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Relative finite determinacy and relative stability of function-germs
Paulo Ferreira da Silva Porto Junior* and Gilberto Francisco Loibel

Introduction.”

By observing the behavior of some unstable differentiable functions
in the usual sense (C*-Stability), like:

f:R - R, fi(x) = x>
or

g:R—R, g(x) =0

we can verify that:

If we compare f with a function h:R — R, whose restriction to
R_ ={xeR|x <0} coincides with the restriction of f to R_, it is possible
to conjugate f'and h through a diffeomorphism ¢, ¢ : R = R which, restricted
to R_, coincides with the identity. The same doesn’t happen with g, since
it is always possible to obtain a function which vanishes, when it is restricted
to R_ but, which behaves (even topologically) quite differently from g¢.

This suggest us to define the “S-relative equivalence”, where S is a sub-
manifold with non empty boundary, having the same dimension as the
manifold and, consequently, to introduce the “S-Stability” concept.

This is our aim in Chapter I, particulary in § 2, where we obtain a
sufficient condition for S-Stability. In § 1, we make a similar study, although
assuming that S is a proper submanifold without boundary, and requering
that the compared functions have the same k-jet at a point of S, besides they
coincide in S.

It is also interesting to notice that for a Morse function f : R? - R,
there exists a very strong relation between the position of the tangents at
the curve f(x,y) =0 with the y-axis, and the “2-determinacy” of f relative
to diffeomorphisms of R?> which let that axis invariant. Such”observation,
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has inspired the study realized in Chapter II, where we define a more general
relation than the equivalence relative to S (here we only assume that the
difffomorphism of conjugacy preserves the submanifold S), and conse-
quently we define the finite determinacy relative to S (2™ definition).

In § 1 of Chapter II, we state a necessary and sufficient condition for
the finite determinacy relative to S (2" definition), where S is a submanifold
without boundary. In § 2, we solve the problem which has inspired this
study. In § 3, we search reduced forms for Morse functions f : R* — R,
f(0)=0, through diffeomorphisms which let the fixed submanifold inva-
riant.

1.1. Relative finite determinacy.

Since this paper is concerned with a local study, we shall usually be
considering germs and jets at 0 of mappings of Euclidean spaces, and suitable
sets of R" containing the origin. We shall be using the following notations:

Let S be a subsed of R" which contains the origin and g : (R", 0) — (R?, 0)
a differentiable germ. ‘

1.1. &(g, S;n,p) denotes the set of germs at 0 e R" of smooth mappings
from R" to R?, whose restriction to S coincide with the restriction of g to S.
If p=1 or g=0, we shall omit it in this notation. Hence, taking
S={0LxR% s 1, we have:
&(S; n), the set of germs in .#(n) which vanish when they are restricted
to S. It is a finitely generated e(n)-module.

1.2. Ry(n) = Ry is the set of germs at 0 of local diffeomorphisms of R”,
whose restriction to ‘S- coincides with the identity. We also observe that
R is a subgroup of R, which acts on the right, in a natural way, on &(f, S: n),
by:

If peRg, gee(f,S:n), then

g ¢ is the germ; at 0, of the composition

geo:R" > R

1.3. Definition. Suppose k is a non negative integer. Then f € .#(n) is k
determined relative to Rg (abbreviated: k det. rel. Rg), or k-S determined,
if for any gee(f, S;n), such that j*g(0) = j* f(0), the Rg orbit of f contains g.

1.4. Definition. fe.#(n) is finitely determined relative to R (abbreviated:
f.d. rel. Ry) if fis k det: rel. Ry for some positive integer k.

e o
8% © @%5 “eoy bk

By denoting < df > = < >, we can prove the

n
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“Algebraic Formulation of the Finite Determinacy Relative to Rg”, which is
stated now:

1.5. Theorem. Letfe .#(n)and S={0} x R"5, s> 1. Then fis k finitely
determined relative to Ry if and only if there exists a positive integer k,
such that:

M) e(S;n) < e(S:n) <df >.

