree
n over the prime field P =T, then

> dr(d) = p™.
din

Proof. This follows from the previous Corollary on comparing degrees. OJ

Corollary 10. The number of prime polynomials of degree n over P =T, is given

by
1 n
=15 (3)
(n)=—~> n(5)d"
din
where p(n) is Mobius’ function:
(n) = 0 if n has a repeated prime factor
pin) = (—=1)¢ if n has e distinct prime factors.

Proof. This follows from the previous Corollary on applying Mdébius’ inversion

formula:
F(n) =Y f(d) = f(n) = > n (%) Fld).
din

dln

Example 7. The number of prime polynomials of degree 6 over P = [y is

(6) =Th(6) = ¢ (112 + u(2)2 + p(3)2° + (6)2)
_ é@6_§_22+?)
54
= %
= 9.

In determining these 9 polynomials, note that if
p(x) =co+cCc1xr+ 02.1'2 + 631‘3 + 641‘4 + 05.175 + 661‘6
is a prime polynomial of degree 6 then

1. The first and last coefficients ¢y and c¢g must not vanish:

C(]:CG:l.

2. The sum of the coefficients must be non-zero, or else 1+ 2z would divide p(z):

co+c1+ca+c3t+ca+cs+cg=1.
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This leaves just 16 possibilities.
Suppose p(z) is prime. Then so is the polynomial obtained by taking the

coefficients in reverse order
~( ) 6 1
r)=2=x - ].
p p z

For it is easy to verify that if p(x) factorises so does p(z).

So the prime polynomials of degree 6 occur in pairs, except for those which are
‘symmetrical’, ie p(x) = p(x). There are just 4 symmetrical polynomials among
the 16 we are examining, namely

T+ad 428 143+ 128 1422+ 28+t a2l 1+ a4+ 2%+ 23 2t 4 2% + 25

So 1 or 3 of these is prime; and then 4 or 3 of the remaining 6 pairs are prime.

If one of our 16 polynomials is not prime then it must have a prime factor of
degree 2 or 3. (We have excluded the prime factors z and 1 + z of degree 1.)

The number of prime polynomials of degree 2 is

while 1
1(3) = 3 (22 -2 =2.

Given that a prime polynomial of degree > 1 over Fo must have an odd number
of non-zero coefficients, as we remarked above, we see that the prime of degree 2
must be

q(z) =1+ z + 22,

while the two primes of degree 3 are
r(z) =14z 423, s(x) =14 2%+ 23,

If one of our 16 polynomials is not prime, then it is either divisible by ¢(z) or
else it is the product of 2 primes of degree 2, ie it is one of

r(z)s(z) =1+ x4+ 2% + 23 + 2t 4+ 25 + 25,
It is easy to see if a polynomial p(z) is divisible by ¢(x), since
3 —1=x—-1)(2?+z+1),

and therefore
23 =1 mod g(x).

So, for example,
px) =25+ + 22+ +1=142 42>+ 2+ 1 =2 mod g(z),

and so
q(z) [/p(z).

Dividing the 4 symmetrical polynomials of degree 6 by each of these in turn,
we see that just 1 is prime, namely the first:

14 2% + 5.
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Thus just 4 out of the 6 pairs of asymmetric polynomials are prime. We can
exclude the pair

(I4+z+22=14+22+2% A +2%+2°)? =142 425

Just one non-prime pair more to go!
It is evident that

(1424233, (1+z+2°)(1+22+2°)

are both symmetric. It follows that the last non-prime of degree 6 must be the
product of 1 4+ x + 2% and a prime of degree 4.

Now
_1

4
The 3 prime polynomials of degree 4 are

(4) = - (2* - 2%) = 3.

l+z+at 1423 +2% 1+ 422 +2°+ 2%
So our last non-prime pair is
Q+z4+2HQ+z+2Y)=1+23+ 21 +2° + 25
and its ‘conjugate’
A+z+2) 1422 +2Y) =1+2+22 +23 + a5

So if we represent the polynomial by its coefficients as a sequence of bits,

6

co + c1x + cax? + c3x3 + cqxt + 52 + g2’ — (cocrcacscacscs),

then our 9 prime polynomials of degree 6 are

(1000011)  (1100001)
(1000101) (1010001)
(1001001)
(1001011) (1101001)
(1001101) (1011001)

Definition 9. Suppose p(x) is a prime polynomial of degree d over P =TF,. Let
a be a root of p(x) in Fya. Then p(x) is said to be primitive if a is primitive.

