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Introductory Remarks.

The former Essay™ contained a general method for reducing all the most important prob-
lems of dynamics to the study of one characteristic function, one central or radical relation.
It was remarked at the close of that Essay, that many eliminations required by this method
in its first conception, might be avoided by a general transformation, introducing the time
explicitly into a part S of the whole characteristic function V'; and it is now proposed to fix
the attention chiefly on this part S, and to call it the Principal Function. The properties
of this part or function S, which were noticed briefly in the former Essay, are now more
fully set forth; and especially its uses in questions of perturbation, in which it dispenses with
many laborious and circuitous processes, and enables us to express accurately the disturbed
configuration of a system by the rules of undisturbed motion, if only the initial components
of velocities be changed in a suitable manner. Another manner of extending rigorously to
disturbed motion the rules of undisturbed, by the gradual variation of elements, in number
double the number of coordinates or other marks of position of the system, which was first
invented by LAGRANGE, and was afterwards improved by POISSON, is considered in this Sec-
ond Essay under a form perhaps a little more general; and the general method of calculation
which has already been applied to other analogous questions in optics and in dynamics by
the author of the present Essay, is now applied to the integration of the equations which
determine these elements. This general method is founded chiefly on a combination of the
principles of variations with those of partial differentials, and may furnish, when it shall be
matured by the labours of other analysts, a separate branch of algebra, which may be called
perhaps the Calculus of Principal Functions; because, in all the chief applications of algebra
to physics, and in a very extensive class of purely mathematical questions, it reduces the
determination of many mutually connected functions to the search and study of one principal
or central relation. When applied to the integration of the equations of varying elements, it
suggests, as is now shown, the consideration of a certain Function of Elements, which may be
variously chosen, and may either be rigorously determined, or at least approached to, with
an indefinite accuracy, by a corollary of the general method. And to illustrate all these new
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general processes, but especially those which are connected with problems of perturbation,
they are applied in this Essay to a very simple example, suggested by the motions of projec-
tiles, the parabolic path being treated as the undisturbed. As a more important example,
the problem of determining the motions of a ternary or multiple system, with any laws of
attraction or repulsion, and with one predominant mass, which was touched on in the former
Essay, is here resumed in a new way, by forming and integrating the differential equations of
a new set of varying elements, entirely distinct in theory (though little differing in practice)
from the elements conceived by LAGRANGE, and having this advantage, that the differentials
of all the new elements for both the disturbed and disturbing masses may be expressed by
the coefficients of one disturbing function.



Transformations of the Differential Equations of Motion of an Attracting or Repelling System.

1. Tt is well known to mathematicians, that the differential equations of motion of any
system of free points, attracting or repelling one another according to any functions of their
distances, and not disturbed by any foreign force, may be comprised in the following formula:

».m(z"dx + 'Sy + 2"62) = 6U : (1.)

the sign of summation ¥ extending to all the points of the system; m being, for any one
such point, the constant called its mass, and x y z being its rectangular coordinates; while
x” y" 2" are the accelerations, or second differential coefficients taken with respect to the
time, and dz, dy, dz are any arbitrary infinitesimal variations of those coordinates, and U is
a certain force-function, introduced into dynamics by LAGRANGE, and involving the masses
and mutual distances of the several points of the system. If the number of those points be
n, the formula (1.) may be decomposed into 3n ordinary differential equations of the second
order, between the coordinates and the time,

51/ (Sl/ 51/
12 12 12
' dx;’ MY 0Y; m 02; 2)

m;xT

and to integrate these differential equations of motion of an attracting or repelling system,
or some transformations of these, is the chief and perhaps ultimately the only problem of
mathematical dynamics.

2. To facilitate and generalize the solution of this problem, it is useful to express previ-
ously the 3n rectangular coordinates x y z as functions of 3n other and more general marks
of position 11 12 ... n3,; and then the differential equations of motion take this more general
form, discovered by LAGRANGE,

d 6T 6T &U

do on o ow )

in which
T =1x.m(x”+y?+2"7). (4.)
For, from the equations (2.) or (1.),
ou _ iy 0T n 0y y 0z )
on; m (x i v 07 e 07
d , 0x , 0y , 02
_ b (0T 0y 0% 5.
dth(mém—Fyém—kzém (5.)
-n.m x’15$+ ,i5y+z,iéz ;
’ dt om; y dt om; dtén; )’ )
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and

>.m x'ié—x+ 4 %y —l—z'i 0z

) 7.
=3 m(m’éx/%—y'(s—?/—kz’d—%)—éT "

on; on; on: ) oy’

T being here considered as a function of the 6n quantities of the forms 1’ and 7, obtained by
introducing into its definition (4.), the values

ox ox o
CL'/: /_+ /_+...+ /n—’ &ec. 8.
Mo ™ o, T 1 )

A different proof of this important transformation (3.) is given in the Mécanique Ana-
lytique.

3. The function T, being homogeneous of the second dimension with respect to the
quantities 1, must satisfy the condition

2T = 5.1 —; (9.)

orT oT
0T = —on' + —9§ 10.
5 (00 + 50m) (10)
we see that this variation may be expressed in this other way,
or 6T
0T = '§— — —dn ). 11.
) (77 57 B n) (11.)
If then we put, for abridgement,
orT oT
oL _ = s, 12.
o Y Ml 12
and consider T' (as we may) as a function of the following form,
T:F(wl,YDQ,... W3n,MN1y12, - - - ’173”), (13)
we see that 57 .
- =p ... /= 14.
6w1 5B 5w3n N3n s ( )
and 5F 6T SF oT
m o dM3n 0M3n



and therefore that the general equation (3.) may receive this new transformation,

= ) 16.
If then we introduce, for abridgement, the following expression H,
H=F—-U=F(w,@2,... @W3n,M1,M2,--- 13n) — U(01,M2, - M3n), (17.)

we are conducted to this new manner of presenting the differential equations of motion of a
system of n points, attracting or repelling one another:

%_M{. dwoy OH

dt ~ dwy’ dt — om’
dp _ OH — dwy _ OH
dt (5@'2’ dt 5?72, (A)

dnzn . 0H ) dwsy, _ o0H
dt N 5@3,17 dt N 57’]3n. J

In this view, the problem of mathematical dynamics, for a system of n points, is to integrate
a system (A.) of 6n ordinary differential equations of the first order, between the 6n variables
n; w; and the time t; and the solution of the problem must consist in assigning these 6n
variables as functions of the time, and of their own initial values, which we may call e; p;.
And all these 6n functions, or 6n relations to determine them, may be expressed, with perfect
generality and rigour, by the method of the former Essay, or by the following simplified
process.

Integration of the Equations of Motion, by means of one Principal Function.

4. If we take the variation of the definite integral

S = /Ot (2 .wg—g - H) dt (18.)

without varying t or dt, we find, by the Calculus of Variations,

t
oS :/ 55’ . dt, (19.)
0

in which SH
S'=%.w— —H, (20.)

dw

and therefore SH O SH

I _ e 21.
0S ¥ (wééw 5 517) , (21.)



that is, by the equations of motion (A.),

dn dw d
/_ — —
6S —E(wédt + p o ) dtz . On; (22.)

the variation of the integral S is therefore
05 = ¥(w dn — poe), (23.)

(p and e being still initial values,) and it decomposes itself into the following 6n expressions,
when S is considered as a function of the 6n quantities 7; e;, (involving also the time,)

3S 35
w1 = 5771 p1 = _Ev
0S5 S
wa = %7 P2 = _E7 (B)
0SS 05
i = 5773n7 Pan = _5€3n’

which are evidently forms for the sought integrals of the 6n differential equations of motion
(A.), containing only one unknown function S. The difficulty of mathematical dynamics is
therefore reduced to the search and study of this one function S, which may for that reason
be called the PRINCIPAL FUNCTION of motion of a system.

This function S was introduced in the first Essay under the form

S:/Ot(TJrU)dt

the symbols T" and U having in this form their recent meanings; and it is worth observing, that
when S is expressed by this definite integral, the conditions for its variation vanishing (if the
final and initial coordinates and the time be given) are precisely the differential equations of
motion (3.), under the forms assigned by LAGRANGE. The variation of this definite integral S
has therefore the double property, of giving the differential equations of motion for any
transformed coordinates when the extreme positions are regarded as fixed, and of giving the
integrals of those differential equations when the extreme positions are treated as varying.

5. Although the function S seems to deserve the name here given it of Principal Function,
as serving to express, in what appears the simplest way, the integrals of the equations of
motion, and the differential equations themselves; yet the same analysis conducts to other
functions, which also may be used to express the integrals of the same equations. Thus if we

put
Q= /( 2175—+H)dt (24.)
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and take the variation of this integral ) without varying ¢ or dt, we find, by a similar process,
0Q = X(ndw — edp); (25.)

so that if we consider ) as a function of the 6n quantities w; p; and of the time, we shall
have 6n expressions
0Q _0Q

) € =
(5@2' ’ 5])1

which are other forms of the integrals of the equations of motion (A.), involving the function @
instead of S. We might also employ the integral

t
V= /Ew—dt /wdn, (27.)
0

which was called the Characteristic Function in the former Essay, and of which, when con-
sidered as a function of the 6n 4+ 1 quantities n; e; H, the variation is

ni =+ (26.)

8V = X(wdn — pde) + toH. (28.)

And all these functions S, @), V', are connected in such a way, that the forms and properties
of any one may be deduced from those of any other.

Investigation of a Pair of Partial Differential Equations of the first Order, which the Principal
Function must satisfy.

6. In forming the variation (23.), or the partial differential coefficients (B.) of the Princi-
pal Function S, the variation of the time was omitted; but it is easy to calculate the coefficient

— corresponding to this variation, since the evident equation

5t
dS 65 S dn

a o e (2.
gives, by (20.), and by (A.), (B.),
5S , OH
2 g _— .
5t S —-Y.w 5w (30.)

It is evident also that this coefficient, or the quantity —H, is constant, so as not to alter
during the motion of the system; because the differential equations of motion (A.) give

H H H
dH _ (5 dy 6 dw): (31

dt S dt 0w dt

If, therefore, we attend to the equation (17.), and observe that the function F' is necessarily
rational and integer and homogeneous of the second dimension with respect to the quantities
w;, we shall perceive that the principal function S must satisfy the two following equations
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between its partial differential coefficients of the first order, which offer the chief means of
discovering its form:

@ L F (ﬁ 0S oS
ot om ony " 67an
0S I ((55 0S 0S

5t der’ dea’ " dean

— N1, M25 - N3 n) =U(n,m2,--- M3n),
(C)

,€1,€2,... egn) = U(el,eg,... €3n).

Reciprocally, if the form of S be known, the forms of these equations (C.) can be deduced
from it, by elimination of the quantities e or n between the expressions of its partial differential
coefficients; and thus we can return from the principal function S to the functions F' and U,
and consequently to the expression H, and the equations of motion (A.)

Analogous remarks apply to the functions @ and V', which must satisfy the partial
differential equations,

_@M(wl,@,...?%, 00 06 5Q):U(5Q 0w 5Q),

ot 5@17 5@2, o 5W3n 5w1’5w2"” 5@3n

_@+F( _0Q 0@ 5Q) U(_@_@ _5Q)
St P1,P2, -+ P3n; 5p1’ opy (5p3n oo ope " opar )
(32.)
and oV 6V %
(—,—,--- M1 7M2, - - - ?73n> =H+Um,m2,-- M3n),
oni 0ma 0N3n (33)
oV oV oV '
Fl— = . . @ — cesn | =H €2, .. €3n).

General Method of improving an approximate Expression for the Principal Function in any
Problem of Dynamics.

7. If we separate the principal function S into any two parts,
S1+ 5, =185, (34.)

and substitute their sum for S in the first equation (C.), the function F', from its rational
and integer and homogeneous form and dimension, may be expressed in this new way,

F(ﬁ 0S ) —F((SSI 051 ) )
57]1,...—67]3“,7’]1,...7’]3n 5771 67]3”,?’]1,...?’]n
051\ 059 051\ 059 055 059
+F’(—> +- --+F’< ) +F<—,...—, Ve n)
om ) om OM3n ) ONan om g T
051 551 ) (552 552 )
=F e T3n | — F Ly T3
(5”71 5773n n s 5771 5773n n s
0S "\ 059 05 059
() e () 2
om (5771 0n3n ) OM3n J
(35.)



because

- @?) _ (gj) L (f;j%) | (36,
555\ 88 5S 05
».F (—2)—2:2F (—2 —2,n1,--~n3n); (37.)

and since, by (A.) and (B.),

H  dy,
P (%) Py = 2 (38.)

and

we easily transform the first equation (C.) to the following,

as ) 0S 0S
—2:——1+U(m,---773n)—F<57711 57731,771,.--77371)

oS oS
+F(_2 277717"'77n)7
om’ Onsn

which gives rigorously

¢ 85, 551 551 )}
So= [ 1= LUy, .. man) — F e man | bt
2 /O { 50 (M1, M3n) ( 5 Niy-- M3

t
+/ F (gSQ L B n3n) dt,
0 m’ 03
supposing only that the two parts S7, 99, like the whole principal function S, are chosen so
as to vanish with the time.

