Proceedings Ist International Meeting

on Geometry and Topology Braga (Portugal)

Public. Centro de Matemática da Universidade do Minho p. 119–130, 1998

Some Generalizations of Poisson and Jacobi Structures

Raúl Ibáñez, Manuel de León, Juan C. Marrero, David Martín de Diego and Edith Padrón^1

1 Introduction

More than twenty years ago, Nambu [35] proposed a generalization of Hamiltonian mechanics by considering brackets involving three or more functions. The main motivation of Nambu to propose such a generalization was to study other forms of dynamics enforcing the Liouville theorem as in the case of statistical mechanics. The first example of a dynamical system which admits a Nambu formulation was given by Nambu himself and it is the Euler equations for the angular momentum of a rigid body. Another examples can be seen in [7, 18, 20, 41, 42]. Immediatly after the publication of Nambu’s paper, many authors have investigated its relation with the hamiltonian theory of constraints (see for instance [6, C, 11, 26, 33, 17]).

The subject was almost dormant for many years till the appearence of Takhtajan’s paper [42]. Indeed, Takhtajan gave a geometric approach to Nambu brackets by establishing the so-called Fundamental identity, which is a generalization of the Jacobi identity. Therefore, the notion of Nambu-Poisson manifold was introduced. It is remarkable that the fundamental identity was previously considered by Filippov [15] (see [31]) in a pure algebraic context.

On the other hand, Azcárraga et al [3, 4] have introduced a different generalization of the Jacobi identity, the so-called generalized Jacobi identity, which leads to the notion of generalized Poisson manifold.

The brackets considered above are derivations on each argument. However, one can weak this assumption in the same way that Poisson brackets can be

1This work has been partially supported through grants DGICYT (Spain) Projects PB94- 0106, PB94-0633-C02-02, UPV 127.310-EA043/97, Consejería de Educación y Cultura de la Comunidad de Madrid, Universidad de La Laguna, and UNED (Spain). 119 extended to Jacobi brackets. Proceeding in this direction, one obtains the socalled Nambu-Jacobi and generalized Jacobi manifolds (see [30, B, 24]).

The aim of the present paper is to present these extensions of Poisson and Jacobi brackets, and show the main examples. The dynamics and the geometry of multibrackets have been studied in several recent papers. A huge list of references is included at the end.

2 Nambu-Poisson and generalized Poisson manifolds Let M be a differentiable manifold of dimension m. We will use the following notations:

• C^∞(M, R) is the algebra of C^∞ real-valued functions on M.

• X(M) is the C^∞(M, R)-module of vector fields on M.

• V^k(M) is the space of k-vectors on M. • Ω^k(M) is the space of k-forms on M.

An almost Poisson bracket of order n [21] on M is a n-linear mapping { , . . . , } : C^∞(M, R) × . . .^{(n} . . . × C^∞(M, R) −→ C^∞(M, R) satisfying the following properties:

(1) (Skew-symmetry) {f_1, . . . , f_n} = ε_σ{f_{σ(1)}, . . . , f_{σ(n)}} , for all f_1, . . . , f_n ∈ C^∞(M, R) and σ ∈ S_n, where S_n is the group of the permutations of order n and ε_σ is the signature of the permutation σ.

(2) (Leibniz rule) {f_1g_1, . . . , f_n} = f_1{g_1, . . . , f_n} + g_1{f_1, . . . , f_n} , for all f_1, . . . , f_n, g_1 ∈ C^∞(M, R).

An alternative way to define an n-bracket of functions is to consider the skewsymmetric tensor Λ of type (n, 0) defined by Λ(df_1, . . . , df_n) = {f_1, . . . , f_n} , for all f_1, . . . , f_n ∈ C^∞(M, R). We call Λ an almost or pseudo Poisson n-tensor, and (M, Λ) a generalized almost Poisson manifold. An almost Poisson n-tensor Λ induces a linear mapping # : Ω^{n−1}(M) −→ X(M) by defining ⟨#(α_1 ∧ . . . ∧ α_{n−1}), β⟩ = Λ(α_1, . . . , α_{n−1}, β) , for all α_1, . . . , α_{n−1}, β ∈ Ω^1(M). Therefore, given n − 1 functions f_1, . . . , f_{n−1}, we have a vector field X_{f1...fn}�_1 = #(df_1 ∧ · · · ∧ df_{n−1}) which is called the Hamiltonian vector field associated with the Hamiltonian functions f_1, . . . , f_{n−1}.

