Quaternionic Structures in Mathematics and Physics SISSA - Trieste, 5-9 September 1994

TWISTOR OPERATORS AND EIGENVALUES OF THE DIRAC OPERATOR

Oussama HIJAZI

Abstract. Twistor operators are introduced on Riemannian, Kählerian and Quaternionic- Kähler spin manifolds. Using these operators with the Lichnerowicz formula, one gets sharp lower bounds for the square of the eigenvalues of the Dirac operator in terms of the dimension and the geometrical structure of the compact manifold.

0. Introduction

The Lichnerowicz theorem could be stated as a gap phenomenon in the spectrum of the Dirac operator:

Theorem 0. [Li 1] On a compact Riemannian spin manifold with positive scalar curvature S, the Dirac operator has no eigenvalues in the closed interval [ − 1 2 √ S_o , + 1 2 √ S_o ] , where S_0 denotes the infimum of the scalar curvature.

A fundamental consequence of this result is that it gives topological obstructions to the existence of Riemannian metrics with positive scalar curvature. In fact, since the Dirac operator D is self-adjoint, its analytical index is zero. For an even dimensional manifold, the spinor bundle splits under the action of the volume element into the direct sum of positive and negatif spinors. The corresponding splitting of the Dirac operator is given by D = D_+ + D_−, where D_+ (resp. D_−) interchanges positive and negative spinors (resp. negative and positive spinors). The analytical index of the elliptic operator D_+ is given by Ind D_+ = dim ker D_+ − dim ker D_− .

By the Lichnerowicz theorem, if the scalar curvature is positive then ker D_+ = ker D_− = {0}, hence Ind D_+ = 0. By the Atiyah-Singer Index theorem, the analytical index is equal to the topological index, therefore on a compact Riemannian spin manifold with

1991 Mathematics Subject Classification. Primary 53C20, 53C21, 53C25; Secondary 58-02, 58G25. The author would like to thank the CRM for his hospitality during his sabbatical. This work has been partially supported by the EEC programme GADGET, SC1-0105.

Typeset by AMS-TEX 151

a non-vanishing topological index, there exists no metric with positive scalar curvature. Important extentions of positive scalar curvature obstructions were obtained by Hitchin, Gromov-Lawson and Stolz [Hn, GL 1, 2, 3, St 1, 2].

In this paper we present optimal refinements of Theorem 0 based on the use of twistor operators. Under the curvature assumption, three families of compact spin manifolds are of interest: Riemannian, Kählerian and Quaternionic-Kähler manifolds. It turns out that on the spectral level, via the twistor construction, the three structures are related. The round sphere, the complex projectif space (of odd complex dimension) and the Quaternionic projectif space are the model spaces of these structures. The whole spectrum of the Dirac operator of these model spaces has been computed [Su, CGLS, Mt]. In case the holonomy group is the special orthogonal group or the unitary group, if λ_1 denotes the first eigenvalue of the Dirac operator, then the ratio^{λ21}_{S0} of the given manifold is at least equal to the corresponding ratio of the model space [Ki 1, Ki 2, Hi 4]. In the Quaternionic case, the above is also true in small dimensions [HM 2, 3].

It is worth noting that the size of the gap in the spectrum of the Dirac operator increases with the rigidity of the geometry of the Riemannian compact spin manifold. In this presentation, we shall emphasize on the computation of the minimal eigenvalues for the above mentioned families of manifolds, without getting into the classification problem of manifolds with lowest eigenvalues to which references for known results are given.

The paper is organized as follows : In Section 1 we state and sketch the proof of basic results on the first eigenvalues of the Dirac operator on compact spin manifolds, with positive scalar curvature. The second part concerns the corresponding problem when, in addition, the manifold is Kähler. The results are mainly due to Kirchberg, but our presentation has the advantage to be self-contained and aims to illustrate the next section. In the last section, we review some results of a joint work with J.-L. Milhorat on Quaternionic-Kähler spin manifolds. The main tools are presented without proofs. Our goal in this exposition is to show how to determine the twistor operators of manifolds with special geometrie, then to make use of these operators to study the lowest eigenvalues of the Dirac operator.

1. Spin Compact Manifolds

In this section, we review different refinements of the Lichnerowicz theorem on Riemannian compact spin manifold (M^n, g, γ) with positive scalar curvature. Here, the Riemannian metric is denoted by g and the spin structure by γ. For basic facts concerning spin geometry, we refer to [LM, Bo, CGLS]. First we present Friedrich’s Inequality [Fr 1] based on the use of a modified spinor connection. We give a simple and natural proof of this result by means of the twistor operator [Li 7, 8, 9]. The second step is obtained by the author [Hi 1] where the conformal covariance of the Dirac operator plays a central role (see also [Li 2-7, HL]).

Denote by ∇ the Levi-Civita connection on the tangent bundle as well as its extensions on the bundle of exterior forms ∧T^∗M and the bundle of complex spinors ΣM. The Dirac operator D acting on the space of sections of the spinor bundle is the elliptic selfadjoint operator defined as the composition of the Levi-Civita connection with Clifford multiplication. Locally, with respect to a g-orthonormal tangent frame {e_1, . . . , e_n} one has:

D : Γ(ΣM)^∇−→ Γ(T^∗M ⊗ ΣM)^M−→ Γ(ΣM) ψ −→ ∑ i e_i ⊗ ∇_{ei} ψ −→ ∑ i e_i · ∇_{ei} ψ .

Note that in case one considers the Clifford bundle (which is isomorphic as a vector bundle to the bundle of exterior forms) instead of the spinor bundle ΣM, then the corresponding Dirac operator is the Hodge-deRham operator d + δ. A fundamental result on the Dirac operator is the Lichnerowicz formula:

(1.1) D^2 = ∇^∗∇ + 1 4 S , where ∇^∗ is the adjoint of the Levi-Civita connection with respect to the natural Hermitian scalar product ( , ) on the spin bundle. For completeness, we show how (1.1) yields to the Lichnerowicz theorem.

Proof of Theorem 0. Applying (1.1) to a spinor field ψ, taking its scalar product with ψ and integrating on the compact manifold with respect to the volume element v_g, give

(1.2) ∫ M |∇ψ|^2 v_g = ∫ M |Dψ|^2 v_g − 1 4 ∫ M S |ψ|^2 v_g . Since the l.h.s of (1.2) is non-negative, it follows that if λ is an eigenvalue of D, then

λ^2 ≥ 1 4 S_0 .

If equality holds, then the scalar curvature is constant and ∇ψ ≡ 0 where ψ is a corresponding eigenspinor. Hence,

λ^2 = 1 4 S_0 = 1 4 S = 0 ,

which contradicts the curvature assumption. �

The next step is to improve this result so that equality could be achieved. We have

Theorem 1. [Fr 1] On a compact Riemannian spin manifold with positive scalar curvature the Dirac operator has no eigenvalue in the open interval ] − 1 2 √ n n − 1 S_o , + 1 2 √ n n − 1 S_o [ . Moreover, manifolds with minimal eigenvalues are Einstein.

Remark 1. Denote by λ^2_1 := λ^2_1(M^n, g, γ) the first eigenvalue of the Dirac operator on a Riemannian compact spin manifold (M^n, g, γ) and let ν_1 be the ratio^{λ21}_{S0} . Since λ^2_1(S^n, g_0, γ_0) =^{n2}_4 (see [Su]), then the first part of Theorem 1 could be stated as (1.3) ν_1(M^n, g, γ) ≥ ν_1(S^n, g_0, γ_0) , where (S^n, g_0, γ_0) denotes the standard n-dimensional sphere with its canonical structure.

