73 The EAFE Scheme and CWDD Method for Convection-dominated Problems

Jinchao Xu

1 Introduction

In this paper, we derive a monotone finite element scheme for convection diffusion equations and then discuss a special domain decomposition method for the solution of the resulting algebraic system. The work was partially motivated by Brezzi, Marini and Pietra [BMP89] and Markowich and Zlamal [MZ89] where a Scharfetter-Gummel type ([SG69]) of finite element scheme was derived for symmetric positive definite equations in two spatial dimensions. The finite element scheme in this paper is derived by a completely novel technique for a very general class of convection diffusion equations (see (2.1) below). Some error estimates like those in [MZ89] can be obtained in a very straightforward fashion under the new derivation (see Xu and Zikatanov [XZed]). This finite element scheme is monotone for some very general (unstructured) meshes such as Delauney triangulations in two dimensions. A monotone finite element scheme is important not only from the viewpoint of better stability and approximation but also from the fact that the resulting linear algebraic system may be more effectively solved. In this paper, we also discuss an efficient domain decomposition method for the resulting scheme.

We would like to point out that there is a vast literature on numerical methods for convection dominated problems and many special techniques have been developed, to name a few, for example, we refer to [BBFS90], [BMP89], [DEO92], [Hug95], [Joh87], [RST96] and the references cited therein. It is fair to say that all the different methods in the aforementioned papers are related in certain sense. In particular, the monotone schme described in this paper is also essentially similar to many other monotone schemes in the literature. But we emphasis that our scheme is derived in a quite different and elegant manner and it can be neatly applied to rather general unstructured grids in any spatial dimensions.

The rest of the paper is organized as follows. In we discuss a model problem and some properties of finite element discretization for the Poisson equation. In we derive

Ninth International Conference on Domain Decomposition Methods Editor Petter E. Bjørstad, Magne S. Espedal and David E. Keyes © 1998 DDM.org

an edge-average finite element scheme and discuss the monotonicity property of the scheme. In , we present some numerical example and discuss a cross-wind strip domain decomposition technique. We make some concluding remarks in .

2 Model Problems and Finite Element Spaces

We shall mainly consider the following model convection diffusion problem: Lu ≡ −∇ · (α(x)∇u + β(x)u) + γ(x)u = f(x) x ∈ Ω and u = 0 x ∈ ∂Ω (2.1)

where Ω is a polygonal domain in R^n(n ≥ 1) with boundary ∂Ω, f ∈ L^2(Ω). We assume that α, β and γ are bounded and piecewise smooth functions and α(x) ≥ α_{min} > 0, γ(x) ≥ 0 for every x ∈ Ω.

The weak formulation of the problem (2.1) is: Find u ∈ H^1_0 (Ω) such that

a(u, v) = f(v) for all v ∈ H^1_0 (Ω), (2.2)

where a(u, v) = ∫ Ω (α(x)∇u + β(x)u) · ∇v + γ(x)uv dx, f(v) = ∫ Ω f(x)vdx. (2.3)

It is well-known that (2.2) is uniquely solvable for any f ∈ L^2(Ω). Furthermore L^{−1} is a positive operator, namely (see Gilbarg and Trudinger [GT83])

(L^{−1}f)(x) ≥ 0 for all x ∈ Ω, if f(x) ≥ 0 for all x ∈ Ω. (2.4)

The above condition will be loosely referred as the monotonicity property.

We are interested in the convection dominated case, namely β(x)/α(x) ≫ 1 for all x ∈ Ω. For the convection dominated case, it is well known that a standard finite element discretization scheme will not give satisfactory result (in fact the discrete solution will have a lot of oscillations), but a scheme possessing a discrete monotonicity property like (2.4) would have much better approximation and stability properties. One aim of this paper is to derive such kind of finite element scheme. To be more specific, if V_h ⊂ H^1_0 (Ω) is a finite element space and L_h is the corresponding discretized operator for L given in (2.1), we are looking for special finite element scheme such that

(L^{−1}_h f_h)(x) ≥ 0 for all x ∈ Ω, if f_h ∈ V_h and f_h(x) ≥ 0 for all x ∈ Ω. (2.5)

A finite element scheme satisfying the above condition will be known as a monotone finite element scheme in this paper.

M-matrix property of the stiffness matrix for Poisson equation As we shall see late that our monotone finite element scheme is closely related to the Poisson equation:

− Δu = f(x) x ∈ Ω and u = 0 x ∈ ∂Ω. (2.6)

For completeness, we now give some details concerning the finite element discretization for this simple equation. In particular we discuss a necessary and sufficient geometric condition for the stiffness matrix to be an M-matrix.