We use the following proposition to prove the theorem:

1.6. Proposition. Letfe .#(n)and S = {0} x R"™%,s > 1. Iffor any wee(S; n)
such that j* 'w(0) =0 there exists & &e€&(S;n,n), satisfying

n

o(x) = ['(x) (E(x), ie., o(x) = Z

X)é)

where £,ee(S;n); i =1,2,...,n. Then, f is k det. rel. Ry
In short, we want to prove that
M (n)e(S;n) < ¢(S;n) <df > — fis k det. rel. Ry.

Proof. Fix t,eR, arbitrarily and let gee(f,S;n), such that 7*g(0) = j*f (0).
We denote by F, the germ at (0, ¢,), of the mapping F(x,t) = (1 —1)f(x)+
+1t-g(x), and F,(x) = F(x, t). Thus, we have to show that F, is Ry equivalent
to F,, for any ¢ sufficiently near t,, in R. Since F,= f and F,=g, by
connectlon of [0, 1] we obtain the Ry equivalence between fand g. Hence,
we have to find a germ H :(R" x R, 0 x ty) = (R", 0) satisfying the following
conditions:

1. H(x,t)=x for any ¢ near t,, in R and x near 0, in S.
2. H, =ldgn y
3. F,°cH;=F, for any t near ¢, in R, ie, F(H(x,1), t)=F(x,t,) for any t

near t, in R, and x near 0, in S.

Since the third condition is satisfied for t =t,, it is enough to show
that:

0

H(x, t), 1) ‘36—1? (x, 1) + aa—f (H(x, 1), 1) = 0,

: D)
i=1
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which is equivalent to condition 3, and which gives the independence of 3,
relatively to the variable t. To obtain such a germ H, it is sufficient to prove
the existence of a germ ¢, & : (R" x R,0 x t,) > R", 0 satisfying the following
conditions:

2 (e, 1) + &, 1) + 6—§t(x, t)=0 for any t near t, and x near 0.

s
i=1

F
xl
II. ¢(x,t)=0 for any t near t,, in R, and x near 0, in S.

This can be seen, by solving the differential equation %—I;I(x, t) =

= {(H(x, 1), ), with_initial condition H, = Idgn.

To find the germ &, we have to introduce some algebraic considerations.
Suppose:

e*n+1)={g:(R"x R,0x t,) > R}
and

N={wee*S xR; n+1)|/* 'w,(0)=0, t near t,}.

In other words, N is the set of germs at (0, ) of functions @ : R* x R >R
which vanish near (0,¢,), in S x R and which also satisfy the condition:

J# '@ 0)=0 for any ¢ near t,, in R.
Obviously, N is a finitely generated e*(n 4+ 1) — module.

Let K = {g—i(x, ) (E(x, 1) |Eee*(S X R; n+1, n)}

K is also a &*(n + 1) module.

Denoting by m*(n+ 1) the maximal ideal of &*(n+ 1) consisting of
those germs which vanish in (0,¢,), we can easily see that:

N c K+ m*(n+ 1)N.

By applying Nakayama’s lemma, we have the inclusion:

Nec K.

Since %—1: =g — feN, it follows that:
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G 0= ¥ im0 g,

i=1 0X

where ¢ is the germ which satisfies I and II. This concludes the proof of our
proposition.

Now, let zeJ{(n, 1) and f € .#(n) a representative of z. Let J4(f, S;n, 1)
denote the set of the g-jets at 0 of elements in &(f, S;n). We denote by
T, & f,8;n) > J&f,S;n, 1), the restriction of the canonical projection
m, 2 &n, 1) - Jd(n, 1).

If Ri(n) is the set of the g-jets at the origin of elements in Ry(n), then
R(n) is a subgroup of Ri(n) which acts, at right, on Ji(f, S;n, 1), and this
action is induced by the action of Ry(n) on &(f, S;n).