Before proving Theorem 1, we recall that on a spin manifold there is another basic “operator” introduced by R. Penrose, called the twistor operator which will be denoted by P [Li 7–9]. The twistor operator is defined as the complement of the Dirac operator, more precisely, it is the composition of the covariant derivative with the projection on the kernel of Clifford multiplication. Locally, one has

P : Γ(ΣM)^∇−→ Γ(T^∗M ⊗ ΣM)^π−→ ker M ψ −→ ∑ i e_i ⊗ ∇_{ei} ψ −→ ∑ i e_i ⊗ (∇_{ei} ψ + 1 n e_i · Dψ) , hence, (1.4) P_X ψ := ∇_X ψ + 1 n X · Dψ , ∀X ∈ Γ(T M), ∀ψ ∈ Γ(ΣM) . Note that by definition, the twistor operator satisfies

(1.5) n∑ i=1 e_i · P_{ei} ψ = 0, ∀ψ ∈ Γ(ΣM) . A crucial relation between the Dirac operator and the twistor operator is given by: Lemma 1. [Li 3] For any spinor field ψ, the following Identity is true

(1.6) |∇ψ|^2 = |P ψ|^2 + 1 n |Dψ|^2 . Proof. By (1.5) and since Clifford multiplication by vectors is skew-symmetric, it follows: |P ψ|^2 = n∑ i=1 (P_{ei} ψ, P_{ei} ψ) ,

= n∑ i=1 (P_{ei} ψ, ∇_{ei} ψ + 1 n e_i · Dψ) ,

= n∑ i=1 (P_{ei} ψ, ∇_{ei} ψ) ,

= n∑ i=1 (∇_{ei} ψ + 1 n e_i · Dψ, ∇_{ei} ψ) , = |∇ψ|^2 − 1 n |Dψ|^2 . �

Proof of Theorem 1. Combining (1.5) with (1.2), gives

(1.7) ∫ M |P ψ|^2v_g = n − 1 n ∫ M |Dψ|^2 v_g − 1 4 ∫ M S |ψ|^2 v_g ,

which implies the desired result. If equality holds in (1.3), i.e., if there exists a spinor field ψ such that Dψ = λ_0ψ, with λ^2_0 =^n_{4(n−1)} S_0, then

(1.8) ∇_X ψ = − λ_0 n X · ψ , ∀X ∈ Γ(T M) . The fact that in this case the manifold is Einstein, is an immediate consequence of (1.8) and the Ricci Identity [Fr 1]. �

Again, with the help of the Ricci Identities, one has the following

Lemma 2. [Hi 1] For a real function f and a non-trivial spinor field ψ on a spin manifold (M^n, g, γ), define the metric connection ∇^f by

∇^f_X ψ := ∇_X ψ + f n X · ψ, ∀X ∈ Γ(T M) . If there exists a non-trivial spinor field ψ satisfying ∇^f ψ ≡ 0, then the manifold is compact and f^2 = λ^2_0 = n 4(n − 1)

S_0·

In particular, the manifold is Einstein.

A non-trivial spinor field ψ such that P ψ ≡ 0 (resp. ∇^f ψ ≡ 0) is called twistor-spinor (resp. real Killing spinor). It should be mentioned that real Killing spinors first appeared in mathematical physics in the context of supergravity and recently in superstring theories. In our context, they appear as being eigenspinors associated with the minimal eigenvalues of the Dirac operator. All manifolds with real Killing spinors have been classified. In low dimensions, the approach was a case by case proof [BGKF] and in any dimension the approach is based on the Berger-Simons holonomy theorem [Bä 2].

On the other hand, if one considers a complex valued function f, then the condition ∇^f ψ ≡ 0 implies that (see [Li 3–7]) the function is either real and the manifold is compact or purely imaginary and the manifold is non-compact. In the second case, a ∇^f -parallel spinor is called an imaginary Killing spinor. All manifolds with imaginary Killing spinors are also classified. The first step in this direction was obtained by A. Lichnerowicz [Li 5]. In the case where the imaginary function is constant this is due to H. Baum [BFGK] and the general case is due to H.B. Rademacher [Ra].

In the remaining part of this section we give a qualitative improvement of Theorem 1:

Theorem 2. [Hi 2] On a compact Riemannian spin manifold (M^n, g, γ) with positive scalar curvature any eigenvalue λ of the Dirac operator satisfies

(1.9) λ^2(M^n, g, γ) ≥ n 4(n − 1) sup_u inf_M (S e^{2u}) ,

where S is the scalar curvature of the metric g = e^{2u}g.

A well-known result of N. Hitchin says that the dimension of the space of harmonic spinors is a conformal invariant [Hn]. The proof relies on the conformal covariance of the Dirac operator which could be seen as follows: If the conformal class of g is denoted by [g], an element in this class is a metric g such that g = e^{2u}g, for a real function u on M. At a given point x of M, we consider a g-orthonormal basis e = {e_1, . . . , e_n} of T_xM. The corresponding g -orthonormal basis is denoted by e = {e^{−u}e_1, . . . , e^{−u}e_n} . This correspondence extends to the spin level to give an isometry between the corresponding spinor bundles. We agree to put a ( ) above every object which is naturally associated with the metric g. Then, for any spinorfields ψ and φ, one has (ψ, φ) = (ψ, φ) , where ( , ) denotes the natural Hermitian scalar products on Γ(ΣM), and on Γ(Σ M) which make an isometry from the isomorphism between these spaces. The Levi-Civita connection ∇ is related to ∇ by ∇_X ψ = ∇_X ψ − 1 2 X · du · ψ − 1 2 X(u)ψ . With the help of this Identity, one shows that ( [Hn], [Ba]) the Dirac operators satisfy

(1.10) D ( e^{− (n}

�1)_{2 u} ψ ) = e^{− n+12 u} Dψ . Note that by (1.10) (1.11) Dψ = λψ =⇒ D φ = λe^{−u} φ , with φ = e^{− (n} �1)_{2 u} ψ . Proof of Theorem 2. With respect to the metric g = e^{2u}g, apply Identity (1.7) to the spinor field φ satisfying (1.10) to get n n − 1 ∫ M |P φ|^2 v_g = ∫ M |D φ|^2 v_g − 1 4 ∫ M S|φ|^2 v_g , = ∫ M ( λ^2 − n 4(n − 1) Se^{2u} ) e^{−2u}v_g ≥ 0 . �

If equality holds in (1.9), then P φ ≡ 0 , with D φ = λe^{−u} φ , which, by Lemma 2 implies that the function u is constant, hence the spinor field ψ = e^{(n} �1)_{2 u}

φ is a real Killing spinor.

We next show that the expression sup_u inf_M (S e^{2u}) in (1.9) could be interpreted as a scalar spectral invariant. For this we recall some definitions. For n ≥ 3, let L be the Yamabe operator, i.e., the scalar conformal Laplacian given by

L := 4 n − 1 n − 2 Δ + S .

For g =_{n≥2} e^{2u}g =_{n≥3} h^{4n}�^2 g, the scalar curvatures S and S are related by

h^{−1}L(h) =_{n≥3} 4 n − 1 n − 2 h^{−1}Δ h + S

=_{n≥3} S h^{4n}�^2 = S e^{2u} =_{n≥2} 2(n − 1)Δu − (n − 1)(n − 2)|du|^2 + S .

