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1 Introduction

In this paper we consider@> family of mappingsf,: U ¢ R" — R", with
n = 2s and such that fop, € RP has a fixed poinkg i.e., f, (Xo) = Xo with all
of the eigenvalues oD, ( f, ) (Xo) belonging to the unit circle. Lety, ..., A,
A1, ..., As, As, be these eigenvalues. If the mappipg— (|A1(®)], ..., |As])
is a submersion we can take thig| as the firsts-parameters. In [M] it was
proved that, under generic conditions on the fanily there exist open sets of
parameters witle, in the closure of these sets and such that for parametiers
these sets the maf), exhibits invariant curves with irrational rotation number
(even more, up t@ of such an invariant curves can be exhibited). That result
was used in order to show that certain high-codimension homaoclinic bifurcation
when unfolded exhibits invariant curves.
For the particular family of mappingBa b (X1, X2, X3, X4) = (& — xf +
Zf biXi, X1, ..., X3), where the parametel®, b) = (a, by, by, b3) € R* a
numerical experiment, shows that for the case 4 and the value of the param-
etersa = 0.745 b; = 0.01, b, = —0.01, and b; = 0.01 the mapping exhibits
a set which seems to be an invariant torus of dimension two and not simply an
invariant curve. In Figure 1 we plot a picture made with Mathematica of this set.
This fact suggests that we could try to find invariant tori of higher dimen-
sions, so here we address the following problem: There exist invariant tori
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264 LEONARDO MORA

Figure 1: To plot this set we take the pomt= .49, x, = .5, x3 = 0.4995 and
X4 = .49, and the piece of orb{ih[‘a’b)(xl, ..., Xs): n = 8500Q...,9000Q0.
The plot shows the coordinatgs, x,, andxs.

for families f, as above near the parametgy? An invariant torus for &£
maph: D c R" — R" is a setV, which is invariant undeh (h(V) = V)

and CX-diffeomorphic toTS = RS/Z®, the s-dimensional torus. The similar
high dimensional notion of having rotational dynamics is the quasi-periodicity
property and the most simple behavior of the dynamics in the normal direc-
tion of an invariant torus is the Floquet property. So we can ask even more,
are these invariant tori of Floquet type with quasi-periodic dynamics? Here we
say that the dynamics on the toruspigrallel if it is conjugated to a rotation

Rs: 0 € T° — 0 + ¢ € T®. Itis quasi-periodicif the components o$ are
rationally independent ovef®. A torusV with parallel dynamics is offloquet
typeif there can be found coordinatéh r) such thah can be written in a neigh-
borhood ofV ash(@,r) = (6 +¢ + O(r), Ar + O(r)), with A, a matrix of size

n — s does not depend ahneitherr.

Theorem1. Letf,: U — R"beafamily ofC*-diffeomorphisms with = 2s.
Suppose thaft, satisfies:

1. f,,(X0) =Xo;

2. Df,,(Xo) hasncomplex eigenvaluesg (n), ..., As(i), Asp1() = A1(p),
ooy Aas(p) = As(p) such thatrj(u)| = 1for uw = po;
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FLOQUET TORUS FOR CODIMENSIONs HOPF BIFURCATION 265

3. A(m) = |2 ()| expligj (), then the map

n = (M‘l(”’)" e |)"S(”’)|’ ¢1(”’)’ e ¢1(”’))
is a submersion.

As well as we assume that the derivatives up to third ordef,chccomplish
generic conditions, then

(i) for eachk > 1, there exists an open sély, in the space the parameters,
such thatug € Uk and for all . € Uy f, exhibits aCX invariant torus of
dimensiors which is normally hyperbolic.

(i) Inside’U there exists another s@% such that the invariant tori obtained
for parameters there in is of Floquet type. This set has positive Lebesgue
measure angg € Tx

Hypothesig3) implies that in the space @ (R") there exists a codimension
s surfaceH given by the equationg.j| = 1 withi = 1,...,s. The generic
conditions in the theorem implies that the map— f, is transversal to the
surfaceH atpu = p,.

Now we consider the one parameter family of mappihgs(xi, ..., X)) =
(a— xﬁ, X1, ..., Xn—1) Which n-iterate h] is the producth(xs, ..., X)) =
(@a—x2,...,a—x2). Fora = 3/4 the map has a fixed poift = (-1/2, ...,
—1/2) such that the eigenvalues bh(P) satisfy the equation” = —1.

Corollary 2. Consider a generic family a€>°-mappingshap: R" — R"
which is aC? perturbation of the familyjh,, wheren = 2s. Then for each
k > 1, there exists an open séfy with (3/4,0) € U, such that for each
(a,b) € U the mappinghp exhibits aCX invariant torus of dimensiors
which is normally hyperbolic. Moreover, there exits insidea set7 of positive
Lebesgue measure, where the invariant tori are of Floquet type.

This result is important because joined with the examples in [M] and [T]
shows, on the best of our knowledge, the first example of a homoclinic tangency
( higher codimension ) which when unfolded, exhibits invariant torus of Floquet
type. We have the hope that this example could be useful to find open sets in
the space of diffeomorphisms which exhibits infinitely many invariant Floquet
Torus in a persistent way, phenomenon which is widely known to hold for the
conservative world.
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266 LEONARDO MORA

Whenn is an odd integer it will be shown, elsewhere, that some kind of quasi-
periodic bifurcation resembling the flip and the saddle-node bifurcations but now
with invariant torus instead of fixed points happen.

The proof of Theorem 1 is done following the main steps for the codimension 1
case. Firstwe prepare the family, bringing it to a normal form which up to terms
of order three exhibits invariant torus normally hyperbolic. Then these invariant
torus are shown to persist, using the contraction principle. We observe, like in
the codimension 1 case, that the results of persistence of normally hyperbolic
invariant manifolds can not be applied here since we don’t know whether the
size of the perturbation in the normal form match those in the theorems about
the persistence of normally hyperbolic invariant manifolds. Once the existence
of invariant torus is shown we apply the KAM dissipative quasi-periodic results.