This general and rigorous transformation offers a general method of improving an ap-
proximate expression for the principal function S, in any problem of dynamics. For if the
part S be such an approximate expression, then the remaining part So will be small; and the
homogeneous function F' involving the squares and products of the coefficients of this small
part, in the second definite integral (E.), will be in general also small, and of a higher order
of smallness; we may therefore in general neglect this second definite integral, in passing to

a second approximation, and may in general improve a first approximate expresssion S; by
adding to it the following correction,

LS, 55, 38
O R (- S S | PR
= 5 (M, - N3n) oo B T (F.)

(E.)

in calculating which definite integral we may employ the following approximate forms for the
integrals of the equations of motion,

(SSl 551 551

plZ—E, P2 = — 562 -eo P3n = —

e (39.)
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expressing first, by these, the variables 7; as functions of the time and of the 6n constants e; p;,
and then eliminating, after the integration, the 3n quantities p;, by the same approximate
forms. And when an improved expression, or second approximate value S; + ASy, for the
principal function S, has been thus obtained, it may be substituted in like manner for the
first approximate value Si, so as to obtain a still closer approximation, and the process may
be repeated indefinitely.

An analogous process applies to the indefinite improvement of a first approximate ex-
pression for the function @ or V.

Rigorous Theory of Perturbations, founded on the Properties of the Disturbing Part of the
whole Principal Function.

8. If we separate the expression H (17.) into any two parts of the same kind,

Hy + Hy = H, (40.)
in which
Hl = Fl(w17w27 <o W3n, N1, M2, - - 773?1) - U1(77177727 s 773n)7 (41)
and
H2 = F2(w17w27 - W3n, N1, M2, - - 773n) - U2(7717772; s 773n)7 (42)

the functions Fy Fs Uy Us being such that
i+ F,=F U +U;=U,; (43)

the differential equations of motion (A.) will take this form,

d??i o 5H1 5H2 dwz . (SHl 5H2

and if the part Hy and its coefficients be small, they will not differ much from these other

differential equations,

dt N (5@1', dt N 57}1'7 ( ’
so that the rigorous integrals of the latter system will be approximate integrals of the former.
Whenever then, by a proper choice of the predominant term H1, a system of 6n equations such
as (H.) has been formed and rigorously integrated, giving expressions for the 6n variables n; w;
as functions of the time ¢, and of their own initial values e; p;, which may be thus denoted:

N = ¢i(t,e1,€2,... €30,D01,D2,--- P3n), (44.)

and

w; =it e1,€2,... €3n,D1,D2, .- D3n); (45.)
the simpler motion thus defined by the rigorous integrals of (H.) may be called the undisturbed
motion of the proposed system of n points, and the more complex motion expressed by the
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rigorous integrals of (G.) may be called by contrast the disturbed motion of that system; and
to pass from one to the other, may be called a Problem of Perturbation.

9. To accomplish this passage, let us observe that the differential equations of undis-
turbed motion (H.), being of the same form as the original equations (A.), may have their
integrals similarly expressed, that is, as follows:

S 88
- 5/)72 I p’L - 562‘ 9

(L)

Wi

S1 being here the principal function of undisturbed motion, or the definite integral

t
S, = / (2 LIS Hl) dt, (46.)
0 ow

considered as a function of the time and of the quantities n; e;. In like manner if we represent
by S; + Sz the whole principal function of disturbed motion, the rigorous integrals of (G.)
may be expressed by (B.), as follows:

_8S, 88, 85 45

S om o om b= de;  de;

Comparing the forms (44.) with the second set of equations (I.) for the integrals of undis-
turbed motion, we find that the following relations between the functions ¢; S; must be
rigorously and identically true:

581 8 _551) (47

1 =¢; | ter,ea,... €34, ——, ——, ...
(] (2 9 b bl ny (581’ 6627 663n

and therefore, by (K.), that the integrals of disturbed motion may be put under the following
forms,

0S. 05 0S5
7722051 (t7617€27"-63n7p1+_27p2+_2 - P3 2)-

.. L.

(561 562 ’ ( )

We may therefore calculate rigorously the disturbed variables 7; by the rules of undisturbed

motion (44.), if without altering the time ¢, or the initial values e; of those variables, which

determine the initial configuration, we alter (in general) the initial velocities and directions,
by adding to the elements p; the following perturbational terms,

05 05 0S
20 Apy= 22, .. 2.

App = —=, = , A =
D1 Ser D2 5 P3n

" 5€3n

Son. (M.)

a remarkable result, which includes the whole theory of perturbation. We might deduce
from it the differential coefficients 7}, or the connected quantities w;, which determine the
disturbed directions and velocities of motion at any time ¢; but a similar reasoning gives at
once the general expression,

B 059
B on;

(N.)

Wi

555 555 5.5y )

+ 5 (t,81,€27--- €3n,P1 + 5—,]92 + .- D3
€1 (&

n
563n
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implying, that after altering the initial velocities and directions or the elements p; as before,
by the perturbational terms (M.), we may then employ the rules of undisturbed motion (45.)
to calulate the velocities and directions at the time ¢, or the varying quantities w;, if we finally
apply to these quantities thus calculated the following new corrections for perturbation:

Awlzéé AWQZ@ Aw;)m: 55’2
577371

: , 0.
o 7 (0.)

Approximate expressions deduced from the foregoing rigorous Theory.

10. The foregoing theory gives indeed rigorous expressions for the perturbations, in
passing from the simpler motion (H.) or (I.) to the more complex motion (G.) or (K.):
but it may seem that these expressions are of little use, because they involve an unknown
disturbing function Sy, (namely, the perturbational part of the whole principal function S,)
and also unknown or disturbed coordinates or marks of position 7;. However, it was lately
shown that whenever a first approximate form for the principal function S, such as here
the principal function S; of undisturbed motion, has been found, the correction S5 can in
general be assigned, with an indefinitely increasing accuracy; and since the perturbations (M.)
and (O.) involve the disturbed coordinates 7; only as they enter into the coefficients of this
small disturbing function S5, it is evidently permitted to substitute for these coordinates, at
first, their undisturbed values, and then to correct the results by substituting more accurate
expressions.

11. The function S; of undisturbed motion must satisfy rigorously two partial differential
equations of the form (C.), namely,

057 I (ﬁ 05,
' 57]17”'577371

e —,?717---77371) =Ui(M1,--- M3n),
(P.)

ﬁ ﬁ —631 e e =U(e €3n);
5t L\ Gey """ Beg, oo ean ) = Ualer, - e3n);
and therefore, by (D.), the disturbing function Sy must satisfy rigorously the following other
condition: is 55 55
—2:U2(771,...7’]3n)—F2 —1,...—1,7’]1,...7]3n
dt 5771 577371 (Q )
5.5 059 '
+F | — . .. — 1, M3 |,
om 0n3n

and may, on account of the homogeneity and dimension of F', be approximately expressed as

follows: .
35S, 35, )}
Sy = Us(n1s . ) — Fy [ 2280221 0 e ) Yt R.
9 /0 { 2(m N3n) — Fo < o, 5o m 3 (R.)

or thus, by (I.),

t
52:/ {U2(1, ... m3n) — Fo (w1, ... @W3n,M1s--- N3n) }dE, (S.)
0
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that is, by (42.),
t
S, = —/ H, dt. (T.)
0

In this expression, Hs is given immediately as a function of the varying quantities n; w;, but
it may be considered in the same order of approximation as a known function of their initial
values e; p; and of the time ¢, obtained by substituting for n; w; their undisturbed values
(44.), (45.) as functions of those quantities; its variation may therefore be expressed in either
of the two following ways:

SHy — 3 (5;12

SH,
48.
n(5n+ 6w5w), (48.)

or

. 5H2 5H2 5H2

Adopting the latter view, and effecting the integration (T.) with respect to the time, by
treating the elements e; p; as constant, we are afterwards to substitute for the quantities p;

their undisturbed expressions (39.) or (I.), and then we find for the variation of the disturbing
function Sy the expression

t t
552:_H25t+2(—5e./ @dt—kéﬁ./ @dt>, (50.)
0 Oe de 0o Op

which enables us to transform the perturbational terms (M.), (O.) into the following approx-
imate forms:

t 5H, 628, [t 6H,
and
525, t 0H>
Aw;, =Y. dt, .
“ > dedn; /0 op (V)

containing only functions and quantities which may be regarded as given, by the theory of
undisturbed motion.

12. In the same order of approximation, if the variation of the expression (44.) for an
undisturbed coordinate n; be thus denoted,

on; on; on;
= ig s (Llige o 20 1.
on; 5 ot < 5o de 5 5p) ) (51.)

the perturbation of that coordinate may be expressed as follows:

on; )
An, =3 'TpAp’ (W.)
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that is, by (U.),

5771 /t 5H2 5?71 /t 5H2 577@ /t 5H2 )
An; = — —=dt — —=dt — - — dt
K op1 Jo der dp2 Jo dez 0p3n Jo 0€sn
(%5251 om; 625 on; 625, ) /t 0Hs
op1 de?  Opo deq deo Opan 0€1desn ) Jo Op1 (52.)
+ ...
57]2 5251 6771 (5251 4 57}1 (5251 /t (5H2 dt
0p1 0esn €1 dpa desy, dea Op3n 0€3, ) Jo Op3n )
Besides, the identical equation (47.) gives
oni _ Omy 62S1 | dmy 625 on;  6%51 (53.)
Ser,  Op1 depder  Opa ey des dp3n Oey, desy, '
the expression (52.) may therefore be thus abridged,
.ot ) t
Amz—m/@dt—---— o 5H2dt
5p1 0 561 5p3n 0 56371 (X)
on; /t 0Ho on; /t dHo .
+ 204t dt,
oer Jo Op1 desn Jo OPsn

and shows that instead of the rigorous perturbational terms (M.) we may approximately

employ the following,
t
0H,
Ap; = — —=dt, Y.
n=-| % (v)
in order to calculate the disturbed configuration at any time t by the rules of undisturbed

motion, provided that besides thus altering the initial velocities and directions we alter also
the initial configuration, by the formula

t §H,
Aei :/ dt. Z.
0 op; ( )

It would not be difficult to calculate, in like manner, approximate expressions for the disturbed
directions and velocities at any time ¢; but it is better to resume, in another way, the rigorous
problem of perturbation.

Other Rigorous Theory of Perturbation, founded on the properties of the disturbing part of
the constant of living force, and giving formule for the Variation of Elements more analogous
to those already known.

13. Suppose that the theory of undisturbed motion has given the 6n constants e; p; or
any combinations of these, k1, Ko, ..., Kgn, as functions of the 6n variables 7; w;, and of the
time t, which may be thus denoted:

Ri = Xl(ta N1,72y -+« M3n, W1, W2, . .. w3’n)7 (54)
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and which give reciprocally expressions for the variables 7; w; in terms of these elements and
of the time, analogous to (44.) and (45.), and capable of being denoted similarly,

i = ¢i(t, K1, K2, ... Ken), @i =Yi(t,K1,K2,... Ken); (55.)

then, the total differential coefficient of every such element or function k;, taken with respect
to the time, (both as it enters explicitly and implicitly into the expressions (54.),) must
vanish in the undisturbed motion; so that, by the differential equations of such motion (H.),
the following general relation must be rigorously and identically true:

0

. (SFLZ' ((SHZ 5H1 (SHZ' 5H1) (56 )

ot on 6w 0w o

In passing to disturbed motion, if we retain the equation (54.) as a definition of the
quantity k;, that quantity will no longer be constant, but it will continue to satisfy the
inverse relations (55.), and may be called, by analogy, a varying element of the motion; and
its total differential coefficient, taken with respect to the time, may, by the identical equation
(56.), and by the differential equations of disturbed motion (G.), be rigorously expressed as
follows:

dlii . (5%Z 5H2 5/‘61' 5H2) (Al )

dt on dw 0w o

14. This result (Al.) contains the whole theory of the gradual variation of the elements
of disturbed motion of a system; but it may receive an advantageous transformation, by the
substitution of the expressions (55.) for the variables n; w; as functions of the time and of
the elements; since it will thus conduct to a system of 6n rigorous and ordinary differential
equations of the first order between those varying elements and the time. Expressing, there-
fore, the quantity Hy as a function of these latter variables, its variation d Ho takes this new
form,
0H, 5k + 0H,

0K ot

and gives, by comparison with the form (48.), and by (54.),

dHy = 3. dt, (57.)

(5H2 (SHQ oK . 6H2 N (5H2 oK .
S 2 ok on dmn 2 ok b (58.)

and thus the general equation (Al.) is transformed to the following,

d/ii (5H2 5H2 6H2

_ . et B!
dt a; 1 5/’61 +az,2 5/12 + +az,6n ) ( )

5'%671

in which
O0k; 0ks  OK; Okg

— s T . 1
Girs 2(577 PR o 5n)' (c)

so that it only remains to eliminate the variables n w from the expressions of these latter
coefficients. Now it is remarkable that this elimination removes the symbol ¢ also, and leaves
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the coefficients a; s expressed as functions of the elements x alone, not explicitly involving
the time. This general theorem of dynamics, which is, perhaps, a little more extensive than
the analogous results discovered by LAGRANGE and by POISSON, since it does not limit the
disturbing terms in the differential equations of motion to depend on the configuration only,
may be investigated in the following way.