(1.12)

Let h_1 be an eigenfunction of L associated with its first eigenvalue μ_1. Let u_1 be the function corresponding to h_1 by (1.12). By defintion of the Yamabe operator L, one gets μ_1 = S e^{2u1} . It is easy to see that ([Hi 5]) μ_1(M^n, g) = sup_u inf_M ( S e^{2u}) ,

and the supremum is achieved by a function u if and only if u = u_1. As a corollary, one has Theorem 3. [Hi 3] On a compact Riemannian spin manifold (M^n, g, γ) with positive scalar curvature and dimension n ≥ 3, any eigenvalue λ of the Dirac operator satisfies (1.13) λ^2(M^n, g, γ) ≥ n 4(n − 1) μ_1(M^n, g) .

It is clear that μ_1 ≥ inf_M S, and equality is achieved if and only if the scalar curvature is constant. A second corollary of Theorem 2 could be obtained by comparing μ_1(M^n, g) to the Yamabe number, denoted by μ. This is the conformal invariant scalar defined by

(1.14) μ(M^n, [g]) : =_{n≥2} inf_{g∈[g]} ∫ M S v_g (vol (M, g))^{(n−2)/n} : =_{n≥3} inf_{h>0} ∫ M hL(h) v_g ‖h‖^2_{n/(n−2)} . By a direct application of the Hölder Inequality, it follows Theorem 4. [Hi 3] On a compact Riemannian spin manifold (M^n, g, γ) with positive scalar curvature and dimension n ≥ 2, any eigenvalue λ of the Dirac operator satisfies (1.15) λ^2(M^n, g, γ) (vol(M^n, g))^{2n} ≥ n 4(n − 1) μ(M^n, [g]) .

In case n = 2, by the Gauss-Bonnet formula, one gets (see also [Bä 1]) μ = 4π χ(M), where χ(M) is the Euler-Poincaré characteristic class.

We also mention that Inequality (1.13) is also true for second order differential operators introduced in [HL] and there is a similar Inequality for the twistor operator [Li 8].

2. Kählerian Spin Manifolds This section is devoted to a self-contained exposition of known results on the first eigenvalues of the Dirac operator on Kählerian spin compact manifolds. We recall the basic properties of these manifolds. Let (M^n, g, J, γ) be a Kähler spin manifold of dimension n = 2m, with a Riemannian metric g, a parallel complex structure J and a spin structure γ. For any tangent vector fields X and Y , the Kähler form Ω, defined by the complex structure J, satisfies the following relations Ω(X, Y ) = g(J(X), Y ) = −g(X, J(Y )) , ∇Ω = 0 , ω = 1 m! Ω ∧ . . . ∧ Ω m times , where ω is the volume element defining the orientation of (M^{2m}, g, J, γ). In what follows we consider a local orthonormal basis {e_1, . . . , e_n} of the tangent bundle T M, and at any point x in M, we choose normal coordinates at this point so that (∇e_i)(x) = 0, for all i ∈ {1, . . . , n}. All the computations will be made in such charts. We recall the following result concerning the spectrum of the Dirac operator on compact spin Kähler manifolds. Theorem 5. [Hi 1] On a compact Kähler spin manifold (M^{2m}, g, J, γ) with positive scalar curvature S, any eigenvalue λ satisfies (2.1) λ^2(M^{2m}, g, J, γ) > n 4(n − 1) μ_1(M^{2m}, g, J) , where n = 2m is the real dimension and μ_1 is the first eigenvalue of the Yamabe operator. Proof. It is sufficient to prove that a compact spin manifold with a real Killing spinor could not carry a Kähler structure. Assume that ψ is such a spinor. Then by Lemma 2, the spinor ψ satisfies

(2.2) ∇_X ψ = − λ_0 n X · ψ, ∀X ∈ Γ(T M) , where λ^2_0 :=^n_{4(n−1)} S_0 =^n_{4(n−1)} μ_1. By contradiction assume that the manifold has a Kähler structure and denote by Ω the Kähler form. Since Ω is parallel, one gets

(2.3)

D(Ω · ψ) = n∑ i=1 e_i · ∇_{ei} (Ω · ψ) ,

= n∑ i=1 e_i · Ω · ∇_{ei} ψ ,

= − λ_0 n n∑ i=1 e_i · Ω · e_i · ψ , = − n − 4 n λ_0 Ω · ψ , where we have used the fact that for any k-form α, one has n∑ i=1 e_i · α · e_i = (−1)^k (n − 2k) α .

Since λ_0 is minimal, for n ≠ 4, Equation (2.3) implies that the spinor Ω·ψ is an eigenspinor for D associated with an eigenvalue strictly smaller than the smallest eigenvalue, hence Ω · ψ = 0. For n = 4, the same conclusion holds by the Lichnerowicz theorem. Since Clifford multiplication of Ω by itself m-times gives the volume element, it follows that ψ ≡ 0, a contradiction. � Theorem 6. [Li 3] A Riemannian compact spin manifold with a non-trivial Killing spinor has no non-trivial parallel forms.

Proof. The same argument used in the proof of Theorem 5 could be applied to any parallel k-form α to deduce that α · ψ = 0. Since by defintion of Clifford multiplication, for any k-form α and vector field X, one has X · α = X ∧ α − ı_X α , α · X = (−1)^k (X ∧ α + ı_X α) , by differentiation and for any vector field X, one gets 0 = α · X · ψ , = (−1)^k ((X ∧ α) · ψ + (ı_X α) · ψ) , = (−1)^k (X · α · ψ + 2(ı_X α) · ψ) , = 2(−1)^k(ı_X α) · ψ , where X∧ (resp. ı_X ) denotes the exterior (resp. interior) multiplication by the 1-form associated with X. One then gets the result by induction. �

The following result is due to Kirchberg.

Theorem 7. [Ki 1, 3] On a compact Kähler spin manifold (M^{2m}, g, J, γ) with positive scalar curvature S, any eigenvalue λ of the Dirac operator satisfies

(∗) λ^2 ≥ m + 1 4m inf_M S , if m is odd, and (∗∗) λ^2 ≥ m 4(m − 1) inf_M S , if m is even .

The remaining part of this section is devoted to the proof of Theorem 7. For this, we need some Lemmas which are essential for the determination of Kählerian twistor operators. Most of these Lemmas are due to Kirchberg [Ki 1, 2, 3] but our presentation is different.

Lemma 3. As an endomorphism of the spinor bundle, the Kähler form is given locally by (2.4) Ω = 1 2 n∑ k=1 e_k · J(e_k) = − 1 2 n∑ k=1 J(e_k) · e_k .

Proof. By definition of the 2-form Ω, one has Ω = 1 2 n∑ k,l=1 Ω_{kl} e_k ∧ e_l ,

= 1 2 n∑ k,l=1 g(J(e_k), e_l) e_k · e_l ,

= 1 2 n∑ k e_k · J(e_k) . �

Lemma 4. For any vector field X, one has

(2.5) [Ω, X] = 2J(X), and [Ω, J(X)] = −2X .

