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Region of Motion for a Gravitational
System with Negative Total Energy

Ras B. Patnaik

1. Introduction and Preliminary Remarks

In the following we obtain the regions of motion of n particles in
a Newtonian gravitational system. The motivation for this arose from
the author’s attempt for a classification of motion of n particles. Previous
classification by Saari [4] involves oscillatory and pulsating motions.
The existence of the latter still remains an open question. So we wish
to attempt to classify the motion by dividing the three dimensional space
into regions of motion and forbidden regions of motion. In doing so,
we have to consider the sign of the total energy of the system. Physically,
the system with negative total energy being most interesting will be con-
sidered first. A topological approach may possibly be made to further
classify the regions of motion. But, this the author has not been able to
accomplish so far.

We assume, first that the center of mass of n particles with masses
my,m,, ... m, is fixed at the origin with the rectangular coordinate system
X, Y, Z centered at 0 and oriented in such a way that the Z-axis coincides
with the direction of angular momentum vector C of the system. We
shall restrict ourselves to the system for which C # o and total energy
h < o. In such a system it follows from the well-known theorem of Sund-
man [5] that a simultaneous collision of all particles is impossible. Also
it is well-known [5] that a complete disintegration cannot take place
since

(1.1 mine; =risd = i Y mm;
ij |hl 1<i<j<n
where r;; is the distance between m; and m;.
Our results heavily depends on theorem 1.1 below which is analogous
to the following well-known inequality of Sundman [5]
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where I, T, and C are respectively the moment of inertia, kinetic energy
and absolute value of the angular momentum vector and all quantities
are referred to the center of mass of the system.

Theorem 1.1. Let x,y,z be any rectangular coordinate system with
origin at the center of mass 0 of a system of n particles. Let 1., T, and C.
be the moment of inertia, kinetic energy and the angular momentum of the
system referred to z-axis. Then the following inequality

(1.3) Lo

holds.

Proof. Let (x;, i, z;) be the position of m;, i = 1,2, ... n. By definition,
we have

Iz = Z mi(xi2 s ylz),

=i
(1.4) e e b
T= 5 3 mG + 37)
(1.5)
C.= Z mi(x;y; — yixi)-

i=1

Then the proof follows using Schwarz’s inequality*.

Remark. This is analogous to Sundman’s inequality. (I, T and C -

are referred to the center of mass in the case of Sundman’s inequality)
and here the quantities I, T and C are referred to a particular direction
being the z-axis in this case.

We shall first attempt to find the regions of motion for the case of
general three-body problem. The arguments will be suitably modified
for the case of four-body problem. For the case of n(n > 4) bodies the
approach becomes extremely complex and we are unable to make any
progress. However, for the case of three and four bodies we have obtained
‘some precise estimates. This hopefully will help us in our future attempt
for a classification of motion for a system of four bodies.

I would like to thank Professor H. Pollard for his helpful sugges-
tions during the preparation of my thesis. This paper forms a part of
the thesis.

*This shorter proof was pointed out by Professor Pollard.
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2. For the Case of Three Bodies

The motivation to find the regions of motion for the general three-
body problem is due to the presente of a related problem in the case of
restricted three-body problem. In the latter, the regions of motion for
the body of zero mass relative to the two primaries have been established.
This fact is well-known and can be found in the textbook of Pollard
[3, pp. 58-60] or Moulton [ 1, pp. 281-286]. We will make a similar approach
to begin with. The two primaries will be replaced by the nearer bodies
and the body of zero mass will be replaced by the distant body. However,
we would not restrict ourselves to a bounded system.

We will call the near pair to form the binary. Since each body is
either the distant body, or a member of the binary at any time, the regions
of motion in each case will be found and the required region of motion
is the intersection of all these possible regions of motion.