15. The sign of summation ¥ in (C!.), like the same sign in those other analogous
equations in which it has already occurred without an index in this Essay, refers not to the
expressed indices, such as here i, s, in the quantity to be summed, but to an index which is
not expressed and which may be here called r; so that if we introduce for greater clearness
this variable index and its limits, the expression (C!.) becomes

0 = 3n %553 B 0Ki OKs )
YE ML 8, S, Sy ony )

(59.)

and its total differential coefficient, taken with respect to time, may be separated into the
two following parts,

iw _ 5 3n %15/{5_5&315/@
dt " T\ 6, dt 6w,  On, dt Sw,
3n [ 0Kks d OK; O0k; d OkKg

+2 e - e )
M1\ dw, dt on,  dw, dt on,

(60.)

which we shall proceed to calculate separately, and then to add them together. By the
definition (54.), and the differential equations of disturbed motion (G.),

d (S/{i . (521% —|—Z 3n 52111' 5H1 + 5H2 _ 52112' (5H1 + 5H2 (61)
dt 6w, Ot dwm, W1 ony, dw, \ b, Oy 0wy, 0w, \ 0Ny 0Ny ’ '

in which, by the identical equation (56.),
52/‘% ) 3n (5/‘%1 5H1 5/‘% (SHl)

Stéw, O, 2 (w1

— ; 2.
Ony 0wy 0wy 0Ny ) (62,

we have therefore
d 5/‘% 3n( (52}% 5H2 52}% (SHQ 5/431' (52H1 5/431' (52H1 ) (63)

dt 6, ()1

51 0oy 03y 0wy 5wy Oje | Gy Omudems | 01w Sonden

s may be found from this, by merely changing 7 to s: so that

3n [(O0Kk; d 0ks  Oks d OK; )
<E£§wr B 5nra(5wr)
B anan [ [(Oks 0%k ki 0%k SHy
= 2w 1:1{ (W 5wy 6w, 0Ny 0Ty (5wr) 51
Ski 0%k Sks 02K, 0H,
<E 0y 00, B 0y My 5wr> 0wy,
O0K; O0Ks 0ks OK; 62 H, 0ks OK;  OK; OKg 82 H,
(% S om, (5wu) by <5m e W&nu) S 5@} ,

(64.)

16



and similarly,

3n [ 0Kks d OK; O0k; d O0ks )
21 (5_%%57% N 5@%57%)
B snan [ [ Oks O2K; dk; 0%k \ O0Ho
N (T’“)Ll{ (5wr Oy, 0Ny b, 0Ny 5nr> dtoy,
Sk; 02k Sks O0%K; 0H5
(&m 5wy 01y 0wy 0o, m) M
Ok Oks  O0Ks OK; 62 H, Oks OK; Ok; OKg 6% H,
(5wr 0Ny B 0w, 5nu> 0wy, 0Ny + (5wr 0wy, B 0w, (5wu> 0Ny 0Ny } )

(65.)

Adding, therefore, the two last expressions, and making the reductions which present them-
selves, we find, by (60.),

n u 5H u (SH
=% 0 <A< =2 4 B 2), (D)

dt 1,8 1 1,8 677u 1,8 5wu

in which

AW g o (ORs PR Ok Ok 0w OPks  ORs 6%
bs T 21\ 6, 6wy 6wy 0Ny 0oy 0wy | 0y 0wy 0Ny Oty 0Ty 01y )

3n(6/£3 52K, Ok; 0%k Sk; 0%k Oks 02K, )
)1 ’

(66.)

BW — v — —
8 (r 0wy 0Ny 0Ny 0wy Oy 0N 0Ny 0Ny 0Ty OMy Oy, Oy

d
and since this general form (D'.) for —a; s contains no term independent of the disturbing

dt
... O0Hs O6Ho . . . . .
quantities o 3o it is easy to infer from it the important consequence already mentioned,
n w
namely, that the coefficients a; s, in the differentials (B'.) of the elements, may be expressed
as functions of those elements alone, not explicitly involving the time.

It is evident also, that these coefficients a; s have the property

Usi = —Qjs (67.)
and
a; 3 = 0; (68)
. H2 . . 1 dK'i
the term proportional to 5 disappears therefore from the expression (B'.) for E; and
K4
the term
(5H2 (5H2 . 5H2 dlii
L in —,
0K; 7 Ok Ok; dit
destroys the term
0H, 0Hy . O0Hs dks

Qg - in
Sks " 0Ky ke dt’
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when these terms are added together; we have, therefore,

(5H2 dk
—— =0 EL.
Ok dt ’ (E)
o dH, GH
2 2
— . Fl.
dt ot ’ ( )

that is, in taking the first total differential coefficient of the disturbing expression Hs with
respect to the time, the elements may be treated as constant.

Simplification of the differential equations which determine these gradually varying elements,
in any problem of Perturbation; and Integration of the simplified equations by means of certain
Functions of Elements.

16. The most natural choice of these elements is that which makes them correspond,
in undisturbed motion, to the initial quantities e; p;. These quantities, by the differential
equations (H.), may be expressed in undisturbed motion as follows,

t t
5H1 6H1
i =M — —dt, i — T0; —dt; .
e; =1 /0 5o, pi = w +/O 5 (69.)

and if we suppose them found, by elimination, under the forms

€ = z+®zt7 y N2+« NM3n, W1, W2, ... W3n),
n (&, 11,772 M3n, W1, W2 3n) } (70.)

pi = w; + ‘I’i(tﬂ?lﬂba «o N3n, W1, W2, . .. w?’n)?

it is easy to see that the following equations must be rigorously and identically true, for all
values of n; w;,

(71.)

O = <I>Z~(0,771,772, e ﬁgn,wl,WQ, e w;)m),
0=;(0,11,m2, ... N3n, W1, W2, ... W3p)-

When, therefore, in passing to disturbed motion, we establish the equations of definition,

(72.)

Ri = T1); —|— @i(t,nhng, oo N3ny, W1, W2, ... W3n),
)\i = wW; + \Ifi(t,ﬁl,’f]g, cee N3pn, W1, W, ... w:),n),

introducing 6n varying elements x; A;, of which the set \; would have been represented in
our recent notation as follows:

i = K3nti; (73.)

we see that all the partial differential coefficients of the forms —, —, —, ——, vanish
on. " dw, on. dw,
when t = 0, except the following:
5/431' 5)\1
= 1 = 1' 74.
(5771' ’ (5@1 ’ ( )
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and, therefore, that when t is made = 0, in the coefficients a; 5, (59.), all those coefficients
vanish, except the following:

a’T‘,37’L+T = 1, a3n+r,r = —1 (75)

But it has been proved that these coefficients a; s, when expressed as functions of the
elements, do not contain the time explicitly; and the supposition ¢ = 0 introduces no relation
between those 6n elements x; A;, which still remain independent: the coefficients a; ¢, there-
fore, could not acquire the values 1, 0, —1, by the supposition ¢ = 0, unless they had those
values constantly, and independently of that supposition. The differential equations of the
forms (B!.) may therefore be expressed, for the present system of varying elements, in the

following simpler way:
d/‘ii 5H 2 d)\z (5H 2

dt 6N dt Ok

(G)

and an easy verification of these expressions is offered by the formula (E!.), which takes now
this form,
0Hy d 0H5 d\
( 208 2—) — 0. (HL)

Sk dt T o at

17. The initial values of the varying elements k; \; are evidently e; p;, by the definitions
(72.), and by the identical equations (71.); the problem of integrating rigorously the equations
of disturbed motion (G.), between the variables 7; w; and the time, or of determining these
variables as functions of the time and of their own initial values e; p;, is therefore rigorously
transformed into the problem of integrating the equations (Gl.), or of determining the 6n
elements k; \; as functions of the time and of the same initial values. The chief advantage
of this transformation is, that if the perturbations be small, the new variables (namely the
elements,) alter but little: and that, since the new differential equations are of the same form
as the old, they may be integrated by a similar method. Considering, therefore, the definite

integral
t
0H
E = / (z A2 — H2> dt, (76.)
: S

as a function of the time and of the 6n quantities k1, ks, ... K3pn,€1,€2,... €,, and observing
that its variation, taken with respect to the latter quantities, may be shown by a process
similar to that of the fourth number of this Essay to be

OE = % (Adk — pde), (1)

we find that the rigorous integrals of the differential equations (G'.) may be expressed in the
following manner:

_SE B
_5,{%7 p’l_ (562’

in which there enters only one unknown function of elements E, to the search and study of
which single function the problem of perturbation is reduced by this new method.

\i (K)
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We might also have put

t H
C= / (— 5.k 002 Hg) dt, (77.)
0 5H

and considered this definite integral C' as a function of the time and of the 6n quantities A; p;;
and then we should have found the following other forms for the integrals of the differential
equations of varying elements,

oC oC

Ki=+—, € =——, LL.
7 . 7 5]91 ( )
And each of these functions of elements, C and F, must satisfy a certain partial differential
equation, analogous to the first equation of each pair mentioned in the sixth number of this
Essay, and deduced on similar principles.

18. Thus, it is evident, by the form of the function E, and by the equations (K'.), (G!.),
and (76.), that the partial differential coefficient of this function, taken with respect to the
time, is

JE _dE _ 0Edx

E—E—E.Eaz— 23 (M*)
and therefore that if we separate this function F into any two parts
Ei+ FEy;=F, (N1)
and if, for greater clearness, we put the expression Hy under the form
Hy = Ho(t, k1, K2, -« - K3ny A1, A2, ... Asp), (oL)
we shall have rigorously the partial differential equation
0= S H (t o G SR S S (P

which gives, approximately, by (G!.) and (K!), when the part Fy is small, and when we
neglect the squares and products of its partial differential coefficients,

_dEy, E
O_W+W+H2 (taﬁla-"/{i’rrw

SEy OB ) | Q)

5/%1 T 5H3n

Hence, in the same order of approximation, if the part Ey, like the whole function E, be
chosen so as to vanish with the time, we shall have

t 5E1 (5E1 5E1
Fo = — — 4+ H e R3p, —— .. : 1
2 /0 { 5 + Hs (t,/ﬂ, K3 SR §m3n)}dt (R%)

and thus a first approximate expression F; can be successively and indefinitely corrected.
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Again, by (L!.) and (G!.), and by the definition (77.),

5C dC  _ §C dA

2 el . 1
5t T dr  Sonar e (5%)

the function C' must therefore satisfy rigorously the partial differential equation,

oC oC oC
— =M _— . — coe A3 | T?.
5t 2 (t7 5)\1; 6)\371’)\1, )\3 ) ( )
and if we put
C=0C1+Cs, (Uh)

and suppose that the part C5 is small, then the rigorous equation

0C; 60y 0C; 60y 0C 0C5
—+ —=H . cen A3p L
st T T <t’ VNI VRARRI S W s W LA AR ) (V%)
becomes approximately, by (G1.) and (L'.),
dCQ 501 501 501
— =—-——+4+H —_— . = .o A3p L
dt 5t + Ha <t7 5)\17 (5)\371’)\17 >‘3 > ) (W )
and gives by integration,
t 00, 0Cy 0C
= ——— + Ho | t,—, ... —, A1, A3, dt X1
CZ A { 5t + 2<,5A1’ 6)\371’ 1, 3 >} ’ ( )

the parts C7 and Cs being supposed to vanish separately when ¢ = 0, like the whole function
of elements C.

And to obtain such a first approximation, E; or (4, to either of these two functions of
elements F, C, we may change, in the definitions (76.), (77.), the varying elements x A, to
their initial values e p, and then eliminate one set of these initial values by the corresponding
set of the following approximate equations, deduced from the formulse (G!.):

t §H,
/ﬁ:ei-i-/ ——dt; Yt
0o Op; (")
and \
0H,
\i =pi — dt. AR
p / = (71)

It is easy also to see that these two functions of elements C' and E are connected with
each other, and with the disturbing function S5, so that the form of any one may be deduced
from that of any other, when the function S; of undisturbed motion is known.
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Analogous formule for the motion of a Single Point.

19. Our general method in dynamics, though intended chiefly for the study of attracting
and repelling systems, is not confined to such, but may be used in all questions to which the
law of living forces applies. And all the analysis of this Essay, but especially the theory of
perturbations, may usefully be illustrated by the following analogous reasonings and results
respecting the motion of a single point.

Imagine then such a point, having for its three rectangular coordinates x y z, and moving
in an orbit determined by three ordinary differential equations of the second order of forms
analogous to the equations (2.), namely,

oU ou oU

n_ %Y. m_ Y. n_ %Y. 78.