Proposition 17. Suppose p(x) is a prime polynomial of degree d over P = F,;
and suppose a € Fpa is a root of p(x). Then the order of a in F;d 1 equal to the
order of © modulo p(x), ie the least integer e > 0 such that

p(z) [2¢ —1.
Proof. Suppose
af = 1.
Then « satisfies the equation
z¢—1=0.

But p(x) is the minimal polynomial of «. hence

p(l’) ’ € — 17
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or in other words,
¢ =1 mod p(z).

Conversely,
p(x) [z -1

~1=0
= 1.

z¢=1mod p(z) =
= o
= af

Il
Corollary 11. With the same notation, the order of x modulo p(x) divides p® —1.

Corollary 12. Suppose p(x) is a prime polynomial of degree d over P. Then p(x)
is primitive if and only if x has order p® — 1 modulo p(z).

Proposition 18. The number of primitive polynomials of degree d is

P(p? — 1)
d )

where ¢(n) denotes Euler’s function.

Proof.

Lemma 18. If a € I, is primitive, then so are all its conjugates
a, da, D2a, . ...

Proof of Lemma. Suppose ®a is not primitive. In other words ®« had degree
d < q—1. Then

(Pa)li=1 = @ (ad> =1
= o= 1,
since ® is an automorphism. O

There are ¢(p? — 1) primitive elements in F,q. Each primitive polynomial p(z)
of degree d has d of these elements as roots. Thus the number of such polynomials

1S
P(p? —1)
=

FEzample 8. The number of primitive polynomials of degree 6 over Fs is

2 —1) _ _ 4(63)
6 6
_ 63)e(D)
6
_3.2.6
N 6
= 6.

So of our 9 prime polynomials of degree 6, just 6 are primitive and 3 non-primitive.
It is a straightforward matter to establish that if p(x) is primitive then so is
its ‘conjugate’ p(x). (We leave the proof of this to the reader.) So it follows that
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our symmetric prime of degree 6 cannot be primitive (or there would be an odd
number of primitive polynomials). Let us verify this.
It is sufficient, as we have seen, to determine the order of x modulo p(z). If
p() is primitive this will be 26 — 1 = 63. In any case, it will be a factor of 63.
Taking
p(xr) =1+ 2° + b,

we have
2% = 2% + 1 mod p(z),

and so

xg = :L’6—|—m3

= 1.

Thus z has order 9 modulo p(z), and so p(x) is not primitive. (We've actually
shown that the order divides 9; but since the order of x modulo p(x) is manifestly
greater than the degree of p(x), the order must in fact be 9.)

We leave it to the student to determine which of the 4 pairs of asymmetric
primes is not primitive.

Summary: The prime polynomials over the P = F, divide
into 2 classes: primitive and non-primitive. We are able to
compute both the number of prime polynomials, and the num-
ber of primitive polynomials, of a given degree.

13-6



Appendix A

Galois Theory

A.1 The Galois Correspondence

Definition 10. Suppose G is finite group of automorphisms of the field K. Let k
be the set of fized elements under G:

k={0€ K :g0=280 for all g € G}.
Then we say that K is a galois extension of k.
We shall show that in this case
1. k is a subfield of K;
2. deg;, K is finite;
3. G is the full group of automorphisms of K over k:

G:A];ltK.

It will follow in particular from this that if K is a galois extension of k then
we can take G = Auty K; so the property depends only on K and k (and not on
G).

Examples 1. 1. The finite field
K =Fp")
is a galois extension of f(p), with
G={I,0,& . . .  ¢o" 1,
where @ is the Frobenius automorphism x — zP.