Let (i, ], k) be an arbitrary but fixed permutation of (1, 2, 3). Assume
the body Py to be the distant body and P; and P; form the binary. That is
ri = rij, ' = 1r;;. Recall that the existence of such a binary (not necessa-
rily the same pair) follows from the fact that

minr;; =r < 6,
i.j

where

1<j<k<3

Since Z-axis coincides with the direction of the angular momentum
vector C, XY-plane is the invariable plane. This being a fixed plane of
the system, let us make all measurements relative to this plane. Let ¢,
be the inclination of the line OP, with the invariable plane.

Now theorem 1.1 when applied to this three-body case and when
quantities I, T and C are referred to the OP, axis takes the following
form:

Lemma 1.2. For the three-body system
1.7 I(U + h) = %CZ sin? g%
holds.

The proof readily follows from the fact that T > T, and T = U + h,
wheee L= ) R (self-potential of the system).

1=i=j<3 Tij
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The following lemma relating to the properties of a triangle will
be useful in subsequent discussion.

Lemma 1.3. If r; is the distance of P; from the center of mass, and
rij = r is the shortest side, then ry/ry and rj/ry have the following estimates
from above and below:

1 2/2M —m
== rik/rk = :

2 2m; :
(1.8)

L<r-/r <L 2 el

2 JkITk zmj s

where M = m; + m; + my.

The proof follows from Siegel and Moser [5].
The following theorem obtains a subset of the forbidden regions of
motion for the distant body.

Theorem 1.4. Let Py be the distant body. If the total energy h of the
system satisfies

m,-zmjz(m,- S mj)
2C# i

then there exists a forbidden region of motion for r, > Di(#i) and
I <|Fx| < /2, where g is defined by

¥ _ o1 )M (1 + m; i
k Sin {C < 2|h| >

and Dy( #) defined by (1.14). (o < #¥ < m)2)

Proof. First let us compute the moment of inertia of this three-body
system with respect to OP-axis. It is given by

Ik = m,-diz S mjdjz,

h< —

1.9

( ) =< (m,- + mj) 1"2

where d;, d; are the distances of P; and P; from the line OPy, and r = r;;.
We next turn to estimate U from above.

U -

rij Tik Tk

_ mym; s m;my, m;my
| 53 b

< mim; 5 2my(m; + m;) ’
r Tk
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by lemma 1.3. Therefore, by lemma 1.2 we have

(mi o m]) rZ [m;rmj A mk(ml o1 m]) =T hil =~ _l‘c2 San fka or

Fy 2

|:2mk(m,- + m;j)?

1 :
. + h(m; + mj)] 1+ mmjim; + m)r > 5 C?sin® ¢,, or
k

2

2my(m;+ m;)?

(110) [lh|(ml+mj)— I ] r2 —mimj(mi+mj)r+% CZSinzjk<O.

The coefficient of r? is positive for
(1.10 bis) re > 2m(m; + mj)?/|h|(m; + my),

and with these r, the corresponding equation in r will have two real une-
qual roots. Henceforth we assume that (1.10 bis) holds. Thus the dis-
criminant is positive. Therefore

dmy(m; + m;)* s mim;(m; + mj)?*
Fi C* sin” 8,

— 2 |h| (m; + mj) > 0.

Set
S = frn) = dm(m; + mj)?/ry.,
(1.11)
mimi(m; + m;)>
CZ Sinz j}\»

g=9F) = — +2|h|(mi+mj)-

Thus we have

(1.12) fr) > g(F)-

We will next analyze the inequality more closely, for this defines
the regions of motion for Py.

From (1.11) it is clear that f is a continuous positive monotonic
decreasing function of r, and tends to zero as r, — 0. And g is a con-
tinuous monotonic increasing function for 0 < | #,| < n/2. Since

|h| > mimi(m; + m;)/2C2,

considering the function g(,#y), it follows that there exists #,0 < #¥ < n/2
such that g(#§) = 0.
From the definition of g, we now obtain

oy i N2
(e pdgy o g gl {’"‘Cmf <m;|rhrft,> } and 0 < gF < /2.
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We now restrict ourselves to the case #¥ < | #x| < n/2. We have
f(ri) > g(#1) > 0, and thus r, must be bounded above by D = Dy(#,) < ,
because from (1.12) it follows that
ki 4my, C3(m; + my)sin® ¢,
¥ 2[h| C*sin? gy — mimi(m; + m))

= Di(F).