Denoting by T,A the tangent space to A4, at z, we may prove the
following lemma:

17. Lemma. 7 ~Y(Tz-R¥n))=elS;n)<df )+ Mn)e(S;n).

The proof is very simple and follows a normal procedure, as we may
see, for example, in [1] and [4].

Let k and q be integers, k < q and f € .#(n) a representative of zeJ(n, 1).
Denoting by 7, :J&(f,S;n, 1) > J&f,S;n, 1) the restriction of the pro-
Jection m_, : Jn, 1) - J¥n, 1), we say that z is k det. ret. R4(n), if for any
z e J§(f,S;n, 1) such that 7 ,(z) =7, (), then 2 belongs to the Ri(n)-orbit
of z

Thus, we can prove the following lemma:

1.8. Lemma. Let z€J{(n, 1) be k determinated relative to RY(n), where k
and q are integers such that k <q. Then:

Mn)e(S;n) < &S; n) df> + M n)e(S;n).

Proof. Let Ag={ZeJif,S;n, 1)|1’tq,k(z’) =7, ,(2)}. Thus A is an affin
subspace of Ji(n, 1), and

T, Ag = m(e(S;n) n M** (n)) = 7 (ker T,).

Since z is k det. rel. RY(n) it follows that Ag = z- Rn). Consequently,
T, Ag < T,z-Ri This implies that

MHn) e(S;n) = T, " YT, z- RYn)) = &(S;n) <df ) + M(n) &(S; ),

which proves the lemma.
Using these results, we may state that
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1.9. Lemma. If f e .#(n) is finitely determined relative to Ry, then there
exists some positive integer k, such that #*n)e(S;n) < &S;n) df>.

To prove it, we firstly observe that f, being f. d. rel. RS, is k det. rel. Rg
for some positive integer k. But this implies that T, . ,(f) is k-det. rel. R"“
From this, we have

MEn)e(S;n)c oS; n)df Y + M*F(n)e(S: n).

Using Nakayama’s lemma\; it follows that .#*n)e(S;n) < &(S;n) df>.

This finally concludes the proof of the “Algebraic Formulation of the
Finite Determinacy Relative to R{”

The following theorem show us that finite determinacy relative to Ry
is only a new characterization of the usual (right) finite determinacy, when
S is a proper submanifold without boundary.

1.10. Theorem. Let fe.#(n), S = {0} x R"%, s> 1. Then f is (right)
Jfinitely determined if and only if it is finitely determined relative to R:

Proof. Suppose f is (right) finitely determined. Then, for some positive
interger k, we have .4**'(n) = .#(n){df). This immediately implies that
M N (n)e(S; n) = &(S;n) {df ). By theorem L5, fis £ d. rel. Rg. Conversely,
if fis f. d. rel. R, then for some positive integer k, we have

MHn)e(S;m) = &(S;n) <df).

We want to show that f is (right) finitely determined. As a matter of
fact, we shall prove that f is, at least, 2k + 1 determined. It is enough to
prove that .#%*(n) = <(df). Since 2k — 1>k, it follows that

M) A e(S;n) = M (n)e(S; n) = MMn)e(S; n).

Hence, .#%(n) ne(S;n) < e(S;n)<df). Therefore, the generators of
M*n), which simultaneously belong to &(S; n) have to belong to {df>.
Now, we are interested to analyse the generators of //l“(n) which do not
belong to &(S; n) For example, such a generator is x2¥ where 1 <a<n.
ObViously, % (w1th 1 <a<nand 1<f<s),is an element of .#*n)e(S; n).

n

o

Hence, X,;‘XZ = Z W'ii; E64(S;n) FhUEHTI Z & - x.. In other
i ji=1

way,
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n

g X €<%, aud XL Z f”e(xﬂ> we immediately see that

s & P :
1;1 <i;1 8—i:'a>xje<x,;>.