2. The Gaussian rationals
K =Q(i),

ie the field of complex numbers of the form =+ yi, where z,y € Q, is a galois
extension of Q, with

G={1,C},

where C' is complex conjugation x + yi — x — yi.



3. The quadratic number field
K =Q(v2),

ie the field of real numbers of the form = + yv/2, where z,y € Q, is a galois
extension of QQ, with

G={1,J},
where J is the map = + yv/2 — = — y/2.

4. The cyclotomic field
K =Q(w),

, is a galois extension of Q; G is the group of ¢(n) auto-
morphisms of the form

where w = 27i/n

w— W,

where ged(i,n) = 1.

Definition 11. Suppose G is a finite group of automorphisms of K. Then
For each subgroup S C G we set

F(S)={0e€ K:g90 =20 forallge S}.

2. For each subfield I C K we set
S(F)={ge€G:90=20 forall§ € F}.
As indicated above, we assume that
k=F(G),

ie k denotes the set of elements left fixed by all the automorphisms in G,
Proposition 19. Suppose G is a finite group of automorphisms of K. Then

1. For each subgroup S C G, F(S) is a subfield of K.

2. For each subfield F C K, S(F) is a subgroup of G.

3. If S is a subgroup of G then

S C SF(S);
4. If F is a subfield of K then
F C FS(F);
5. If S, T are subgroups of G then
SCcT = F(S)DFT);,

6. If E, F are subfields of K then

ECF = S(E)>S(F);



7. For each subgroup S C G,
FSF(S) = F(S).

In other words,
FSF=F.

8. For each subfield F' C K,
SFS(F)=S8(F).

In other words,
SFS =S8.

Proof. All these results are immediate, except perhaps the last two.
For (7) we note that by (3)

S c SF(S).

Hence
F(S) D F(SF(9)),

by (5). On the other hand,
F(S) C FS(F(9)),

on applying (4) with F(5) in place of F'.
The last part (8) is proved similarly. d

It follows from the last 2 parts of this Proposition that if F' = F(S), ie if F'is
the fixed field of some subgroup S C G, then

FS(F) = F;

and similarly, if S = S(F'), ie if S is the invariant subgroup of some subfield F' C K
then
SF(S)=2S5.

We shall show that every field F' between k£ and K is the fixed field of some
subgroup, and every subgroup S C G is the invariant group of some subfield.
It will follow from this that the mappings

S F(S), F— S(F)

establish a one-one correspondence between the subgroups of G and the subfields
of K containing k. That is the Fundamental Theorem of Galois Theory.

A.2 Towers of Extensions
Proposition 20. Suppose F' is a subfield of K containing k,
kCFCK;
and suppose degy F' and degp K are both finite. Then deg;, K is finite, and

deg;, K = deg, I - degp K.
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Proof. Let {e1,...,¢.} be a basis for F over k; and let {m1,...,ns} be a basis for
K over F. Then the rs elements

gnj (1<i<r, 1<j<s)

form a basis for K over k.
For any 6 € K is uniquely expressible in the form

0= Z fjnj’

1<j<s
with &1,...,& € F. But now each &; is uniquely expressible in terms of the ¢;:
§ = Z Qij€i,
1<i<r

where a;; € k, giving

0= Z aij€iny,
1]

A.3 Algebraic Extensions

Recall that an element 8 € K is said to be algebraic over the subfield & if it
satisfies a polynomial equation

1

2"+ 4, =0

with coefficients ¢; € k.
We say that K is an algebraic extension of k if every element 6 € K is algebraic
over k. The algebraic extension K over k is said to be simple if

K =k(a)
for some a € K. If this is so, and m(x) is the minimal polynomial of a over k then
deg;. K = degm(x),
with each element 8 € K uniquely expressible in the form
d—1

0=co+cra+--+cqg1a" 7,

where d = deg m(x).
Proposition 21. An extension of finite degree is necessarily algebraic.

Proof. Suppose deg;, K = d; and suppose § € K. The d + 1 elements
1,6,02,..., 6%
must be linearly dependent over k, ie we can find cg, cy,...,cq € k such that
co+01«9+---+cd9d:().
In other words 6 is a root of the polynomial

co—i—clac—i—-'-—i—cdacd:O.