Let T_h be a usual finite element triangulation of Ω consisting of simplices and V_h ⊂ H^1_0 (Ω) be the corresponding finite element space consisting of continuous piecewise linear functions. Given an element τ ∈ T_h with vertices q_j (1 ≤ j ≤ n+1), let (a^τ_{ij} ) be the element stiffness matrix of the Poisson equation, namely (∇u_h, ∇v_h)_τ = ∑ i,j a^τ_{ij} u_h(q_i)v_h(q_j ). Noting that a^τ_{ii} = − ∑ j≠i a τ ij , we deduce that (∇u_h, ∇v_h) = ∑ τ ∈T_h ∑ E⊂τ ω^τ_E δ_Eu_hδ_Ev_h. (2.7)

where ω^τ_E = −a^τ_{ij} with E connecting the vertices q_i and q_j and δ_E = u_h(q_i) − u_h(q_j ).

For i ≠ j, let |κ_{ij} | denote the measure of n − 2 dimensional simplex, κ_{ij} , opposite to the edge E = (q_i, q_j ) and θ_{ij} is the angle between the two n − 1 dimensional simplexes whose intersection forms κ_E. Then it can be proved that (see Barth [Bar92] for the case n = 3) a^τ_{ij} = − 1 n(n − 1) |κ_E| cot θ_E. (2.8)

Consequently the stiffness matrix for the Poisson equation is an M-matrix if and only if the for any fixed edge E the following condition holds: ∑ τ ⊃E |κ_E| cot θ_E ≥ 0, (2.9)

where ∑ τ ⊃E means the sum over all simplices containing E.

We would like to remark that, in two dimensions, the condition (2.9) means that T_h is a Delauney triangulation in the sense that the sum of any the two angles opposite to any edge is less than or equal to π.

3 Derivation of a Monotone Finite Element Scheme

In this section, we give a derivation of a monotone finite element scheme for convection diffusion equation (2.1). Unlike many other schemes, this scheme does not make explicit reference to the flow (convection) directions.

Given a triangulation T_h as described in previous section, let us introduce a function ψ_E(s) defined locally over any fixed edge E = (q_i, q_j ) in T_h by ∂ψ_E ∂τ_E = 1 |τ_E| α^{−1}(β · τ_E). (3.10)

Here τ_E = q_i − q_j and^∂_{∂τE} denotes the tangential derivative along E.

Set J(u) = α∇u+βu. Multiplying J(u) by α^{−1}, taking the Euclidean inner product with the directional vector τ_E and using the definition of ψ_E in (3.10) we obtain: e^{−ψE} ∂(e^{ψE} u) ∂τ_E = 1 |τ_E| α^{−1}(J(u) · τ_E). (3.11)

After integration over edge E, we obtain the following identity:

δ_E(e^{ψE} u) = 1 |τ_E| ∫ E α^{−1}e^{ψE} (J(u) · τ_E)ds. (3.12)

The crucial step of our derivation is to assume that J(u) is approximated by a constant vector, say J_τ (u), over each simplex τ. Once this (only) extra assumption is made, then from (3.12), this constant vector may be related by

J_τ (u) · τ_E ≈ ã_{β,E}δ_E(e^{ψE} u), ã_{β,E} = [ 1 |τ_E| ∫ E α^{−1}e^{ψE} ds ]_{−1} . (3.13)

Now using the representation from (2.7) we have the following identity for ϕ_h ∈ V_h ∫ τ J_τ (u) · ∇ϕ_h = ∑ E ω^τ_E (J_τ (u) · τ_E)δ_Eϕ_h. (3.14)

This leads to the following modified bilinear form:

a_h(u_h, ϕ_h) = ∑ τ ∈J_h { ∑ E⊂τ ω^τ_Eã_{β,E}δ_E(e^{ψE} u_h)δ_Eϕ_h + γ_τ (u_hϕ_h) } , (3.15)

where a lumped mass quadrature rule is used for the zero order term in a(·, ·):

γ_τ (uϕ_h) = |τ| n + 1 n+1∑ i=1 γ(q_i)u(q_i)ϕ_h(q_i). The resulting finite element discretization is: Find u_h ∈ V_h such that

a_h(u_h, ϕ_h) = f(ϕ_h) for all ϕ_h ∈ V_h. (3.16)

The above derivation appears quite simple, but the resulting scheme has a remarkable (but obvious) monotonicity property.