2.1 Nambu-Poisson manifolds

A generalized almost Poisson manifold (M, Λ) of order n is called Nambu-Poisson if the following fundamental identity is satisfied [21, 41, 42]: {f_1, . . . , f_{n−1}, {g_1, . . . , g_n}} = nX_{i=1 {g1, . . . , {f1, . . . , fn−1, gi}, . . . , gn} ,} (2.1)

for all functions f_1, . . . , f_{n−1}, g_1, . . . , g_n on M. This is equivalent to say that the Hamiltonian vector fields X_{f1...fn}�_1 are infinitesimal automorphisms of Λ, that is, L_{Xf1...fn}�_1 Λ = 0.

For n = 2 the fundamental identity is the well-known Jacobi identity, so (M, Λ) is a Poisson manifold. Symplectic manifolds are the main examples of Poisson manifolds.

Example: [17]

The constant Nambu-Poisson tensors of order n on R^{n+s} are just the decomposable ones.

Example: (Volume forms) [17, 21]

Let M be an oriented n-dimensional manifold and ν a volume form. Given n functions f_1, . . . , f_n on M, we define a Nambu-Poisson bracket by the formula {f_1, . . . , f_n} ν = df_1 ∧ · · · ∧ df_n . If we denote by Λ_ν the associated Nambu-Poisson tensor, then Λ_ν ≠ 0 at every point of M. Moreover, each Nambu-Poisson tensor Λ ≠ 0 of order n over an n-dimensional manifold M comes from a volume form.

If we take M = R^n, and ν is the standard volume form ν = dx^1 ∧ · · · ∧ dx^n, we recover the example originally discussed by Nambu [35]:

Λ_ν = ∂ ∂x^1 ∧ · · · ∧ ∂ ∂x^n .

In some sense, the Nambu-Poisson structure associated to a volume form (for n ≥ 3) can be considered as the analogous to the symplectic structure in Poisson geometry. Indeed, in this case the associated morphism # : Ω^{n−1}(M) −→ X(M) is an isomorphism. Moreover, there is a generalized foliation whose leaves are points or volume manifolds.

Example:(Completely integrable systems) [19, 22]

Let (M, ω, H) be a completely integrable Hamiltonian system, that is, M is a 2n-dimensional symplectic manifold with symplectic form ω such that there exist f_1, . . . , f_n independent functions pairwise in involution, that is, {f_i, f_j} = 0 for i, j = 1, . . . , n. Then the associated Hamiltonian vector fields X_i = X_{fi} commute, that is, [X_i, X_j] = 0. Therefore, Λ = X_1 ∧ . . . ∧ X_n is a Nambu-Poisson tensor on M of order n.

More generally, let M be a differentiable manifold of dimension m and X_1, . . . , X_n independent vector fields that commute, that is, [X_i, X_j] = 0, for i, j = 1, . . . , n. Then the n-tensor Λ = X_1 ∧ · · · ∧ X_n is a Nambu-Poisson structure of order n. Notice that the simultaneous flow-box theorem says that for each p ∈ M there exists a local coordinate system (x^1, . . . , x^m) on a neighborhood U

of p such that X_1 = ∂ ∂x^1 , · · · , X_n = ∂ ∂x^n ; and therefore, Λ = ∂ ∂x^1 ∧ · · · ∧ ∂ ∂x^n . 2.2 Generalized Poisson manifolds

A generalized almost Poisson manifold (M, Λ) of order n (even) is called a generalized Poisson manifold if the generalized Jacobi identity is satisfied [3, 4, 21]: Alt ({f_1, . . . , f_{n−1}, {g_1, . . . , g_n}}) = 0 , (2.2)

for all functions f_1, . . . , f_{n−1}, g_1, . . . , g_n on M. This is equivalent to the following property: [Λ, Λ] = 0, where [ , ] is the Schouten-Nijenhuis bracket. Again, for n = 2 we recover Poisson manifolds.

Example:(Nambu-Poisson manifolds) [2, 21]

Every Nambu-Poisson manifold (of even order) is generalized Poisson.

Example:(Compatible Poisson structures) [22, 23]

Let M be a differentiable manifold and Λ_1, Λ_2 two compatible Poisson structures, that is, [Λ_1, Λ_2] = 0, then Λ_1 ∧ Λ_2 is a generalized Poisson structure of order 4.