U being any given function of the coordinates not expressly involving the time: and let us
establish the following definition, analogous to (4.),

T =17 +y?+2?), (79.)

x’ iy’ 2/ being the first, and " y” 2" being the second differential coefficients of the coordinates,
considered as functions of the time t. If we express, for greater generality or facility, the
rectangular coordinates x y z as functions of three other marks of position n; 72 13, T will
become a homogeneous function of the second dimension of their first differential coefficients
ny mh 5 taken with respect to time; and if we put, for abridgement,

oT oT oT
=57 = = 80.
T may considered also as a function of the form
T:F<w1aw27w37n17n25n3)7 (81)

which will be homogeneous of the second dimension with respect to w; wy ws. We may also
put, for abridgement,

T:F(w17w27w37n17n2vn3)_U(771;7727773) :H, (82)

and then, instead of the three differential equations of the second order (78.), we may employ
the six following of the first order, analogous to the equations (A.), and obtained by a similar

reasoning,
dm _  OH dm | OH - dny | OH

dt (5@1 ’ dt 5@2 ’ dt (5@3 ’
dwl 0H d’WQ 0H d’w;:, o0H

(83.)

o emt @ e dt  ony
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20. The rigorous integrals of these six differential equations may be expressed under the
following forms, analogous to (B.),

) ) oS

w = —, wo = —, wy = —,
' on1 2 on2 ’ on3 (84)
__95 __ 95 __ 95 '

in which e; ey e3 p1 p2 ps are the initial values, or values at the time 0, of 71 19 13 w1 Wy ws3;
and S is the definite integral

¢ H H H
S:/ (W15—+WQ5—+W36——H> dt, (85)
0 dwy Sy 0w

considered as a function of 11 12 13 e1 es ez and t. The quantity H does not change in the
course of the motion, and the function S must satisfy the following pair of partial differential
equations of the first order, analogous to the pair (C.),

0S 6S 65 oS8
F( ,771,772,773) =U(n1,m2,m3);

S5t ony 0my’ 6

i omnz 0on3 (86.)
6S+F 0SS 6S 0S8 —U( )
5t 561, 662’ 563,61762763 = €1,€2,€3).

This important function S, which may be called the principal function of the motion, may
hence be rigorously expressed under the following form, obtained by reasonings analogous to
those of the seventh number of this Essay:

teoss, 58 5 65
- _0o _F dt
S Sl +/; { 5t +U(771,7727773) (57717 57727 5773777137727773>}

(s s s,
0 5771 5771 ’ 5772 57’]2767]3 5?73777177727773 ]

(87.)

S1 being any arbitrary function of the same quantities 71 12 73 e1 e2 es t, so chosen as
to vanish with the time. And if this arbitrary function S; be chosen so as to be a first
approximate value of the principal function S, we may neglect, in a second approximation,
the second definite integral in (87.).

21. A first approximation of this kind can be obtained, whenever, by separating the
expression H, (82.) into a predominant and a smaller part, H; and Hs, and by neglecting
the part Hs, we have changed the differential equations (83.) to others, namely,

dm_ oMy diz My iy OH

dt N 5@1, dt N 5@2, dt N 5@37 (88)
dw1 __(SHl d’WQ __(3H1 de, __5H1 '
dt N (57’]1 ’ dt N (57’]2 ’ dt N (5773 ’
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and have succeeded in integrating rigorously these simplified equations, belonging to a simpler
motion, which may be called the undisturbed motion of the point. For the principal function
of such undisturbed motion, namely, the definite integral

¢ 0H 0H oH
51 = / <W1—1 + ! +W3—1 — H1> dt, (89)
0

(5@1 WQE 5@3

considered as a function of 11 ny 13 €1 es ez t, will then be an approximate value for the
original function of disturbed motion S, which original function corresponds to the more
complex differential equations,

d771 . 5H1 6H2 dT]Q . (5H1 (5H2 d773 . (5H1 5H2

UG Thm A bm bm iy by 00,
dw,  6H, 6Hy dws  6H, 0Hy, dws  O0H, OH,

dt  oq om dt o o’ dt  dmz oz

The function 57 of undisturbed motion must satisfy a pair of partial differential equations of
the first order, analogous to the pair (86.); and the integrals of undisturbed motion may be
represented thus,

oSS 5
1 5771 ) 2 (5772 ’ 3 5773 ) (91 )
_ 05 _ 95 _ 9051 '
p1 = Seq b2 = Sey b3 = Ses

while the integrals of disturbed motion may be expressed with equal rigour under the following
analogous forms,

051 059 051 059 051 059
W=t wr= oo, W=+,
dm  om o2 On2 onz  om3 (92.)
_ 05 95 _ 0% _ 9% _ 0% 9% |
p1 561 (561 p2 562 (562 p 563 (5637

if 57 denote the rigorous correction of S7, or the disturbing part of the whole principal
function S. And by the foregoing general theory of approximation, this disturbing part or
function S, may be approximately represented by the definite integral (T.),

t
S2 == —/ H2 dt; (93)
0

in calculating which definite integral the equations (91.) may be employed.
22. If the integrals of undisturbed motion (91.) have given

m = ¢1(t7617€27637p1,p27p3)7
N2 = ¢2(t, e1, €2, €3, 1,2, P3), (94.)
N3 = ¢3(t7617627637p17p27p3)7
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and
w1 = wl(t7€1; 627637p1>p27p3)7

wy = Pa2(t, e1, €2, €3,p1,P2,P3), (95.)
w3 = ¢3(t7615 @27637291;1727173)7

then the integrals of disturbed motion (92.) may be rigorously transformed as follows,

55, 55, 55,
m=¢1 |t e, e,e3,p1 +——,p2+ —,p3+— |,
deq des des
05 S 45
N2 = @2 t7€1,€2,€37p1+—2,p2+—2,193-1——2 (96.)
deq dey des
55, 55, 55,
N3 = @3 | t,e1,€2,€3,p1 + —,p2 + —,p3 + —
deq des des )
and 58 58 58 555\ )
@ = —2 + 1y [ ter, e, e3,p1 + —, P2 + —,p3 + — |,
5771 661 (562 563
55, 555 55, 55,
_ 222 ¢ el == .
wo 51 + 1o ( ,€1,€2,€3,P1 + 561,p2+ 562,10 3+ 563) (97.)
S S 0.5 oS
Wy = —2 + 1 | t,e1, €9, €3, p1 + —, P2 + —,p3 + — |,
ons3 deq des des ) )

Ss being here the rigorous disturbing function. And the perturbations of position, at any
time t, may be approximately expressed by the following formula,

) Y 5H. ) L §H. ) 0H
Agpy = m 2 gt + m 24 771/ 2
der Jo Op1 dea Jo 5]?2 563 dp3 (98.)
_om Y 6H, om " 6H, o " 6H, .
20— 20— 20
(Spl 0 561 5]92 0 562 5p3 563

together with two similar formulee for the perturbations of the two other coordinates, or marks
of position 73, n3. In these formulee, the coordinates and Hy are supposed to be expressed,
by the theory of undisturbed motion, as functions of the time ¢, and of the constants e; e es

P1 P2 P3.

23. Again, if the integrals of undisturbed motion have given, by elimination, expressions
for these constants, of the forms

€1 ="M + (I)l(t77717772;7737w17w27w3)7
€2 :7]2+¢2(t7771777277737w15w27w3)7 (99)

€3 =13 + @3(1‘:,7’]1,7’]2,7’]3,@1,@2,@3),

and
p1 = w1 + Vi(t,n1,m2,13, @1, W2, W3),

p2 = wa + Yalt, m1,m2, N3, w1, w2, w3), (100.)
p3 = w3 + V3(t, 1, M2, M3, @1, W2, W3);
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and if, for disturbed motion, we establish the definitions

R1 =M + @1(t7n17n27n37w17w27w3)7
K2 :772+‘1)2(75,7)1»772777&@1,@2,@3)» (101)

K3 =MN3 + (I)3(t777177727773aw17w27w3)7

and
>\1 = W1 + @1(t,771,7]2,7]3,@1,@2,@3),

Ao = @y + Wa(t,n1,m2,M3, @1, w2, ™3), (102.)
A3 = w3 + V3(t,m, N2, M3, w1, W2, W3);

we shall have, for such disturbed motion, the following rigorous equations, of the forms (94.)
and (95.),

m = ¢1(t, K1, K2, K3, A1, A2, A3),
N2 = ¢a(t, K1, Ko, K3, A1, A2, A3), (103.)
n3 = ¢3(t, K1, K2, K3, A1, A2, A3),
and
w1 = 1/11(757'461,%2,/‘63,)\1,)\2,)\3)7
wo = Pa(t, K1, Ko, K3, A1, A2, A3), (104.)
w3 = P3(t, K1, K2, K3, A1, A2, A3);
and may call the quantities k1 kKo kK3 A1 A2 A3 the 6 varying elements of the motion. To
determine these six varying elements, we may employ the six following rigorous equations in

ordinary differentials of the first order, in which Hs is supposed to have been expressed by
(103.) and (104.) as a function of the elements and of the time:

d/-il 5H2 d/ig 5H2 dlig (SHQ

dt 0N dt 0Ny’ dt  O)g (105.)
d)\l . _§H2 d)\g . _5H2 d)\g . _6H2. '
dt N (5/617 dt N 5%2’ dt N 5%3’

and the rigorous integrals of these 6 equations may be expressed in the following manner,

)\1:5_Ea )\2:5_E7 )\3:5_E7
5/431 5/’%2 5%3 (106 )
_0E _ 6E _ OF '
b1 = 561 y P2 = 562’ p3 = 563,

the constants e; es e3 p1 p2 p3 retaining their recent meanings, and being therefore the initial
values of the elements k1 ko K3 A1 A2 Ag; while the function F, which may be called the
function of elements, because its form determines the laws of their variations, is the definite
integral

t (SHQ (SHQ 5H2
E = —_— —_— — —H 107.
/0 ()\1 W + Ao hs + A3 Shs 2) dt, ( 07)
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considered as depending on k1 ke K3 €1 ey ez and t. The integrals of the equations (105.)
may also be expressed in this other way,

. oC e e
K1 = (5)\1, R2 = 5}\27 K3 = 5/\37 (108)
! dp1 g op2’ op3
C being the definite integral
L/ osH §H. §H
C = —/ Kul—z + Ko 2 + R3 2 — H2 dt, (109)
0 5kK1 Sk 0K3

regarded as a function of Ay Ao A3 p1 p2 p3 and t: and it is easy to prove that each of these
two functions of elements, C and E, must satisfy a partial differential equation of the first
order, which can be previously assigned, and which may assist in discovering the forms of
these two functions, and especially in improving an approximate expression for either. All
these results for the motion of a single point, are analogous to the results already deduced in
this Essay, for an attracting or repelling system.

Mathematical Example, suggested by the motion of Projectiles.

24. If the three marks of position n; 72 n3 of the moving point are the rectangular
coordinates themselves, and if the function U has the form

U= —gns — 5{u*(ni +m3) +v°n3}, (110.)
g, [, v being constants; then the expression
H = §(wi + w5 +@3) + gn3 + (i (f +n3) + v*n3} (111.)

is that which must be substituted in the general forms (83.), in order to form the 6 differential
equations of motion of the first order, namely,

dm _ dma _ dns _
dt 1, dt 25 dt 3
(112.)
I e A 7 e B P A C
These differential equations have for their rigorous integrals the six following,
N1 = e1 cos ut + P sin pt, )
1
P2 .
Mo = €5 cos ut + — sin ut, (113.)
1
N3 = ez cos vt + ] sinvt — % vers vt,
v v J
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and
= p1 cos ut — pey sin ut,

Ty = P2 COS ut — pes sin ut, (114.)
w3 = p3 cos vt — (1/63 + g) sin vt;
v
e1 eg e3 p1 p2 p3 being still the initial values of 11 ne 13 w1 ws ws.

Employing these rigorous integral equations to calculate the function S, that is, by (85.)
and (110.) (111.), the definite integral

t 2 2 2
S:/ <w1+?+w3 +U) dt, (115.)
0

we find

g 2
st ad ot = {4 )+ (vt 2)')
+ 3{pi + 05 — p*(ef + €3)} cos 2ut — Gp(erpr + eap) sin 2yt

2
+ %1 {p?, - <V€3 + %) } cos 2vt — % <I/63 + %) p3 sin 2vt,

/

(116.)
and
9> 1 2, 2 9\? )
U= =1 {pt 4+ 03 +03 + (et + 3) + (ves + 2)
+ 1{p + 03 — 1P (el + €3)} cos2ut — Ju(erpr + eaps) sin 2ut (117.)
2
+ }1 { (Veg + = ) }cos 2ut — % <I/63 + 2) p3 sin 2vt,
v J
and therefore,
2 .
gt sin 2ut
S = 202 + {p? 4+ p3 — (et + e%)}T — %(61291 + eapo) vers 2ut
118.
L4 g\?| sin2vt g ( )
p; — (ves+ = — 5p3 | €3 + =5 ) vers 2vt.
v 4 v

In order, however, to express this function S, as supposed by our general method, in terms
of the final and initial coordinates and of the time, we must employ the analogous expressions
for the constants p; p2 ps, deduced from the integrals (113.), namely, the following:

pn1 — preq cos it )
b1 = . )
sin ut
_ M2 — peg cos ut
bz sin put ’ (119.)
vns + 9 _ <V€3 + 2) cos vt
— v v .
b3 = . )

sin vt /
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and then we find

S:9_2t+ﬁ (U1—€1)2+(772—62)2+Z (13 — e3)?
202 27 tan ut 2 tanuvt (120.)
pt g g vt
— p(mer + n2ez) tan o v (773 + ﬁ) (63 + ﬁ) tan 5

This principal function S satisfies the following pair of partial differential equations of
the first order, of the kind (86.),

§+1 §2+§2+§2 —_ _ _'u_2<2+ 2)_V_22
ot 2| \om 61 513 = 79— 5 U T 5 3

§_|_1 ﬁ 2+ ﬁ 2+ ﬁ ’ - _ _/“L_2(2_|_ 2)_1/_22
5t "2\ 5ey Ses Ses T 9B T ylaTa) T o

and if its form had been previously found, by the help of this pair, or in any other way, the
integrals of the equations of motion might (by our general method) have been deduced from it,
under the forms,

(121.)