Proof. Since J^2 = − Id, the second Identity follows from the first. By linearity, it is sufficient to take X = e_k, for 1 ≤ k ≤ n, fixed. We have

Ω · e_k = 1 2 n∑ l e_l · J(e_l) · e_k ,

= − 1 2 n∑ l e_l · (e_k · J(e_l) + 2g(J(e_l), e_k)) ,

= J(e_k) + 1 2 n∑ l (e_k · e_l + 2δ_{kl}) J(e_l) ,

= 2J(e_k) + e_k · Ω . �

Lemma 5. Under the action of the Kähler form, the spinor bundle splits into an orthogonal sum

(2.6) ΣM =^m⊕_{r=0} Σ_rM ,

where each sub-bundle Σ_rM is an eigenbundle for Ω with eigenvalue i μ_r := i (2r − m) and whose rank is (_r m ) . An orthonormal local frame {e_1, . . . , e_m, e_{m+1}, . . . , e_{2m}} is said to be adapted if J(e_j ) = e_{m+j} and J(e_{m+j} ) = −e_j . Let

(2.7) { p_+(e_j ):= z_j :=^{ej −iem+j}_2 , p_−(e_j ):= z_j :=^{ej +iem+j}_2 .

It is a straightforward verification that {z_1, . . . , z_m, z_1, . . . , z_m} forms a de Witt basis with respect to the complex extension of the Riemannian metric g. In fact, one has

(2.8) { g(z_j , z_k)= g(z_j , z_k) = 0 , g(z_j, z_k)= g(z_j , z_k) =^1_2 δ_{jk} .

The multiplication rule in the complex Clifford algebra C l_x M could be expressed by

(2.9) { z_j · z_k + z_k · z_j = z_j · z_k + z_k · z_j = 0 z_j · z_k + z_j · z_k= −δ_{jk} . Let ω := z_1, · . . . · z_m. Then, at a point x ∈ M, the set {z_{j1} · . . . · z_{jr} · ω : 1 ≤ j_1 < . . . < j_r ≤ m , 0 ≤ r ≤ m } , is a basis of Σ_xM. An explicit isomorphism between the Clifford algebra and the algebra of endomorphisms of the spin bundle is given by

ρ : C l_x M −→ End Σ_xM v := z_{j1} · . . . · z_{jp} · z_{k1} · . . . · z_{kq} −→ ρ(v) , where ρ(v) ( z_{l1} · . . . · z_{lr} · ω ) = z_{j1} · . . . · z_{jp} · z_{k1} · . . . · z_{kq} · z_{l1} · . . . · z_{lr} · ω . The action of Ω could be expressed as

(2.10) Ω = i m + 2 i m∑ j=1 z_j · z_j .

Proof of Lemma 5. For each r ∈ {0, . . . , m}, define the space Σ_rM by Σ_rM := { z_{j1} · . . . · z_{jr} · ω : 1 ≤ j_1 < . . . < j_r ≤ m } . Since the action by Clifford multiplication is fiberwise, all the computations are pointwise. Consider a spinor ψ_r := z_{j1} · . . . · z_{jr} · ω ∈ Σ_rM. By (2.9), it follows

Ω · ψ_r = i m + 2 m∑ j=1 z_j · z_j · z_{j1} · . . . · z_{jr} · ω , = i m ψ_r − 2 i (m − r) ψ_r , = iμ_r ψ_r . �

Lemma 6. For any tangent vector field X and r ∈ {0, . . . , m}, one has (2.11) p_+(X) · Σ_rM ⊂ Σ_{r+1}M and p_−(X) · Σ_rM ⊂ Σ_{r−1}M . with the convention that Σ_{−1}M = Σ_{m+1}M = M × {0}.

Proof. The proof is a consequence of Lemma 4. It is also possible to use the explicit decomposition given in Lemma 5 to get the result. To see this, consider a nontrivial spinor ψ_r := z_{j1} · . . . · z_{jr} · ω ∈ Σ_rM. By linearity it is sufficient to show (2.11) for X = e_k, for any k ∈ {1, . . . , m}. Lemma 5 and (2.9) imply that z_k · ψ = 0 if k ∈ {j_1, . . . , j_r} and z_k · ψ ∈ Σ_{r+1}M if k ∉ {j_1, . . . , j_r}. The second inclusion could be seen similarly. � We now show that Lemma 6 implies that the image of the restriction of the Dirac operator on sections of the subbundle Σ_rM lies in the space of sections of Σ_{r−1}M ⊕Σ_{r+1}M.

Associated with J, there is an elliptic self-adjoint operator ~D (see [Hn, Mi, Ki 1]) defined locally by ~D =^n ∑ i=1 J(e_i) · ∇_{ei} = − n∑ i=1 e_i · ∇_{J(ei)} . Since the almost complex structure J is parallel, Lemma 4 yields to the following relations Lemma 7. The operator ~D satisfies (2.12) [Ω, D] = 2 ~D , and [Ω, ~D] = −2D , (2.13) ~DD + D ~D = 0 , (2.14) ~D^2 = D^2 .

Proof. The Identities (2.12) follow from (2.5). Equation (2.13) is a direct consequence of the identity X · J(X) + J(X) · X = −2g(X, J(X)) = 0 , ∀X ∈ Γ(T M) . By (2.12) one gets (2.15) 2D^2 = D [ ~D, Ω] = D ~D Ω − D Ω ~D , and (2.16) 2 ~D^2 = ~D [Ω, D] = ~D Ω D − ~D D Ω . Equations (2.15), (2.16) and (2.13) imply (2.17) 2 ~D^2 − 2D^2 = ~D Ω D + D Ω ~D . On the other hand, by (2.12)and (2.13) it follows

(2.18) ~D Ω D + D Ω ~D = (Ω ~D + 2D) D + (Ω D − 2 ~D) ~D , = 2D^2 − 2 ~D^2 .

Equations (2.17) and (2.18) imply (2.14). �

Lemma 6 and Lemma 7 immediately imply:

Lemma 8. Define the two operators D_+ and D_− by

p_−(D) := D_− := 1 2 (D + i ~D) , and p_+(D) := D_+ := 1 2 (D − i ~D) . We have the following differential complexes

(2.19)

{0} −→ Γ(Σ_mM) . . . Γ(Σ_rM)^D�−→ Γ(Σ_{r−1}M)^D�−→ . . . Γ(Σ_0M) −→ {0} , {0} −→ Γ(Σ_0M) . . . Γ(Σ_rM)^{D+}−→ Γ(Σ_{r+1}M)^{D+}−→ . . . Γ(Σ_mM) −→ {0} .