Since x

In other words,

i <i ?f 'Ef)xj=xl,'qo(x1,...,xn).
i=1

j=1 0x;
i*B
Setting x; =X, =...=x;_; =X;,, =..=x, =0, it follows that:
= xﬁ-(p(O, 0, e, 0 xﬂ,O,. XX s 5 )

From this, we have ¢(0, ..., 0, Xg, 0, st %, 2% x,) = 0 for any Xy # 0.

rain:
By continuity, it implies that ¢(0,0,...,0,x,x,,,,...,x,) =0. Equlva-
lently, @ee(S;n). Then, x, xi=x; yﬁ+xl, @ or xpxF=xpxkoy,+

e R
Since ¢ - xk e #*n)e(S; n), we easily prove that

LEeASGrE d .
2k - k. 2B sl x
o e <xa e+ j; n x1>

i=1 [

which means that x2*e{df). A generic element of m?*(n) which doesn’t
belong simultaneously to &S;n) has the form g = xs¥1-x 332 .- X"
where m_ , +m. , + ... + m, = 2k. Using a similar argument, we may

prove that ge {df). This concludes the proof of our proposition.

1.2. Relative stability.

In this section, we assume that S is a submanifold with the same
dimension as the manifold and having non empty boundary. g

Since it will be an essentially local study, we may assume, without loss
of generality that S = R", the half space whose elements have non positive
first coordinate. We will continue to work germs in .#(n) and using the
same notations as in the last section.

By defining the subgroup Rg(n) and the Rg-equivalence, we may intro-
duce the following:

1.11. Definition. A germ f € .#(n) is S-stable, if for any gee(f, S;n), the
R orbit of f 'contains g.



8 Paulo Ferreira da Silva Porto Junior and Gilberto Francisco Loibel

We also observe that: If S is a subset of R", containing the origin, it is
possible to define the following set:

Cy(R";0): the ring of germs in e(n) which are constant when they are
restricted to S. It is a commutative ring with identity, 1. Moreover, my(R"; 0),
the set of germs in Cy4(R";0) whose restriction to S is constantly equal to
zero, is the maximal 1deal of C4(R";0) and has the property bellow:

1 + w is invertible for any uemgy(R";0).
We shall also use the following statement:
112 Let fe.#(n) and S = R". Assume either that f ¢ AM(R";0). Then,
unless suitable change of coordinates we claim that:
f Y ——(x)-¢c,=0 for any xeS§; ¢, constant, i = 1,2, ..., n, then

i=1

;=051 =il wein/
Now we can prove the main result of this section:

1.13.  Proposition. Let f € .#(n) and S = R" . Suppose that for any weg(S; n),
there exists Eee(S;n,n) such that: w(x) = f'(x)(é(x)) = 3 g){ (%) - £ (),

i=1 i
E;eeS;n); i=1,2,...,n. Then f is S-stable.

Proof. " It follows, by using the same ideas as in the proposition 1.6. In
short, we have to integrate a suitable germ of vector field. To obtain such
a germ, we use some algebraic results, working with Csxr(R" X R;0 x t)-
modules, like:

N

{w:(R" x R, 0 xt)—> R|o(x,t) =

L 0
=) 8;{. (x)-&i(x,1)| &, € Cg n(R" x R; 0 x IO)},

i=1

K {; % (x, 1) &x, ) | &, € Cg3 p(R" X R; 0 x zo)}

Since both of them are Cg, (R" x R; 0 x ¢t ,) modules and N is a finitely
generated one, by using Nakayama’s lemma we prove that N < K. On

the other hand %: =g—feN and g|; = f|;. Hence,
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g —BL &L 1); $1€ CoupR X R 0°%2,).

But, f ¢ my(R";0), since it is impossible to satisfy this condition and the
hipothesis of our proposition, simultaneously. Using 1.12, we see that
CiE e o(R® 5 R0 % ) =0, 2, .5 o0 Thaus,

)& t); € eml AR RIR: 0 x¢t).

