19 A Note on Domain Decomposition of Singularly Perturbed Elliptic Problems

A. Auge, A. Kapurkin, G. Lube and F. C. Otto

1 Introduction

Considerable progress can be observed in the design and analysis of parallelizable domain decomposition methods for singularly perturbed elliptic problems (see references). The purpose of this paper is to report on some results and problems with two domain decomposition methods for the advection–diffusion–reaction model.

Reasonable results are now available for overlapping Schwarz methods. In particular, the overlap can be minized in the singularly perturbed case using certain exponential decay of Dirichlet data in overlap regions. In Sec. 3 we consider a modified Schwarz method which is easy to parallelize in case of a simple geometry. We derive error estimates in the continuous case which can be extended to the discrete case.

Non–overlapping methods are better suited for parallel implementation. The problem consists in deriving appropriate interface conditions. We consider in Sec. 4 a method with an adaptive interface condition and discuss recent variants. Strong convergence is proven for the continuous method. We obtained a robust behaviour of both methods for two– and three–dimensional test problems using stabilized Galerkin finite element methods as the basic discretization.

2 Preliminaries

Consider the following Dirichlet problem in a bounded domain Ω ⊂ R^d, d = 2, 3 with Lipschitzian boundary ∂Ω:

L_ϵu := −ϵΔu + (a · ∇)u + cu = f in Ω; u = 0 on ∂Ω (1)

Of particular interest are singularly perturbed problems with ‖a‖_∞ ≫ ϵ (advection dominated case) or ‖c‖_∞ ≫ max{‖a‖_∞; ϵ} (reaction dominated case). The latter case appears e.g. in an implicit time discretization method. We assume sufficiently smooth

Ninth International Conference on Domain Decomposition Methods Editor Petter E. Bjørstad, Magne S. Espedal and David E. Keyes © 1998 DDM.org

data of the problem satisfying (H.1) c(x) ≥ c_0 > 0, x ∈ Ω; ∇ · a = 0.

Remark 2.1. The condition c(x) ≥ c_0 > 0 can be always guaranteed if all characteristic curves, the solutions of dx(τ)/dτ = a(x(τ)), x(0) ∈ Ω, leave Ω in finite time. The incompressibility condition on a is not essential. □ The basic variational problem is: Find u ∈ W ≡ H^1_0 (Ω), such that for all v ∈ W

B^G(u, v) := (ϵ∇u, ∇v)_Ω + (a · ∇u, v)_Ω + (cu, v)_Ω = L^G(v) := (f, v)_Ω (2)

Let T = {K} be an admissible triangulation and W^h ⊂ W a finite element space of piecewise polynomials of degree k ≥ 1. The (unusual) stabilized Galerkin method [FFLR96] for problem (1) is to find U ∈ W^h such that B^{SG}(U, v) = L^{SG}(v) ∀v ∈ W^h, B^{SG}(u, v) := B^G(u, v) − ∑ K σ_K (L_ϵu, L^∗_ϵ v)_K , L^{SG}(v) := L^G(v) − ∑ K σ_K (f, L^∗_ϵ v)_K , (3)

where L_ϵ∗ denotes the adjoint operator to L_ϵ and σ_K are suitably chosen parameters. For a subdomain D ⊂ Ω set H^1_{0,Ω}(D) := W ∩ H^1(D). B^{SG}_D (·, ·) and L^{SG}_D (·, ·) are the obvious restrictions of B^{SG}(·, ·) and L^{SG}(·, ·) to D if D consists of finite elements in T . Then define

V^h(D) := H^1(D) ∩ W^h; V^h_0 (D) := H^1_0 (D) ∩ V^h(D).

By ∂D^+, ∂D^− and ∂D^0 we denote the outflow, inflow and characteristic parts of ∂D where the scalar product a·ν_D with the outer normal ν_D is positive, negative or zero, respectively.