This paper is structured as follows: in section 2 we prove the existence of
invariant Floquet tori for perturbations of a family of mappings in normal form.
In section 3 we recall normal forms for mappings having a fixed point whose
all eigenvalues belong to the unit circle and show the proof of Theorem 1. In
section 4 we show some properties of the fanmlyand present the proof of
Corollary 1. In the appendix we put some technical results used for proving
Theorem 1 and a formula which defines the generic conditions satisfied for the
derivatives up to third order of the familfy,.

Finally we would like to acknowledge the referee for pointing out a mistake
in the proof of Theorem 1 in a previous version of this work and his constructive
and patient advice during the paper’s review.

2 Invariant Tori

Let @ be a neighborhood of @ R" and let||.|| denote the standard Euclidean
norm. Letus considegg, : T"x O — T"xR", afamily ofC% maps depending on
the parametep € V C RP wherep € N. Assume thag, (6,r) = N,(@,r) +
(O(lIr[%), O(lIr ) = (®, R) andN, (8, r) = (@", RN) with

R,N(e, N =aj(p)r (1+ ZCH (M)ﬁz)

y (1)
@0, 1) =0; + ¢j(m) + > _ dji (wyr?.

1

Proposition 3. Letg,(#,r) as above. Assume thdt;: p — (a1(p), ...,
an(p)) is a submersion a = pg and thatC = C(ug) = (Gij(pg)) satisfies
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FLOQUET TORUS FOR CODIMENSIONs HOPF BIFURCATION 267

thatdet(C) # 0. Then:

1. For eachk < ¢, there exists an open séf,  in the parameter space
with uy € U,k such that ifu € U, k, then has &CX invariant torus of
dimensiom which is normally hyperbolic.

2. Moreover, if the magb,: u — (p1(1), ..., dn(p)) is a submersion at
1 = g, andg > 4n + 8, there exist¥k, andt such that for eack > ko,
insideU, - there exists a sef’ of positive Lebesgue measure such that
the invariant tori obtained are of Floquet type. Also we get thgic T .

Proof. We assume without lose of generality thag = 0. Since®; is a
submersion, we can take(u) — 1 as the first coordinates gffori =1,...,n.

From now on we assumeg (i) = 1+ w;j.
Firstofall, we look for aninvariant torus of the mappiNg (@, r). The simplest
way to do this, is looking for solutions of the equations

R}\‘(O,I’) =ajl (1+ZCJ'|([L)Y|2> =Tj. 2)
1

We look them along the ling = ta; # 0, witht # 0. The solution cor-
responding ta& = O provides an invariant torus that could not be normally
hyperbolic, for example if one hayg = 0 for some .? SinceC is an invertible
matrix, we can choose the vect@, ..., a,) with a # 0 such that it satisfies
thatm; = > c;a? # 0.

Then we need to solve the system of equations
aj(l+mjth =1 forj=1,...,n (3)

To do that, we observe that d&f (1, ..., 1) = ng;—l)n:n # 0 for the mapping

1 1 1 1
F:(al,...,an)r—>((——1)—,..., (——1)—).
o1 ms O Mp

From here, we get the existence of a cup#) in the parameter space., .. .,
an), included inthe set defined Bye, . . ., an): \2_;!(“1 —1) < 0} withy (t) —
(1,...,Hwhent — Oandsuchthaty, ...an) = y(t) solves (2) withr; = ta;.

IThis proposition is used whe#, r) are considered as polar coordinates, in this case this solution
does not give the expected result.
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268 LEONARDO MORA

From now on, we restrict to the parameters givendsy) = (¥ (t), une1, ...,
wp) Wherep; withi =n+1,..., p, is assumed to be small enough. So we
have a family of mappings

G = Guy: 0,1) — (O, RY) + (OlIr ), OlIr ")

with @tN, RN having the form in (1). Now we introduce the following change
of coordinatesz + 1y = ta (1 +tz) and renam®! andRN as®; andR;'
in these nevvz;oordinates@tN and3tN have the followingorm:

_ " 1
Rt’j(o,z) = (aj(l—i-th)(l—i—ZC“ a?t?(1+12)%) — 1) n

1
n n n
= ((Xj(1+ ZC“ a|2t2) +20[|' ZC“ a12t32| -|—O[J' ZC“ a12t4z|2—|—
1 1 1

n
1
ajtzj (14> ¢ a’t’(1+1tz))?) — 1) -
1

t
n n
= <2aj Zle a|2t32| + «; ZCJI a|2t42|2
1 1
n 1
+ajtzj(1+ ) g a.2t2(1+tz|)2)> -
- t
n n
= a;zj(1+ Y ¢y a’t?) +20; Y cj at’z + O(t?)
1 1
n
= Zj =+ 20lj ZC“ a|2t22| + O(ts)
1
and

00,2 = 6+ ;1) + > dj AP tA(L+12)?

C @)

= 0j +¢jt) + (Zd“ af) t2 + O(t3).
1

Now, let us first observe thetnzﬁtN (8, 0) has eigenvalues outside of the unit
circle. That is so, since its eigenvalues have the form tfo + --- where
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o =n+i¢ # 0is an eigenvalue of RCA and whereA, A are the diagonal
matrices with diagonal entrie&;; = «;, Kii = a1-2 respectively; in consequence
fort small enough the absolute value of these eigenvalues have the farin &

bt +t4(n2+¢?) +- - - and from here we conclude that they have absolute value
not equal to 1. So we can write for each small enough= z,; + zst With zyst)

in the subspacé&, sty which is the eigenspace associated with the eigenvalues
with norm bigger (less) than 1 of+ 2t2ACA. In these new coordinates \get

RN (0, 2, Zs)ut = Zut + 22ACAZy + O(t)

_n y 5 (5)
Rt (0, Zyt, Zst)st = Zst + 2t ACAZst + O(t )

Secondly, we introduce a new nofa||t,. = max{||Zutlluts, || Zstllst} in R" where

. —N
Il luts(sts) IS @normwherd D, 2.0 Ry | Eutst llutscstsy > 1+O(t?) (< 1—O(t?)).