=2
By the integration of germ &, we conclude the proof, in the usual way.

Remark. If f satisfies the hipothesis of the theorem, it will be called
“S-infinitesimally stable”.
By using the theorem, we can prove that:

1.14. Theorem. Let f € .#(n) be (right) finitely determined and S = R" .
Then f is S-stable.

Proof. Let’s show that f satisfies the hipothesis of proposition 1.13, (fis S
infinitesimally stable). Let w e &(S;n). Thus w's = 0, which 1mp11es that
wlss = 0. Hence, o(x)'= x, - w,(x), |
tinuity. Since w, €¢&(S;n), this reazoning may be repeated till we obtain:
o = x{-w,, and clearly w, €¢S;n).

But, (right) finite determinacy of f implies that

M (n)e(0S; n) = &(0S; n) Ldf .

(1.10 and 1.5). Setting r = k + 1, we have x; = x**! e .#*n)e(S; n). Then,

=B gf - &, where £, €¢(0S;n). Therefore,

i=1 i
, n af n
o-x-0=% L.

i=1 i i=1

,9

where & = (£,,&,,...,&)e&(S;n,n). which proves the theorem.

Remarks. .

1. This theorem gives an answer to the problem which has suggested the
main part of our study. For, f :R - R, f(x) = x* is (right) finitely deter-
mined, hence it is S-stable.

2. (Right) Finite Determinacy is a sufficient condition for S-stability, but
it is not a necessary one as can be seen by the following examples:
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a) The germ f € .#(2), f(x,y)=x*+ y*)* is not (right) finitely deter-
mined, but it 1s S-stabie, where S is the half plane given by x < 0. To check
this, it is enough to verify that f is S-infinitesimally stable and this can be
done by taking any o = w(x,y)€&(S;2) and observing that there exist
£, ¢, €e(S;2) satisfying the following equation:

w(x, y)

m = x&,(x, y) + y&,(x, y).

But this is a problem which has a well known solution.

b) The germ g e .#(2), g(x, y) = x* is also not (right) finitely determined
and in the analogous way, we can prove that is d-stable, where S is once
more the same half plane. It is very interesting to observe that the first
germ, although being not (right) finitely determined, is determined by its
infinite jet, while the second germ is neither (right) finitely determined and
nor determined by its infinite jet.

3) We also observe that: If f e.#(n) is S infinitesimally stable (S= R",
%y = R"™ — S) and ge #(n) satisfies:
g%s = fl%s,

then g will be also infinitesimally stable so S-stable. The proof is very simple.

II. 1. Relative finite determinacy (2).

In this section, we work again with germs in .#(n) and submanifolds
without boundary, however using a more general equivalence relation as
the one we have used before.

We denote by R%(n), the group of germs of diffeomorphisms which
let that submanifold invariant. In other words as we mentioned before, we
may assume, without loss of generality, that S = {0} x R"™%. Set

R¥(n) = {he R(n)| h(S) < S}.

If we also denote by S the germ of this subset, around the origin, it is
not hard to see that R¥(n) = {heR(n)|h(S) = S}.

So, we have the:
2.1. Definition. The germs f and g in .#(n) are R¥-equivalent (or equi-

valent relative to R¥) if there exists he R¥ such that g = foh.
Furthermore, if k is an integer, we also define:
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2.2. Definition. f € .#(n) is k determined relative to R if for any g e .#(n)
such that j*g(0) = j*f(0), then f and g are equivalent relative to R%.

The definition of the Finite Determinacy Relative to R% follows the
natural way.

Our next purpose is to search necessary and sufficient conditions for
the finite determinacy relative to R¥%. First of all, we prove the following
lemma.