65 ( ) cotan it tan M )
ol = — = — €1) cotan — ueq tan —
1 o Hm 1 ML — ey 9
08 t
Wy = — = ILL(T]Q — 62) cotan ,ut — U€Eg tan ’u_, (122)
on2 2
08 g vt
w3 = — = v(n3 — e3) cotan vt — <V€3 + —> tan —,
and
0S ut )
p1 = —— = p(m — e1) cotan ut + puny tan —,
(561 2
05 t
p2 = ——— = p(ne — e2) cotan ut + uns tan M—, (123.)
562 2
0S g vt
p3 = —+— = v(ns — e3) cotan vt + (Vng + —> tan — :
563 v 2 7

the last of these two sets of equations coinciding with the set (119.), or (113.), and conducting,
when combined with the first set, (122.), to the other former set of integrals, (114.).

25. Suppose now, to illustrate the theory of perturbation, that the constants pu, v are
small, and that, after separating the expression (111.) for H into two parts,

Hy = 3(w} + w5 + w3) + gns, (124.)

and
Hy = §{p*(ni +n3) + v*n3}, (125.)
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we suppress at first the small part Ho, and so form, by (88.), these other and simpler differ-
ential equations of a motion which we shall call undisturbed:

dm _ o odme o odns

dt 1 dt 2 dt 3 (126)
dwl . dWQ . dW3 _ '
a7 a7 dt

These new equations have for their rigorous integrals, of the forms (94.) and (95.),
m=ei+pit, 12=ey+pat, 73=es+pst— 39t (127.)

and
wi =p1, W2 =Dp2, wW3=p3— gt (128.)

and the principal function Sy of the same undisturbed motion is, by (89.),

t 2 2 2
wi +wy +w )
0 2
t 2 2 2
- / (W — ges — 2gpst + thQ) dt (129.)
0
2 2 2
pi+ps+p
= ( — —ge3>t—gp3t2 +39°t%,

or finally, by (127.),

(m —e1)?+ (2 — e2)? + (03 — e3)?
S = o7 — 39t(n3 + e3) — 5767 (130.)

This function satisfies, as it ought, the following pair of partial differential equations,
551 [ (58", (as), (551)) __

st 2\ \om oo ons ) [~ 9

55 1 [ (os\?, (as\, (o8 \\ _

st 2] ey Jes des ) [~ I

And if, by the help of this pair, or in any other way, the form (130.) of this principal function

S7 had been found, the integral equations (127.) and (128.) might have been deduced from
it, by our general method, as follows:

(131.)

051 _ m—e )

w1 = =

1 5771 t )

) _

= 2L T2 C2 (132.)
(57]2 t
051 73 — €3 1

e = — = t
w3 57]3 n 29, J




and

_ 05 m—ea )
051 M2 —e
- _ — 133.
051 m3—es
= — = =gt
b3 563 t + 591, )

the latter of these two sets coinciding with (127.), and the former set conducting to (128.).

26. Returning now from this simpler motion to the more complex motion first mentioned,
and denoting by Sy the disturbing part or function which must be added to S; in order to
make up the whole principal function S of that more complex motion; we have, by applying
our general method, the following rigorous expression for this disturbing function,

t t 2 2 2
1 552 (55’2 552
Sy = —/ Hydt +/ = (—> + (—) + (— dt, 134.
’ 0 ’ 0 2 { oM o2 ons ( )
in which we may, approximately, neglect the second definite integral, and calculate the first

by the help of the equations of undisturbed motion. In this manner we find, approximately,
by (125.), (127.),

2 2
—Hy = _%{(61 + p1t)? + (e2 + pat)*} — 7(63 + pst — 39t°), (135.)

and therefore, by integration,

Sy = _%{/ﬁ(e% +e3) + V2€:2a}t - %{M2(€1p1 + eap2) + vezps Jt?
17,202 2 20,2 3, 1.2 44 1.2 2,5 (136.)
— 51w (p1 +p2) +v7(p3 — ges) }° + gvigpst™ — 5v°g7t7,
or, by (133.),
prt, o 2 2 2
S = === (ni +exm + ey +1; + extip + €3)
, (137.)

vt

- 7{7732, +egns +e5 + Tg(ns + e3)t’ + gt}

the error being of the fourth order, with respect to the small quantities i, . And neglecting
this small error, we can deduce, by our general method, approximate forms for the integrals

of the equations of disturbed motion, from the corrected function S; 4+ S5, as follows:

. 551 552 . m—eél /L2t 1 )
== + o 1 3 (m + 5e1),
551 552 T2 — €2 /L2t 1
_ _ _ B 1 138.
w2 57]2 + 57}2 n 3 (772 + 262)7 ( )
(551 552 N3 — €3 1 V2t 1 1,2
= = — = t_ _ EY 1 t .
s on3 * ons3 t 29 3 (ns + 3¢5+ 59 )7;
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and

681 0S5y m—er | plt 1 )
b1 = 561 561 a t * 3 (61 * 2771)7
(581 552 TI2 — €2 ;L2t 1
— — = L 1 139.
D2 Ses  dey p + 3 (e2 + 5m2), ( )
051 652 m3—es vt 1 1,2
=" == lgt + == Ins + Lgt?);
ps des des t gt 3 (es + 278+ 89 ) )
or, in the same order of approximation,
m = e1 + pit — 347t (e + 3p1t),
N2 = ez + pat — %M2t2(€2 + %pzt)a (140.)
N3 = e + p3t — Sgt* — L7t% (e3 + ipst — Sgt?),
and
w1 =p1 — ptler + ipit),
@y = pa — p’t(ez + 3pat), (141.)

wy = p3 — gt — V*t(e3 + %pgt — %gt2).

Accordingly, if we develope the rigorous integrals of disturbed motion, (113.) and (114.),
as far as the squares (inclusive) of the small quantities 1 and v, we are conducted to these
approximate integrals; and if we develope the rigorous expression (120.) for the principal
function of such motion, to the same degree of accuracy, we obtain the sum of the two
expressions (130.) and (137.).

27. To illustrate still further, in the present example, our general method of successive
approximation, let S3 denote the small unknown correction of the approximate expression
(137.), so that we shall now have, rigorously, for the present disturbed motion,

S =51+5+ 53, (142.)

S; and Sy being here determined rigorously by (130.) and (137). Then, substituting S7 + S
for S7 in the general transformation (87.), we find, rigorously, in the present question,

1 [ /68,\%  [6Sy\2 552)2
Ss=—[ =< —) +({— ] +|— dt
¥ /0 2{(5771> (5772) (5773
tq 553)2 (553>2 (553)2
+ [ 9l ) +t(s=) +5=) pdt:
/0 2{(5771 012 013

and if we neglect only terms of the eighth and higher dimensions with respect to the small
quantities u, v, we may confine ourselves to the first of these two definite integrals, and may
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employ, in calculating it, the approximate expressions (140.) for the coordinates of disturbed
motion. In this manner we obtain the very approximate expression,

4 )
Sz = TS t2{(771 +2e1)? + (2 + Lex)?}at
At
~ 15 t2(773 + Les + tgt°)%dt
u4t3
= " (4n} 4 ey + ded 4 4n3 + Tngeq + 4e3)
35423 gt oy ’ (144.)
7 4 i
360 ( 773 + T3€3 + 63) 240 (773 + 63) 40320
:u‘6t5 ) 5 )
945 (Th + %77161 +el+n+ %77262 + 62)
V55 o 17T8gt7 31892t

31 _ InPgt’ _ 31Pgtt”
~ 945 oa5 (M + Tgmses + €3) 20320 B He8) — Topnea |

which is accordingly the sum of the tems of the fourth and sixth dimensions in the devel-
opment of the rigorous expression (120.), and gives, by our general method, correspondingly
approximate expressions for the integrals of disturbed motion, under the forms

(551 552 553 )

2y 2
om  om - om

0.5, 0Sy 053
_ 051, 95 | 053 145.
2 oz Onz  One (145,

0.5, N 055 n 053
ons  Oomz  Omz’ )

w1 =

w3 =

and

081 68y 885 )
561 561 (561 ’

051 0S2 053

_ 991 _ 146.

p2 562 562 (562 ’ ( )
0S1 0S5 653

p3 = — Son

p1 = —

€3 563 (563 ' J

28. To illustrate by the same example the theory of gradually varying elements, let us
establish the following definitions, for the present disturbed motion,

K1 =1 — wit, Ko =Nz — wat, '<63:773—w375—%9t27} (147.)

A1 = w1, A2 = w3, A3 = w3 + gt,
and let us call these six quantities k1 ko K3 A1 Ao A3 the varying elements of that motion,

by analogy to the six constant quantities e; es ez p1 p2 p3, which may, for the undisturbed
motion, be represented in a similar way, namely, by (127.) and (128.),

e1 =m —wit, ey =12 —wat, e3=13— wst— 2gt°, } (148.)

p1 = Wi, D2 = wa, p3 = w3 + gt.
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We shall then have rigorously, for the six disturbed variables n; 12 13 w1 w2 w3, expressions
of the same forms as in the integrals (127.) and (128.) of undisturbed motion, but with
variable instead of constant elements, namely, the following:

(149.)
w1 = A1, wy = A2, w3 = A3 — gt;

m =Kt +Ait, n2 =Ko+ Xat, n3=kK3+ A3t — %gtzu }
and the rigorous determination of the six varying elements k1 ko k3 A1 A2 A3, as functions of
the time and of their own initial values e es ez p1 p2 p3, depends on the integration of the
6 following equations, in ordinary differentials of the first order, of the forms (105.):

% B ((55% = pt(k1 + Mit), \
% _ % Ptk 4 Agl), (150.)
% _ ‘;% = V*H(3 + At — 391°), |

and
%:_%:—W(MJF)@)’ \
Do _f;% (ks + Db, (151.)
% _ ‘f;—fj = —1%(k + Aot — $gt%),

H> being here the expression

2 2
Hy = 5 {(k1 4 20)% + (k2 + Aat)?} + 5 (g + At — $912)2, (152.)

which is obtained from (125.) by substituting for the disturbed coordinates 71 12 13 their
values (149.), as functions of the varying elements and of the time. It is not difficult to
integrate rigorously this system of equations (150.) and (151.); and we shall soon have
occasion to state their complete and accurate integrals: but we shall continue for a while to
treat these rigorous integrals as unknown, that we may take this oppportunity to exemplify
our general method of indefinite approximation, for all such dynamical systems, founded on
the properties of the functions of elements C and E. Of these two functions either may be
employed, and we shall use here the function C'.

29. This function, by (109.) and (152.), may rigorously be expressed as follows:

C

,U2 t 1/2 t
7/0 (N212 — k2 4+ M3t2 — Kk3) dt + 7/0 {(\st — 3gt?)* — K3} dt; (153.)
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and has therefore the following for a first approximate value, obtained by treating the elements
K1 Ko k3 A1 Ao A3 as constant and equal to their initial values ey es e3 p1 p2 p3,

t t3
C=—g{u'(el +e3) + v} + g{/f(p? +p3) + V7p3
t4 t°

b9 U2 92
8Vgp3+40V9~

(154.)

In like manner we have, as first approximations, of the kind expressed by the general formula
(Z1.), the following results deduced from the equations (151.),

A =p1 — pP(ent + $pit?),
)\2 = P2 — /L2(62t + %p2t2), (155)
A3 = p3 — V2 (est + Lpst® — Lgt?),

and therefore, as approximations of the same kind,

o 1 1= D1
er = —4mt - =
A2 — P2
er = —3pat — T (156.)
Ao —
_ 1 1 42 3 P3
ez = —5p3t + gt )

Substituting these values for the initial constants e; es es in the approximate value (154.)
for the function of elements C', we obtain the following approximate expression C; for that
function, of the form supposed by our theory:

I (A —p1)2+ (D2 —p2)2 (A3 —ps3)? ~
01:__{( 1—Dp1) 2(2 P2) +(3 2p3) }
2t 7 v
t
- 5{()\1 —p1)p1 + (A2 — p2)p2 + (As — p3)(ps — 39t)} (157.)
+ ﬁ{MQ(PQ +p3) +v7p3} — ﬁV2gp + iu292
24 L 3) 7" B g I )

The rigorous function C' must satisfy, in the present question, by the principles of the eigh-
teenth number, the partial differential equation,

sC w2 /sC > /sC 1 2 /éC A
WT{(WW) (i ) [+ (- toe) o)

and if it be put under the form (U!.),
C =C+ Oy,
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C7 being a first approximation, supposed to vanish with the time, then the correction Cs

must satisfy rigorously the condition

¢ 501 ,LLQ 501 2 [L2 501 2 )
CQ—/O {—W—f—? (5—>\1+)\1t> —|—7 (6—)\2+/\2t)

2 /5C 2
+% (W;—F)\gt— %gt2) }dt

1, (6C\? L (6C\° L [6C\7
—g/o{ﬂ (o) o () +2 (5n) e

/

(159.)