Now we are ready to define Kählerian twistor operators. On a Kähler spin manifold (M^{n=2m}, g, J, γ), for each r ∈ {0, . . . , m}, the Kählerian twistor operator P^{(r)} is the composition of the restriction of the covariant derivative to the subbundle Γ(Σ_rM) with the projection on ker M_r:

P^{(r)} : Γ(Σ_rM)^∇−→ Γ(T^∗M ⊗ Σ_rM)^{πr}−→ ker M_r , where M_r is the restricted Clifford multiplication defined by M_r : Γ(T^∗M ⊗ Σ_rM) −→ Γ(Σ_{r−1}M) + Γ(Σ_{r+1}M) , and π_r is the projection on ker M_r ⊂ Γ(T^∗M ⊗ Σ_rM). We have Proposition 1. For each r ∈ {0, . . . , m} and for any spinor field ψ_r ∈ Γ(Σ_rM), the local expression of the Kählerian twistor operator P^{(r)} is given by

(2.20) P^{(r)}ψ_r = 2m∑ i=1 e_i ⊗ [ ∇_{ei} ψ_r + a_r p_−(e_i) · D_+ψ_r + b_r p_+(e_i) · D_−ψ_r ] , where a_r = 1 2(r + 1) and b_r = 1 2(m − r + 1) . Proof. By Lemmas 6 and 8, we first notice that the image by P^{(r)} of any ψ_r lies in Γ(T^∗M ⊗ Σ_rM). We now compute the constants a_r and b_r so that the image of P^{(r)} lies in ker M_r. For this, it is sufficient to compute the following two traces: n∑ i=1 e_i · p_−(e_i) and n∑ i=1 e_i · p_+(e_i) ,

viewed respectively as acting on the space Γ(Σ_{r+1}M) and Γ(Σ_{r−1}M). By definition of p_−(e_i), Equation (2.4) and Lemma 5, one gets n∑ i=1 e_i · p_−(e_i) = 1 2 n∑ i=1 e_i · (e_i + i J(e_i)) , = 1 2 (−n + 2 i Ω) , = 1 2 (−n − 2 μ_{r+1}) , = −2(r + 1) .

Similarly, for the second trace, it follows n∑ i=1 e_i · p_+(e_i) = 1 2 n∑ i=1 e_i · (e_i − i J(e_i)) , = − 1 2 (n + 2 i Ω) , = − 1 2 (n − 2 μ_{r−1}) , = −2 (m − r + 1) .

By definition of P^{(r)}, the coefficients a_r and b_r should satisfy 1 a_r = − n∑ i=1 e_i · p_+(e_i)|_{Γ(Σr}�_{1M)} = 2 (m − r + 1) , and 1 b_r = − n∑ i=1 e_i · p_−(e_i)|_{Γ(Σr+1M)} = 2(r + 1) . �

By definition, for each integer r the Kählerian twistor operator P^{(r)} satisfies (2.21) P^{(r)}_X : Γ(Σ_rM) −→ Γ(Σ_rM) , ∀X ∈ Γ(T M) , and, for any spinor field ψ_r ∈ Γ(Σ_rM),

(2.22) n∑ i=1 e_i · P^{(r)}_{ei} ψ_r = 0 .

Moreover, we have:

Lemma 9. For each integer r and any spinor field ψ_r ∈ Γ(Σ_rM), the Kählerian twistor operator P^{(r)} satisfies

(2.23) n∑ i=1 J(e_i) · P^{(r)}_{ei} ψ_r = 0 .

Proof. The Identities (2.5), (2.21) and (2.22), imply

0 = Ω · (^n∑ i=1 e_i · P^{(r)}_{ei} ψ_r ) ,

= n∑ i=1 ( e_i · Ω + 2J(e_i) ) · P^{(r)}_{ei} ψ_r ,

= i μ_r n∑ i=1 e_i · P^{(r)}_{ei} ψ_r + 2 n∑ i=1 J(e_i) · P^{(r)}_{ei} ψ_r ,

= 2 n∑ i=1 J(e_i) · P^{(r)}_{ei} ψ_r . �

Proof of Theorem 6. From the classification of Clifford algebras [ABS], it follows that the spin bundle of a Kähler spin manifold carries an anti-linear map j satisfying the relations (see also [Ki 1]):

(2.24) ∇j = 0 ,

(2.25) j^2 = (−1)^{m(m+1)2} I_{ΣM} ,

(2.26) [X, j] = 0 , ∀X ∈ Γ(T M) ,

(2.27) (jψ, jφ) = (φ, ψ) , ∀ψ, φ ∈ Γ(ΣM) . From these identities one derives the following relations

(2.28) [D^2, j] = 0 ,

(2.29) [Ω, j] = 0 .

Moreover, for ψ_r ∈ Σ_rM, by (2.29) and the anti-linearity of j, it comes Ω · (jψ_r) = j Ω · ψ_r = −i μ_r jψ_r = i μ_{m−r} jψ_r , hence , j defines an isomorphism between Σ_rM and Σ_{m−r}M. Consider the space Σ^λM := {ψ ∈ Γ(ΣM) : D^2ψ = λ^2 ψ}. Since [Ω, D^2] = 0, it follows that there exists an orthogonal decomposition of the space Σ^λM into

(2.30) Σ^λM =^m⊕_{r=0} Σ^λ_r M .

In the decomposition (2.30), take r to be the minimum integer for which Σ^λ_r M ≠ {0}. With the help of the isomorphism j, it follows that the integer r satifies 0 ≤ r <^m_2 . Since [D^2, D_±] = 0, then for 0 ≠ ψ_r ∈ Σ^λ_r M, one has D_−ψ_r = 0, i.e., Dψ_r = D_+ψ_r. The Identities (2.22) and (2.23) imply ∫ M |P^{(r)}ψ_r|^2 v_g = ∫ M n∑ i=1 |P^{(r)}_{ei} ψ_r|^2 v_g ,

= ∫ M n∑ i=1 ( P^{(r)}_{ei} ψ_r, ∇_{ei} ψ_r ) v_g ,

= ∫ M n∑ i=1 (∇_{ei} ψ_r + 1 2(r + 1) p_−(e_i) · D_+ψ_r v_g , ∇_{ei} ψ_r) .

Since Clifford multiplication by X or J(X) is skew-symmetric, it follows

(2.31) ∫ M |P^{(r)}ψ_r|^2 v_g = ∫ M |∇ψ_r|^2 v_g − 1 2(r + 1) ∫ M |Dψ_r|^2 v_g .

Equation (2.31) combined with the Lichnerowicz formula, yields

(2.32) λ^2 ≥

2r + 2 2r + 1

S_0 4 , 0 ≤ r < m 2 . Since^{2r+2}_{2r+1} is a decreasing function of r, one gets (∗) and (∗∗) respectively for 2r = m − 1 and 2r = m − 2. �

Equality in (∗) is characterized by the existence of a non-trivial solution, called Käkhlerian Killing spinor, of an over-determined differential equation similar to the equations of real Killing spinors [Hi 5, Ki 4]. These manifolds has been classified recently by A. Moroianu [Mo] (see also [KS]). Manifolds with eigenvalues satisfying equality in (∗∗) are classified, for m = 2, by Th. Friedrich [Fr 3] and for m ≥ 4, by A. Lichnerowicz [Li 12].

3. Quaternionic-Kähler Spin Manifolds

In this section, we review the main results in [HM 1, 2, 3]. The key point is to define the Quaternionic twistor operators. Since formally this is done along the same lines as in our presentation for the Kähler case, we only give the main ingredients needed to prove the following:

Theorem 8. [HM 3] On a compact quaternionic spin manifold of dimension 4m ≥ 8 with positive scalar curvature S, let λ be any eigenvalue of the Dirac operator. Then, the following two inequalities hold

(∗_r) ∃r ∈ IN , 0 ≤ r < m , λ^2 ≥ 2(r + 1)(m + r + 3) 2(r + 1)(m + r + 3) − (r + 2) S 4 ,

and (∗∗_r) ∃r ∈ IN , 0 < r ≤ m , λ^2 ≥ 2(r + 1)(m − r + 1) 2(r + 1)(m − r + 1) − r S 4 ,

where r is an integer given by a generic eigenvalue μ_r = 6 m−4r(r +2) of the fundamental 4-form Ω, acting on the spin bundle by Clifford multiplication.