2.3. Lemma. Let fe.#(n) and k be a positive integer such that
M) = M(n) <df ).
Let ge #(n) such that j*f(0) =j*g(0); let p be a non negative integer and fix

t,€R, arbitrarily. Then, for any o : (R" x R, 0 x t)) — (R,0), satisfying

.k -1 N .
7P 'w(0) = 0, for any t near t,, there exists a germ

£:(R"x R,0x1,)— (R",0),

such that:

a) jP€(0) =0 for any t near t, and

n

b) w(x, 1) E(x, 1), where &=(¢,,¢,,...,¢) and F de-

i=1

notes the germ, at (0, ),l of the mapping F(x,t) = (1 —t)f(x) + t* g(x).

Proof. It is well known for p = 0. If p >0, the proof follows from the pre-
vious case (p =0) using, in addition, that

L
olx, 1) = Y, Ax)olx,1),
i=1

where j77'4(0) = 0 and j*~ 1coit(O) =0 for any ¢ near ¢; i =1,2,...,%

Now we prove the main theorem of this section.
2.4. Theorem. Let f € .#(n) and S = {0} x R"™°, satisfying:
M) < M(n)<df )

for some positive lnteger k and M*(n—s) < Mn—s <df|s> for some positive
integer k.

If q is a non negative integer such that jif (0) = 0, (obviously this last
condition is always verified at least for q = 0). Setting: d =2k —q—1 and
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d, = k + max{k,k,} —q—1. Then, for any ge.#(n) such that: jif(0) =

= j%g(0) and j* f|(0) = j"g|s(0), there exists he R(n) such that g = foh,
where h(S) = S. Furthermore, h can be chosen in such way that its 1-jet at
the origin is the same as the one of the identity.

(It follows, obviously, that f and g are R¥% equivalent).

Proof. We first observe that d=k—1+k—q —d>k>q; furthermore,

d, >d. Fix t,eR arbitrarily and denoting by F the germ, at (0,,) of the
mapping: F(x,t) = (1 —t)f(x) +t-g(x), then, by the previous lemma, it
follows that there exist germs ¢ :(R" x R,0 x t,) = -R" and

n:(SxRO0Oxt)—S,

satisfying

{2y Ly i e Dl

: 0x,

i=1 i

and

0= Dl = $ -0 n0)

where j*79(0) =0 and j*79,0) =0 for any t near t,. Extending n to
7:(R"xR,0xt)— R" trivially, we see that:

D @~ 1) = ()7, ) + g~ )0 =~ 9 (6,07 (%0

Setting

0 1) = = )0 — (e, 1) (. 0) = o (50 (E% ) — 7 0),

we get:
b) w(x,t) =0 for any xe€S near 0, t€R, near ¢,
¢) jo 0) =0, for any t near ¢,
It is enough to observe that j%F,(0) = O (¢t near t,)). Thus,

=0
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for any ¢ near t,. Furthermore, j*~%(0) = j*~%,(0), for any t near t,. Hence

1

o(x, t) = x, - 0,x1) + ... + X, 0/x,1),

where j"‘lwit(O) = 0. By the lemma 2.3 (p = 0), we have:

oF
wi(x’ t) o W (x’ [) (Vi(x’ t))a

where yit(O) =0 for any t near t,. Therefore,

)

o) = 560 ( £ %000 ) = G (0 6

Replacing in (a), we get

oF oF
(0= N = 5= (6D [ 1) + (e 1) = 5 — (5.0 ({0, 0),

where ((x) = 0 for any ¢ near ¢, in R and x near 0, in S. It is also easily
verified that j'{,(0) = 0.

Now, we are able to apply the usual procedure of integrating the germ
(. Since {(x)eS for any x near O, in S and any ¢ near f, we can also
observe that the solution of the differential equation

0H
ot

(x, 1) = {(H(x, 1), 1),

with initial condition {, = Idgn, must satisfy H(x,t)e S, for any x near 0,
in S and ¢ near t, in R, which follows by the unicity of the solution.

Analogous arguments which have been used, show us how to obtain
a germ h of local diffecomorphism of R", whose 1-jet at the origin is equal
the one of the identity and, h(S) = S # .