Corollary 13. If 0 is algebraic over k then the extension k(0) is algebraic.

A4



A.4 Conjugacy

We suppose in this Section that G is a finite group of automorphisms of the
field K, and that k = F(G).
Definition 12. Suppose 6§ € K. Then the elements g0(g € G) are called the
conjugates of 6.

The argument used in the proof of the following Proposition is frequently
encountered in galois theory.

Proposition 22. Suppose 0 € K. Let the distinct conjugages of 6 be
0=201,0s,...,04
Then the minimal polynomial of 0 is
m(x)=(x—01) - (x—by).

Proof. Consider the action of the automorphism g € G on m(z). It is easy to see
that g simply permutes the factors of m(z):

mf(z) = (z—g61) - (z— gba)
= (x—61) - (z—06y)
= m(x).

It follows that the coefficients of m(x) are invariant under all g € G, and so lie in
the groundfield k:

Thus m(x) is a polynomial over k satisfied by 6. If M (z) is the minimal polynomial
of 6, therefore,
M(z) | m(x).

But on applying the automorphism g € G
M) =0= M(g0) =0,

since g leaves the coefficients of M (x) fixed. Thus every conjugate 6; of € is a
factor of M (x), and so
m(x) [ M(z).

Hence M (x) = m(z), ie m(z) is the minimal polynomial of 6. O
Corollary 14. If 8 € K has d distinct conjugates then
d = deg, k(0).

Recall that the polynomial p(z) is said to be separable if it has distinct roots.
We say that 6 is separable over k if it is algebraic over k£ and its minimal polynomial
m(x) is separable; and we say that the algebraic extension F' of k is separable if
every element of F' is separable over k.

In characteristic 0 (which is the case we are chiefly interested in), every alge-
braic element is separable; for if g(x) = ged(m(x), m'(z)) then g(x) | m(x), and so
g(z) = 1.

However, in finite characteristic p this argument may break down, since m/(x)
may vanish identically. This happens if (and only if) m(z) contains only powers
of xP, say

m(z) = M(zP).

In fact this cannot happen in our case; for we have seen that each element 6 € K
satisfies an equation over k with distinct roots 6;.
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Corollary 15. K is a separably algebraic extension of k.

Proposition 23. Suppose
F = k(9),

where 8 € K. Then
degy, F - |S(F)[| = |G-

Proof. Suppose 0 has d conjugates. Then
degk k(g) = d)

by the Corollary to the last Proposition.
On the other hand
S(F)={geG: g0 =0}

for if g leaves 6 fixed then it will leave every element of k(f) fixed.
Let S = S(F). Then

910 = g0 = g;'q10=10

1y

This establishes a one-one correspondence between the conjugates of # and the
cosets of S. Hence the number d of conjugates is equal to the number of cosets, ie

d=[G[/1S]l

Thus
degy k(0) - [|S|| =d-[|S| =[G,

as required. O

A.5 The Correspondence Theorem

Theorem 9. Suppose G is a finite group of automorphisms of the field K; and
suppose k = F(QG) is the field of fixed elements under G. Then

1. The maps
S F(5), F— S(F)

establish a one-one correspondence between subgroups S C G and subfields
F C K containing k.

2. If S and F correspond in this way then

IS - degy F = (|G-

3. In particular

deg;, K = |G-
4. Fach subfield F is a simple extension of k:

F = k().

5. G is the full group of isomorphisms of K :
G= A]?t K.
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Proof. Let us assume that deg;, K < oo, as is implied by (3). We shall show at
the end of the proof that this assumption is justified.

We argue by induction on G. Thus we may assume the result true for all
proper subgroups S C G.

To establish the correspondence we have to show that SF(S) = S for every
subgroup S C G, and FS(F') = F for every subfield F' C K containing k.

Lemma 19. For each subgroup S C G we have
SF(S)=S5.

Proof of Lemma. This follows at once on applying our inductive hypothesis with
S in place of G, and k' = F(S) in place of k. For the last part of the Theorem

tells us that S is the full group of automorphisms of Auty K). O
Lemma 20. Suppose
kCc F.F' C K;
and suppose
©:F = F

s an isomorphism over k. Then © can be extended to an automorphism of K over

k.

