61 A space decomposition method for minimization problems

Xue–Cheng Tai and Magne Espedal

1 A Space Decomposition Algorithm

We consider:

min_{v∈V} F (v) , (1.1)

where functional F is differentiable and convex and space V is a reflexive Banach space. Our intention is to use space decomposition method to get some parallel domain decomposition and multigrid type algorithms for linear partial differential equations of the type { −∇ · (a∇u) = f in Ω ⊂ R^2 , u = 0 on ∂Ω , (1.2)

and for nonlinear elliptic problems like { − ∇ · (|∇u|^{s−2}∇u) = f in Ω ⊂ R^2 (1 < s < ∞) , u = 0 on ∂Ω . (1.3)

The algorithm given in this work were first proposed in [Tai92], see also [Tai94b], [Tai95a] and [Tai95b]. As the algorithm is proposed for a minimization problem, it is applicable for a wide class of problems, for example, eigenvalue problems, optimal control problems related to partial differential equations and least-squares method associated with linear and nonlinear equations.

A space decomposition method refers to methods that decompose the space V into a sum of subspaces, i.e. there are spaces V_i, i = 0, 1, · · · , m such that

V = V_0 + V_1 + · · · + V_m . (1.4)

For the decomposed spaces, we assume that there is a constant C_1 > 0 such that ∀v ∈ V , we can find v_i ∈ V_i to satisfy: v = m∑ i=0 v_i , and m∑ i=0 ‖v_i‖^2_V ≤ C^2_1 ‖v‖^2_V . (1.5)

Ninth International Conference on Domain Decomposition Methods Editor Petter E. Bjørstad, Magne S. Espedal and David E. Keyes © 1998 DDM.org

Moreover, assume that there is a C_2 > 0 such that there holds m∑ i=0 m∑ j=0 ⟨F^{′′}(w_{ij} )u_i, v_j ⟩ ≤ C_2 (_m∑ i=0 ‖u_i‖^2_V ) 1_2 (_m∑ i=0 ‖v_i‖^2_V ) 1_2 , ∀w_{ij} ∈ V, ∀u_i ∈ V_i, ∀v_j ∈ V_j . (1.6)

Domain decomposition methods, multilevel methods and multigrid methods can be viewed as different ways of decomposing finite element spaces into sums of subspaces. For the estimation of the constants C_1 and C_2 for different types of decomposition of finite element methods for linear problems, one can find the proofs or references in Xu [Xu92]. If the space can be decomposed as in (1.4), then the following algorithm can be used to solve (1.1).

Algorithm 1 (A multiplicative space decomposition method).

1. Choose initial values u^0_i ∈ V_i.

2. For n ≥ 1, find u^{n+1}_i ∈ V_i sequentially for i = 0, 1, · · · , m such that F (_m ∑ k<i u^{n+1}_k + u^{n+1}_i + m∑ k>i u^n_k ) ≤ F (_m ∑ k<i u^{n+1}_k + v_i + m∑ k>i u^n_k ) , ∀v_i ∈ V_i . (1.7)

3. Go to the next iteration.

In the following, we denote u^n = ∑_m i=0 u^n_i , ∀n > 0. By assuming that F is continuously differentiable and K‖w − v‖^2_V ≤ ⟨F^′(w) − F^′(v), w − v⟩ ≤ L‖w − v‖^2_V , ∀w, v ∈ V , (1.8)

where K > 0, L > 0, and using e^n = |⟨F^′(u^n) − F^′(u), u^n − u⟩|^{12} , as a measure of the error between u^n and u, the following convergence theorem is proved in Tai and Espedal [TE96].

Theorem 1 If the space decomposition satisfies (1.5) and the functional F satisfies (1.8), then for Algorithm 1 we have:

1. If F is quadratic with respect to v and the norm of V is taken as ‖v‖_V = ⟨F^′(v), v⟩, then |e^{n+1}|^2 ≤

C^2_s 1 + C^2_s |e^n|^2 , ∀n ≥ 1 . Above and also later, C_s = C_2C_1.

2. If F is third order continuously differentiable, then

|e^{n+1}| → 0 as n → ∞ , and |e^{n+1}|^2 ≤ β_n|e^n|^2 , ∀n ≥ 1 ,

and the error reduction factor β_n satisfies lim_{n→∞} β_n =^{Cs} 2 K2 1+^{Cs} 2 K2 < 1, which means the asymptotic convergence rate only depends on C_s and K.

2 Application of the Space Decomposition to a Two-level Domain Decomposition Method

We use the space decomposition Algorithm 1 for a two-level overlapping domain decomposition method. For a given domain Ω, we first divide it into coarse mesh subdomains, and then refine each coarse mesh subdomain to get fine mesh divisions for Ω. In the following examples, domain Ω is taken as [0, 1] × [0, 1]. Uniform mesh is used both for the coarse mesh division and the fine mesh division. Let Ω_i, i = 1, 2, · · · be a coarse mesh division of Ω, see Figure 1, we then enlarge each Ω_i to Ω^δ_i = {T ∈ T_h, dist(T, Ω_i) ≤ δ} to get overlapping subdomains. Here {T_h} denotes the fine mesh division for Ω.

