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ON TOTALLY UMBILICAL HYPERSURFACE WITH
CONHARMONIC CURVATURE TENSOR

FUSUN OZEN AND SEZGIN ALTAY

ABSTRACT. The purpose of this paper is to study conharmonically recurrent
Weyl spaces corresponding to the tensor Kj;j x. In Section II, some relations
which are needed in Section III are obtained. In Section III, it is shown that
while the totally umbilical hypersurface W), of the recurrent Weyl space is
conharmonically Ricci recurrent, W), is recurrent. After then, it is proved
that conharmonically recurrent Weyl space is also conformally recurrent, but
the converse is true if and only if the condition VR = AR holds.

1. INTRODUCTION

The geometrical features of Weyl’s theory consists of a space-time manifold W,
on which is defined a symmetric (torsion free) linear connection I' and, in the
first instance, a Lorentz metric g. The manifold W,, and all structures on W, are
assumed smooth. The connection I' is not assumed to be a metric connection with
respect to g or any other metric on W,,. Rather, I and ¢ are related in such a
way as to recreate Weyl’s original idea that parallel transport, with respect to T',
of a tangent vector k at p € W,, along a curve ¢ to a point ¢ € W,, may result in
change of the length of k& (with respect to g). However the ratio of the lengths of
k at p and ¢, where this makes sense (i.e., if k is non-null), depends only on p, ¢
and ¢ and not on k . Let W, be a manifold of dimension n (n > 2) and let T’
be a symmetric linear connection on W,. Then T is called a Weyl connection if
there exists a metric g on W, such that Vg = ¢ ® T for some 1-form T on W,
where V denotes covariant differentiaton with respect to I'. If W,, admits a Weyl
connection, it is called a Weyl manifold.

In local coordinates this reads Vig;; = 27%g9;; where in coordinate notation
Vi denotes the covariant derivative with respect to I', and is just means that the
tensor g is recurrent with respect to I' with recurrence 1-form 7. With g;;, I', and
the complementary vector T}, this is equivalent to the following expression for the
connection associated with T':

1
(L1 Ty = 50" (Ogmk + Ogmi — Imgrr) — (4T + 6T — g™ ga Ton),
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Now suppose that I' is fixed but g and T are changed to § = A\Pg and T =
T + 8(In \) where ) is real valued function on W,. Then V§ = §® T still holds as
does (1.1) for ', g and T. Such changes (9,T) = (APg,T + 9(In \)) are the gauge
transformations introduced by Weyl [1], [2].

Suppose that the metrics of W,, and W, ;1 are elliptic and that they are given
by gijdutdu? and gupdx®dx®, respectively, which are connected by the relation

(1.2) Gij = gabx?x? (.,j=1,2,...,m;a,0=1,2,...n+ 1)

where ¢ denotes the covariant derivative of z% with respect to u’. On the basis of
(1.1) [3] and [4], using T} as a normalizer Zlatanov introduced in [5] a prolonged
covariant differentiation of the satellites A of g;; with weight {p} by the law

(1.3) V;CA = VkA - kaA.

One can show that the prolonged covariant derivative of A, relative to W,, and
W41, is related by
(1.4) ViA = 25V A.

By [5] we have ngij = 0 and ngij = 0 where ¢/ is the reciprocal tensor of
Gij-

Let n® be the contravariant components of vector field in W,,;; normal to W
and let it normalized by the condition g,pn®n® = 1. The moving frame {x},nq}
in W, reciprocal to moving frame {z%,n%} is defined by the relations [2]

(1.5) nng =1, ngz? =0, n%’ =0, 2%zl = 4§,

Differentiating covariantly of each side of (1.5)4 with respect to u* and remem-
bering that the weight of z% is {0}, the following form
(1.6) Vil = Vizd = wipn®

holds.
The curvature tensor of the hypersurface R?j i is given by

h
no_ Orh O

m h m
ik = B0 gk + ik — Dol

(1.7) R

where R?jk = ghmRmijk.

2. TOTALLY UMBILICAL HYPERSURFACE IMMERSED IN A RECURRENT WEYL
SPACE

If W,, admits of a tensor field T such that
(2.1) ViT...= M\.T ..

where A\ is a non-zero vector field of W,,, then W, is called a T-recurrent Weyl
space and is denoted by T,, — W.

We note that, since the prolonged covariant derivative preserves the weight, ¢,
is a satellite of g;; with weight {0}.
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A hypersurface of a Weyl space is called totally umbilical if w;; = pg;; where p
is a satellite of g;; with weight {—1}. From this definition it follows that p = £
where M is the mean curvature of the hypersurface defined by M = w;;g". A
hypersurface of a Weyl space is called totally geodesic if w;; = 0.