Furthermore we introduce a nonoverlapping admissible partition Ω = ∪_iΩ_i with Lipschitz ∂Ω_i which aligns with the triangulation T . Finally, define Γ_i := ∂Ω_i \ ∂Ω and Γ_{ik} = Γ_{ki} = ∂Ω_i ∩ ∂Ω_k.

3 An Overlapping Schwarz Method

Overlapping Schwarz methods for elliptic problems guarantee good convergence properties if the overlap is sufficiently large. On the other hand, they are not easy to implement. We propose a modified Schwarz method for singularly perturbed problems which is more appropriate for parallelization and allows minimal overlap [BS91]. A description in the 2D–case (with obvious modifications in 3D) is as follows: Starting from the non–overlapping partition Ω = ⋃ i Ω_i, we introduce small interface domains O_{ik} covering the interface Γ_{ik} between adjacent subdomains with thickness Δ ≈ kh and crosspoint regions C of diameter kh each covering a crosspoint. Starting from an initial guess U^0 ∈ V^h_0 (Ω), the iteration method for problem (3) reads for n ∈ N:

1. Solve in parallel on each subdomain Ω_i:

B^{SG}_{Ωi} (U^{n+1}_i , v) = L^{SG}_{Ωi} (v), ∀v ∈ V^h_0 (Ω_i); U^{n+1}_i − U^n_i ∈ V^h_0 (Ω_i).

2. Solve in parallel (redundantly) on each interface domain O = O_{ik} :

B^{SG}_O (V^{n+1}_O , v) = L^{SG}_O (v), ∀v ∈ V^h_0 (O); V^{n+1}_O − U^{n+1} ∈ V^h_0 (O).

Then set U^{n+1} = V^{n+1}_O on the interface Γ_{ik} generating O. 3. Solve in parallel (redundantly) on each crosspoint region C

B^{SG}_C (W^{n+1}_C , v) = L^{SG}_C (v), ∀v ∈ V^h_0 (C); W^{n+1}_C − U^{n+1} ∈ V^h_0 (C).

Then set U^{n+1} := W^{n+1}_C on the corresponding interfaces in the crosspoint region C.

4. Set n → n + 1 and goto step 1.

The Schwarz method is similarly defined for the continuous problem (1). We consider the convergence of the (continuous) Schwarz method, for simplicity, in the following model problems in Ω = (0, 1)^2 with a very simple flow field a and substructuring according to

(H.1)^∗

A : a_1(x) ≥ A_1 ≫ ϵ > 0, a_2(x) = 0, x ∈ Ω B : a_i(x) ≥ A_i ≫ ϵ > 0, i = 1, 2 x ∈ Ω C : a_i(x) = 0, i = 1, 2; c(x) ≥ c_0 ≫ ϵ > 0 x ∈ Ω,

(H.2)

Ω = (0, 1)^2 is split into non–overlapping subdomains Ω_{ij} := ((i − 1)H_1, iH_1) × ((j − 1)H_2, jH_2), i = 1, ..., M_1, j = 1, ..., M_2, H_k :=^1_{Mk} .

The crucial point in (H.1)^∗, (H.2) is a uniform behaviour of sgn(a · ν) on the interface between adjacent subdomains. In case B there exist only inflow and outflow parts ∂Ω^−_{ij} and ∂Ω^+_{ij} . In case A we additionally have characteristic parts ∂Ω^0_{ij} . In case C we obtain the trivial case ∂Ω_{ij} = ∂Ω^0_{ij} . Assume that the interface regions are generated by narrow strips in Ω_{ij} of thickness Δ^−_{ij} , Δ^+_{ij} or Δ^0_{ij} at the inflow outflow or characteristic part of ∂Ω_{ij} . The intersection of the interface strips generates crosspoint regions C.