Lemma 3.1 The stiffness matrix corresponding to the bilinear form (3.15) is an Mmatrix for any α > 0, γ ≥ 0 and β, if and only if the stiffness matrix for the Poisson equation is an M-matrix, namely if and only if the condition (2.9) holds.

This means that our finite element scheme (3.16), regardless the behavior of the convection coefficient β, satisfies a desirable monotonicity property for a very general class of meshes such as Delauney triangulations in two dimensions. Note that our derivation makes little use of any specific property of β. In the very special case that β/α = ∇ψ for some function ψ (which means that (2.1) is symmetrizable) and n = 2, the scheme (3.16) is reduced to the Scharfetter-Gummel scheme derived in [MZ89], although our derivation technique is completely different.

We would like remark that the exponential functions in the (3.16) would not cause any numerical problems if they are handled with caution. For detailed discussions, we refer to [XZed] and [WX].

Figure 1 Surface plot of the discrete solution to (4.18).

Formal convergence rate It is well known that monotone schemes can only have first order accuracy in general. It can be easily shown that our scheme admits the following formal error estimate:

|u_I − u_h|_H1_{(Ω)} ≤ Ch(|J(u)|_W 1,p_{(Ω)} + |γu|_W 1,p_{(Ω)}, (3.17)

where u_I is the usual finite element interpolant of the solution of the problem (2.1) and p > n. (Details of this error analysis are reported in [XZed]). The error estimate (3.17) is formal since the constant C and the norm |J(u)|_{1,p,Ω} there depend on α and β. It is interesting to note that this monotone finite element scheme gives a first order (formal) accuracy in H^1 norm.

4 Numerical Examples and the CWS Method

In this section we first give a simple but not trivial example of convection dominated problem to demonstrate the behavior of our finite finite element scheme and then briefly discuss a domain decomposition strategy.

First numerical example We consider the following test problem: − ∇ · (ε∇u + (y, −x)u) = 1, (4.18) subject to the homogeneous Dirichlet boundary conditions on unit square (0, 1)×(0, 1). Note that the partial differential operator here is not symmetrizable.

Shown in Figure 1 is a finite element solution obtained on a uniform triangular grid on the unit square with ε = 10^{−6} and h = 2^{−6} (h/ε = 15625). The quality of the numerical solution looks quite good and no spurious oscillations or smearing near the boundary layer are observed.

A cross-wind strip domain decomposition strategy It is known that monotone schemes may be solved effectively by Gauß-Seidel methods if the unknowns are properly ordered see, for example, [BY92], [EC93], [Far89], [BWnt]. But for unstructured grids, an optimal ordering can be very difficult to realize. Here we give a brief discussion of a special domain decomposition strategy that proves to

Figure 2 Crosswind blocking with β = (y, −x) and an unstructured grid.

Table 1 Performance of CWS method for (4.18 on unstructured meshes CWS method ε h #nodes iteration count CPU time (seconds) 1/20 729 1 0.004 10^{−5} 1/40 2839 2 0.27 1/80 11193 3 1.7

be quite effective for unstructured grids with variable convections. More details of this algorithm can be found in Wang and Xu ([WX]).

We here describe the strategy for the two dimensional case. The idea is to decompose the computational domain into very thin strips which are orthogonal to the convection direction given by β. Figure 2 illustrates the case for β = (y, −x) as in the previous numerical example. Corresponding to each of these strips, a subdomain can be defined by the union of supports of the basis functions associated with the nodes belonging to the strip. We then carry out the multiplicative Schwarz or successive subspace correction ([Xu92]) domain decomposition method to the aforementioned domain decomposition (possibly with overlapping) with an order following the direction of β. We use banded Gaussian elimination on each subdomain since the strip is very thin and the stiffness matrix associated with each subdomain is a banded matrix with a very small bandwidth. We call this kind of method to be the cross-wind strip (CWS) domain decomposition method.

Table 1 shows the performance of CWS method for problem (4.18) discretized by our monotone finite element scheme on unstructured grids on the unit square. The computation was carried on an DEC Alpha-Workstation 5000/240. The iteration stops when the maximum norm of residual vector reaches 10^{−8}. The mesh size h shown in the table is the characteristic size of each mesh. The right hand of plot in Figure 2 is the unstructured grid with characteristic size h = 1/40. As we see that the CWS converges extremely fast.

5 Concluding Remarks

The EAFE (edge-average finite element) scheme derived in this paper proves to be an effective approach to discretizing convection dominated problems. The derivation of this scheme is simple and is valid in all spatial dimensions. The monotonicity property of the scheme is uniformly valid for any feasible diffusion and convection coefficients and any size of meshes (as long as satisfying some mild geometric constraints such as being Delauney triangulations in two dimensions).