The generalization of Gauss and Mainardi-Codazzi equations have the following

forms [6]

D, b d
(2.2) Ryiji = Q}”‘jk + Rabcdexixjmk

(2.3) kaij — ijik + Rabcdibgm;’x%n“ =0

where Rgpeq is the covariant curvature tensor of W, .1 and Qpijk is the Sylvestrian
of w;; defined by Qp;j1 = whjwir, —wnrw;;. These formulae have also been obtained
in [7].

Let W, be a hypersurface of recurrent Weyl space W, 11 with recurrence vector
¢, which is not orthogonal to the hypersurface W,,. If we denote the tangential
component of ¢, by ¢,., then we have

(24) ¢k = x%ﬂ%
Since W, 11 is recurrent-Weyl space, we can write
(25) )\TRabcd = erabcd = xiveéabcw
Using (2.2), we get
(2.6) Vi Ruije = VieQniji + Vi (Rapeazfialaiad).

With the help of the equations (1.6) and (2.5), the formula (2.6) can be brought
in the following form [6]

: : 5 bocd 5 bcd
Vi Rnijk = VieQnijr + G RabedTh T 25050 + Rabed®] 250 wh,n+

(2.7) + Rapearh a§wiwirn” + Rapeawhalaiw;,m+
+ Rapear ) x§wern

If we use the equations (2.2),(2.3),(2.4),(2.7) and remembering that w;; = g,
and M is scalar invariant, then we find

Vi Rpiji = OrRpijr + ﬁ[(va)Ghirk + (ViM)Ghijr + (ViM)Grjrn,
2.8
(28) . 2M . M?
+ (Vi M)Gyjir] + F(VTM)Ghijk - ?erGhijk
where Ghijk = gn;jgik — gnkgi;- Multiplying (2.8) by ¢"* and g%, we obtain, re-
spectively

V,.Rij; = ¢ Ri; + ﬁ[@ —n)(V,;M)gir —2n(V,M)g;j+

(2.9) ,

@) (ViM)gy] + g (0 v
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2M M?

(2.10) ViR = ¢, R+ (V. M)(—n? —n+2) + —(n=1)¢r.

n2
3. CONHARMONIC CURVATURE TENSOR OF A WEYL SPACE

_ Let Wi(gij, Ty) and W (Gij, Ti) be two Weyl spaces with connections Vi and

Vi, respectively, and let the map 7 : W,, — W,, be a conformal mapping. As a

special case, let the transformed expressions of the fundamental metric tensor g;;
and the coefficients of Weyl connection I'}; be the following forms [8]

(3.1) Gii =9ij > 37 =4g",

(3.2) [y = Dh + 04 P+ 6Pk — grig"™ Prn

where the vector Py is called the vector of conformal mapping such as
(3.3) Py =Ty — Ty

Let us seek the differentiable harmonic function A with weight {p} defined by

[9]

- j 2—n—-2
(3.4) A=et) Pidw’ g c:#.
and then, we have the following expression
1
(3.5) g"'"ViP + =(n—2)P*P, = 0.

2

Since a conformal transformation with Py, satisfying (3.5) transforms a harmonic
function into a harmonic one in above sense: (3.4), we call it conharmonic trans-
formation.

The conharmonic curvature tensor is in the following form [10]

1 m
Kl =Rl — 5(51}33[”] — 0" Rigy + 9i39"" Rimk) — 9ing™™ Rimyj)+

1 m
(36) 267 Bikj)) = 7y Ok Reag) = 07 Ry + 930" Ry
— 9ikg""™ Rimyj)) -
The conharmonic curvature tensor K Z . of a Weyl space satisfies the following
condition [10]
1

where Kj; is conharmonic Ricci tensor.

If a Weyl hypersurface W,, immersed in a recurrent Weyl space W, 11 is totally
geodesic, then the hypersurface is recurrent Weyl with recurrence vector A, [6].

A totally geodesic hypersurface W,, immersed in a recurrent Weyl space W, 11
is conharmonically recurrent (n > 2).
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Proposition 3.1. If W, is conharmonically Ricci-recurrent (may not be Ricci-
recurrent), then the expression ¢, — 27T, is locally gradient (n > 2).

Proof. From (3.7) and (2.1), we get V,.R = ¢, R. Thus, remembering that the
scalar curvature R is scalar invariant with weight {—2}, using (1.3), we have
VR

R

where R is the scalar curvature of Weyl space W, ;1. Then, we say that ¢, — 27,
is locally gradient.

¢s — 2T, = (R=ciR; ¢; #0, const.)

Theorem 3.1. If a totally umbilical Weyl hypersurface W,, immersed in a
recurrent Weyl space W,,+1 is a conharmonically Ricci-recurrent, then W,, is a
conharmonically recurrent Weyl space (n > 2).