Theorem 3.1. Assume (H.1)^∗, (H.2) and set T OL > 0, K := ‖u − u^0‖_L∞_{(Ω)}. Furthermore assume that the minimal overlap width of the interface strips satisfies

Δ^+_{ij} , Δ^−_{ij} ≥ α^{−1}ε | | |ln T OL 4K | | | , Δ^0ij ≥ β^{−1} √ ε | | |ln T OL 4K | | | . (4)

Then we obtain after M + k steps of the modified Schwarz method that

‖u − u^{M+k}‖_L∞_{(Ω)} ≤ C(TOL)^{k+1}, C ∼ M, (5)

with M = M_1, M =

∑_2 i=1 M_i and M = 0 in case A, B and C, respectively, and appropriate ϵ–independent constants α, β > 0. □

Outline of the proof: The key of the proof is some exponential decay of presumably wrong Dirichlet data (appearing during the iteration) in overlapping regions leading to artificial layers. The proof is based on the barrier function technique using the following variant of the maximum principle on an arbitrary subdomain G ⊂ Ω with Lipschitzian and piecewise C^2−boundary: Suppose that for T, S ∈ C^2(G)∩C(G) holds |(L_εT )(x)| ≤ (L_εS)(x), x ∈ G, |T (x)| ≤ S(x), x ∈ ∂G.

Then we obtain |T (x)| ≤ S(x) in G.

Consider now in particular case A: The manifolds ∂G^−, ∂G^+ and ∂G^0 for G = (a, b) × (c, d) ⊂ Ω = (0, 1)^2 are located at {a} × (c, d), {b} × (c, d) and [a, b]×{c}∪[a, b]×{d}. Let T_1, T_2 ∈ C^2(G)∩C(G) be solutions of (1). Then T = T_1 −T_2 satisfies |T (x)| ≤ ‖T ‖_L∞_{(∂G}−_) + exp [ −α ε dist(x, ∂G^+) ] ‖T ‖_L∞_{(∂G}+_) +(1 + x_1 − a) exp [ −β √ ε dist(x, ∂G^0) ] ‖T ‖_L∞_{(∂G}0_). with 0 < α ≠ α(ε), 0 < β ≠ β(ε). The exponential terms of the barrier function mimic artificial layers of width 0(ϵ log 1/ϵ) or 0( √ ϵ log 1/ϵ) at ∂G^+ and ∂G^0, respectively.

They are small in subdomains of G with appropriate distance to ∂G^+ and ∂G^0. A corresponding result holds in case B and C.

The idea in case A and B is a downwind correction of the solution from subdomain to subdomain. The chosen thickness of the interface and crosspoint regions guarantees the exponential decay of the influence of wrong Dirichlet data in upwind and crosswind directions. The first iteration cycle 1–4 yields in particular in case A an error of 0(T OL) in subdomains Ω_{1j} , j = 1, ..., M_2. The next iteration gives an error of 0(T OL)^2 there and of 0(T OL) in subdomains Ω_{2j} , j = 1, ..., M_2. The desired result follows by induction. The idea is the same in case B. In case C we have an isotropic propagation of information. After the first iteration cycle the error is of order T OL in all subdomains Ω_{ij} . The result follows then again by induction. □ Remark 3.1. It is possible to extend the result of Theorem 3.1 to 3D and to more general domains and macro partitions, in particular of singularly perturbed diffusion–reaction problems (cf. case C). The case of nonsymmetric singularly perturbed problems is more involved due to the possibly complicated behaviour of the characteristics at the interface Σ := ∪Γ_{ik} .

Furthermore, a result corresponding to Theorem 3.1 can be derived for the energy norm ‖|·‖| := √ B^{SG}(·, ·). The proof of similar results for the discrete Schwarz method depends strictly on the discretization method. Some ideas and technical details for the streamline upwind method which is closely related to (3) can be found in [RZ95], [Zho95]. In particular, a discrete maximum principle is not available. □

4 An Adaptive Non–overlapping Method

Consider again a non–overlapping partition Ω = ⋃ i Ω_i. The results of Sec. 3 indicate that a transition to a non–overlapping method should be possible with appropriate interface conditions at Σ := ∪_{i,k}Γ_{ik}. A first insight is given with the fictitious overlapping method [LeT94]. Consider in the (continuous) overlapping method of Sec. 3 with overlap width Δ_{ik} at Γ_{ik} a first order Taylor expansion of the solution at Γ_{ik}. This leads to the non–overlapping Schwarz Method proposed by P. L. Lions [Lio89]. Set ρ_{ik} =^ϵ_{Δik} . Starting from an initial guess u^0, the iterative procedure reads: Solve (in parallel) on Ω_i