The eigenvalues μ_r of Ω and the associated eigenspaces are determined in [HM 1]. Let λ_1 be the first eigenvalue of the Dirac operator and denote by ν_1 the ratio^{λ21}_S . Then, Inequalities (∗_r) and (∗∗_r) imply (see Corollary 2):

Corollary 1. Under the conditions of Theorem 8, for m = 2 or for m = 3, one has

(3.1) ν_1 ≥ ν_0 ,

with ν_0 the corresponding ratio for the Quaternionic projective space (IHP^m, can).

In [Mt], it is shown that

ν_0 = m + 3 4(m + 2) . It is natural to expect that Inequality (3.1) is true in all dimensions. Independently, Alekseevsky-Marchiafava [AM] and Lebrun [Le] showed recently that for compact Quaternionic manifolds with positive scalar curvature, Inequality (3.1) holds for the eigenvalues of the scalar Laplacian with equality if and only if the manifold is isometric to (IHP^m, can).

It should be also pointed out that for S positive and m odd, the manifold is isometric to the projective Quaternionic space [Sa], and by results of LeBrun-Salamon [LS], Quaternionic compact manifolds with positive scalar curvature are in some sense “rare”.

We start by reviewing some basic relations on Quaternionic spin manifolds [HM 1, 2] which will be used in this paper. In fact, all what is needed to define the Quaternionic twistor operators, is the computation of the iterated commutators of Ω with Clifford multiplication by vector fields. For this, let (M^{4m}, g, F, γ) be such a manifold of dimension 4m ≥ 8. The Quaternionic structure is given by a rank 3 subbundle F of End(T M) such that: there exists a trivialization for which the associated local sections J_α, α = 1, 2, 3, satisfy [Sa, Be] (3.2) g(J_α(X), J_α(Y )) = g(X, Y ) , ∀X, Y ∈ T M, α = 1, 2, 3,

(3.3) J_α ∘ J_β = −δ_{αβ} Id + ε^{123}_{αβγ} J_γ ,

where ε^{123}_{αβγ} = ±1 depending on whether (α, β, γ) is an even or odd permutation of (1, 2, 3), ε^{123}_{αβγ} = 0 otherwise, and

(3.4) ∇ J_α = 3∑ β=1 ω^β_α J_β .

Here ∇ denotes the natural extension of the Levi-Civita connection on M and ω^β_α are local 1-forms on M.

The above conditions imply: (3.5) g(J_αX, X) = −g(X, J_αX) = 0 , α = 1, 2, 3, ∀X ∈ T M ,

(3.6) g(J_αX, J_βX) = δ_{αβ} g(X, X) , α, β = 1, 2, 3, ∀X ∈ T M ,

Let Ω_α, α = 1, 2, 3, be the local “Kähler” 2-forms defined by (3.7) Ω_α(X, Y ) = g(J_αX, Y ) , α = 1, 2, 3 , ∀X, Y ∈ T M . The fundamental global 4-form Ω is then defined by [Bn, Kr]

(3.8) Ω = 3∑ α=1 Ω_α ∧ Ω_α ,

which satisfies (3.9) ∇Ω = 0 .

As an endomorphism of the spin bundle, the global form Ω is related to the local 2-forms Ω_α by

(3.10) . Ω = 3∑ α=1 Ω_α · Ω_α + 6m Id

For any vector field X, one has:

(3.11) [Ω_α, X] = 2 J_α(X) , , ∀ α = 1, 2, 3 ,

(3.12) 1 4 [Ω, X] = 3∑ α=1 J_α(X) · Ω_α − 3 X .

Denote the r.h.s of Equation (3.12) by J (X). With the help of (3.11) and (3.6), it is straightforward to see that J (X) could also be written as

(3.13) J (X) = 3∑ α=1 Ω_α · J_α(X) + 3 X .

We now make use of the decomposition of the spin bundle under the action of the fundamental 4-form to define the Quaternionic twistor operators. For this, we need the following:

Proposition 2. [HM 1] Under the action of Ω, the spin bundle ΣM splits into ΣM =^m⊕_{r=0} Σ_rM , each fiber of Σ_rM is an eigenspace of Ω for the eigenvalue μ_r = 6m − 4r (r + 2) .

The multiplicity of μ_r is given by rank (Σ_rM) = (r + 1) ( ( 2m m − r ) − ( 2m m − r − 2 ) ) , with (_p q ) = 0 if q < 0.

In the following proposition gives some interesting properties of the operator J (X).

Proposition 3. As endomorphisms of Γ(ΣM), one has (3.14) X · J (X) + J (X) · X = 0 ,

(3.15)

[Ω, J (X)] = 4 ( 3X + 2 J (X) − (Ω − 6m) · X ) , = 4 ( 3X − 2 J (X) − X · (Ω − 6m) ) . Moreover, if {e_1, . . . , e_{4m}} denotes an orthonormal basis of the tangent space at some point x of M, then

(3.16) Ω = 1 2 4m∑ i=1 e_i · J (e_i) . As in the Kähler case, with the help of the commutation relations it is easy to see that Clifford multiplication by vector fields will send any subbundle Σ_rM into Σ_{r−1}M ⊕Σ_{r+1}M, for r ∈ {0, . . . , m} with the convention that Σ_{−1}M = Σ_{m+1}M = M × {0}. Since the 4- form Ω is parallel, the Dirac operator will also send Σ_rM into Σ_{r−1}M ⊕ Σ_{r+1}M. More precisely, Definition 1. For any tangent vector field X and r ∈ {0, . . . , m}, define

(3.17) p^{(r)}_− (X) = 1 4(r + 1)

[(2r + 3)X + J (X)] ,

p^{(r)}_+ (X) = 1 4(r + 1)

[(2r + 1)X − J (X)] .

Notice that these “projectors” are defined so that for all r ∈ {0, . . . , m}, and any vector field X, decomposes as X = p^{(r)}_− (X) + p^{(r)}_+ (X), where p^{(r)}_− (X) and p^{(r)}_+ (X) are defined by the sum of forms of degree 1 and 3.

Lemma 10. For any tangent vector field X and r ∈ {0, . . . , m}, one has

(3.18) p^{(r)}_− (X) · Σ_rM ⊂ Σ_{r−1}M and p^{(r)}_+ (X) · Σ_rM ⊂ Σ_{r+1}M .

Definition 2. Define the operators ~D and D^{(r)}_± by ~D = 1 4 [Ω, D] , D^{(r)}_− : = 1 4(r + 1)

[(2r + 3)D + ~D] ,

D^{(r)}_+ : = 1 4(r + 1) [(2r + 1)D − ~D] . Then by (3.12), it is straightforward to see that the operator ~D could be written locally as ~D = 4m∑ i=1 J (e_i) · ∇_{ei} . Moreover,

Lemma 11. For any r ∈ {0, . . . , m}, the operators D^{(r)}_± satisfy

(3.19) D^{(r)}_− (Σ_rM) ⊂ Σ_{r−1}M and D^{(r)}_+ (Σ_rM) ⊂ Σ_{r+1}M .