Putting the matter the other way round, © is the restriction to F' of some
g € Auty K.

Proof of Lemma. Suppose 0 € K \ F. Let
m(z) = (z—01) - (x — 0g) = 2%+ a4+ + 4

be the minimal polynomial of 8 over F.
We know that the minimal polynomial of 6 over k is of the form

M(z) = (z — g10) -+ (x — g:0),

where g10, ..., g-0 are the distinct conjugates of 0. Since m(x) | M (X), we deduce
that (1) the roots of m(z) are distinct, and (2) these roots are all of the form g6.
Now consider the transform of m(z) under ©,

m () = 2% + (©7)a" + -+ (O74),

Since
m®(x) | M®(z) = M(x),

we see that m®(z) factorises completely in K.
Let 6 be any root of m®(z). We extend © to a map

0 : F(0) — F'(¢)
as follows. Suppose ¢ € F (0, say ¢ = p(), where p(z) € F[z]. Then
¢ = p(0) — &' =p°(¢).
This is well-defined, since
p(0) = 0= m(2) | p(z) = m®(2) | p° () = p°(¢) = 0.

Since ©’ clearly preserves addition and multiplication, it is an isomorphism ex-
tending © to F(0).
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We can extend the isomorphism repeatedly in this way to
F(64,...,0,

until finally we must reach K since we are assuming that deg, K is finite.

As it stands, we only know that this extension is an endomorphism of K.
However, a linear transformation ¢ : V' — V of a finite-dimensional vector space
V' is bijective if and only if it is injective (that is, if dett # 0). Thus we have
extended the isomorphism © to an automorphisms g € Auty K. O

Lemma 21. Suppose
kCcFCK.

Then
deg, - [|S(F)| = |G|

Proof of Lemma. We argue by induction on deg; F'. Let us suppose the result
holds for F'; and suppose 6 € K \ F. Let

m(z) = (z = 61) - (z - ba)

be the minimal polynomial of 8 over F'. In the proof of the last Lemma we showed
how to construct an isomorphism F'(6) — F(6;) for each root 6; of m(z). These
isomorphisms extend — by the same Lemma — to automorphisms

gl,...,gdGA;ltK:S(F).

Let S = S(F); and suppose g € S. Since g leaves m(z) unchanged, g0 = 0; for
some . It follows that g restricts on F'() to one of our d isomorphisms, say the
restriction of g;. But then g, 1y leaves 0 fixed, and so leaves every element of
F' = F(0) fixed:

gilgeS(F) =9,

say. We deduce that
S:gls'u---UgdS’.

Thus
IS]| = degp F" - [|S"]I;
and so
degy, F' - ||S']] = degy F - degp ' - [|S]
= deg, F'- || 5]
= &l
by the inductive hypothesis. O

Applying this Lemma with F' = K,

since S(K) = {e}.

Lemma 22. For each subfield FF C K containing k we have

FS(F) = F.



Proof of Lemma. We know that
F'=FS(F)DF,

and that
S(F')=SFS(F) =S(F).

Thus from the last Lemma,

1= IE
ISCEDI ISl

degy, F' = = degy, F.

Hence
F'=F,

by Proposition 0. O

Lemma 23. Suppose V' is a vector space over an infinite field k; and suppose
Ui,...,U, are subspaces of V. Then

V= |J ti=Vv=0

1<i<r
for some 1.

Proof of Lemma. Suppose to the contrary that the U; are all proper subspaces of
V. We may suppose r minimal, so that

UlU"'UUrfl#V

Let
v eV, U¢U1U~--UUT_1;

and let
weV, wé¢U,.

Consider the “line”
u=v+tw (t€k).

This cuts each U; in at most one point; for if there were 2 such points then the
whole line would lie in U;. Thus if we choose t to avoid at most r values we
can ensure that u = v + tw does not lie in any of the subspaces, contrary to
supposition. O

Lemma 24. Suppose k C ' C K. Then F is a simple extension of k:
F =Ek(0).