L_ϵu^{n+1}_i = f in Ω_i; u^{n+1}_i = 0 on ∂Ω_i ∩ ∂Ω, (6) with interface condition ϵ ∂u^{n+1}_i ∂ν_i + ρ_{ik} u^{n+1}_i = −ϵ ∂u^n_k ∂ν_k + ρ_{ik} u^n_k on Γ_{ik}. (7)

A first convergence result was given by P.L. Lions [Lio89] for the fictitious overlapping method. Assume (H.1) and that no crosspoints occur (strip partitions of Ω):

u^n → u strongly in L_2(G), G ⊂⊂ Ω_i; u^n → u weakly in L_2(∂Ω_i) (8)

Remark 4.1. A modified approach leading to (6),(7) is the three–field formulation of [BBM92] which consists of finding u = {u_i} with u_i ∈ H^1_{0,Ω}(Ω_i) and Lagrange multipliers for the Neumann and Dirichlet data on the interface. After using an augmented Lagrangian technique [LeT94] this formulation can be decoupled iteratively ending up with the method (6),(7). □ The result of [Lio89] gives no indication for the design of ρ_{ik} in the interface condition (7). Generalizing an idea of [Nat96] we propose the following modification of (7)

ρ_{ik} := ρ^−_i := − 1 2 (a · ν_i − Z_i|_{Γik} ) = ρ^+_k :=^1_2 (a · ν_k + Z_k|_{Γik} ) (9)

with Z_i a strictly positive function on Γ_i. We analyze the convergence of the adaptive method (6),(7), (9) applied to (1).

Theorem 4.1 Assume (H.1) (or c −^1_2 ∇ · a ≥ 0 and ∂Ω_i ∩ ∂Ω ≠ ∅ ∀i) and ∂u ∂ν i |^Γik ∈ L^2(Γ^{ik} ) for the solution of (1). Then the sequence u^n = {u^ni } generated by algorithm (6),(7),(9) converges for n → ∞ with u^n_i → u strongly in H^1(Ω_i). Outline of the proof: First of all we observe that algorithm (6), (7), (9) is well defined provided that^{∂u0i}_∂ν_i ∈ L^2(Γ_i). This implies^{∂uni}_∂ν_i ∈ L^2(Γ_i) for all n ∈ N_0. The key step is a modification of Lemma 4.4 in [Nat96]: A function u ∈ H^1_{0,Ω}(Ω_i) with L_ϵu = 0 in L^2(Ω_i) and^{∂u}_∂ν_i ∈ L^2(Γ_i) satisfies ‖|u‖|^2_i + ∫ Γ_i 1 2Z_i [( ϵ ∂ ∂ν_i − ρ^+_i ) u ]_2 ds = ∫ Γ_i 1 2Z_i [( ϵ ∂ ∂ν_i + ρ^−_i ) u ]_2 ds (10)

with the outer unit normal ν_i on Γ_i and

‖|u‖|^2_i := ϵ‖∇u‖^2_L2_{(Ωi)} + ‖ √ μu‖^2_L2_{(Ωi)}, μ := c − 1 2 ∇ · a, Z_i ≥ z_0 > 0 a.e. on Γ_i.