In passing to a second approximation we may neglect the second definite integral, and
may calculate the first with the help of the approximate equations (155.); which give, in this

manner,
3

Cr= = [{Ou = p 4 (o =) + (s = o)}
4 “; /Ot{)\l(Al —p1) + Aa(Ag — po)} £ dt
+ V; /Ot(/\s — 39t) (A3 —ps) t° dt
- —%ml =p1)”+ (A2 —p2)* + (A3 — p3)”} (

t3
+ ﬂ{lfpl()\l —p1) + ©2pa(A2 — p2) + 7p3(As — p3)}

t to
= 55790 = ps) + s (u'pT + p'ps + v'p3)
t6 4 t7 4 2
- %V gps + %V g-. )

(160.)

We might improve this second approximation in like manner, by calculating a new definite
integral C's, with the help of the following more approximate forms for the relations between
the varying elements A\; Ay A3 and the initial constants, deduced by our general method:

5C1  6C A1 — 242 g t 242 44N\ )
o= 001 00 M p1(1+ﬂ_+ﬂ_>_ﬂ(l+ﬂ_+ﬂ_),

op1  Opy w2t 6 24 2 12 60
@:_&_&:_)\Z_pZ 1+ﬁ+ﬂ _tpi 1+ﬁ+ﬁ
2 5pa Opo 112t 6 24 2 12 60 )’

5 ) Ao — 2t2 4t4 t 2t2 4t4
ey = 000 00 As—ps () VT VN dps () v v

ops  Ops3 V2t 6 24 2 12 60

. gt? 14+ V22 . v .
6 60 40 )’

(161.)

in which we can only depend on the terms as far as the second order, but which acquire a
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correctness of the fourth order when cleared of the small divisors, and give then
A= p1 — pPt(er + $pit) + 2pttP (e + ipit),
Ao = po — pPt(es + pot) + Sp't? (e2 + Lpot), (162.)
A3 = ps — Vt(es + spst — £gt7) + $11t% (e3 + 1pst — 559t7).
But a little attention to the nature of this process shows that all the successive corrections to
which it conducts can be only rational and integer and homogeneous functions, of the second

dimension, of the quantities Ay Ay A3 p1 p2 p3 g, and that they may all be put under the
following form, which is therefore the form of their sum, or of the whole sought function C'

C= M_Qau()\l —p1)* + bupi(M —p1) + HQCMP%
+ 1 %au (A2 — p2)® + bupa(Xa — p2) + pcup
+ v 2ay (A3 — p3)® + bups(A3 — p3) + v2cup3
+ fog(As — p3) + V2 hugps + V2,97,

the cofficients a, a,, &c. being functions of the small quantities p, v, and also of the time,
of which it remains to discover the forms. Denoting therefore their differentials, taken with
respect to the time, as follows,

da,, = a, dt, da, = a,dt, &c., (164.)

(163.)

and substituting the expression (163.) in the rigorous partial differential equation (158.), we
are conducted to the six following equations in ordinary differentials of the first order:

2a!, = (2a, + v*t)?; b, = (2a, + v*t) (b, +1); ¢, = (b, + 1) (165.)
f,i:(2al,—|—1/2t)(f,,—%t2); h;:(bV"’_t)(fu_%tQ); i:/:%(fu_%tQ)Q; '
along with the 6 following conditions, to determine the 6 arbitrary constants introduced by
integration,

1 t t2 3 4 to
ag 0 fo 65 =55 ho 510 0 =7gg

In this manner we find, without difficulty, observing that a, b, ¢, may be formed from
a, b, ¢, by changing v to u,

(166.)

a, = —3v*t — v cotan v, a, = —5p’t — $pcotan pt, )
1 vt 1 pt
b, = —t+ —tan — b, =—t+ —tan —
v + y 9’ H + U 2’
t N 1 . vt t n 1 ¢ pt
Cl/ —_ - an_7 C = ——F —— Il—,
202 V3 2 g 2p® P 2

(167.)

1 t
fo = %t2 — — + — cotan vt,
v v

t? t vt

hy = — —  tan 2.
2v2 13 2
, t 3 2 oLt
1, = — — cotan vt.
Yoot 62 23 J
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The form of the function C' is therefore entirely known, and we have for this function of

elements the following rigorous expression,

oo W —p1)* + (A2 —p2)®> (A3 —p3)’
2p tan ut 2vtan vt

— AL =)+ Qo = p2)? + O — ps)°)
— t{p1(M1 —p1) + p2(A2 — p2) + p3(As —p3)}

1 t 1 vt
+ ;{pl()\l —p1) + p2(A2 —pz)}tan% + ;pg()\g, —pg)tanE
t 1 put 1 vt
_E(p?+p§+p§)+;(p§+p§)tan3+;p§tan?
(B ot (\ )+ Pt
— — — + —cota - Lot 2
2 2 U nvi ) giAz — p3 2 > n 5 gps

(L £_r tanvt | g
— — — — — cotanv
22 6 2w 9

/

(168.)

which may be variously transformed, and gives by our general method the following systems

of rigorous integrals of the differential equations of varying elements, (150.), (151.):

)

0 C M-p1 m pt
el = ——— = ——— — — tan —,
op1 pwsinpt  p 2
o0 Ae—p2 pr, ot
€ = ——— = ——— — — tan —,
Op2 pwsinut  p 2
~0C  A3—p3  Dp3 vt g t 1
e3=——=——"—7"—""tan— + = | — - —
ops vsin vt v 2 v \sinvt v )
and oC 1 1 ut )
K1 = o =—(A\ —p1) (t-l— ;cotanut) +p1 (—t—l— ;tan 7) ,
oC 1 1 ut
ke =——=—(Aa—p2) | t+ —cotanput | + po | —t + —tan — |,
Oz % % 2 >
€ (v —py) (t+ L cotanst) + t+ Lan 2
k3 = — = —(A3 — — cotan v —t + — tan —
3 53 3 — D3 y b3 L 5
+ <t2 ! + t t t)
g| = — — + —cotanvt | ;
2 v v )
that is,

A1 = p1 cos ut — ey sin pt,
Ao = po cos ut — egpusin ut,

1
A3 = pgcosvt — egvsinvt + g (t— —sinyt) ,
v
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and
3\

1
k1 = ey(cos ut + ptsin pt) + py (— sin ut — t cos ,ut) ,
W
. L.
Ko = eg(cos ut + pt sin pt) + po (— sin ut — t cos ,ut) ,
7
1 (172.)
K3 = e3 (cos vt + vtsin Z/t) + p3 <— sin vt — t cos Vt)
v

vers vt t . t2
—g 5— — —smvt+ .
v v 2

Vs

Accordingly, these rigorous expressions for the 6 varying elements, in the present dynam-
ical question, agree with the results obtained by the ordinary methods of integration from the
6 ordinary differential equations (150.) and (151.), and with those obtained by elimination
from the equations (113.), (114.), (147.).

Remarks on the foregoing Example.

30. The example which has occupied us in the last six numbers is not altogether ideal,
but is realised to some extent by the motion of a projectile in a void. For if we consider the
earth as a sphere, of radius R, and suppose the accelerating force of gravity to vary inversely

as the square of the distance r from the centre, and to be = g at the surface, this force will
2

R
be represented generally by 9—2; and to adapt the differential equations (78.) to the motion
T

of a projectile in a void, it will be sufficient to make

1 1

U = gR? <; - E) (173.)

If we place the origin of rectangular coordinates at the earth’s surface, and suppose the
semiaxis of +z to be directed vertically upwards, we shall have

r=+v/(R+2)2+a2+y2 (174.)

and

2 2 2
gz g(x* +y?)
U=— gL AT TY)

9%+ R oR

neglecting only those very small terms which have the square of the earth’s radius for a
divisor: neglecting therefore such terms, the force-function U in this question is of that form
(110.) on which all the reasonings of the example have been founded; the small constants

/ [—2
i, v, being the real and imaginary quantities %, ?g’ respectively. We may therefore

apply the results of the recent numbers to the motions of projectiles in a void, by substituting
these values for the constants, and altering, where necessary, trigonometric to exponential
functions. But besides the theoretical facility and the little practical importance of researches
respecting such projectiles, the results would only be accurate as far as the first negative

(175.)
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power (inclusive) of the earth’s radius, because the expression (110.) for the force-function
U is only accurate only so far; and therefore the rigorous and approximate investigations
of the six preceding numbers, founded on that expression, are offered only as mathematical
illustrations of a general method, extending to all problems of dynamics, at least to all those
to which the law of living forces applies.

Attracting Systems resumed: Differential Equations of internal or Relative Motion; Integra-
tion by the Principal Function.

31. Returning now from this digression on the motion of a single point, to the more
important study of an attracting or repelling system, let us resume the differential equations
(A.), which may be thus summed up:

dt 60H = ¥ (dn dw — dwin); (A%)

and in order to separate the absolute motion of the whole system in space from the motions
of its points among themselves, let us choose the following marks of position:

Y..mx Y. my Y..mz
= =7 = 176.
Xy s Yn sm Zn sm ( )
and
§i =T —Tpy, M =Yi—Yn, G =2i— Zn; (177.)

that is, the 3 rectangular coordinates of the centre of gravity of the system, referred to an ori-
gin fixed in space, and the 3n—3 rectangular coordinates of the n—1 masses my, mo, ... my,_1,
referred to the nth mass m,,, as an internal and moveable origin, but to axes parallel to the
former. We then find, as in the former Essay,

T= %(33;/2 +y,’,2 + z,’,2) Ym + % 3y, .m(§’2 +77/2 4 </2)

1 (178.)
g5 mE) + (S’ + (20.mC) )
the sign of summation ¥, referring to the first n — 1 masses only; and therefore,
o 1 5T \? (0T ? (0T ? )
2 xm dxy, oYy, dzy,
1 [/6T\? [oT\?> [T\’
1
1y, — (= = - 179.
A m{((%') () +(5) } 179,
L 25T2+26T2+25T2
2m., "¢ "o Lo ' J
If then we put for abridgement,
16T m& )
x; _ —6—/ g gl — E/ mg y
m 6§ >m
16T >, .mn
R 180.
U= sy = SIS (180.)
10T .m(’
Z,/ = —5—/ — CI — 2/ mC R
m 6C > m )
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we shall have the expression

H=1(x;+yn+z2,)Sm+ 3% .m@?+y> +27°)
1
2m.,

+ {(z, mal) + (2 myl)’ + (3 .mzf)Q} - U,

of which the variation is to be compared with the following form of (AZ2.),

dt 0H = (dx,, 6z, — dx;, 6, + dy, Sy, — dy,, Sy, + dz, 6z, — dz), 8z,) . m ()
+ 3, .m(d€ 6x) — dx) 66 + dn by, — dy, dn + d( 6z, — dz, 6C), '

in order to form, by our general process, 6n differential equations of the first order, between
the 6n quantities x, v, 2, x, y,, 2, € 1 ¢ 2,y z, and the time ¢. In thus taking the variation
of H, we are to remember that the force-function U depends only on the 3n — 3 internal
coordinates £ 1 ¢, being of the form
U=mp(mifi+mafa+-+mu_1fn1) } (D2.)

+mimafia +mimsfiz+ -+ Mmp_omp_1fn—2n-1,

in which f; is a function of the distance of m; from m,,, and f; j is a function of the distance
of m; from my, such that their derived functions or first differential coefficients, taken with
respect to the distances, express that laws of mutual repulsion, being negative in the case
of attraction; and then we obtain, as we desired, two separate groups of equations, for the
motion of the whole system of points in space, and for the motions of those points among
themselves; namely, first, the group

dx, =z, dt, dx, =0,
dyn =y, dt, dy;, =0, (181.)
dzy = z,dt, dz, =0,

and secondly the group

1 1 )
d¢ = (x) + — X, .mx, | dt, dz,= —6—Udt,
My, m o0&
1 16U
dn = <y,’ +—Y .my,’) dt, dy = ——dt, p (182.)
My m on
1 1
A=z +—,.mz | dt, dz = —6—Udt.
m m 0¢ J

n

The six differential equations of the first order (181.), between x,, y,, 2z, x), y), 2,, and t,
contain the law of rectilinear and uniform motion of the centre of gravity of the system; and
the 6n — 6 equations of the same order, (182.), between the 6n — 6 variables £ n ¢ z) y, 2z, and
the time, are forms for the differential equations of internal or relative motion. We might
eliminate the 3n — 3 auxiliary variables z 1y, 2z, between these last equations, and so obtain
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the following other group of 3n — 3 equations of the second order, involving only the relative
coordinates and the time,

g,,_l(S_U_'_LE(S_U\
T m s my, 6
, 16U 1 U

(183.)