The union of Ω^δ_i covers Ω̄ with overlaps of size 2δ. Let us denote the piecewise linear finite element space with zero traces on the boundaries ∂Ω^δ_i as S^h_0 (Ω^δ_i ), and denote S^0_h, S^0_H as the coarse and fine mesh finite element spaces respectively. One can show that

S^h_0 = S^H_0 + ∑ S^h_0 (Ω^δ_i ) . (2.9)

For the overlapping subdomains, assume that there are m colors such that each subdomain Ω^δ_i can be marked with one color, and the subdomains with the same color will not intersect with each other. For suitable overlaps, we have m = 4, see Figure 1. Let Ω^′_i be the union of the subdomains of the i^{th} color, and V_i = {v ∈ S^h_0 | | v(x) = 0 if x ∉ Ω^′_i}. By denoting subspaces V0 = S^H_0 and V = S^h_0 , we find that decomposition (2.9) means

V = V_0 + 4∑ i=1 V_i , (2.10)

and so the two-level method is a way to decompose the finite element space. Moreover, let V = H^1_0 (Ω) and F be the corresponding energy function of linear equation (1.2), then the constants in (1.5) and (1.6) are:

C_1 = C √ 1 + H^2 δ^2

, C_2 = Cm. (2.11)

The proof for (2.11) can be found in different places, we refer to page 608 of Xu [Xu92] and Tai and Espedal [TE96]. By requiring δ = c_0H, where c_0 is a given constant, we have that C_1 and C_2 are independent of the mesh parameters h and H, and the number of the subdomains. So if the proposed algorithm is used, its error reduction per step does not depend on h and H.

3 Applications to Linear Elliptic Problems

We apply Algorithm 1 to solving linear problem (1.2). As was shown above, the twolevel method is a space decomposition method. With the coarse mesh, the number of the subspaces is m = 5. For Algorithm 1, we define w^{n+1}_i = ∑_m k<i u^{n+1}_k + u^{n+1}_i +

Figure 1 The coloring of the subdomains and the coarse mesh grid

∑_m k>i u^n_k and w^{n+1}_{−1} = u^n. In each subdomain of the i^{th} color, the subproblem needs to be solved is { (a∇w^{n+1}_i , ∇v_i) = (f, v_i), ∀v_i ∈ S^h_0 (Ω^δ_i ) , w^{n+1}_i = w^{n+1}_{i−1} on ∂Ω^δ_i ,

(3.12)

and w^{n+1}_i = w^{n+1}_{i−1} in Ω\Ω^′_i. For the coarse mesh problem, if we let w^{n+1}_H = u^{n+1}_0 − u^n_0 , then it satisfies

(a∇(u^n + w^{n+ 12}_H ), ∇v_H ) = (f, v_H ) , ∀v_H ∈ S^H_0 (Ω) . (3.13)

After the computation of the subdomain problems and the coarse mesh problem, we set u^{n+1} = w^{n+1}_m . Note that the subdomains with the same color do not intersect with each other, so in computing the i^{th} color subdomain solutions, the computation is done in parallel in each of the subdomains of the i^{th} color. One observes that this is the standard multiplicative Schwarz method for linear elliptic equations. In the literature, this method is often symmetrised and then accelerated by conjugate gradient method, see [SBG96]. In the next example, we try to see the convergence without using the extra acceleration.

Example 1 In this example, Algorithm 1 is tested for the case that a = e^{xy}, u = sin(3πx) sin(3πy). For a given N, the coarse mesh size is taken as H = Hx = Hy =^1_N . The fine mesh is then taken as h = hx = hy =^1_{N2} . Each subdomain is extended by M elements to get overlaps. The initial guess is taken as the coarse mesh solution u_H . Figure 2 illustrates the computed solution and computed error function. Table 1 shows the convergence property. For different tests with hx, hy ∈ [^1_{125} , 1], i.e. with unknowns ≤ 15625, and with overlap size δ ≈^H_5 , the computed solution always converges to the global finite element solution in less than 8 steps.

4 Applications to Linear Interface Problems

Figure 2 The computed solution with H=1/10, h=1/100, M=2.

Table 1 Maximum error with H=1/10, h=1/100, M=2.

Iteration max-error reduction 1 0.0729 0.24 2 0.0166 0.23 3 0.0036 0.22 4 0.0017 0.46 5 0.0015 0.88

Figure 3 Computational results for a linear interface problem.

Example 2 We solve a linear interface problem. The coefficients are taken as a = c(x)e^{xy} where c(x) is piecewise constant and c(x) = 1 or 10^4, (see Figure 3). The global fine finite element solution is first computed. After that, the problem is computed by Algorithm 1 and the error between the iterative domain decomposition solution and the global fine mesh solution is calculated. The mesh sizes are hx = hy =^1_{100} , Hx = Hy =^1_{10} . The algorithm converges for arbitrary initial guesses. Each subdomain is extended by 2 elements to get overlap. The convergence is similar as the smooth problem.