The error e^{n+1} := u_i − u^{n+1}_i satisfies L_ϵe^{n+1} = 0 in Ω_i, hence

‖|e^{n+1}_i ‖|^2_{Ωi} + ∫ Γ_i 1 2Z_i [( ϵ ∂ ∂ν_i − ρ^+_i ) e^{n+1}_i ]_2 ds = ∫ Γ_i 1 2Z_i [( ϵ ∂ ∂ν_i + ρ^−_i ) e^{n+1}_i ]_2 ds Using (7),(9), we obtain

‖|e^{n+1}_i ‖|^2_{Ωi} + ∑ k(≠i) |[e^{n+1}_i ]|^2_{Γik} = ∑ k(≠i) |[e^n_k ]|^2_{Γik} where

|[e^n_i ]|^2_{Γik} := ∫ Γ_{ik} 1 2Z_i [( ϵ ∂ ∂ν_i − ρ^+_i ) e^n_i ]_2 ds. Summing over the subdomains yields N∑ i=1 ‖|e^{n+1}_i ‖|^2_{Ωi} + |[e^{n+1}]|^2_Σ = |[e^n]|^2_Σ, |[e^n]|^2_Σ := N∑ i=1 ∑ k(≠i) |[e^n_i ]|^2_{Γik}

where Σ := ∪^N_{i=1}Γ_i. Summation over n implies strong H^1−convergence of {e^n} to zero due to the equivalence of norms. □ Remark 4.2. Possible choices of Z_i: (i) The choice Z_i = √ (a · ν_i)^2 + 4ϵc was derived in [Nat96] from an zeroth order approximate factorization of the elliptic operator L_ϵ. But this choice failed in case c = 0 if the flow field is parallel to some Γ_{ik} . In the original proof ([Nat96], Th. 4.1) Robin-type boundary conditions on ∂Ω were assumed. (ii) We suggest Z_i = √ (a · ν_i)^2 + λϵ with some arbitrary positive parameter λ. Then even if c = 0 no restriction to the flow field is necessary. Thus the Theorem is also applicable to the Poisson problem and improves the result of [Lio89]. (iii) With Z_i =| a · ν_i | one obtains the so-called adaptive Robin-Neumann algorithm [CQ95], [Tro96], [GGQ]. Then Theorem 4.1 is applicable only if | a · ν_i |> 0. In case of two subdomains [GGQ] prove weak H^1−convergence under the more general assumption that | a · ν_i | can vanish in a finite number of points. □ The result of Theorem 4.1 means that the corresponding Poincare–Steklov operator is strictly non–expansive and gives no information on the convergence rate. On the other hand, with our choice for Z_i very reasonable results are obtained for a discrete version of the adaptive non–overlapping method: Instead of (6),(7),(9) one has to solve for n ∈ N_0 (in parallel for i = 1, ..., I)

B^{SG}_{Ωi} (U^{n+1}_i , v) + ∑ k(≠i) ( ρ^+_i U^{n+1}_i − Λ^n_{ik}, v ) Γ_{ik} = L SG Ω_i (v), ∀v ∈ V h Ω_i , (11)

Λ^{n+1}_{ik} := ( ρ^+_i + ρ^−_i ) U^{n+1}_k − Λ^n_{ki} = Z_{ik}U^{n+1}_k − Λ^n_{ki}. (12)

Here we present some numerical results for 2D–problems satisfying (H.1)^∗, (H.2). Examples: We choose ϵ = 10^{−4}, a M_1 × M_2-partition of Ω and a sequence of different values of h. The (continuous) solution is always w = sin πx_1 ( exp (x^2 − x_2) − 1 ) , hence f = L_ϵw. More precisely, we consider the advection dominated case with (B) and without (A) characteristic interfaces and the reaction dominated case (C) (cf. also Th. 3.1 for the weakly overlapping method).

Here we show the convergence history of the relative discrete L^2– norm vs. the iteration number for the test cases A, B and C for different values of h. For the parameter λ in our formula for Zi we have chosen 100, 100 and 10 for case A,B and C respectively.

Case A: a =^1√_5 (2, 1)^T , c = 0 and M1 = M2 = 3 Case B: a = (0, 1)^T , c = 0 and M1 = 4, M2 = 1 Case C: a = (0, 0)^T , c = 1 and M1 = M2 = 3

The convergence history is similarly as predicted by Theorem 3.1 for the weakly overlapping Schwarz method: In case A, we observe an initial phase of downwind propagation of information, then we obtain reasonable linear convergence until the discretization error level is reached. In cases B and C, no initial advective propagation of information appears. Reasonable linear convergence is again obtained. The algorithm is only slightly sensitive w. r. t. λ.