This can be done since from (5) the eigenvalue@gf(zst)ﬁtN |Eutsy) are of the
form 14+ O(t?)(1 — O(t?)). Finally, we put the following norm off” x R":

10, 2)II" = max{||@|, lIzll.} and|| T||" would mean sug , . {lIT (0, 2)[|'} when
T is a vector-valued or matrix valued function. It follows tlmt= 0 is an
invariant torus for the map; (8, z) = (T, Ti2)

Toj = 0j +¢jt) + (Zdn 312>t2
1

n
thj = Zj +20{j ZC“ a.|2t22|,
1

which is normally hyperbolic since
Ims DT Estll” < 1— O(t%) < 1— O(t?) < [DTR" x {O}] ©)
<14+0@%) <1+ O(t®) < |lmyDT|Eul’,

whererng ands, are the projections ois; and E,; respectively. (It does not
matter if the subspaces, are not invariant, the conditions above imply the
normal hyperbolicity.) The invariant torus fgx (0, zy, Zst) = (¢, Rut, Rst)

will be obtained as a perturbation of the last one. We are going to get the
invariant torus we are looking for, as the intersection of two invariant manifolds
(center-stable and center-unstable). In order to get the center unstable invariant
manifold we first must to write the map in a cross form as follows:

Rst = F(O¢, Rut, Zst)
Zyt = G1(0O¢, Ry, Zst) (7)
0 = G(0O, Ryt, Zst).
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270 LEONARDO MORA

This can be done since the mép— ©; is a diffeomorphims: the mapping
0 — 0 + ¢(0), with ¢(t) = (p1(1), ..., Pn(1)), is a diffeomorphism and for
t small enough it follows from (4) that the mappidg— ©; is so close to

0 — 0 + ¢(0) as we want; an®; is an expansion, as easily follows from (5).

The facts: ||DyO¢ll' = O(t3), [[(D@.z(On, R = 1+ O3,
IDw.zoRstl’ = O3 and ||D4Rst] = 1 — O(t?), allow us to conclude
that

2\/||(D(0,zut)(®ta Rut)) "I’ 1 Dz, (O, Rut) II" 1 D6, 2,0) Rst-(D#.z,0) (O, Rut) 7L’
+11(D (.20 (Ot » Ru) 2" 1Dz Rstll’ < 20(t3) +1 - O(t?) < 1.

and

ZstM\st Zst t, Rut)ll - 0,zyt) Nst-\(@0,z,1) t, Rut
“ Y (I DzgRstll” + | Dzg (®1, Rut) "1 Dig, 2,0 Rst-(Deg, 2,0 (®1, Rut)) ~21')
(D62, (®1, Rup) %

+ \/”(D(O,zut)(@t, Rut)) 1" [ Dz, (®t, Rup) I
D92, Rst-(Dig.20 (®1, Rut) I’

< “Y[(1 - 0@12) + Ot3) Ot3) (1 + O(t3))] (1 + O(t3))k

+V(1+ O(t3)) O(t3) O(t3) (1 + O(t3))

< Y@= 0@?) L+ Otk + Ot?)
<1-01t»+ 0% <1

In the proof of Theorem 4.2 of [SSTCh, pag. 243], it is shown that the last
two inequalities imply that

VIDz FI' ID@©.rw(G1. G2 NI + v/ ID@.ry FII' D2 (G1, G2 II' < 1,

ID2Fll" + v/IID@,Ru) FII'l D2, (G1, G2)I" < 1,

and

“VUIDze |l 1D Ry (G1, GI™} + /D@ Ru FII" D24, (G1, G2) I < 1.

All of these together say that we can apply
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Proposition 4. Let theCY9-mappingg: (0, zy, zs) — (O, Ry, Rs) be defined
inD =T" x Oy x Os With s+ u = n which can be written in the cross form:

RS = F(®7 RU7 ZS)7
ZU = Gl(®7 RU7 ZS)7
0 = GZ(G), RU, 25)7

and such that it holds the following conditions fox q:
(1) IDzF I ID@,ry)(G1, GII' + V{lID@,r) FII' D (G1, G2 II'} < 1;
(2) IDF 1"+ /{lID@ Ry FI'IDz(G1, G2} < L;
(3) “V{IIDzell'l Dio.ry) (G1, G2)II*} + \/ID@,ry F "Dz (G1, Go)II' < 1,

where||T||" = supe r, z)entll T(®, Ry, z9) |} for T a vector-valued or matrix-
valued function. Then the mappigdas an invariant manifold/ of dimension

N+uinT" x O = T" x O, x Os which is normally attracting. This manifold
is given as the graph of a functidn T" x O, — Os which is aC* map.

which is a consequence of Theorem 4.3 and Theorem 4.4 of [SSTCh, pag. 252
and pag. 255] to get the center unstable maniftiéi = M as the graph of a
functionhy. In order to get the center stable manifitf we consideg; . Since

r = 0is an invariant torus for the map (1), and this map is a diffeomorphism
in a neighborhood of this torus, then we can conclude ty;éthas the form:

g,%(©,R) = N.(®,R) + (O(IRI), O(IR[*), andN,,(®,R) = (", r")

with
g R "L i (p)
N (_)’ R) = ] 1— J 2
O ozj(u)< Xl:al(uVR)

0N (©.R) = O —¢;j(w) — >

1

(8)
dii(w)

o (p)?