Proof of Lemma. If k is finite, then so is F', and the result follows from the fact
that a finite field F' is a simple extension of every subfield k C F, eg F' = k(m),
where 7 is a primitive root of F.

We may suppose therefore that k is infinite. By Lemma P2, each subfield
F C K containing k corresponds to the subgroup of S(F) C G. Thus there can
only be a finite number of such subfields.

It follows by the last Lemma that we can find § € F not belonging to any
proper subfield of F' containing k. But then k(#) must be the whole of F:

k(0) = F.



Lemma 25. G is the full group of automorphisms of K over k:
G= A]ilt K.

Proof of Lemma. By the last Lemma,
K = k(0).
By Proposition P2 6 has minimal equation
m(z) = (z — g10) - (x — gnb),

where ¢g1,...,9n, € G.
Every automorphism © of K over k must send 6 into one of these conjugates
gf. But this determines the automorphism completely. Hence © = g. O

It only remains to show that deg;, K is finite. Suppose not. Then we can
certainly find 64, ...,6, such that

degy k(01,...,60,) > ||G]|.
Now adjoin all the conjugates m#; of these elements; and let
F = k(91917 ce 7gm9n)

be the resulting subfield of K. Every automorphism g € G sends F' into itself,
since it merely permutes the elements g;0;. We can therefore apply the Theorem
in this case, since deg; F' < co. But then we conclude that

contrary to construction. ]

Corollary 16. Suppose K is a galois extension of k; and suppose F' is a subfield
of K containing k:
kCFCK.

Then K is a galois extension of F.
Corollary 17. Suppose K is a finite extension of k. Then
A]Bt K <deg; K,

with equality if and only if the extension is galois.
Proof. First we must show that G = Auty K is finite. Suppose
K =Fk(61,...,0,).

Let m;(z) be the minimal polynomial of ;. Then each automorphism g € G must
send 6; into another root gf; of m;(x). Thus there are only a finite number of
choices for each g#;; and since g is completely determined by the gf;, there are
only a finite number of choices for g.

Now we can apply the Theorem. Let

F=FG)={0e K:g0=0forall g G}.

Then

|G|l = degp K < deg;, K,
with equality if and only if FF = k, in which case the extension is galois, by
definition. O
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A.6 Normal Subgroups and Galois Extensions
Proposition 24. Suppose F' is a subfield of K containing k:
kCFCK.

Then K is sent into itself by every g € G = Auty K if and only if S(G) is a normal
subgroup of G; and if this is so then

G
Proof. We know that
F =Fk(0)

for some 6 € K, by Theorem P(5). Let the conjugates of 6 be
01 =0,05=go0,...,04 = g4b.
The automorphism g € G carries k(6) into itself if and only if
g0 € k(0).
But 6 and ¢gf have the same minimal polynomial, and so

degy, k(g0) = degy, k(6).

Thus
g0 € k(0) <> k(g0) = k(0).
Now
S (k) = {heG:hgd=gb}
= {heG:g 'hgt =0}
= gS(k(0)g™"
Thus

k(g0) = k(0) <= S (k(g0)) = S (k(0)) <= g~ Sg = S,

where S = S(k(0)). In particular every g € G sends k(0) into itself if and only if
g 'Sg =S for all g, ie S <1 G.

In this case, two automorphisms g, h € GG induce the same automorphism of F'
if and only if they map 6 into the same element. But

g =hl <<= hlgh=46
— hlges
< hS =gS.

Thus the induced automorphisms of F' are in one-one correspondence with the
cosets of S, ie with the elements of the quotient-group G/S. It follows that

Al?tF =G/S.

We note that these must be all the automorphisms of F' over k, by Theorem [(6).
O
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A.7 Splitting Fields

Definition 13. The extension F' of k is said to be a splitting field for the polyno-
mial p(z) € klz] if

1. p(x) splits completely in F':
p(@) = (z—=01) - (x—0a) (0i€F).
2. F is generated by the roots of p(x):
F=kb,...,00).

Proposition 25. Suppose K is a splitting field for the separable polynomial p(z).
Then K is a galois extension of k.