A heuristic explanation of the favourable convergence properties of the discrete algorithm can be given by means of singular perturbation arguments. In cases A and C, wrong interface data cause artificial layers of exponential (and essentially 1D-) type for the flux ϵ∇u·ν. The analysis is more involved in case B. Wrong interface data cause artificial layers which are of parabolic type for the flux. A higher order factorization of the operator L_ϵ would better represent the advective transport along the interface [Nat96]. Fortunately, the diffusive interface transport involved in the transmission condition (7), (9) is obviously sufficient to guarantee convergence. Nevertheless, further theoretical foundation of the convergence properties of the discrete algorithm (6), (7) is neccesary.

5 Summary and Open Problems

Two parallelizable methods are considered for singularly perturbed elliptic problems. We obtain linear convergence for the overlapping method in the continuous case. The overlap width can be minimized for advection and/ or reaction dominated problems. The non–overlapping method with properly problem adapted interface condition of Robin type gives strong H^1−convergence in the continuous case. The method applied to the discrete problem provides reasonable performance in the range from diffusion to advection (or reaction) dominated problems. Nevertheless, there are still open problems concerning the convergence analysis even for scalar elliptic problems. The application to incompressible flow problems is considered in a forthcoming paper.

Acknowledgement

The support by BMBF under grant No. 03LU7GOE and the University of Magdeburg, IAN is gratefully acknowledged.

REFERENCES

[BBM92] Baiocchi C., Brezzi F., and Marini L. (1992) Stabilization of Galerkin methods and applications to domain decomposition. In Bensoussan . A. and Verjus J.- P. (eds) Future Tendencies in Computer Science, Control and Applied Mathematics. Springer-Verlag, Berlin Heidelberg.

[BS91] Boglaev I. and Sirotkin V. (1991) Domain decomposition technique for singularly perturbed problems. In Miller . J. and Vichnevetsky R. (eds) Proc. 13. IMACS. Dublin.

[CQ95] Carlenzoli C. and Quarteroni A. (1995) Adaptive domain decompositon methods for advection-diffusion problems. In Babuška . I. et al. (eds) Modeling, Mesh Generation, and Adaptive Numerical Method for Partial Differential Equations, Institute for Mathematics and its Applications IMA Volume 75. Springer Verlag, New York a.o.

[FFLR96] Franca L., Farhat C., Lesoinne M., and Russo A. (1996) Unusual stabilized finite element methods and residual-free-bubbles. Technical report, UCD/ UMD Report No. 82. University of Colorado.

[GGQ] Gastaldi F., Gastaldi L., and Quarteroni A.Adaptive domain decomposition methods for advection dominated equations. to appear in: East West J. Num. Math.

[LeT94] LeTallec P. (1994) Domain decomposition methods in computational mechanics. Comput. Mech. Adv. 1 pages 121–220.

[Lio90] Lions P. (1990) On the Schwarz Alternating Method III: A Variant for Nonoverlapping Subdomains. In Chan . T., Glowinski R., Périaux J., and Widlund O. (eds) Third International Symposium on Domain Decomposition Methods for Partial Differential Equations. SIAM, Philadelphia.

[NR95] Nataf F. and Rogier F. (1995) Factorization of the convection-diffusion operator and the schwarz algorithm. Math. Model. Meths. Appl. Sc. 5 pages 67–93.

[RZ95] Rannacher R. and Zhou G. (1995) Analysis of a domain-splitting method for nonstationary convection–diffusion problems. East-West J. Numer. Math. 2 pages 151–172.

[Tro] Trotta R.Multidomain finite elements for advection–diffusion equations. to appear in: Appl. Numer. Math.

[Zho95] Zhou G. (1995) A new domain decomposition method for convection– dominated problems. Technical report, Preprint 95–38 (SFB 359). University of Heidelberg.