This completes the proof of theorem 1.4.

(1.14)

Remark 1*. It may be noted that D,( #;) is decreasing for ¢ < ¢, <mn/2,

but Dy( i) — o0 as # — FF Now r, < Dy £ (F¥ <|F| < 7/2) im-

plies that the boundary for the region of motion is the curve in figure 1.
This curve is to be rotated about the vertical axis (which is determined
by vector C). The region is symmetrical with respect to the invariable
plane, so we have drawn only the upper half. The shaded area is the region
where motion for the distant body P, cannot occur.

i, QUL

%
I g,
0
Fig. |

The following theorem obtains the forbidden regions of motion for
a member of the binary.

Theorem 1.5. Let P, be a member of the binary. If the total energy h
of the system satisfies

A mimi(m; + my)  mimi(m; + my)
2C? f 26 7

then there exists a forbidden region of motion.

Proof. Here Py forms the binary with either P; or P;, and P; or P;
becoming the distant body: If 0" be the center of mass of the binary we have

*This remark and the reference: below have been pointed out by the referee to the
author. The following paper describes a shape of the forbidden region similar our.

Saari, D: Restrictions on the Motion of the Three-Body Problem SIAM J. Appl.
Math, Vol 26, N.° 4, 1974.

e
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P;(P})

Fig. 2
m;r m;r
o°P,=—~-— (or ——
" m; + my < m,-+mk>’
(1.15) o miet v 20 Bt
;s M oy

Now by theorem 1.4 since by hypothesis the total energy is in the desired
range, treating P; (or Pj) as the distant body, we obtain

m; r; m; r;
00 =——— {or —1-|,
m; S iy m + m;

<miDi(/i) (or mij(fj)>,

|

Ry m; aF i my + m;
(1.16) < max {mi Dl(fl) : m] Dj(jj)}’
m; + my m, + m;

for max(£¥, £F) < |4i|,|.7;| < m/2. Set
(1.17) D = sum of right-sides of (1.15) and (1.16),

=0 max{ el i } + max {m"D if) mD(s j)}.

m,-+mk’mi+mk mj+mk’ m, + m;

Since in this arrangement P, cannot exceed the limiting position of 0/
by more than é max {m;/(m; + my), my/(m; + my)} in the same direction, it
follows from (1.17) that

(1.18) re < DY,

whenever max (¥, #%) < |4, | £ < m/2.
This completes the proof of theorem 1.5.

Thus for a given position of Py, that is for a given value of | #| by
choosing the maximum of (1.18) and (1.14) we obtain a forbidden region
of motion for the body P. It certainly exists for #* < | #;| < n/2, where

Yomax(FY FE D = max(F1, 7%, 7).
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Now, recalling that the choice of P, was arbitrary, we can find the forbidden
region of the system of three bodies and we will formulate this in theorem
L.6. It is clear from theorems 1.4 and 1.5 that an energy restriction is ne-
cessary besides h < 0. Let m; < m, < m3. Then we need the following
energy restriction:

22
119 h ah m3 m3 (mZ I m3)
(1.19) < C2

Finally setting

4mz C*(my + m3) sin® ¢ ms oms
1: = : .
(L1%a} I4F) 2|h|C?sin? £ —mZm3(m, +m;) g 1’m1 +m, +m1 +m,

* <|f]| = n2)

we have D(#) = max { max {Di(#)}, max {D,}}.

Clearly #* as defined above must be

% _ =1 mams (my + m3\Y?) .
(1.20) = { C < 3] )

It may be noted that throughout this section 6 is given by (1.6). Thus

finally we formulate the following theorem.

Theorem 1.6. In the Newtonian gravitational system of three bodies
with masses my, my, my(my < m, < mjs), there always exists a forbidden
region of motion which is interior to the cone given by #* < |¢| < n/2
and at a distance D(¥) defined in (1.19a) from the center of mass (origin),
provided the total energy of the system satisfies the relation (1.19).