Proof. Certainly
K =Fk(b1,...,0q)

is of finite degree over k, by Proposition BJ. Thus we may argue by induction on
deg;, K.

First let us dispose of the case in which k is finite. In this case K is a galois
field

K = Fp");

and we know that F(p") is a galois extension of all its subfields Fp™) (where

We may therefore assume that k is infinite. Let F' be a minimal subfield of
K containing k. Evidently K is the splitting field for p(x) over F. Thus by our
inductive hypothesis K is a galois extension of F'.

There are 2 cases. Suppose first that there are two (or more) minimal subfields,
F; and F5. Then

f(G) CFNFy=k.

Hence K/ is galois.

Now suppose F' is the unique minimal subfield. Since K/F is galois, K has
only a finite number of subfields. By Lemma B3 we can choose ¢ € K not in any
of these subfields; and then

K = k(9).
Let m(x) be the minimal polynomial of ¢.
We can express ¢ as a polynomial in 61, ..., 04, say
o= f(01,...,0q).

For each permutation w € Sy, let

¢71' = f (071'(1)7 cee 97{'((1)) (7T S Sd)
The coefficients of the product

P(a) = ] (@ - 6x)

TESY

are all symmetric functions of 64, ...,60y4, and so lie in k:
P(z) € k[z].
It follows that all the roots of the minimal polynomial of #, say
m(z) = (x—01)...(x —0y),
all lie in K.
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Lemma 26. FEvery element 0 € K is separable, ie 0 is the root of a separable
polynomial.

Proof of Lemma. Let
g(z) = ged(m(z), m/(x)).
Then
g(x) | m(z).

Since m(x) is irreducible, this implies that either g(x) is constant, in which case
m(z) is separable, or else m/(x) vanishes identically.

This is impossible in characteristic 0; so we need only consider the case of finite
characteristic p.

In that case m/(z) = 0 if and only if m(x) contains only terms with powers

". in other words,

P
m(z) = M(2P) = " + 1?7 4. 4 ¢,
It is easy to see that the pth powers form a subfield of K, say
KPP ={6F:0¢c K}.
Suppose K? # K. If KP =k then
0? €k

for each of the roots 6; of the generating polynomial p(z). In other words, 6
satisfies an equation
2P — 0 = (x—6;,)P =0

over k. But since p(x) is separable, so is the minimal polynomial of 6;. It follows
that 6; € k. Since this must hold for all the generators ;, K = k and the result is
trivial.
We may assume therefore that F' = KP? is a non-trivial subfield of K. Thus we
can apply our inductive hypothesis, and deduce that the extension K/KP is galois.
But if 8 € K then 07 € KP, and 6 has minimal polynomial

P — 6P = (z — 6)P.
It follows that every automorphism of K over K? will leave 0 fixed. Hence
G(K/K?) = {e},
and so the extension K/KP is not galois, contrary to hypothesis. OJ

We have shown that K = k(f), where the minimal polynomial m(z) of 6 splits
completely in K into distinct factors:

m(x) = (x—01) - (x —0y).

For each root 6;, the map
p(6) — p(6;)

defines an automorphism of K over k. Thus

degp k=d < HAl?tKH

It follows that K is a galois extension of k, by Corollary 2 to Theorem [. O
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Appendix B

The Normal Basis Theorem

As we have seen, we can regard a finite field F' as a vector space over its prime
subfield P. We often want to construct a basis for this vector space.

The simplest way to choose such a basis is to pick an element o € F' whose
minimal polynomial has degree n—or equivalently, such that F' = P(«). (For
example, any primitive root of F' will have this property.) For then the elements

{1,04,042,...,04”_1}

are linearly independent, and so form a basis for F.
However, it is sometimes preferable to use a more specialized basis, namely
one consisting of a complete family of conjugates

n—1
{%7”7--.,71” }

Such a basis is said to be mormal; and the Normal Basis Theorem asserts the
existence of normal bases in every finite field.

Theorem 10. There exists an element a € ' = Fp") whose n conjugates

a, o, ..,

form a basis for F' over its prime subfield P.