So we can apply the same arguments used with g, to get the existence of
the center stable manifold.

Now we get the invariant torus we are looking for &&° N T, That this
is a torus follows since for eadhthere exist a unique point of intersection of
T andT®s with the points off#} x ©. The normal hyperbolicity follows since
the subspacgg0, v, Dz hyvy)} and{(0, D, hsvs, vs)} are near to the subspaces
E, and Es respectively and it holds estimates as in (6), which can be checked
readily.
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272 LEONARDO MORA

So we had obtained for each parameteear enough to 0 the existence of
an invariant toru€X*-normally hyperbolic. So we can conclude the existence of
a setl,« as stated in the item i) of the proposition because for ¢ashabove
we get an open set aroupdt) for which the invariant torus persists.

For the second part, we choogén itemi) so the Central Manifold Theorem
allows us to write the invariant tofff, found in item i) for eachu aroundu(t)
as the graph of €9 functiony (9, n) and, in turn, from the form of,, we get
thatg, can be written in a neighborhood of egEp as follows

0; > 0; + ¢ (w) + Ol (@, W) + OIr ),
rj = ajrj + Oyl lr + Odri?).

We observe that for eagh(t), ||y (0, n)|| can be done small enough uniformly
in 6, just takingu near enoughe(t). This fact implies the map above can be
viewed as a perturbation of

0 = 0j + ¢j(p) + O(Ir ),
rj > ajrj + O(r?),

for which we have that the magp +— (a1, ..., an, @1, ..., ¢n) iS @ submersion

as well aslrj| # 1 for eachu(t) small. Since the form of the’s part of the
map we can apply the diffeomorphism’s version of the quasi-periodic stability,
appendix’s Theorem 5.2, in order to get the conclusion of the item ii). [

Remark 5. In this proof | would like to thank the referee for pointing me out
the fact the an additional condition on matfx requested in the previous version
of this paper, could be ruled out.

3 Normal forms

In this section we recall normal forms for mappinfysvhich have a fixed point
P with all of eigenvalues oDf (P) belongs to the unit circle. So, consider
fu,: U — R", n = 2s, a family of C*-diffeomorphisms defined on an open set
U c R" with the parameter varying in the open séf c RP. Suppose that
P=0¢Uandf,(0) = 0forall u. The Taylor expansion of, around0 is
given by

f,00 = AGx + T2+ 12+ O(Ix|%),

with A(n) = Df,(0) and wheref,f, f,f are mappings whose components are

homogeneous polynomials of degree 2 and 3 respectively.
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Assume thatA(x) hasn simple complex eigenvaluds;(u), ..., Axs(g)) =
A1(m), ..., As(m), A1(m), ..., As(w))}, which for u = uq belong to the unit
circle. After a basis change, we have tidg) atu, is in its real Jordan normal
form, i.e., ifAj(pn) = aj(p) +iBj(p), then

ai(w) O --- 0 —B(w) O --- 0
0 0 - as(p 0 0 - —Bs(w)
Alp) =
Bw) O --- 0 a(p) 0 - 0
0 0 - Bp 0 0 - as(p)
In order to work the normal form, we introduce the following change of coor-
dinatesPz = x withz = (zy, . . ., Z»s), Where
l Is ‘ IS
P=—
2\ils | il

with | the identity matrix of sizes.

Now we assume that, z have complex coordinates. We remark that wken
is restricted to get real values we have that = Z;. In these new coordinates
f, is written as

fu =32+ 22 + f2@ + OzI*),

wherelJ is a diagonal matrix with diagonal given oy, (r), . .., A2s(r)). Here,
f,f(z), f3(2) are again mappings whose coordinates are polynomials of degree
2 and 3 respectively.

We recall that the eigenvalugs; }2° are resonant of ordeX if it happens
thatx; = J]2 A with k € N\ {0} andY"*|k| = N. A resonance will be
non-avoidabléf it happens thaﬂfskl"' =Ai []In, .

We assume now, that nonresonant conditions of oNler 5 hold for the
eigenvaluestj(n), exception done with the non-avoidable ones. So with a
polynomial change of variables we get that, in these new variableg-the
component of the maff, can be written as

S
fuj @ = 2wz + Y _vjzjlal® +2; Gj(zl, ..., 1z) + Oz,
1

Bull Braz Math Soc, Vol. 38, N. 2, 2007



274 LEONARDO MORA

whereG; is apolynomial of ordeN — 1 and all of its terms of at least degree four.
Also remember, that the normal form theory says to us fhatz) = f,j.s(2)
forj=1,...,s.

Now letk > 5 be fixed. The Belitskii-Samovol theorem [IL, Theorem 1.6,
pag 238] on normal forms allows us to findC4 change of coordinates such that
fu; has now the following form

fui @ =2z + Y vizjlal? +z O(z|Y), €)
1

if we take N (k) bigger enough.

To find the normal form forf,,, which we are going to use, we introduce polar
coordinates in each coordinatg. So letd;, r; be such thag; = rj exp(i ;).
If 0 = (61,...,05), r = (ry,....rs) and f,;(0,r) = Rjexpi ©®;) and
fuj+s(@, 1) =Rjexp(—i ©)) for j =1,...,s.