3. For the Case of Four Bodies

As pointed out earlier, we will next consider the regions of motion
for the case of four bodies. As before the center of mass of the four bodies
Py, P,, P3, P, with masses m;, m,, m3, my Will be taken as the origin and
with rectancular coordinate system X, Y, Z oriented in such a way that
Z-axis coincides with the direction of the angular momentum vector C.
Again, we assume C # o, and h < 0. Thus we do not have a simultaneous
collision, or complete disintegration of all bodies.

The inclination of OP; will be referred to the invariable plane. We
will consider in the following only non-planar motions.

Gravitational System i)

At the given time let P;, P, and Pj lie close together relative to the
distance of any one of them from P,. If 0’ is the center of mass of P,, P,
and P;, the four-body problem is approximated by the two-body problem
for 0" and P, together with the three-body problem of P;, P, and P;.
We will call P4 as the distant body, and say P;, P, and P; form a triplet.

For the triplet Py, P, and P; let r,3 = r form the shortest side of
the triangle P, P,P3; and total energy h being negative r cannot exceed 0,
given by
(.21) d= 3 mminl

1<j<k<4
Throughout this section the quantity 6 will have this value. Recall 0’
is the center of mass of the triplet. Let P,0', P,0" and P30 be produced
to meet the opposite sides of the triangle at Q;, Q,, Q3 respectively. Let
p=P0Q,.

With a view to apply theorem 1.1 we now compute the moment
of inertia of the system of four bodies about OP,. Denoting this by
14, we get I, = myd,? + myd,? + mads?, where d; is the distance of P;
from the straight line OP4. Let O'P; = p; (i = 1,2, 3,4). Then, we have

Iy < mipi? + mapr® + maps®
(1.22) .
< M'p~,

where M’ = my + m, + ms.
Next we obtain an estimate of U as follows:

Lemma 1.7. For the system of four bodies with r > a > 0, the self-
potential U satisfies

& 2m1(m2 aF m3) s moms + 2m4M'.
P o rq

Proof. Suppose U = U; + U,,

(1.23) U

mimgy momygy msmy .

mym mims moms
where Uy=—21"274 + and U, = + +
Ii2 ri3 ra3 Fi4 24 I'3a
Pl
A
/i PH 0
()3/\/i Q) ///
}o\’L&/\/‘\/ g
PR

2 Fig. 3
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Now applying triangle inequality to the triangles P, P,Q; and P,P3Q;,
it follows that

Ul < myms; mims ¥ msoms :
g Il & s b ML N L r
P my; + ms P my; + msy
ZLL mymy(my + ms) mymy(m; + ms) }_1_ mams
r : r r
B my + ms) —my— (my + mz) — my—
p p
1 mom
= g [2my(m; + m3)] + %,

since r < p. .
As r > a > o, it further reduces to

i 2my(m, + ms) 4 mams .
o o

At this point, it may be noted that C # o does not rule out the possibility
of binary, or triple collisions in this system of four bodies. Since only
binary collision singularities are removable and triple collisions are not,
it becomes necessary to make an assumption such as r > o > o. However,
we did not need such an assumption in the previous section because we
considered system of three bodies.

Now for an estimate of U, we need to consider some properties of
the triangles P4P1Q,, P4P,Q; and P,P3Q3. First for the triangle P,P,Q;,
recalling our arrangements of the bodies P;, P,, P; and P, we have
P10, is the shortest side.

Now applying lemma 1.3, we obtain ry4/ry > 1/2. Making use of
similar inequalities for the remaining triangles, we obtain an estimate
of U, as

(1.24) U,

2m1m4 i 2m2m4 i 2m3m4

U, < >
Fa ra [
or
(1.25) g el
rs

Thus we have

2m1(m2 A m3) i mypms iy 2m4M'.

(1.26) U<
p o s
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This completes the proof of lemma 1.7.

In the following theorem we obtain explicitly a subset of the for-
bidden region of motion for the distant body P,.