Example:(Hyperkähler manifolds)[22, 23]

Let M be a hyperkähler manifold, that is, M is a differentiable manifold of dimension 4n with a Riemannian metric g and three complex structures J_1, J_2, J_3 compatible with g and such that:

i) the complex structures satisfy J_3 = J_1J_2 = −J_2J_1.

ii) the Kähler forms ω_i defined by ω_i(X, Y ) = g(X, J_iY ), for X, Y ∈ X(M) are closed.

If Λ_i is the Poisson structure associated with the Kähler form ω_i, we have that Λ_1, Λ_2 and Λ_3 are compatible, i.e., [Λ_i, Λ_j] = 0, for all i, j, and consequently, the 4-vector Λ = Λ_1 ∧ Λ_1 + Λ_2 ∧ Λ_2 + Λ_3 ∧ Λ_3, is a generalized Poisson structure of order 4 on M.

Example:(Generalized Lie-Poisson structures)[4, 5, 24]

Let g be a real vector space of dimension m. A skew-symmetric Lie 2n-bracket on g is a 2n-linear skew-symmetric mapping [ , . . . , ] : g × . . .^{(2n} . . . × g −→ g satisfying the following condition: Alt[a_1, . . . , a_{2n−1}, [b_1, . . . , b_{2n}]] = 0, (2.3) for all a_1, . . . , a_{2n−1}, b_1, . . . , b_{2n} ∈ g. A vector space endowed with such a bracket is called a generalized Lie algebra of order 2n .

Now, on the dual space g^∗, we define the generalized almost Poisson bracket of order 2n {, . . . , } : C^∞(g^∗, R) × . . . × C^∞(g^∗, R) −→ C^∞(g^∗, R) by putting {f_1, . . . , f_{2n}}_α = α([(df_1)_α, . . . , (df_{2n})_α])

(2.4) for all f_1, . . . , f_{2n} ∈ C^∞(g^∗, R) and α ∈ g^∗. Note that (df_i)_α ∈ T^∗_αg^∗ ∼= (g^∗)^∗ ∼= g. Let Λ̄ be the 2n-vector associated with the bracket defined in (2.4). Then, (g^∗, Λ̄) is a generalized Poisson manifold of order 2n.

3 Nambu-Jacobi and Generalized Jacobi manifolds

A generalized almost or pseudo Jacobi bracket of order n [24] on M is an n-linear mapping {, . . . , } : C^∞(M, R) × . . .^{(n} . . . × C^∞(M, R) −→ C^∞(M, R) satisfying the following properties:

(i) Skew-symmetry: {f_1, . . . , f_n} = ε_σ{f_{σ(1)}, . . . , f_{σ(n)}} for all f_1, . . . , f_n ∈ C^∞(M, R) and σ ∈ S_n.

(ii) {, . . . , } is a first order linear differential operator on M with respect to each argument, i.e.,

{f_1g_1, f_2, . . . , f_n} = f_1{g_1, f_2, . . . , f_n} + g_1{f_1, . . . , f_n} − f_1g_1{1, f_2, . . . , f_n}

for all f_1, g_1, f_2, . . . , f_n ∈ C^∞(M, R).

If {, . . . , } is a generalized almost Jacobi bracket of order n then we can define an n-vector Λ and an (n − 1)-vector 2 as follows 2(df1, . . . , dfn−1) = {1, f1, . . . , fn−1} Λ(df_1, . . . , df_n) = {f_1, . . . , f_n} + nX_{i=1 (−1)ifi2(df1, . . . ,} c_{dfi, . . . , dfn)} for all f_1, . . . , f_n ∈ C^∞(M, R). Conversely, any pair (Λ, 2) ∈ V^n(M) ⊕ V^{n−1}(M) defines a vgeneralized almost Jacobi bracket of order n given by {f_1, . . . , f_n} = Λ(df_1, . . . , df_n) + nX_{i=1 (−1)i−1fi2(df1, . . . ,} c_{dfi, . . . , dfn).} Thus, the pair (Λ, 2) ∈ V^n(M) ⊕ V^{n−1}(M) is called a generalized almost Jacobi structure of order n and (M, Λ, 2) is a generalized almost Jacobi manifold. If

2 = 0, then we obtain a generalized almost Poisson structure of order n.