Remark. The statement of the last theorem is as better as bigger is the
value of gq. For example, take the case ¢ = k — 1, which is verified for
Morse functions.

2.5. Corollary. On the hipothesis of the last theorem, if S has codimension
1(S = R"™Y), then the germ h satisfies h(S) = S, where S = R" and S = 0S.

It follows immediately, since h is a diffeomorphism satisfying h(S) = S
and having its 1-jet equal to the 1-jet of identity.
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2.6. ~Theorem. Let f €.#(n) and S = {0} x R"™*. Then f and fls are (right)
finitely determined if, and only if f is finitely determined relative to R%.

Proof. 1If fand f ls are (right) f. d., there exist k and k,, non negative integers,
such that .#*n) c M(n)df) and M*(n — s) < M (n — s)<df|s>. Since j% (0) =
=0 for some g > 0, by theorem 2.4 and using d = 2max{k, k,} —q — 1,
we prove the first part. If fis f d. rel. R%, thus f is d det. rel. R% for
some non negative integer d, which implies the d-determinacy of f Tt is not
hard to prove that f|s is also d-determined.

2.7. Corollary. Let fe.#(n) and S = {0} x R*™*. If f and fls are Morse
functions, then f is 2-det. rel. R*,

2.8. Corollary. Let fe.#*n) and S = {0} x R"™S. Then f and flg are
Morse functions if and only if f is f. det. rel. R

2.9. Corollary. If fe.l(n) is a MorseAgerm and its Hessian H f(0) is
positive defined (negative defined), then f is 2-det. rel. R*% for any vector
subspace S of R".

We can also show that:

2.10. Theorem. Let fe .#(n) be k determined. Then, the set of one-dimen-

sional vector subspaces of R" for which the restriction of fis k determined,
is an open and dense set of P"”!(R).

To prove this, we use the following statement:

If A:R"xR"x..xR"-R is a s-linear form and Q is the
s-adic form associated, supposed non identically null, then the set N,y =
= {veR"]Q(v) # 0} is an open and dense set in R™

Now, if f'is k determined, it follows that £ (0) # 0 for some s < k.
It is enough to take Q(v) = f“(0) (v, ...,v) and the proof will be conclude.

I1.2. Applications.

Here, we always consider a germ f e .#(2), which is assumed to be fini-
tely determined and is our aim to study the relative positions ot the tangents
at the origin to the curve f(x, y) = 0 and the y-axis. We claim that this is
very related with the 2-determinacy of f; relative to R, where S is the straight
given by x = 0. We first observe that the curve f(x,y) =0 is equivalent
to an algebraic curve P(x,y) = 0, through a diffeomorphism of R? which
preserves its tangents at the origin. Of course, we shall also use the same
notation, S, to design the germ at the origin, of the set S.

Then, we can prove the following theorem:
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2.11.  Theorem. Let f'€.#(n) be a Morse germ. We claim that the tangents
at the origin, to the branches of the curve f(x,y) =0 are transverse to the
v-axis if and only if. for any ge . #(2) such that j*f(0) = j*g(0), there exists
he R(2), satisfying h(S) =S and ¢ = foh.

(In other words, if and only if / is 2-det. rel. R¥%(2)).

Proof. It is enough to see that 0 is a double point of f(x,y) = 0 (therefore
0 is a double point of the algebraic curve P,(x,y) = 0). Since the transver-

e e @A
sality of the tangents to the y-axis implies 1,,{0) # 0, thus (1-‘(2|s 0) # 0

hence f| is 2-det. rel. R(1), it is enough to apply corollary 2.8. Conversely,
if f'is 2-det. rel. R*((2). then, by theorem 2.6, f|; is 2-det. rel. R(1): thus
1,,(0)#0, which implies the transversality of the tangents with the y-axis. #

2.12. Corollary. If f € #(n) is k det. rel. R(2) and O is a multiple point of
order k of f(x,y) =0, then:

If the tangents to f(x,y)=0, at the origin, are all transverse to the
y-<1xi§, there exists an integer d such that for any g e .#(2) with j*f (0) =.j%g(0),
then g = foh, where he R(2) and h(S) = S.