The CWS (cross-wind strip) domain decomposition method provides a very efficient approach to solving the algebraic systems resulting from a monotone scheme. Instead of using elaborative techniques for ordering the unknowns, the CWS method makes more but simple use of geometric property of the underlying meshes in association with convection coefficients. For strongly convection dominated problems, this method converges in very few iterations. For mildly convection dominated problems or for problems with sharply variable convections, the CWS method may be used as an effective smoother in a multigrid process (see [WX]).

Like any other schemes for convection dominated problems, the convergence analysis for EAFE method is a very technical task. The theoretical justification of the efficiency of CWS method for general unstructured grids is also lacking. These theoretical issues will be addressed in our future work. More importantly, our main goal is to develop efficient multigrid methods and some satisfactory corresponding theory for convection dominated equations and hyperbolic problems in general, which in fact is the main motivation of the current work.

Acknowledgement

The author wishes to thank David Keyes and Tony Chan for their hospitality and discussions during the author’s visits at ICASE (September 1995) and UCLA (Fall 1995 - Spring 1996) while this work was carried out. Thanks also go to Randy Bank and Ludmil Zikatanov for helpful discussions on the relevant topics and Feng Wang for his help on numerical experiments. The author is partially supported by NSF DMS94- 03915-1 through Penn State and by NSF ASC-92-01266 and ONR-N00014-92-J-1890 through UCLA.

REFERENCES

[Bar92] Barth T. (1992) Aspects of unstructured grids and finite-volume solvers for the Euler and Navier-Stokes equations. Technical Report AGARD Report 787, AGARD. Speical course on unstructured grids methods for advection dominated flows.

[BBFS90] Bank R., Bürger J., Fichtner W., and Smith R. (1990) Some up-winding techniques for finite element approximations of convection diffusion equations. Numer. Math. 58: 185–202.

[BMP89] Brezzi F., Marini L., and Pietra P. (1989) 2-dimensional exponential fitting and applications to drift-diffusion models. SIAM J. Num. Anal. 26(6): 1342–1355.

[BWnt] Bey J. and Wittum G. (preprint) Downwind numbering: A robust multigrid method for convection-diffusion problems on unstrustured grids.

[BY92] Brandt A. and Yavneh I. (1992) On multigrid solution of high-Reynolds incompressible entering flows. J. Comput. Phys. 101: 151–164.

[DEO92] Dorlofsky L., Engquist B., and Osher S. (1992) Triangle based adaptive stencils for the solution of hyperbolic conservation laws. J. Comp. Phys. 98(1).

[EC93] Elman H. C. and Chernesky M. P. (1993) Ordering effects on relaxation methods applied to the discrete one-dimensional convection-diffusion equation. SIAM J. Numer. Anal. 30(5): 1268–1290.

[Far89] Farrell P. A. (1989) Flow conforming iterative methods for convection dominated flows. In Numerical and Applied Mathematics, volume 1.2 of IMACS annals on computing and applied mathematics, pages 681–686. J. C. Baltzer AG, Scientific Co., Basel, Switzerland.

[GT83] Gilbarg D. and Trudinger N. (1983) Elliptic Partial Differential Equations of Second Order. Springer-Verlag.

[Hug95] Hughes T. (1995) Multiscale phenomena: Greens functions, the dirichlet-to-neumann formulation, subgrid scale models, bubles and the origins of stabilized methods. Comp. Meth. in Appl. Mech. Eng. 127: 387–401.

[Joh87] Johnson C. (1987) Numerical Solution of Partial Differential Equations by the Finite Element Method. Cambridge University Press, Cambridge.

[MZ89] Markowich P. and Zlamal M. (1989) Inverse-average-type finite element discretizations of self-adjoint second order elliptic problems. Math. Comp. 51: 431– 449.

[RST96] Roos H., Stynes M., and Tobiska L. (1996) Numerical methods for singularly perturbed differential equations. Springer.

[SG69] Scharffetter D. and Gummel H. (1969) Large-signal analysis of a silicon read diode oscillator. IEEE Trans. Electron Devices ED-16: 64–77.

[WX] Wang F. and Xu J.A crosswind domain decomposition method for convection dominated problems. To be submitted to Siam J. on Scientific Computing.

[Xu92] Xu J. (1992) Iterative methods by space decomposition and subspace correction. SIAM Review 34: 581–613.

[XZed] Xu J. and Zikatanov L. (submitted) A monotone finite element scheme for convection diffusion equations. Math. Comp. .