T mén  om, o’
¢ = 10U 1 / (5_U '

5¢ )
but it is better for many purposes to retain them under the forms (182.), omitting, however,
for simplicity, the lower accents of the auxiliary variables x} ¥, z,, because it is easy to prove
that these auxiliary variables (180.) are the components of centrobaric velocity, and because,
in investigating the properties of internal or relative motion, we are a liberty to suppose that
the centre of gravity of the system is fixed in space, at the origin of = y z. We may also, for
simplicity, omit the lower accent of ¥},, understanding that the summations are to fall only
on the first n — 1 masses, and denoting for greater distinctness the nth mass by a separate
symbol M; and then we may comprise the differential equations of relative motion in the
following simplified formula,

dt 0H = Y. .m(d€ 62" — dx’ 66 + dn dy’ — dy' dm + d¢ 62" — d2' 6¢), (E2.)

moC | my

in which

1
H=1inm(@?+y?+27%) + i {(Z ma')’ + (x.my)’ + (2 .mz')Q} - U, (F2.)

And the integrals of these equations of relative motion are contained (by our general
method) in the formula

68 =3 .m(x' 66 — a'da+y dn — V6B + 2 5¢ — ), (G2)

in which a 3 v a’ b’ ¢’ denote the initial values of £ n ¢ 2’ ¢/ 2/, and S is the principal function
of relative motion of the system; that is, the former function S, simplified by the omission
of the part which vanishes when the centre of gravity is fixed, and which gives in general the
laws of motion of that centre, or the integrals of the equations (181.).

Second Fxample: Case of a Ternary or Multiple System with one Predominant Mass; Equa-
tions of the undisturbed motions of the other masses about this, in their several Binary Sys-
tems; Differentials of all their Elements, expressed by the coefficients of one Disturbing Func-
tion.

32. Let us now suppose that the n — 1 masses m are small in comparision with the nth
mass M; and let us separate the expression (F2.) for H into the two following parts,

H,y =y (1+m> (2" + ¢y + %) — M ¥ .mf,

2 M
mim
H, = 172(56’1935+y1yé+2125 — Mfio)+ - (H2.)
m;myg
+ 7 (zixy + viye + ziz, — M fig) + -+,
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of which the latter is small in comparision with the former, and may be neglected in a
first approximation. Suppressing it accordingly, we are conducted to the following 6n — 6
differential equations of the 1st order, belonging to a simpler motion, which may be called
the undisturbed:

dg . 1 (5H1 . m /. dQL‘/ . 1 5H1 . 5f )

i~ — (L) ar = moee Mo

dn 1 6H, my , dy 1 0H, of 9
dt — m &y (1 ]\4)3/7 dt m on Mén’ =)
dC 1 5H1 m ’ dZ/ 1 5H1 5f

S (14— ) = — o

i~ mar ~F)F G 5¢ e

These equations arrange themselves in n — 1 groups, corresponding to the n — 1 binary
systems (m, M); and it is easy to integrate the equations of each group separately. We may
suppose, then, these integrals found, under the forms,

R = X(l)(t7 57 77? C) ‘,1:/7 y/7 Zl)? V= X(4) (t7 é’? n? C? ml? y/7 Zl)?
A=xP(t,&m, 62y, 2), m=xOt6n, ¢y, ), (K%)
p=xDt6n, ¢y, 2", w=xO1¢n. ¢y, 2,

the six quantities K A u v 7 w being constant for the undisturbed motion of any one binary

system; and therefore the six functions Y, x, x®) x® O O or g, X, u, v, 7, w,
being such as to satisfy identically the following equation,

(5_,% ok 0Hy ok 0H1 o0k dH; ok 0H, O0xdH, Orx 0H;

0= 55w 5 o€ "oy oy oy on | oc o2  ox oC

(L)

with five other analogous, for the five other elements A, u, v, 7, w, in any one binary system
(m, M).

33. Returning now to the original multiple system, we may retain as definitions the
equations (K2.), but then we can no longer consider the elements x; \; p; v; 7; w; of the
binary system (m;, M) as constant, because this system is now disturbed by the other masses
myg; however, the 6n — 6 equations of disturbed relative motion, when put under the forms

06 _OHy GHy da'  §Hy 6y

dt — x' o'’ dat & 5¢ "’

dT] 5H1 (5H2 dy/ 5H1 (5H2 2

= = = M=,
"t 5y’ + Sy’ 7 on on (MZ.)
A _GHy GHy A2 SHy 6H,

dt 62 = 82 a & 5¢ )

and combined with the identical equations of the kind (L2.) give the following simple expres-
sion for the differential of the element , in its disturbed and variable state,

o nOHy Gn oty | Sndffy 0k 0Hy | OkiHy udffy
dt 66 dx'  ox' 6& on oy’ oy’ on 8¢ 6z 62 8¢ '
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together with analogous expressions for the differentials of the other elements. And if we
express £ n ¢ 2’y 2/, and therefore Hy itself, as depending on the time and on these varying
elements, we may transform the 6n — 6 differential equations of the 1st order (M2.), between
En Cax'y 2t into the same number of equations of the same order between the varying
elements and the time; which will be of the forms:

mci—/: = {~, A}% + {k, u}% + {/{,V}% + {I{,T}% + {/{,w}%,
m% = ff}% + {A,u}% +{A u}% + {A,r}% + {)\,w}%,
mcfi—/: :{M,H}%+{M,)\}%+{M,V}%+{H,T}%+{u,w}%, o)
mfl—z={V’ﬂ}%+{V7A}%+{v,u}%Huﬂ%ﬂy,w}%, |
mz—z =1{n K}% + {T»A}% +{m u}% +1{7 V}% + {T,w}%,
i = 0T N G o S e )
if we put, for abridgement,
{K,A}:g—g%_é_/{@+5ﬁ5_>‘_5_ﬁ5_)‘+5_ﬁd_’\_5K5)‘ (P2.)

5z’ 6§ T ooy Oy dn | 6C 6z 62 6C

and form the other symbols {k, u}, {\, k}, &c., from this, by interchanging the letters. It is
evident that these symbols have the properties,

{Nk}=—{k, A}, {k,k}=0; (184.)

and it results from the principles of the 15th number, that these combinations {x, A}, &c.,
when expressed as functions of the elements, do not contain the time explicitly. There are,
in general, by (184.), only 15 such distinct combinations for each of the n — 1 binary systems;
but there would thus be, in all, 15n — 15, if they admitted of no further reductions: however
it results from the principles of the 16th number, that 12n — 12 of these combinations may be
made to vanish by a suitable choice of the elements. The following is another way of effecting
as great a simplification, at least for that extensive class of cases in which the undisturbed
distance between the two points of each binary system (m, M) admits of a minimum value.

Simplification of the Differential Fxpressions by a suitable choice of the Elements.

34. When the undisturbed distance r of m from M admists of such a minimum g,
corresponding to a time 7, and satisfying at that time the conditions

=0, >0, (185.)
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then the integrals of the group (I2.), or the known rules of the undisturbed motion of m about
M, may be presented in the following manner:

k= V{(& —na')? + (nz' — Cy')* + (Ca’ — &)%) )
A=k —&y +na';
M
p= T @y 4 2) - M),
1 nZ = Cy
v = tan 1@,
M dr 9
S / m Vi " . @)
— 4 —
q _ my R
\/{2u+2Mf(r) (1+3) T2}
M+m dr 3 dr
w:V+sin_1£_ ' M Var? :
VoK — 22 q m\ k%)’
v 2u+2Mf(r)—<1+M>r—2 )

the minimum distance g being a function of the two elements , u, which must satisfy the
conditions

2 2
m\ K m\ K
2 + 2M —<1 —)—:0, Mf' (1 —)—>0; 186.
o+ 2M f(q) ) 2 Fla)+(1+ 47 = (186.)
and sin"!s, tan~! ¢, being used (according to Sir JOHN HERSCHEL’S notation) to express,
not the cosecant and cotangent, but the inverse functions corresponding to sine and cosine,
or the arcs which are more commonly called arc(sin = s), arc(tan = t). It must also be

observed that the factor = which we have introduced under the signs of integration, is

dr
not superfluous, but is designed to be taken as equal to positive or negative unity, according

as dr is positive or negative; that is, according as r is increasing or diminishing, so as to make
the element under each integral sign constantly positive. In general, it appears to be a useful
rule, though not always followed by analysts, to employ the real radical symbol v/R only for

pe
positive quantities, unless the negative sign be expressly prefixed; and then \/—_2 will denote
r

positive or negative unity, according as r is positive or negative. The arc given by its sine, in
the expression of the element w, is supposed to be so chosen as to increase continually with
the time.

35. After these remarks on the notation, let us apply the formula (P2.) to calculate the
values of the 15 combinations such as {, A}, of the 6 constants or elements (Q?2.).
Since

r= Vi€ +i’ + ¢, (187.)

it is easy to perceive that the six combinations of the 4 first elements are as follows:
{k, A} =0, {k,pu}=0, {k,v}=0, {\pu}t=0 {ANv}=1 {pv}=0.  (188.)
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To form the 4 combinations of these first 4 elements with 7, we may observe, that this
5th element 7, as expressed in (Q?.), involves explicitly (besides the time) the distance r,
and the two elements x, u; but the combinations already determined show that these two
elements may be treated as constant in forming the four combinations now sought; we need
only attend, therefore, to the variation of 7, and if we interpret by the rule (P2.) the symbols
{r,r}, {7}, {u,r}, {v,r}, and attend to the equations (I2.), we see that

(kory =0, {\r}=0, {ur}= —d—z {v,r} =0, (189.)

dr
— being the total differential coefficient of r in the undisturbed motion, as determined by

dt
the equations (I2); and, therefore, that

{rk,7} =0, {N7}=0, {v,7}=0, (190.)

and
ot dr dt dr

W= = e =
observing that in differentiating the expressions of the elements (Q?), we may treat those
elements as constant, if we change the differentials of £ n ¢ 2’ ¥’ 2’ to their undisturbed
values. It remains to calculate the 5 combinations of these elements with the last element w;
which is given by (Q?.) as a function of the distance 7, the coordinate ¢, and the 4 elements
K, A, i, v; so that we may employ this formula,

(191.)

1) 1) 0 1) ) )
fewh = oot +gete (o Golent + 5le A+ fed + o), (192)

in which, if e be any of the first five elements, or the distance r,

et =1 (egm4ng+055 ) feh=—55 far)=0,  (198)

and )
ow oK\ ow d¢ dw  dw
el i e e 194.
o¢ <5z’) or dr 8¢’ v ’ (194)
the formula (192.) may therefore be thus written:
de de
i i)
5 oy’ de 0K
= - — — A 195.
e} i () e e e 55
We easily find, by this formula, that
dr dw
- _1: —0- —0- _ 7. 196.
(o} ==l e =0 (e} =0 {rw) =G5 (196,
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and

The formula (195.) extends to the combination {7,w} also; but in calculating this last
combination we are to remember that 7 is given by (Q2.) as a function of s, p, 7, such that

ot dt
- = _ . 198.
or dr’ (198.)
and thus we see, with the help of the combinations (196.) already determined, that
ot 5w 5
=—— - — @ dr + — Q dr, 199.

if we represent for abridgement by ©,. and €2, the coefficients of dr under the interal signs in

(Q?.), namely,
1
M dr M+m k2] 2
0, =1/ . 2% + 2M f(r) — LI O
K

M
L (200.)
Kk |[M+m dr M+m k22
Q=3 == 2u+2M f(r) — =
r2 M 012 { u—+ f("') M r2 }
These coeflicients are evidently connected by the relation
00, 09,
= 201.
0K + op 0 (201)
which gives
)
@dr-l——/ﬂdr—o (202.)
ok

r, being any quantity which does not vary with the elements x and p; we might therefore
at once conclude by (199.) that the combination {7,w} vanishes, if a difficulty were not
occasioned by the necessity of varying the lower limit ¢, which depends on those two elements,
and by the circumstance that at this lower limit the coefficients ©, 2, become infinite.
However, the relation (202.) shows that we may express the combination {7,w} as follows:

5 T 5 T
{r,w} = —/ O,dr + — / Q,dr, (203.)
0K Jg o J,

r, being an auxiliary and arbitrary quantity, which cannot really affect the result, but may
be made to facilitate the calculation; or in other words, we may assign to the distance r any
arbitrary value, not varying for infinitesimal variations of x, u, which may assist in calculating
the value of the expression (199.). We may therefore suppose that the increase of distance
r — ¢ is small, and corresponds to a small positive interval of time ¢ — 7, during which the
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distance r and its differential coefficient " are constantly increasing; and then after the first
moment 7, the quantity

1
e, =—

T/

(204.)

will be constantly finite, positive, and decreasing, during the same interval, so that its integral
must be greater than if it had constantly its final value; that is,

t—r :/ ©,dr > (r—q)0,. (205.)
q

Hence, although O, tends to infinity, yet (r — q)©,. tends to zero, when by diminishing the
interval we make r tend to ¢; and therefore the following difference

T M+mek [T M+m [Tk K
Q, dr — — Fdr = — — — - d 206.
/q r i q2/q O, dr U /q (7"2 q2)® r (206.)

will also tend to 0, and so will also its partial differential coefficient of the first order, taken
with respect to p. We find therefore the following formula for {7, w}, (remembering that this
combination has been shown to be independent of r,)

o [" M+m~kr 6 [
212 [ e, 20 ar! 207.
{r,w} réq{ém/q O dr + —- Zon ) dr} (207.)

the sign A implying that the limit is to be taken to which the expression tends when 7 tends
r=q

to g. In this last formula, as in (199.), the integral / O, dr may be considered as a known

q
function of r, q, K, u, or simply of r, ¢, s, if 4 be eliminated by the first condition (186.); and
since it vanishes independently of kK when r = ¢, it may thus be denoted:

/ O, dr = ¢(r, ¢, k) — B(¢, 4, K, (208.)