As
fuil® = fui g

= (x,— Wz + Y vjzjlal*+ Oz |||z||4>)

1

S
X ()»j (wz; + Y _yizlz2+ 0z ||Z|4))
1

S
= Pz P+ 2w ) _wirlz P 1al?
1

S
+ 2 vz 121>+ Oz Plz)*)
1

= APz (1+ > 2 (%) E |2> + O(lz; PlizIl*),
1 J

we obtain for the absolute value ¢f; that

[ fuil = 14 (0)11Z J 1+ lezm (%) 1212+ O (l1z]|4)

: Vil 2 4
Ai 114 R —— + O(|z; .
| J(IL)IIZJ|< El (M(ﬂ)) 1z | ) (zjzl™)
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Using this expression we can write

f,”' = |f,”-|exp(i @j)

I ()llz;] (1+ 3 o (%) 12 |2) exp(i ©)) + 0(17;[/12I1%).
1 J(IL)

Now, the previous equality and the following fact:

S S
Vil Vil
exp(Z x—‘_|z||2> =1+ ~Elal’+ oz,
1 7 1 7

implies that

: Vil 2 4
f,i = & il 11+ R —— + 0
i 1A ()12 ( El <)~j(ﬂ)) 1z | zlI™)

. > Vil 2
x exp(l <¢J(ﬂ)+ i + El J(M(IL))) |Z||>

4

expi ©)) = eXp(i (¢,(u)+9, +Z~s(kyé')) |z||2>) +0(lzI*),

so we obtain tha®;, R; have the following expression

> Vil 2 5
R (0, = |A; i1+ RN ——— + 0 ,
j@,r) | J(M)Ir,< El <kj(u)>r') A=)

®;@.1) = 9;+¢j<u>+2~3< 4L )r.2+0<||r||4>,
1

Aj (i)
wherei;(n) = [Aj(p)|expigj(p)) andj =1,...,s

Summing up, we get the following proposition

Proposition6. Letf,: U — R" be afamily ofC> diffeomorphisms. Suppose
that this family satisfy the following conditions:

(1) fIL(O) = O;

(2) Df,(0) hasn complex eigenvalues(n), . .., As(i), Asy1() = A1(p),
-y has(p) = As(p) such thatij(u)| = 1for u = p,.
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Letk > 5, then there existdl (k) such that if the eigenvalues accomplish non-
resonant conditions of ordeM (k) (exception done with the non-avoidable ones)
there exist newCK-coordinateg@, r), such that

f,(0,1) =g, (0,1) + (O], OIr|*),

with g, (0, r) = (@, R) with the following form
S
Rj0.1) = jwlrjd+ ) cimwr?),
1
S
©;0.1) = 0+ + Y _diwr?,
1
with ¢j (p), dji () CK functions ofu which are defined as follows:
- (L) ,
Aj (i)

~ [ Vil
dij(w) =3 (—) ,
: A ()
where they;; are given as in9) and, in turn, these are defined by terms which are
built up with terms up to order three of the mappifigin the initial coordinates.

Cji ()

As an immediate consequence of the previous proposition and the Proposi-
tion (2), we get the proof of the main theorem.

Theorem 1. Let f,: U — R" be a family ofC*>-diffeomorphisms witm =
2s. Suppose that,, satisfies:
(1) fue(0) =Xo;

(2) Dfy,(Xo) hasncomplex eigenvalugg(p), . . ., As(i), Asy1() = A1(p),
oos das(p) = As(p) such thaaj ()| = 1for p = po;

(3) fAj(m) = |1 (w)| expligj(n)), then the map
n = (|)"l(”’)|’ D) |)“S(IL)|’ ¢l(l’l’)’ ey ¢l(ll/))
is a submersion.

As well as we assume that the derivatives up to third ordef,ohiccomplish
generic conditions, then
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(i) foreachk > 1, there exists an open seély, in the space the parameters,
such thatuo € Uy and for all © € Uy f, exhibits aCkK invariant torus of
dimensiors which is normally hyperbolic.

(i) Inside’U there exists another s&f such that the invariant tori obtained
for parameters there in is of Floquet type. This set has positive Lebesgue
measure anglg € Ti

Proof. Just make the translatiog — 0, then the new family is in the hypothe-
ses of Propositioli3) thus obtaining a new family in new coordinates such that
now we can apply Propositiof2) in order to get the thesis of the Theoreml

4 The quadratic family ha(Xg, ..., X)) = (@ — xﬁ, X1, .y Xn_1)

In this section we want to use the results of the last section in order to show the
existence of invariant tori of Floquet type for generic perturbatingsg, of the
family h, when the parametessis near enough to/3l andb ~ 0.

Proof of Corollary 2. We observe that the familiz, has two fixed points
P=(X,...,xy)andQ = (x_, ..., x_)fora > —1/4wherex, = %.

At a = 3/4, Dh,(P) hasn simple eigenvalues which are solutions\8f= —1.
This situation persists for familigs, , Which areC? perturbations of,. So

let Ai(a, b) = |Ai(a, b)| exp(i6; (a, b)), in [M] it is proved that{V|A;|(3/4, 0),
V6 (3/4,0)}7_, is a linearly independent set of vectors. This imply tBat
{(a,b): [rM(a,b)| =--- = |As(a, b)| = 1} is a codimensios surface. On this
surface, the set of parametées b) where the hypothesis (3) in Theorem 1 is an
open and dense set containii®j4, 0) in its closure. Generically, for parameters
(a, b) in this set the matrixC(a, b) has all its eigenvalues outside the imaginary
axe. So we can apply Theorem 1 in order to get the thesis.

Now consider the familfa a by (X1, X2, X3, X4) = (@—X2+Y 3 biXi, X1, . . ., X3)
withb = (b, by, bs, by). We would like to mention that for this family the results
of Corollary 2 holds.