Given n − 1 functions f_1, · · · , f_{n−1} ∈ C^∞(M, R), the associated Hamiltonian vector field X_{f1,...,fn}�_1 is defined by

X_{f1...fn}�_1 = X^Λ_{f1...fn}�_1 + n−1X_{i=1 (−1)i−1fiX2f1... bfi...fn�1} (3.1)

where we denote by X^Λ_{f1...fn}�_1 (respectively, X2_{f1... bfi...fn}�_1 ) the Hamiltonian vector field on (M, Λ) (respectively, (M, 2)) associated with the functions f_1, . . . , f_{n−1} (respectively, f_1, . . . , f_{i−1}, f_{i+1}, . . . , f_{n−1}).

3.1 Nambu-Jacobi manifolds

A generalized almost Jacobi manifold (M, Λ, 2) of order n is called Nambu-Jacobi [24, 30] if the fundamental identity (2.1) is satisfied. It can be proved [30] that in this case, Λ (resp. 2) is a Nambu-Poisson structure of order n (resp. n − 1) and for x ∈ M satisfying Λ(x) ≠ 0, there exists θ ∈ T^∗_x M such that i_θΛ(x) = 2(x).

For n = 2 we recover Jacobi manifolds, which main examples are provided by contact and locally conformal symplectic manifolds.

Example: [24, 30]

Let (M, Λ) be a Nambu-Poisson manifold of order n, n > 2. If f ∈ C^∞(M, R) then i_{df} Λ is also a Nambu-Poisson structure on M. Furthermore, it can be proved that the pair (Λ, i_{df} Λ) is a Nambu-Jacobi structure of order n. Since a closed 1-form θ is locally exact, the above result can be extended to (Λ, i_θΛ).

Next, let M be an oriented manifold of dimension n, and choose a volume form ν on M. Denote by Λ_ν the corresponding Nambu-Poisson tensor on M. If θ is a 1-form on M, then the generalized almost Jacobi manifold (M, Λ_ν, i_θΛ_ν) is a Nambu-Jacobi manifold if and only if θ is closed.

Example:[24, 30]

Let (M, Λ) be a Nambu-Poisson manifold of order n, n > 2 (respectively, a symplectic manifold of dimension 2). It can be proved that the pair (0, Λ) is a Nambu-Jacobi structure of order n + 1 (respectively, of order 3) on M.

3.2 Generalized Jacobi manifolds

A generalized almost Jacobi manifold (M, Λ, 2) of order n (even) is called generalized Jacobi [24, B] if the generalized Jacobi identity (2.2) is satisfied. This is equivalent to the properties:

[Λ, Λ] = 2(2s − 1)Λ ∧ 2 and [Λ, 2] = 0.

Example: [24]

Every Nambu-Jacobi manifold (of even order) is a generalized Jacobi manifold.

Example: [24]

Let (M, Λ, 2) be a generalized almost Jacobi manifold of even order n. For each p ∈ R − {0}, we define on M × R the n-vector ^(Λ, 2)_p = e−ptΛ + e−pt ∂_{∂t} ∧ 2 (3.2)

where t is the usual coordinate on R. Then, (Λ, p n − 12 ) is a generalized Jacobi

structure on M if and only if ^(Λ, 2)_p is a generalized Poisson structure on M ×R .

Example:(Compatible Jacobi structures) [24]

Two Jacobi structures (Λ_1, 2_1) and (Λ_2, 2_2) on a manifold M are said to be compatible if (Λ_1 + Λ_2, 2_1 + 2_2) is a Jacobi structure on M, that is, [Λ_1, Λ_2] =

21 ∧ Λ2 + 22 ∧ Λ1 and L2_1 Λ2 + L2_2 Λ1 = 0.

If we put

Λ = Λ_1 ∧ Λ_2, 2 = 2_1 ∧ Λ_2 + 2_2 ∧ Λ_1

(3.3) then (M, Λ, 2 32) is a generalized Jacobi manifold of order 4.

Example:(3-Sasakian manifolds)[24]

A 3-Sasakian manifold is a (4n + 3)-dimensional Riemannian manifold (M, g) that admits three Sasakian structures (φ_i, 2_i, η_i, g)_{i=1,2,3} whose vector fields 2_1,

22, 23 are mutually orthogonal and satisfy [2σ(1), 2σ(2)] = 2εσ2σ(3), for all σ ∈ S3

(see [27]).