On a Quaternionic spin manifold (M^{4m}, g, F, γ), for each r ∈ {0, . . . , m}, the Quaternionic twistor operator P^{(r)} is the composition of the restriction of the covariant derivative to the subbundle Γ(Σ_rM) with the projection on ker M_r:

P^{(r)} : Γ(Σ_rM)^∇−→ Γ(T^∗M ⊗ Σ_rM)^{πr}−→ ker M_r ,

where M_r is the restricted Clifford multiplication defined by

M_r : Γ(T^∗M ⊗ Σ_rM) −→ Γ(Σ_{r−1}M) + Γ(Σ_{r+1}M) ,

and π_r is the projection on ker M_r ⊂ Γ(T^∗M ⊗ Σ_rM). We have Proposition 4. For every r ∈ {0, . . . , m} and any spinor field ψ_r ∈ Γ(Σ_rM), the local expression of the Quaternionic twistor operator P^{(r)} is given by

P^{(r)}ψ_r = 4m∑ i=1 e_i ⊗ [ ∇_{ei} ψ_r + a^{(r)} p^{(r+1)}_− (e_i) · D^{(r)}_+ ψ_r + b^{(r)} p^{(r−1)}_+ (e_i) · D^{(r)}_− ψ_r ] , where

a^{(r)} = r + 2 2(r + 1)(m + r + 3) and b^{(r)} = r 2(r + 1)(m − r + 1) . By Lemmas 10 and 11, we first notice that the image by P^{(r)} of any ψ_r lies in Γ(T^∗M ⊗ Σ_rM). The constants a^{(r)} and b^{(r)} are determined by requiring that the image of P^{(r)} lies in ker M_r.

Moreover, we have:

Lemma 12. For each integer r and any spinor field ψ_r ∈ Γ(Σ_rM), the quaternionic twistor operator P^{(r)} satisfies

(3.20) 4m∑ i=1 e_i · P^{(r)}_{ei} ψ_r = 0 , 4m∑ i=1 J (e_i) · P^{(r)}_{ei} ψ_r = 0 .

Sketch of the proof of Theorem 8. Consider the space Σ^λM = {ψ ∈ Γ(ΣM) : D^2ψ = λ^2 ψ}. Since [Ω, D^2] = 0, it follows that there exists an orthogonal decomposition of the space Σ^λM into

(3.21) Σ^λM =^m⊕_{r=0} Σ^λ_r M .

We choose r to be minimum (resp. maximum) so that D^{(r)}_− ψ_r = 0 (resp. D^{(r)}_+ ψ_r = 0). If r is minimum, then by Lemma 12 and the Lichnerowicz formula, one easily gets ∫ M |P^{(r)}ψ_r|^2 = (1 − a^{(r)}) ∫ M |Dψ_r|^2 − 1 4 ∫ M S |ψ_r|^2 , which gives (∗_r) since the l.h.s is non-negative. For r maximum, the same argument yields ∫ M |P^{(r)}ψ_r|^2 = (1 − b^{(r)}) ∫ M |Dψ_r|^2 − 1 4 ∫ M S |ψ_r|^2 , which gives (∗∗_r). � We now conclude by showing that, in low dimensions, the above result imply Inequality (3.1).

Corollary 2. Denote by κ_1(r, m) (resp. κ_2(r, m)) the coefficient of S in Inequality (∗_r) (resp. (∗∗_r)). Then,

(3.22) κ_1(r, m) ≥ ν_1 ⇐⇒ r = 0 ,

(3.23) κ_2(r, m) ≥ ν_1 ⇐⇒ [ m 2 ] + 1 ≤ r ≤ m , where [ ] stands for the integer part. In particular, Inequality (3.1) holds for m = 2 and for m = 3.

Proof. The proof of (3.22) and (3.23) is given by elementary calculus. For the last statement, we consider the decomposition (3.21). For m = 2 or m = 3, there exists at least one r, with r = 0 or [^m_2 ] + 1 ≤ r ≤ m, for which Σ^λ_r M ≠ {0}. Hence by (3.22) and (3.23), Inequalities (∗_r) and (∗∗_r) imply (3.1). �

References

[AM] D. Alekseevsky, S. Marchiafava, Quaternionic Transformations and the First Eigenvalues of the Laplacian on a Quaternionic Kähler Manifold, Preprint ESI 150 (1994), Vienna.

[ABS] M.F. Atiyah, R. Bott, A. Shapiro, Clifford modules, Topology 3, Suppl. 1 (1964), 3–38. [AS] M.F. Atiyah, I.M. Singer, The index of elliptic operators on compact manifolds, Bull. Amer.

Math. Soc. 69 (1963), 422–433.

[Bä 1] C. Bär, Lower eigenvalue estimates for Dirac operators, Math. Ann. 293 (1991), 39–46. [Bä 2] C. Bär, Real Killing spinors and holonomy, Commun. Math. Phys. 154 (1993), 509–521. [Ba] H. Baum, Spin-Strukturen und Dirac-Operatoren über pseudo-Riemannsche Mannigfaltigkeiten, Teubner-Texte zur Mathematik, vol. 41, Teubner-Verlag Leipzig, 1981.

[BFGK] H. Baum, T. Friedrich, R. Grunewald, I. Kath, Twistor and Killing Spinors on Riemannian Manifolds, Seminarbericht, vol. 108, Humboldt-Universität zu Berlin, 1990.

[Be] A. Besse, Einstein Manifolds, Ergebnisse der Mathematik und ihrer Grenzgebiete, 3. Folge. Band 10, Springer-Verlag, 1987.

[Bo] E. Bonan, Sur les G-structures de type quaternionien, Cahiers Top. et Geom. Diff. 9 (1967), 389–461.

[Bn] J.-P. Bourguignon, L’Opérateur de Dirac et la géométrie riemannienne, Rend. Sem. Mat. Univers.

Politecn. Torino 44 (1986), 317–359.

[BG] J.-P. Bourguignon, P. Gauduchon, Spineurs, Opérateurs de Dirac et Variations de Métriques, Commun. Math. Phys. 144 (1992), 581–599.

[BGM] C.P. Boyer, K.Galicki, B.M. Mann, Quaternionic Reduction and Einstein Manifolds, Commun.

Anal. Geom. 2 (1993), 229–279.

[CGLS] M. Cahen, S. Gutt, L. Lemaire, P. Spindel, Killing spinors, Bull. Soc. Math. Belgique 38 A (1986), 75–102.

[Fr 1] T. Friedrich, Der erste Eigenwert des Dirac-Operators einer kompakten Riemannschen Mannigfaltigkeit nichtnegativer Skalarkrümmung, Math. Nach. 97 (1980), 117–146.

[Fr 2] , A remark on the first eigenvalue of the Dirac operator on 4-dimensional manifolds, Math. Nachr. 102 (1981), 53–56.

[Fr 3] , The classification of 4-dimensional Kähler manifolds with small eigenvalue of the Dirac Operator, Math. Ann. (1991?).

[GL 1] M. Gromov, H.B., Jr. Lawson, Spin and scalar curvature in the presence of a fundamental group, I, Ann. of Math. 111 (1980), 209–230.

[GL 2] , The classification of simply-connected manifolds of positive scalar curvature, Ann. of Math. 111 (1980), 423–434.

[GL 3] , Positive scalar curvature and the Dirac operator on complete manifolds, Publ. Math.

I.H.E.S. 58 (1983), 295–408.

[Hi 1] O. Hijazi, Opérateurs de Dirac sur les variétés riemanniennes : Minoration des valeurs propres, Thèse de 3ème Cycle, Ecole Polytechnique (1984).

[Hi 2] , A conformal lower bound for the smallest eigenvalue of the Dirac operator and Killing spinors, Commun. Math. Phys. 104 (1986), 151–162.