(In other words, [ is d-determined relative to R¥).

It is very easy to prove this; it is enough to use theorem 2.6.

To prove the next theorem, we use the contact order of manifold germs.

2.13. Theorem. Let f €.4(2) be (right) finitely determined. Then, the curve
S(x.y) =0 has contacts of finite order with the y-axis, at the origin, if and
only if, f is.finitely determined relative to R%(2).

Proof.  Suppose f(x,y) = 0 has only contacts of finite order with that axis,
which are less, or equal to some integer s. Then, there exists a positive

orf
integer p, such that #I!S(O) # 0.

If there is not such an integer. then j’f|(0)=0 (f|ge.#"(1)). Set
g(x,y) = f(x,y) — f(0,y). It is obvious that j*g(0) = j* f(0). By the finite
determinacy of f, it is possible to find an integer g, such that s < ¢ and
J9(0) = jId. From this, g(x,y) =0 would have contacts of finite order
with the y-axis. This would be a contradiction, since g(x,0) = 0, thus g(x, y)
must contain the germ S and so g would have contacts of infinite order with
that axis. Conversely, if /'is finitely determined relative to R*%(2). there exists
an integer d, such that: For any g, g€./#(2) such that J4g(0) = jU'(0), there
exists h e R%(2), satisfying: g = fo h. It follows that fls is finitely determined
relative to. R(1), thus
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1) %‘}{;S—(O) # 0 for some positive integer p.

Moreover, f)y the finite determinacy relative to R%(2), it is possible to
find an integer d, bigger enough, such that the curve f(x,y) =0 has
contacts of the same order as the curve P(x, y) = 0, at the origin, with the
y-axis. But P(x,y) = 0 doesn’t contain S, thus it doesn’t factor x. However,
if one of the branches of f(x,y) = 0 would have contact of infinite order
with the y-axis, then P,(x,y) =0, (as algebraic curve) would have to
contain the germ S. #

Remark. By corollary 2.5, we see that the results which we have obtained
in this section (about the germs of diffeomorphisms which let §-invariant)
may be extended to the case when S is the half plane x < 0, whose
boundary is the straight x = 0, the submanifold which we have always
considered here.

IL.3. Searching normal forms.

By “Admissible Change of Coordinates”, we mean any germ he R%(n),
where S is the following set: § = {(x,, x,, ...,xn)|xl = (}.

In this section, we assume that f is a Morse germ in .#(2), and S denotes
the set of points in R? whose first coordinates vanish. S may also denote
the germ of that set, around the origin. We know that f can be written in
the form:

@ f(x.y) = alx, y)x* + 2b(x, y)xy + c(x, y)y*.

x =0,X,Y)

The germ h has the form
4 { y = 0,(X,Y)

with 6,(0,Y) =0 and 6,(0,0) = 0. In other words,

0,(X,Y) = X(n + p(X, Y)), peHAQ)

0,X,Y)=p X +q-Y +a(X,Y), oce.HQ)

and n-q # 0. Observing (a), we see that:

If ¢(x, y) =0 in a neighbourhood of the origin, then, by suitable change
of coordinates (admissible ones) we get the new form: f(X,Y)= X-VY.
Otherwise, if c(0,0) # 0 (therefore c(x,y) # 0 in a neighbourhood of
(0, 0)), then, by using admissible change os coordinates, we have f(X,Y) =
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= X? 4+ Y2 Finally, if ¢(0,0) = 0, but ¢ doesn’t vanish on a neighbourhood
of (0,0), then f(X,Y) = Y(X + Y"), where r — 1 is the order of contact of
curve branch f(X,Y) =0, which is tangent to the y-axis, with this axis.
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