Proof. Let W,, be a totally umbilical hypersurface of a recurrent Weyl space
Wht1. Let W, be also conharmonically Ricci-recurrent. Multiplying (2.10) by g5,
we get

. M? M .
(3.8)  Vi(giR) = &r[Rgij + ——(n— D)gij] + %gij(VrM)(—HQ —n+2).

Using the equation (3.7) in the form (3.8), we find

1 .
(3.9) Egij(n —1)[nM?¢, —2(n+2)M(V,M)] =0,
then, we obtain
VTM n

1 = .
(3.10) M 2(n+2) or

On the other hand, from the equation (2.9),
(3.11) Vi Rijn = ér Ry
and

. M?

(3.12) "

+ 212~ ) (iM)gse — 2m(F, Mg+ (2 m)(V; Mg

Taking the prolonged covariant derivative of (3.6) with respect to " and putting
the equations (3.11) and (3.12) in this expression, then we get
Vo Kniji = Vi Rnije + 60 (Knijk — Rhiji)—
2

(3.13) - 7712?::/[_ %) (n —1)¢rGingr, — HQ(TJLM_ %

+(2- n)(VjM)Ghikr — 4n(vrM)Ghikj+
+ (2= n)(VaM)Girji — (2 = n)(ViM)Ghijr] -

[(2—mn) (viM)ijhr+



248 FUSUN OZEN AND SEZGIN ALTAY

Using (2.8) in (3.13), we obtain

y 2(n+2
(3.14) VieEnije = ¢rKnigr — %

1 .
mGhijkM[(VTM)

— ¢-M].

Using the expression (3.10), we get

(3.15) Vo Khijk = 6r Knijh-

Corollary 3.1. If a totally umbilical Weyl hypersurface W,, immersed in a
recurrent Weyl space W, 41 is a conharmonically Ricci-recurrent, then W,, is a
recurrent Weyl space (n > 2).

Proof. Multiplying (2.8) by ¢"" and ¢** and using the equation (3.10), we
obtain

(n—1)(n—2)

(3.16) gh"gik(V,,Rhijk — ¢rRpiji) = o2 M?g;.

If we multiply the expression (3.13) by ¢"" and ¢g** and use the equations (3.10),
(3.15) and (3.16), we get M?¢; = 0. From this, since ¢; # 0 ,(n > 2), we find
M = 0. In this case, using M = 0 and the expression (3.13), the proof is completed.

Corollary 3.2. If a totally umbilical Weyl hypersurface W,, immersed in a
recurrent Weyl space Wy, 11 is a conharmonically recurrent, then W), is a recurrent
Weyl space (n > 2).

Proof. Conharmonically recurrent Weyl space is also conharmonically Ricci
recurrent. From Corollary 3.1, the result is clear.

Corollary 3.3. If a totally umbilical Weyl hypersurface W,, immersed in a
recurrent Weyl space W, 41 is a Ricci recurrent, then W), is a recurrent Weyl space
(n>2).

Proof. Since Ricci recurrent Weyl space is also conharmonically Ricci recurrent,
from Corollary 3.1, the proof is clear.

Theorem 3.2. A conharmonically recurrent Weyl space is also a conformally
recurrent Weyl space. Conversely, a conformally recurrent Weyl space with its re-
currence vector field ¢, is conharmonically recurrent if its scalar curvature satisfies

V,.R = \R.

Proof. Suppose that W, be a conharmonically recurrent Weyl space. The so-
called conformal curvature tensor introduced by F. Ozen and S.A. Uysal [12], is in
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the following form

2
Chijk = Rnijr + m[ghkR[zj] — gnj Riik) + Gis Rink) — ik Ring) — (0 — 2)gni Rk

1
T h_2 (gnkRij — gnjRir + gij Ruk — gir Rij)

+ #( R 0. )
(’I’L— 1)(71—2) ghkgl] ghjglk .

The conformal tensor Cj;;i, and conharmonic tensor Ky, are related by the fol-
lowing condition [12]
(9nkgij — Gnjgik)-

R
(317) C}”‘jk — Khl]k - m

Transvecting (3.17) with ¢"* and ¢*/ and using (3.7), we have V,R = ¢, R. Con-
sequently, from (3.17), we find

(3.18) Vi Chijk = 6rChijk-

Hence, every conharmonically recurrent Weyl space is conformally recurrent.
Conversely, let W,, be a conformally recurrent Weyl space with the recurrence
vector ¢,. In this case, the equation (3.18) holds. Thus from (3.17), we get

y iy . B B (gnkgij — IniGik ¢
vrchzgk ¢7’Chzjk - erhmk ¢rKh2]k (TL — 1)(2 — n) (VTR ¢TR)

Hence, erhijk = ¢p Kpiji if V,.R= ¢, R is satisfied.
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