Our proof of this theorem is based on a straightforward but perhaps unfamiliar
result from linear algebra.
Suppose
T:V->V

is a linear transformation of the finite-dimensional vector space over the scalar
field k. Let m(x) be the minimal polynomial of T'.

(Recall that m(x) is the polynomial of least degree satisfied by T', taken with
leading coefficient 1. It has the property that

p(T) = 0 <= m(z)|p(z),
as is readily seen on dividing p(z) by m(x):
p(x) = m(x)q(x) +r(x)  (degr(z) < degm(x))

(Incidentally, there certainly do exist polynomials p(x) such that p(T) = 0.
For the space hom(V, V) of all linear maps T : V — V has dimension n?; and so
the linear maps

I,T,72,.... 7"
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must be linearly independent, ie T satisfies an equation of degree < n?. In fact,
by the Cayley-Hamilton Theorem T satisfies its own characteristic equation

xr(z) =det(zl —T);

so the minimal polynomial of T" actually has degree < n. But we don’t need this.)
We can extend this notion of minimal polynomial as follows. Suppose v € V.
Consider the set of polynomials

This set is an ideal in the polynomial ring k[z], ie it is closed under addition, and
under multiplication by any polynomial in k[z]. It follows—since k[x] is a principle
ideal doman—that I(v) consists of all the multiples of a polynomial m,(z). (It
is easy to prove this result directly, taking m,(x) to be a polynomial of minimal
degree in I(v).) The main properties of this polynial are summarised in

Lemma 27. 1. my(x)||m(x) for allve V.
2. m(z) = lemyey my(z).
3. If u= f(T)v for some polynomial f(x) then my(z)||m,(z).

4. Ifuy,v € V and my(x), my(z) are co-prime then
Mo () = M ()M (2).
Proof. 1. Since m(T) = 0, it follows that m(T)v = 0 for all v, and so
my()||m ().
2. It follows from the above that

f(z) = lemm (2)

is defined, with f(z)|/m(z). But

for all v € V, and so

Hence f(x) = m(x).
3. We have
my(T)u = my(T) f(T)v = f(T)my(T)v = 0.
Hence my,(z)||my(z).
4. Clearly
My () |10 ()10 ().

Let
w = my(T)(u+v) = my(T)v;

and let f(x) = my(x). Then



and so
ey () || f () ().
But since my, (), m,(x) are coprime, this implies that

my ()| f(2)-

On the other hand, by part 3 of the Lemma,

Hence
mv(‘r)Hmu-i-v(x)v

and similarly
M (2) || Mo (2).

Since my,(x), m,(z) are coprime, this implies that

1, (€)1 () [ Mt (),

from which the result follows.
O

Lemma 28. There exists a vector v (sometimes called a cylic vector of T') such
that my(x) = m(x).

Proof. Let
m(z) = p1(z)“ pa(2)® - pr(z)”

be the expression for the minimal polynomial m(x) of T" as a product of prime
polynomials.

From part 2 of the Lemma above, for each i(1 < i < r) we can find a vector
u; whose minimal polynomial is divisible by p;(z)¢, say

My, (1) = pi(x)* fi(x).

But then
v; = [i(T)u;

has minimal polynomial p;(z)®.
Now from part 4 of the Lemma above, if we set

V=01 U2 A Uy

then
my(z) = m(z).

We shall apply this result to the fundamental automorphism 7 of Fp").

Proof. Since 7w : F — F'is a linear transformation, we can apply the Lemma above.
The minimal polynomial of 7 is

m(z) =a" — 1.

For 7 satisfies m(x) = 0; and it cannot satisfy any equation of lower degree. For
suppose
C()?Td + Clﬂ'dil +...Cq = 0.
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Then every element a € F satisfies the equation
coxpd + clmpd_l +...¢cqg=0.

But that is a contradiction, since the polynomial on the left has at most p¢ roots.
By the Lemma, we can find a cyclic vector of 7, ie an element o € F' whose
minimal polynomial is " — 1. But this implies in particular that

n—1

a,ma,a,.. .,

are linearly independent, and so form a basis for F' over P. O
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