Suppose that (Λ_i, 2_i) is the associated Jacobi structure with the contact 1- form η_i, i = 1, 2, 3. Then, the structures (Λ_1, 2_1), (Λ_2, 2_2) and (Λ_3, 2_3) are compatible and if Λ and 2 are the 4-vector and the 3-vector on M given by

Λ = 3X_{i=1 Λi ∧ Λi, 2 =} 3X_{i=1 2i ∧ Λi,}

we have that (Λ, 2 32) is a generalized Jacobi structure on M of order 4.

Finally, if M is a 3-Sasakian manifold, then M ×R is an hyperkähler manifold. Moreover, if Λ is the generalized Poisson structure on M × R, then Λ = ^(Λ, 2)_2.

References

[1] D.V. Alekseevsky, P. Guha: On decomposability of Nambu tensor, Acta Math. Univ. Commeniannae 65 (1996), 1-10.

[2] J.A. Azcárraga, J.M. Izquierdo, J.C. Pérez Bueno: On the higher-order generalizations of Poisson structures, J. Phys. A: Math. Gen. 30 (1997), L607- 616.

[3] J.A. Azcárraga, A.M. Perelomov, J.C. Pérez Bueno: New generalized Poisson structures, J. Phys. A: Math.. Gen. 29 (1996), L151-157;

[4] J.A. de Azcárraga, A.M. Perelomov, J.C. Pérez Bueno: The Schouten- Nijenhuis bracket, cohomology and generalized Poisson structures, J. Phys. A: Math. Gen. 29 (1996), 7993-8009.

[5] J.A. Azcárraga, J.C. Pérez Bueno: Higher-order simple Lie algebras, Comm.

Math. Phys. 184 (1997), 669-681.

[6] F. Bayen, M. Flato: Remarks concerning Nambu’s generalized mechanics, Physical Review D 11 (1975), 3049-3053.

[7] R. Chatterjee: Dynamical symmetries and Nambu mechanics, Letters in Mathematical Physics 36 (1996), 117-126.

[8] R. Chatterjee, L. Takhtajan: Aspects of classical and quantum Nambu mechanics, Letters in Math. Phys. 37 (4) (1996), 475-482.

[9] S. Codriasky, R. Navarro, M. Pedroza: The Liouville condition and Nambu dynamics, J. of Physics A: Math. Gen. 29 (1996), 1037-1044.

[10] I. Cohen: Generalization of Nambu’s mechanics, Int. J. Theor. Phys. 12 (1975), 69-78.

[11] I. Cohen, A.J. Kálnay: On Nambu’s generalized Hamiltonian mechanics, Int.

J. Theor. Phys. 12 (1975), 61-67.

[12] Y.L. Daletskii, L. Takhtajan: Leibniz and Lie algebra structures for Nambu algebra, Letters in Mathematical Physics 39 (1997), 127-141.

[13] G. Dito, M. Flato, D. Sternheimer, L. Takhtajan: Deformation Quantization and Nambu mechanics, Communications in Math. Phys. 183 (1) (1997), 1- 22. [14] J.P. Dufour, N. Tien Zung: Linearization of Nambu structures, Preprint 1997.

[15] V.T. Filippov: n-ary Lie algebras, Sibirskii Math. J. 24 (6) (1985), 126-140.

(Russian).

[16] M. Flato, G. Dito, D. Steinheimer: Nambu mechanics, n-ary operations and their quantization, in: Deformation Theory and Symplectic Geometry, Mathematical Physics Studies, vol. 20, Kluwer Acad. Publ., 1997, 43-66.

[17] Ph. Gautheron: Some remarks concerning Nambu mechanics, Letters in Mathematical Physics 37 (1996), 103-116.

[18] P. Guha: Volume-preserving integrable systems and Nambu-Poisson Manifolds, Class. Quantum Grav. 14 (1997), L37-L43.

[19] J. Hietarinta: Nambu tensors and commuting vector fields, J. Phys. A: Math.

Gen. 29 (1997), L27-33.

[20] M. Hirayama: Realization of Nambu mechanics: A particle interacting with an SU(2)-monopole, Physical Review D 16 (2) (1977), 530-531.

[21] R. Ibáñez, M. de León, J.C. Marrero, D. Martín de Diego: Dynamics of generalized Poisson and Nambu-Poisson brackets, J. Math. Phys. 38 (5) (1997), 2332-2344.