Theorem 1.8. Let P, be the distant body. If r > x> 0 and the total
energy h(< o) satisfies

2 ’ 2
(1.27) ha P’“M gt | @;’”—3]

then there exists a forbidden region of motion for ‘r4 > Dy(f4) and
% <|F4| < 71/2, where Dy(#4) is defined by (1.36) and g% by

oyl amim, +msP M P2

(L) i = iy
sl g Ml
C< h i )

(o< Z; —12)

Proof. From theorem 1.1 referring I and C with respect to OP,,
and noting that T, < T = U + h, we get

E4sin ¥

l\J‘ —_—

14(U + h) =

From lemma 1.7 and (1.22), this becomes

@ sine 2
; = e S

Mip? |:2m1(m2 + m3) 4 Mmams 2maM’ . h} ¥ ;

Arranging in powers of p, we get the following quadratic expression in p:

r2
(1.29) <M’ (— L ’"2;"3> o 2’"%M >p2 — 2my(my + my)M'p

Fa

1 :
+ 5 C?sin? £, <o

2
Set
H= —h,
1.30
( ) 2maM' %
Slra) = T
4

Since f(r4) — 0 as r4 — o and h satisfies (1.27), restricting ourselves
to the case ry > 2maM'/(H — myms/x), we get the coefficient of p? in
(1.29) is positive and the corresponding quadratic equation in p will have
two real unequal roots. Thus the discriminant is positive. Therefore
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4mi(my + my)> M2 > 4 <M’H - l‘L’;Z”—“- L f(r4)>% C?sin’ ¢,

or
/ Moy 2mi(m, + m3)*M'? .
[l > M|H — —
el flre) < o > C? sini%fy
Set

2 2 12
(1.32) g f) =M <H oL m2m3> _ 2mi(my & ma)M'*,

o 2sin? . #y
Then (1.31) becomes

(1.33) J(ra) > g(Fa).

where g( #4) is a continuous monotonic increasing function with g(o) = — oc,
and ¢g(m/2) > o, since H > 2miM’'(m, + m3)*/C* + myms/a. Thus there
exists™ 2 Solidiin. ) Esuch thatg( 271) = o5 Thisidefines s 21525
(0 < #% < m/2),sin® £% = 2mi(my + m3)* M'/C*(H — mym3/x) or

2mi(my + my)*M' M2,

cibpa 2t
' o1

For the case £} <|f#4| < n/2, we have f(ry) > g(.#4) > o0, and then
rs must be bounded above by D, = D4(#4) < x, which is explicitly
obtained as follows.

From (1.30) and (1.31), we get

(1.34) g e dn

Faq 1
2maM'? ” mym 2m3(my + m3)*M'2’°
4 Al e ) o AU 3 L s
o @i 4.
or
((15355) ra < Dy(Fa),
where
2maM'? :
(136)  Du(fs) = S
aril B mymsz\ ml?m? ; ms) M2
X Casine - In

(Ff<|fa] <m2)
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It may be noted here that
Dy(F4) > 2myM'[(H — mams/0).

This completes the proof of theorem 1.8.
If P; is a member of the triplet, an analysis similar to that in theorem
1.5 for the three-body fails because bounds on the triplet are not known.

References

[1] Moulton, F. R., An Introduction to Celestial Mechanics, 2nd Revised Ed., Macmillan,
New York, 1914.

[2] Patnaik, R., A4 Qualitative Study of n-Body Problem of Celestial Mechanics, Unpublished
doctoral dissertation, Purdue University, U.S.A. (1972).

[3] Pollard, H., Mathematical Introduction to Celestial Mechanics, Prentice Hall, New
York, 1966.

[4] Saari D. G., Expanding Gravitatione Systems, Trans. Amer. Math. Soc. 156 (1971),
219-240.

[5] Siegel, C. L., Moser, J. K., Lectures on Celestial Mechanics, Springer — Verlag, New
York, 1971.

Coordinacién de Postgrado
Facultad de Ingenieria
Apartado 98

Maracaibo — Venezuela