Theorem 7. For eachk > 1, there exists an open séty with (3/4,0) € Uy
such that for eactta, b) € Uy the mappindh, p) exhibits aCk invariant torus
of dimensior2 which is normally hyperbolic. Moreover, there exits insitlg
a setTy of positive Lebesgue measure, where the invariant tori are of Floguet

type.
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Proof. We just presents the results for the matiga, b) and its eigenvalues,

in order to check the generic hypothesis imposed on them in Corollary 2. The
lengthy and straightforward computations needed to compute the r@a#jb)

and its eigenvalues can be done by hand or by the use of computational tools as
Mathematica or Maple. Now Lemma 5.1 allows us to bimgp, into the form

hi(a,b) =AiZ + Z Pi j Z |Zj |2 + h.O.t., (10)
and then Proposition 3 says that we can bring (10) into the form

Nap 0. 1) = Gab (@, 1) + (O ), OIr|*),
with gan (@, r) = (0, R) written as

Rj(0.1) = [xj@b)rj(1+ > cji(@ byr?)
1

@;(0.1) = 6 +¢@b)j+) dj@br?
1

i

after an straightforward calculation, f@a, b) ~ (3/4, 0), it is obtained that

Sousing that;j = % (p‘ j ) the formula forp; ; provided by Lemma 5.1 and

e _ 3 _3(. 3 (—4+3~/§)b+32—9ﬁb
117 16 16 4 128 ! 256 °
—4+34/2
+ T8b3+h.0.t,
6. _ 3 _38( 3 4+3¢§b+32+9ﬁb
227 16 16 4 128 * 256 2
4+ 342
— h
128 bs + h.o.t,
.. _3_3 3\ _12+17v2,  20-9v2
12~ 16 16 4 128 ' 256 2
—12+ 232
+ Tb3+h.0.t.,
3 3 3 —12+4 172 20+ 942
C1= =~ 7|2~ by by
16 16 4 128 256
12+ 2342
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And from here, the eigenvalues Gf xi, x> are given by

1 3
_bl+_

1
— h.o.
16 64b2+ 16b3+ ot and

x1(a, by, by, b3) =
3 3 3 1 13 1
x2(a, by, by, b3) = 3 8 (a — Z) - §b1 + abz — §b3 + h.o.t.

Now its follows easily that the matriC(a, b) is hyperbolic for parameters
(a, b) ~ (3/4, 0) and hence d¢€C) # 0. O

Remark 8. Observe that

(-2 )

which does not satisfy the hypothesis in Proposi®onwWhen this hypothesis
is missing what we obtain are central manifolds which we can not assure that
contain invariant non normally hyperbolic torus.

5 Appendix

In this appendix we present the formula to compute the third order resonant terms
used in section 3 and present the diffeomorphisms version of the quasi-periodic
stability theorem of [BHS].

5.1 Computation of third order resonant terms

We consider a map
h(Z,Z) = (E.E)
where(Z,2) = (z1,...,25,21,...,2s), E=(€1,...,6) YE = (€1, ..., &).
We suppose that the maphas the following form

6(Z,2) =iz — B(Z,Z)M <§)

whereM is the matrix with entried/, s = %fora, B=1...,2s,andB; € C.

As well as suppose that, A; satisfy nonresonant conditions of order two and
three as in Proposition 3. Then it can be eliminated with a change of variables
the quadratic terms and the nonresonant cubic terms. The next lemma give us a
formula to compute the resonant cubic terms.
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Lemma 9. In the above conditions, there exists a change of coordinates
®(Z, Z) such that ifH(Z, Z) = (c1,...,Cs,Cy, ..., Cs) IS the expression in
these new coordinates bf then

G=xz+Y pjzlz*+hot

with

3 By Bx Bx Bk
pjp =B + —= + — + =
R e L R

B By
+ = — + = —
A — Ai Aj Ak = hi A

B B B B
) 4 k4 Tk

K Bk By
= — + + =
Ak — Aj Aj Ak — Aj A Ak — Aj A

Proof. We want to do a change of coordinates which Kill all quadratic terms.
This change of coordinates has the following form:

O(Z,2)=(W(Z,2),...,Y(Z,2),Y(Z,2),...,Vs(Z,2)),

where
Vi(Z,Z) =2+ (Z, DN (é)
with N' = (n‘k]-) a symmetrical matrix of sizes2 In order to writed®~* up to
third order terms, we will need the following lemma which is an easy application
of the formula for the third derivative of a composition of two maps as presented

in [N, pag. 6]. O

Lemma 10. Let f: V c RN — RN be aC3-diffeomorphism withf (0) = 0
andDf (0) = I1d, thenf ! can be written as:

f(y) = y—%D2 f (0)y2+% [3D?f (0)(D?f (0)y% y) — D*f (0)y®]+h.ot,

wherey? = (y, y) andy® = (y, Y, y).
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From the above formula we conclude that for
DLW, W) = (Yo(W, W), ..., Ts(W, W), To(W, W), ..., Ts(W, W)),

we have that

_ (W ——
i (W, W) = w; — (W, W)N (W) +2(8, E)N (W) +h.ot.,

where

— . — (W
):( 1,...,85,81,...,85) with Ej:(W,W)NJ(W>

63}
69]
63}

(

’

forj =1,...,s LetH(Z, Z)bethemag " o ho ®(Z, Z),and pul¥, ¥) =
(W1, .., Ws, W, .0, W), ho (2, Z) = (dy, ..., s, g, ..., ds) = (D, D)
andH(Z,Z) =(¢y,...,Cs,Cq, ..., Cs), then

— v
d = MY —B((v, V)M (E)’

C = T|(D,5) = di - (DvB)NI (%) +2(E’§)Nl <g> + H’

wherell represents terms of order four or greater not included in the remaining
part of the formula an&& = E(D, D). Now letting

D =AY — BV, V)M (%) ,
whereAWV = (A1Vy, ..., AsWs) andB = (By, ..., Bs), we get that

C = )\i\lfi - B,(\I’,E)M (E>

7
_ v\ — — 7
— (A\IJ—B(\IJ,\IJ)M (E , AV — B(¥, V)M (W))
— v
" A\P—B(\D,\D)M(G
S — v
AV — BV, V)M (q;)
[ AV - B, ¥)M <%)
+ 2(8(D, D), (D, D))N! v + II.
_\D—E(W,\II)M<W)