5 Applications to Nonlinear Elliptic Problems

In the literature, domain decomposition methods and multilevel methods have been intensively studied for linear elliptic problems. For nonlinear problems, it is hard to get some general convergence estimates. For literature results related to nonlinear problems, see [CD94], [CGKT94], [LSL89], [MX95], [Tai92]–[Tai94a], [Xu94], etc. The proposed algorithm of this work can be applied to linear problems (1.2) as well as nonlinear problems (1.3).

The Gauss-Newton method (Matlab subroutine fiminu) is used to solve the minimisation problem (1.7). Without using the domain decomposition, the original problem is simply too large and costly to be solved.

Example 3 We use an analytical solution u = sin(2πx) sin(2πy) for (1.3) to test Algorithm 1. Figure 4 and Table 2 show the computational results with fine mesh hx = hy =^1_{100} , and coarse mesh Hx = Hy =^1_{10} . Each subdomain is extended by 2

Figure 4 The computational results for the nonlinear problem by Algorithm 1.

Table 2 Maximum error for the nonlinear problem by Algorithm 1.

Iteration max-error reduction 1 0.1345 2 0.0257 0.19 3 0.0049 0.19 4 0.0012 0.24 5 0.0007 0.60 6 0.0007 1.05

elements to get overlaps. The initial guess is the coarse mesh solution. The value of s is 3. Numerical tests show that the algorithm converges for arbitrary initial guess and the error reduction does not depend on the initial guess. The dependency of the convergence on the overlapping size and on the number of subdomains is the same as for the linear problem (1.2).

Acknowledgement

This work is supported by VISTA, a research cooperation between the Norwegian Academy of Science and Letters and Den norske oljeselskap a.s. (Statoil) and the Research Council of Norway, under contract SEP-115837/431. The authors would like to thank Prof. J. Xu and Prof. P. Bjørstad for valuable discussions related to this work.

REFERENCES

[CD94] Cai X.-C. and Dryja M. (1994) Domain decomposition methods for monotone nonlinear elliptic problems. In Keyes D. E. and Xu J. (eds) Domain decomposition methods in scientific and engineering computing, pages 21–28. American Mathematical Society, Providence.

[CGKT94] Cai X.-C., Groop W. D., Keyes D. E., and Tidriri M. D. (1994) Parallel implicit methods for aerodynamics. In Keyes D. E. and Xu J. (eds) Domain decomposition methods in scientific and engineering computing, pages 465–470. American Mathematical Society, Providence.

[LSL89] Lu T., Shih T. M., and Liem C. B. (1989) Parallel algorithm for variational inequalities based on domain decomposition. Research report, IMS-33 .

[MX95] Marion M. and Xu J. (1995) Error estimates on a new nonlinear galerkin method based on two grid finite element. SIAM J. Numer. Anal. 32: 1170–1184.

[SBG96] Smith B. F., Bjørstad P. E., and Gropp W. D. (1996) Domain decomposition:

parallel multilevel algorithms for elliptic partial differential equations. Cambridge. [Tai92] Tai X.-C. (1992) Parallel function decomposition and space decomposition methods with applications to optimisation, splitting and domain decomposition. Preprint No. 231–1992, Institut für Mathematik, Technische Universität Graz http://www.mi.uib.no/~tai.

[Tai94a] Tai X.-C. (1994) Domain decomposition for linear and nonlinear elliptic problems via function or space decomposition. In Keyes D. and Xu J. (eds) Domain decomposition methods in scientific and engineering computing (Proc. of the 7th international conference on domain decomposition, Penn. State University, 1993), pages 355–360. American Mathematical Society.

[Tai94b] Tai X.-C. (1994) Parallel function and space decomposition methods. In Neittaanmäki P. (ed) Finite element methods, fifty years of the courant element, Lecture notes in pure and applied mathematics, vol. 164, pages 421–432. Marcel Dekker inc.

[Tai95a] Tai X.-C. (1995) Parallel function and space decomposition methods – Part I. function decomposition. Beijing Mathematics 1, part 2: 104–134. http://www.mi.uib.no/~tai.

[Tai95b] Tai X.-C. (1995) Parallel function and space decomposition methods – Part II. space decomposition. Beijing Mathematics 1, part 2: 135–152. http://www.mi.uib.no/~tai.

[TE96] Tai X.-C. and Espedal M. (1996) Rate of convergence of a space decomposition method and applications to linear and nonlinear elliptic problems. Technical Report 103, Department of Mathematics, University of Bergen, Norway. http://www.mi.uib.no/~tai.

[Xu92] Xu J. (1992) Iteration methods by space decomposition and subspace correction. SIAM Rev. 34: 581–613.

[Xu94] Xu J. (1994) A novel two-grid method for semilinear elliptic equations. SIAM J. Sci. Comput. 15: 231–237.