[Hi 3] , Caractérisation de la sphère par les premières valeurs propres de l’opérateur de Dirac en dimensions 3, 4, 7 et 8, C. R. Acad. Sci. Paris 303 (1986), 417–419.

[Hi 4] , Première valeur propre de l’opérateur de Dirac et nombre de Yamabe, C. R. Acad. Sci.

Paris 313 (1991), 865–868.

[Hi 5] , Eigenvalues of the Dirac Operator on Compact Kähler Manifolds, Commun. Math.

Phys. 160 (1994), 563–579.

[HL] O. Hijazi, A. Lichnerowicz, Spineurs harmoniques, spineurs-twisteurs et géométrie conforme, C.R. Acad. Sci. Paris 307 (1988), 833–838.

[HM 1] O. Hijazi, J.-L. Milhorat, Minoration des Valeurs Propres de l’Opérateur de Dirac sur les Variétés Spin Kähler-Quaternioniennes, (to appear), J. Math. Pures Appl..

[HM 2] , Décomposition spectrale du fibré des spineurs d’une variété spin kähler-quaternionienne, J. Geom. Phys. 15 (1995), 320–332.

[HM 3] , Twistor Operators and Eigenvalues of the Dirac Operator on Compact Quaternionic Spin Manifolds, Preprint Université de Montréal, CRM-2240, (1994).

[Hn] N. Hitchin, Harmonic spinors, Adv. in Math. 14 (1974), 1–55. [Is] S. Ishihara, Quaternionic Kählerian manifolds, J. Diff. Geom. 4 (1974), 483–500. [Ki 1] K.D. Kirchberg, An estimation for the first eigenvalue of the Dirac operator on closed Kähler manifolds with positive scalar curvature, Ann. Glob. Anal. Geom. 4 (1986), 291–326.

[Ki 2] , The first eigenvalue of the Dirac operator on Kähler manifolds, J. Geom. Phys. 7 (1990), 449–468.

[Ki 3] , Compact six-dimensional Kähler spin manifolds of positive scalar curvature with smallest possible first eigenvalue of the Dirac operator, Math. Ann. 282 (1988), 157–176.

[Ki 4] , Killing spinors on Kähler manifolds SFB 288, Preprint n0 18, Berlin (1992). [Ki 5] , Some further properties of Kählerian twistor spinors, SFB 288, Preprint n0 43, Berlin (1992).

[KS] K.D. Kirchberg, U. Semmelmann, Complex contact structures and the first eigenvalue of the Dirac operatoron Kähler manifolds, preprint SFB 288, Preprint n0 43, Berlin (1992).

[Kr] V.Y. Kraines, Topology of quaternionic manifolds, Trans. Amer. Math. Soc. 122 (1966), 357–367. [LM] H.B. Lawson, M.L. Michelsohn, Spin Geometry, Princeton University Press, Princeton, New Jersey, 1989.

[Le] C. LeBrun, Fano Manifolds, Contact Structures, and Quaternionic Geometry, preprint (1994). [LS] C. LeBrun, S.M. Salamon, Strong rigidity of Positive Quaternionic-Kähler Manifolds, Invent.

Math. 118 (1994), 109–132.

[Li 1] A. Lichnerowicz, Spineurs harmoniques, C.R. Acad. Sci. Paris 257 (1963), 7–9. [Li 2] , Killing Spinors According to O. Hijazi and Applications, Spinors in Physics and Geometry, (Trieste 1986), World Scientific Publ., Singapore, 1988, pp. 1–19.

[Li 3] , Spineurs de Killing et généralisation de l’inégalité de Hijazi, C.R. Acad. Sci. Paris. 303 (1986), 811–816.

[Li 4] , Variétés spinorielles et universalité de l’inégalité d’Hijazi, C.R. Acad. Sci. Paris 303 (1987), 227–231.

[Li 5] , Spin Manifolds, Killing Spinors and the Universality of the Hijazi Inequality, Lett.

Math. Phys. 3 (1987), 331–344.

[Li 6] , Killing Spinors and Universality of the Hijazi Inequality, Differential Geometric Methods in Theoretical Physics (Como 1987), N.A.T.O. Adv. Sci. Institute, vol. 250, Kluwer Acad. Publ., Dordrecht, 1988, pp. 317–332.

[Li 7] , Killing Spinors, Twistor-spinors and Hijazi Inequality, J. Geom. Phys. 5 (1988), 1–18. [Li 8] , Les spineurs-twisteurs sur une variété spinorielle compacte, C.R. Acad. Sci. Paris 306 (1988), 381–385.

[Li 9] , On the twistor-spinors, Lett. Math. Phys 18 (1989), 333–345. [Li 10] , Sur les résultats de H. Baum et Th. Friedrich concernant les spineurs de Killing à valeur propre imaginaire, C.R. Acad. Sci. Paris 309 (1989), 41–45.

[Li 11] , Sur les zéros des spineurs-twisteurs, C.R. Acad. Sci. Paris 310 (1990), 19–21. [Li 12] , La première valeur propre de l’opérateur de Dirac pour une variété kählérienne et son cas-limite, C. R. Acad. Sci. Paris 311 (1990), 717–722.

[Li 13] , Spineurs harmoniques et spineurs-twisteurs en géométrie kählérienne et conformément kählérienne, C. R. Acad. Sci. Paris 311 (1990), 883–887.

[Li 14] , Spineurs-twisteurs hermitiens et géométrie conformément kählérienne, C.R. Acad. Sci.

Paris 314 (1992), 883–887.

[Li 15] , Spineurs-twisteurs et spineurs-twisteurs simples, C.R. Acad. Sci. Paris 315 (1992 pages 1269–1273).

[Li 16] , Opérateurs de Dirac et spineurs-twisteurs en géométrie riemannienne et kählérienne, Montpellier (1992).

[Mi] M.L. Michelsohn, Clifford and spinor cohomology of Kähler manifolds, Amer. J. Math. 102 (1980), 1083–1146.

[Mt] J.-L. Milhorat, Spectre de l’opérateur de Dirac sur les espaces projectifs quaternioniens, C. R.

Acad. Sci. Paris 314 (1992), 69–72.

[Mo] A. Moroianu, La première valeur propre de l’operateur de Dirac sur les variétés kählériennes compactes, (à paraître), Commun. Math. Phys..

[Ra] H.B. Rademacher, Genralized Killing spinors with imaginary Killing function and conformal Killing fields, Global Differential Geometry and Global Analysis, Proceedings Berlin 1990, vol. 1481, Springer Lecture Notes Math., 1991, pp. 192–198.

[Sa] S.M. Salamon, Quaternionic Kähler manifolds, Invent. Math. 67 (1982), 143–171. [St 1] S. Stolz, Simply connected manifolds of positive scalar curvature, Bull. Amer. Math. Soc. 23 (1990), 427–432.

[St 2] S. Stolz, Simply connected manifolds of positive scalar curvature, (to appear), Ann. Math.. [Wa] Mc. Wang, Parallel spinors and parallel forms, Ann. Global Anal. Geom. 7 (1989), 59–68.

Université de Nantes, Département de Mathématiques, URA 758, 2, rue de la Houssinière, 44072 Nantes Cedex 03, France

E-mail address: hijazi@math.univ-nantes.fr

Université de Montréal, Centre de Recherches Mathématiques, C.P. 6128-A, Montréal (Qué.) H3C 3J7, Canada

E-mail address: hijazio@ere.umontreal.ca