So we can conclude that:
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i) The lineal term oft; is: A; 7.

ii) The quadratic terms aof; are given by:

2 ] = i Z _ ] = Z
¢ = A(Z,Z)N (7) B (Z, Z)M (Z)

A7 (11)
—(AZ,AZ)N' (ﬁ)
iii) The cubic terms of; are:
3 ba \IJZ
G = —2Bi(Z, Z)M <$2)
2 =2\ i (AZ i (A2
_ (qu AU ) N (ﬁ) —(AZ, AN (WZ>
i (B VA (12)
+ (AZ, AZ)N (g) - (Z,2)M (Z)

— i (AZ = Z
+ (B, B)N (ﬁ) - (Z, )M (7)

= ANZ). B AZ i (AL
+ 2<H(AZ,AZ),H(AZ,AZ))N (ﬁ ,

wherew? denotes the quadratic partef We get, from the vanishing condition
on the quadratic terro? and its formula, that the matriX' has the following
form:

[ B
n, = ————
ko
4(hi — Ak Ao)
ni _ Bi —n
K sta 4()\| _ )kaa) St+ak
i Bi
n ksta — - =
. A(hi — Ak ko)
wherea,k =1, ...,s.
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As for the cubic ternt?, we get

B _ _

E'ZZa(\Df+~-~+w§+w§+-~+lD§)
o

Bi = 2 2 =2 —2

7;201(\111+~-~+\I/S+\111+-~-+\115)

MWE Y (N ha Za + Mgy, R Za)

o

@
- =2 i i -
sWe Y (Mg o har Za + Nog oy o har Zo)
o

21 Y (g Vg + Mgy W)
o

2
= i i = =2
isZs Y (g, Ao W + g o, o Ao V)
o

7 3 5\ 2
i i = 21+71  22+73 Zs+ Zs
A121E(n'laBa+n'15+aBa)<T+T+...+ > )
o

©)

o o SN2

- _ ; ; — 21+27 2+2 Zs + Z

ASZSZ(n'ZSa Ba+n|2$s+a Ba)< > +72 bt 52 s)
o

- - - \2
i i - _ 21 +271 Z2 + 2 Zs + Zs
Bl;(nlakaza+nls+axaza)(2+2—0—'-'-0—2

4

Z 7 5\ 2

B i i - o (AT D+ Zs+2

BsE (n'ZSaAaZa—i—n'zSSJm)»aza)(iz +72 +ee 4 52 s)
o

A
2(AZ,A2) N1< ) (anaxaza +n15+a/\aza>

2(AZ,A2Z) Ns <Znsakaza+nss+akaza>

o (K T _
( AZ A Zns+la)”aza+ns+ls+a)‘ Zy
2(AZ,AZ)N <Z Ny Ao Za + Mg st Mo zo,)
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We observe that the sum of terms in (1) equals the sum of terms in (2) and
the same happens with the sum of terms in (3) and (4). So we write the above
coefficient as

Bj _ =2 =2
== D @t W WL 4 T
o
. : _ ——2 i - =
— 2 MV (Mg ha Za + N g ha Za) =2 MW (Mg g ha 2o + Mgy s sy ha Z)
ak ak
. . S \2
i i — 21+77 2+7; Zs+Z
+ szkzk(nLaBaJranWBa)( R e S)
ak

+ 2 M50 Bo + Mieys s Ba)
ak

+ 2(AZ,AZ)N <AZ) (anakazwrnlswxa Za)

- - 2 N\2
214+727 2+ 2 Zs + Zs
( 2 + 2 o 2 )

+ 2(AZ,A2) NS< ) Znsaxaza+nss+akaza>

—1 -
+2(AZ,AZ)N ( )(Zns+la)‘“za+ns+ls+a)“ Za)

+ 2(AZ,AZ)N

i - _
n2$0( ho Zo + Nog Sta Ao zo‘)

Let pij be the coefficient of the monomialz; z; in ¢. Then we get from the
last equation

L . k k =k =k k =k
Pj=-8 Z(“sm Fhsiji tlsyjj +Nsiij + N +”s+is+j)
k

ok ok T K
-4y (kkku M Ngpjj TAA M jNsyji +AkA] Nggy nij)
k

-k U =T K
42(“% MeysiNsyjj + A4 MeysjNsyij T2k A Nkgssrj Nsy s+j)
k
+ Z Ainh B4+ Aini, Betain, Be+aint . B
i Mk Bk i Mk Bk i sk Pk i Mjs+k Pk
K
=i =i =
k
T (K ik i k
+4Y hikja <nkjns+ji+nkinjs+j+nks+j nij)
k
P R ik i K
+ 4 hihjhj (ns+ki Mistj T NsykjNstij T Nsiksyj ns+is+j)
k
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and using the formula for the matriX' we get
Bj B B B B
Pj=— ( SR L S T . S
K Ak — Aj Aj Ak = Aj Aj Ak = Aj Aj Ak = Aj Aj

Bk By
+ + =
A=A A Ak = A A

B Z Aj Ak Bk Bj Lj Ak Bk B
i Vi =2k Ak = Aj Aj) (A = AkA) Rk = Aj &)

XJ‘ Mk Bk B;
Ok = A A — A Aj)
_ Z Aj Ak B Bj . Aj Kk Bk Bj
i Vi = Ak A Gk = Aj A7) (i = Ak Ak = A A))

N ijkngi
Ai = Ak APk = Ai Aj)

1 1i B B Ai B B Ai Bi B i Bi B
+72 i B bk j Bi Bk i i |l< n j Bi l(
4\ M —Aidk A=Ak A=Ak A= Aj Ak
1
+

72 Xj B;j Bk N XJ' Bi Bk
4 ” A = AKA] A = AKA|

+ 3 202 %] BBy + B B
| _ _
= G = A O — AR Gi = i) O — A )