[22] R. Ibáñez, M. de León, J.C. Marrero, D. Martín de Diego: Reduction of generalized Poisson and Nambu-Poisson manifolds, Preprint IMAFF-CSIC 1997.

[23] R. Ibáñez, M. de León, J.C. Marrero: Homology and cohomology on generalized Poisson manifolds, to appear in J. of Phys. A: Math. Gen.

[24] R. Ibáñez, M. de León, J.C. Marrero, E. Padrón: Nambu-Jacobi and generalized Jacobi manifolds, to appear in J. of Phys. A: Math. Gen.

[25] R. Ibáñez, M. de León, J.C. Marrero, D. Martín de Diego: Nambu-Poisson dynamics, to appear in Archives of Mechanics.

[26] A.J. Kálnay, R. Tascón: Lagrange, Hamilton-Dirac and Nambu mechanics, Physical Review D 17 (1978), 1552-1562.

[27] Y.Y. Kuo: On almost contact 3-structure, Tǒhoku Math. J. 22 (1970), 325- 332.

[28] C.C. Lassig, G.C. Joshi: Constrained systems described by Nambu mechanics, Letters in Math. Phys. 41 (1997), 59-63.

[29] G. Marmo, A. Ibort: A generalized reduction procedure for dynamical systems, in: Proceedings of the IV Fall Workshop: Differential Geometry and its Applications 1995, Anales de Física, Monografías RSEF, Vol. 3 (1996), 55-70.

[30] G. Marmo, G. Vilasi, A.M. Vinogradov: The local structure of n-Poisson and n-Jacobi manifolds, Preprint 1997.

[31] P.W. Michor, A.M. Vinogradov: n-ary Lie and associative algebras, Preprint ESI 402 (1996).

[32] P. Morando: Liouville condition, Nambu mechanics and differential forms, J. Phys. A: Math. Gen. 29 (1996), L329-L331.

[33] N. Mukunda, E. Sudarshan: Relation between Nambu and Hamiltonian mechanics, Physical Review D 13 (1976), 2846-2850.

[34] N. Nakanishi: On Nambu-Poisson manifolds, Preprint 1997.

[35] Y. Nambu: Generalized Hamiltonian dynamics, Physical Review D, 7 (8) (1973), 2405-2412.

[36] C. G. Oliveira: Hamiltonian dynamics in symplectic phase space and Nambu’s formulation of mechanics, J. Math. Phys. 18 (1977), 120-125.

[37] S.A. Pandit, A.D. Gangal: On generalized Nambu mechanics, Preprint 1996.

[38] J.C. Pérez Bueno: Generalized Jacobi structures, J. Phys. A: Math. Gen. 30 (1997), 6509-6515.

[39] D. Sahoo, M.C. Valsakumar: Nambu mechanics and its quantization, Physical Review A, 46 (7) (1992), 4410-4412.

[40] D. Sahoo, M. C. Valsakumar: Nonexistence of quantum Nambu mechanics, Modern Physics Letters A 9 (29) (1994), 2727-2732.

[41] L. Takhtajan, Modular forms as tau-function for certain integrable reductions of the self-dual Yang-Mills equations, Preprint PAM no. 121, Univ. Colorado, 1991.

[42] L. Takhtajan, On Foundations of the Generalized Nambu Mechanics, Comm.

Math. Phys. 160 (1994), 295-315.

[43] I. Vaisman: Nambu-Poisson manifolds, Nambu-Poisson-Lie groups and Nambu-Poisson-quantization, Preprint 1997.

Raúl Ibáñez Departamento de Matemáticas Facultad de Ciencias Universidad del Pais Vasco Apartado 644, 48080 Bilbao Spain Email: mtpibtor@lg.ehu.es

Manuel de León Instituto de Matemáticas y Física Fundamental Consejo Superior de Investigaciones Científicas Serrano 123, 28006 Madrid Spain Email: mdeleon@fresno.csic.es

Juan C. Marrero, E. Padrón Departamento de Matemática Fundamental Facultad de Matemáticas Universidad de la Laguna La Laguna, Tenerife Canary Islands, Spain Email: jcmarrer@ull.es, mepadron@ull.es

David Martín de Diego Depart. de Economía Aplicada Cuantitativa Facultad de Ciencias Económicas y Empresariales UNED 28040 Madrid Spain Email: dmartin@sr.uned.es