q

the form of the function ¢ depending on the law of attraction or repulsion. This integral
therefore, when considered as depending on x and pu, by depending on x and ¢, need not
be varied with respect to k, in calculating {7,w} by (207.), because its partial differential

0K
nor need it be varied with respect to ¢, because, by (186.),

5 T
coefficient (— / O, dr), obtained by treating ¢ as constant, vanishes at the limit r = ¢;
q

é0q M+m kK éq

— - —= = 209.
oK + M q2?d6p (209.)

it may therefore be treated as constant, and we find at last
{r,w} =0, (210.)
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the two terms (199.)
destroying each other.

or (203.) both tending to infinity when r tends to ¢, but always

36. Collecting now our results, and presenting for greater clearness each combination
under the two forms in which it occurs when the order of the elements is changed, we have,
for each binary system, the following thirty expressions:

{r,A\} =0, {k,u}=0, {r,v} =0, {r, 7} =0, {r,w}=-1,)

{Nkp=0, {\u}=0, {\ v} =1, {N7}=0, {\w}=0,

{p,} =0, {p,A}=0, A{prv}t=0, A{p7}=1 {pw}=0, ®2)
{v,c} =0, {v,A\}=-1, {v,u}=0, {v,7} =0, {v,w} =0,

{r,k} =0, {1,A} =0, {r,u}=-1, {r,v}=0, {r,w}=0,

{w,k} =1, {w,A} =0, {w,u} =0, {w,v} =0, {w,7}=0;

so that the three combinations

{wryh Awry, {Av}

are each equal to positive unity; the three inverse combinations

{rp}, Amwh v A}

are each equal to negative unity; and all the others vanish. The six differential equations of
the first order, for the 6 varying elements of any one binary system (m, M), are therefore, by

(0%),

d,u - 5H2 dr . 5H2 )

at = or 0 Mat T op

S _O0H:  di  OHp (S2.)
dt oKk’ dt dw ’
dA . (5H2 dv . 6H2

at = ov o Mar T on )

and if we still omit the variation of ¢, they may all be summed up in this form for the variation
of HQ,

0Hy =¥ .m(pu'dt — 7'6p + w'dk — K'6w + Ndv — Vo), (T2

which single formula enables us to derive all the 6n — 6 differential equations of the first order,
for all the varying elements of all the binary systems, from the variation or from the partial
differential coefficients of a single quantity Hs, expressed as a function of those elements.

If we choose to introduce into the expression (T2.), for § Ho, the variation of the time ¢,
we have only to change 67 to d7 — §t, because, by (Q2.), 0t enters only so accompanied; that
is, t enters only under the form ¢ — 7;, in the expressions of & n; (; «} y; 2, as functions of
the time and of the elements; we have, therefore

0H. 0H.
2 = — _2:_E.m/.l//,

—_— 211.
ot oT ( )
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and since, by (H2.), (Q?),

Hy =Y .myu, (212.)
we find, finally, - SH
1 2

== U2,

dt ot (U%)

This remarkable form for the differential of Hq, considered as a varying element, is general
for all problems of dynamics. It may be deduced by the general method from the formulae of
the 13th and 14th numbers, which give

dHl o 5H2 (SHl (5/4,1 _ (SHl 5%1 i i 5H2 (SHl (Sliﬁn B 5H1 (SKJGn
dt Ok on dw  dw on OK6n on dw dw o (213.)
. 5H2 5/‘%1 5H2 (5/'{2 4 (5H2 5’€6n . _5H2 '
0k Ot Oky Ot Sken Ot Ot
K1 Kg ... kgn being any 6n elements of a system expressed as functions of the time and of

the quantities  w; or concisely by this special consideration, that H; + H> is constant in
the disturbed motion, and that in taking the first total differential coefficient of Hy with
respect to the time, the elements may by (F!.) be treated as constant. It is also a remarkable
corollary of the general principles just referred to, but not one difficult to verify, that the first

K
partial differential coefficient —~, of any element x, taken with respect to the time, may be

expressed as a function of the elements alone, not involving the time explicitly.

On the essential distinction between the Systems of Varying Elements considered in this Essay
and those hitherto employed by mathematicians.

37. When we shall have integrated the differential equations of varying elements (S2.),
we can then calculate the varying relative coordinates £ n ¢, for any binary system (m, M),
by the rules of undisturbed motion, as expressed by the equations (I2.), (QZ2.), or by the
following connected formulae:

\

E=r (cose—l—%sinw—u)sinu) ,

n=r (sin&— isin(@—u) cosy> ) (V2)
K

(= 2\/2»; “X2sin(d — v);

in which the distance r is determined as a function of the time ¢ and of the elements 7, &, pu,
by the 5th equation (QZ2.), and in which

M+m dr K
M \dr? r?

w+/q \/{2u+2Mf(r)—<1+m>:—§}’

M

dr
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q being still the minimum of r, when the orbit is treated as constant, and being still connected
with the elements &, p, by the first equation of condition (186.). In astronomical language,
M is the sun, m a planet, £ n ( are the heliocentric rectangular coordinates, r is the radius
vector, 6 the longitude in the orbit, w the longitude of the perihelion, v of the node, 6 — w is
the true anomaly, 8 — v the argument of latitude, u the constant part of the half square of
undisturbed heliocentric velocity, diminished in the ratio of the sun’s mass (M) to the sum
(M + m) of masses of sun and planet, x is the double of the areal velocity diminished in the

same ratio, — is the versed sine of the inclination of the orbit, ¢ the perihelion distance, and

T the time OF perihelion passage. The law of attraction or repulsion is here left undetermined;
for NEWTON’S law, p is the sun’s mass divided by the axis major of the orbit taken negatively,
and k is the square root of the semiparameter, multiplied by the sun’s mass, and divided by
the square root of the sum of the masses of sun and planet. But the varying ellipse or
other orbit, which the foregoing formula require, differs essentially (though little) from that
hitherto employed by astronomers: because it gives correctly the heliocentric coordinates,
but not the heliocentric components of velocity, without differentiating the elements in the
calculation; and therefore does not touch but cuts, (though under a very small angle,) the
actual heliocentric orbit, described under the influence of all the disturbing forces.

38. For it results from the foregoing theory, that if we differentiate the expressions (V2.)
for the heliocentric coordinates, without differentiating the elements, and then assign to those
new varying elements their values as functions of the time, obtained from the equations (S?),
and deduce the centrobaric components of velocity by the formulze (I2.), or by the following:

2 = M¢' y/: Mn' o = M .
M+m’ M+m’ M+m’

(214.)

then these centrobaric components will be the same functions of the time and of the new
varying elements which might be otherwise deduced by elimination from the integrals (QZ2.),
and will represent rigorously (by the extension given in the theory to those last-mentioned
integrals) the components of velocity of the disturbed planet m, relatively to the centre of
gravity of the whole solar system. We chose, as more suitable to the general course of our
method, that these centrobaric components of velocity should be the auxiliary variables to
be combined with the heliocentric coordinates, and to have their disturbed values rigorously
expressed by the formulae of undisturbed motion; but in making this choice it became neces-
sary to modify these latter formulae, and to determine a varying orbit essentially distinct in
theory (though little differing in practice) from that conceived so beautifully by LAGRANGE.
The orbit which he imagined was more simply connected with the heliocentric motion of a
single planet, since it gave, for such heliocentric motion, the velocity as well as the position;
the orbit which we have chosen is perhaps more closely combined with the conception of a
multiple system, moving about its common centre of gravity, and influenced in every part
by the actions of all the rest. Whichever orbit shall be hereafter adopted by astronomers,
they will remember that both are equally fit to represent the celestial appearances, if the
numeric elements of either set be suitable determined by observation, and the elements of
the other set of orbits be deduced from these by calculation. Meantime mathematicians will
judge, whether in sacrificing a part of the simplicity of that geometrical conception on which
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the theories of LAGRANGE and P0OISSON are founded, a simplicity of another kind has not
been introduced, which was wanting in those admirable theories; by our having succeeded in
expressing rigorously the differentials of all our own new varying elements through the coef-
ficients of a single function: whereas it has seemed necessary hitherto to employ one function
for the Earth disturbed by Venus, and another function for Venus disturbed by the Earth.

Integration of the Simplified Equations, which determine the new varying Elements.

39. The simplified differential equations of varying elements, (S2.), are of the same form
as the equations (A.), and may be integrated in a similar manner. If we put, for abridgement,

' 6H, = 6H, = oM.
(T,K,V) :/0 {E (7‘ 57_2 + K 5/: +v 51/2) —Hg}dt, (X2))

and interpret similarly the symbols (u,w, A), &c., we can easily assign the variations of the
following 8 combinations, (7,k,v), (u,w,N), (4, k,v), (T,w,A), (T,w,v), (1, K&, A), (T,K,A),
(1, w,v); namely

71,k v) =X .m(T 0 — 79 o + K dw — Ko dwo + VX — 1y SNg) — Ha dt, )

Sy w, A) =X .m(po 610 — 0T + wo 0kg — WK + Ao dvg — Adv) — Ha §

I, kyv) =X .m(po 0190 — 0T + Kdw — Ko dwo + VOX — g dNg) — Ha §

(1, w,\) =X .m(7du — 10 dpo + wo dko — w Ik + Ao dvg — Adv) — Ha ¥2)
(1w, v) =X .m(Tdu — 7000 + wo 0kg — wOK + VO — g dAg) — Ha 0 .
Oy Ky A) = X om(pp 010 — 0T 4+ K dw — Ko dwp + Ao dvg — Adv) — Ha &

(1,8, A) =X .m(T 0 — 7o o + K dw — Ko dwo + Ag dvg — Adv) — H2 (515

S(p,w,v) =X .m(po 0179 — 0T 4+ wo dkg — W Ik + VN — vy 0Ng) — Ho 01,

Ko Ao Mo VYo To wo being the initial values of the varying elements x A p v 7 w. If, then, we
consider, for example, the first of these 8 combinations (7, s, v), as a function of all of the
3n — 3 elements p; w; A;, and of their initial values pg; wo; Ao, involving also in general
the time explicitly, we shall have the following forms for the 6n — 6 rigorous integrals of the
6n — 6 equations (S2.):

O (7o) 0 (rk )
m;T, = —\T,R, V)5 MTo,s = — TyK,V);
1t o dft0,i
)
miK; = 5—%(7, K, V); miko,; = —m(ﬂf%”); ’ (Zz-)
5 )
m;v; = 5y — (7, K, v); mivy,; = —W(T, K, V); )

and in like manner we can deduce forms for the same rigorous integrals, from any one of
the eight combinations (Y2.). The determination of all the varying elements would there-
fore be fully accomplished, if we could find the complete expression for any one of these 8
combinations.
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40. A first approximate expression for any one of them can be found from the form under
which we have supposed Hs to be put, namely, as a function of the elements and of the time,
which may be thus denoted:

Hy = Hy(t, k1, A1, 41, V1, T1, W15 K1, A1y o1, Yn—15 Tn—1, Wn—1); (A?’-)

by changing in this function the varying elements to their initial values, and employing the
following approximate integrals of the equations (S2.),

tSH tSH )
W= M0+— th 7':7'—— —2dt
o 070 m Jo Ofo
OH. LSH
w:w0+—/ —2dt, If:/'io—— 24t (B3.)
m OKo m 0 dwo
1 0H> b §H,
=X+ — —= dt, =1y — — —= dt.
o+ m/ ovg v=r m Jo 0Ao )
For if we denote, for example, the first of the 8 combinations (Y2.) by G, so that
G = (1,k,V), (C3)
we shall have, as a first approximate value,
t
0H. 0H. 0H.
Gl :/ {Z (7'0 2 + Ko 2 + 19 2) —Hg}dt, (Dg)
0 57‘0 (5%0 51/0

and after thus expressing G; as a function of the time, and of the initial elements, we can
eliminate the initial quantities of the forms 79 kg v, and introduce in their stead the final
quantities ;1 w A, so as to obtain an expression for G of the kind supposed in (Z2.), namely,
a function of the time t, the varying elements p w A, and their initial values pg wo Ao.
An approximate expression thus found may be corrected by a process of that kind, which
has often been employed in this Essay for other similar purposes. For the function G, or the
combination (7, k, ), must satisfy rigorously, by (Y2.), (A3.), the following partial differential
equation:

0= oG H2( 1 4G 1 6G 1 4G 1 4G "'wn—1);

,A
6t 1, M1, —

and each of the other analogous functions or combinations (Y2.) must satisfy an analogous
equation: if then we change G to G + G, and neglect the squares and products of the
coefficients of the small correction G5, G being a first approximation such as that already
found, we are conducted, as a second approximation on principles already explained, to the
following expression for this correction G:

t(sG, 1 (5G1 1 (5G1 1 5G1
- _ 1L H ) bdt: F3.
s /0 { ot +H (m Swy DAL 1 my 6\ My 5u1 W1 )} (F*.)

(E%)

’ mq (5 w1 mq 5)\1 miq (5/14 Wi mo (5(.4)2

which may be continually and indefinitely improved by a repetition of the same process of
correction. We may therefore, theoretically, consider the problem as solved; but it must
remain for future consideration, and perhaps for actual trial, to determine which of all these
various processes of successive and indefinite approximation, deduced in the present Essay
and in the former, as corollaries of one general Method, and as consequences of one central
Idea, is best adapted for numeric application, and for the mathematical study of phenomena.
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