N Bk Bj
(i = A A Gk = A Aj)

- Bk B By B
+Zkikj)\j __k3 — + _ kA =
K i —AkADk —Aj A (A — Ak Ak — Aj Aj)

" By B
(i = A DOk =2 hi) )

Now, putting together the terms of the first, fourth and fifth sums above, we
obtain

= - oy (BB B B
' 4 ” Ak—AjXJ Ak—AiXJ— XK—AJ—X] Xk—/\in

Bk Bk
+ + =
A=A A Ak — A A
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B By By By
_?Z Ak—l A-r1+i—1 Ak— A ATt
K Ak — Aj j k k= AP A
B B
+ K K
)\k—)»i)»j )»k—)»i)»j
. B'Z Ak Bk Mk Bk
i —
K ()»k—l)()\k_}\j)‘j) Ak — Aj J)()\k*)\l)\J )
Ak B
+ k Bk —
Ak =2 APk —Ai Aj )
cay 7 Bi By
i — = =
<\ Ck— DGOk =22 (k=2 AT Dk — 4 7))
Ak B
L k B -
Ak =2 DGk = 2i Aj5)
B'Z A XJ‘ Bk )»ij Bk
— I — 5
- ()Lk—ki)»j_l)()nk—)»i)uj) Ok = DOk — Aj A))
L Aj Aj Bk
(Ak—)w )()"k_)‘l j)
3 Biz _ )ij,j Bk _ _ Ain Bk
NGk = DOk =2 4))  (k —Aj & )()»k—/M Aj)
L Aikjgk
Ok = Aj 2 )()»k—)» Ai)
Bk By Bk Bk

e

— + — + = = = —
—AjAj Ak = Aj Aj Ak — AjAj Ak = Aj Aj

L B Bk
Me=Aj A Ak —Aj A
—EZ B« ,_ B B Bk
4 =\ -1 Ak—)»ikj_l A —1 Xk—kikj_l
B B
+ K —K
Ak—AiAj )\.k_)\.i)\.j
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(Ak —X1iAi) B (Ak— X A;)B
B, _k J_J.k*.+ I_(alj I.(fl
i\ Ok = DOk —Aj2j) (e = A ARk — Ai A7)

J’_

(Ak — A Aj) Bk

Ok =4 A Ok = 2 5 )

Ok — Aj 1j)Bk Ok —Aj %) Bk
* Biz X —1)@J —JA-X- * : *1I*J Y
K k kK= AjAD k=2 A D0k — 40 4))

(e — i Aj)Bk
— - -1
Ak =2 APk —Ai Aj )

_ BIZ Be . K Bk L _ Bk
4 A= hjhj o Ak —AA] Ak —AjA] Ak = AiAj

k
B B
. k. Bk
A= Aj A Ak — A A

Bk Bk Bk By

Bj
- — + + = + =
4; A—1 Ak—xile A —1 Ak—xixjfl

B B
. k. k

= M Rk— AR

B B B B
B [ K+ K+ =
R T N T

B B
k n k__

WM R— a7

3 B B B B
Z*Biz k + k _1+ k,_l‘f‘f k
4 k-1 h = ki A =i % -1
B B
T
A=A A Ak = i Aj
Bj B B B B
B k N k, + = k, + = k,
4 K Ak — AjAj Ak — i Aj Ak — AjAj Ak — i Aj

Bk By
+ + =
A= Aj i Ak —Aj A
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5.2 Statement of the quasi-periodicity stability result

In order to state the result let us introduce first the context where the result lives.
We will follow very closely [BHS, section 2.3.1]. In this sectigrj| will denote
any Euclidean norm.

Consider &C9 family of mapsg,: T" x © — T" x R", where0 is a neigh-
borhood of Oe R", the parametep € V C RP andq > 4n + 8. We assume
that

0u(0,1) =0+ o) +a@,r,pn), 2)r + @, r, 1), (13)

whereax = O(||r|)) andg = O(|r||?). Foreacht € T' C V (T is diffeomorphic
to a closed ball irRP) assume that

(1) all the eigenvalues
81, -y ONgs Pleiwl, cee PNzeii¢N2
(¢; € (0, m)) of matrix 2 (n) are simple and other than N{+ 2N, = n);

(2) the mapping
RP 5 p > (0,8, p,¢) € R

is submersive.
Fix 7 > n. SetoN = ¢ € R", wherer = N,. Forl € Z' let|l| = > 1;. By
I',, wherey > 0, denote the set

r, = {ueF:VkeZ’\{O}VkerVIeZ’,|I|§2,

o, K) + (1) + 2kl = 5.
In this conditions we have

Theorem A. There exist constants, and n which only depend on, such
that the following holds. For any > 0 and forky < k < g, letg, a C¥
family of mappingg13) satisfying the conditions above, then there exis& a
neighborhoodD of g, such that for all§, andu € I', one has two maps

1) ¢,: O,R) = (©® +UO,n),R+ AO, n) + B(O, n)R), where
U, A, Bare functions orf" x I", andU (@, n) € T", A(®, p) € R" and
B(O, n) is a square matrix of size.

() A: T, — RP;
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which areCk=" and which bring the familg, to the following form
@t 0 Guiam © Pu(®,R) = (O + w(p) + O(IRI), ()R + O(IR[?).

This theorem says that for eaghe T, ®,(T" x {0}) is an invariant Floquet
Torus of the mag, 4 () With parallel dynamics and with its frequency vector
o (p) satisfying a Diophantine condition. We remark that thé'sdtas Lebesgue
positive measure ifRP.

As stated, this theorem does not appear proved in the literature on the best of
my known. But its proof follows the same lines as for the vector field case. See
the remarks in [BHS, chapter 5] and [BHTS, Appendix, pag. 79]
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