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Floquet torus for codimension-s Hopf bifurcation
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Abstract. Here we show the existence of Floquet invariant torus for a codimensions
Hopf bifurcation. As a corollary is obtained the existence of Floquet invariant torus for
generic perturbations of product of quadratic maps.
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1 Introduction

In this paper we consider aC∞ family of mappingsfμ : U ⊂ Rn → Rn, with
n = 2s and such that forμ0 ∈ Rp has a fixed pointx0 i.e., fμ0

(x0) = x0 with all
of the eigenvalues ofDx( fμ0

)(x0) belonging to the unit circle. Letλ1, . . . , λs,
λ1, . . . , λs, λs, be these eigenvalues. If the mappingμ 7→ (|λ1(μ)|, . . . , |λs|)
is a submersion we can take the|λi | as the firsts-parameters. In [M] it was
proved that, under generic conditions on the familyfμ, there exist open sets of
parameters withμ0 in the closure of these sets and such that for parametersμ in
these sets the mapfμ exhibits invariant curves with irrational rotation number
(even more, up tos of such an invariant curves can be exhibited). That result
was used in order to show that certain high-codimension homoclinic bifurcation
when unfolded exhibits invariant curves.

For the particular family of mappingsh(a,b)(x1, x2, x3, x4) = (a − x2
4 +∑3

1 bi xi , x1, . . . , x3), where the parameters(a, b) = (a, b1, b2, b3) ∈ R4, a
numerical experiment, shows that for the casen = 4 and the value of the param-
etersa = 0.745, b1 = 0.01, b2 = −0.01, and b3 = 0.01 the mapping exhibits
a set which seems to be an invariant torus of dimension two and not simply an
invariant curve. In Figure 1 we plot a picture made with Mathematica of this set.

This fact suggests that we could try to find invariant tori of higher dimen-
sions, so here we address the following problem: There exist invariant tori
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Figure 1: To plot this set we take the pointx1 = .49, x2 = .5, x3 = 0.4995 and
x4 = .49, and the piece of orbit{hn

(a,b)(x1, . . . , x4) : n = 85000, . . . , 90000}.
The plot shows the coordinatesx1, x2, andx3.

for families fμ as above near the parameterμ0? An invariant torus for aC∞

maph : D ⊂ Rn → Rn is a setV , which is invariant underh (h(V) = V)
andCk-diffeomorphic toTs = Rs/Zs, the s-dimensional torus. The similar
high dimensional notion of having rotational dynamics is the quasi-periodicity
property and the most simple behavior of the dynamics in the normal direc-
tion of an invariant torus is the Floquet property. So we can ask even more,
are these invariant tori of Floquet type with quasi-periodic dynamics? Here we
say that the dynamics on the torus isparallel if it is conjugated to a rotation
Rφ : θ ∈ Ts 7→ θ + φ ∈ Ts. It is quasi-periodicif the components ofφ are
rationally independent overZs. A torusV with parallel dynamics is ofFloquet
typeif there can be found coordinates(θ , r ) such thath can be written in a neigh-
borhood ofV ash(θ , r ) = (θ +φ + O(r ),3r + O(r )), with3, a matrix of size
n − s does not depend onθ neitherr .

Theorem 1. Let fμ : U → Rn be a family ofC∞-diffeomorphisms withn = 2s.
Suppose thatfμ satisfies:

1. fμ0
(x0) = x0 ;

2. D fμ0
(x0)hasn complex eigenvaluesλ1(μ), . . . , λs(μ),λs+1(μ) = λ1(μ),

. . . , λ2s(μ) = λs(μ) such that|λ j (μ)| = 1 for μ = μ0;
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3. If λ j (μ) = |λ j (μ)| exp(iφ j (μ)), then the map

μ 7→ (|λ1(μ)|, . . . , |λs(μ)|, φ1(μ), . . . , φ1(μ))

is a submersion.

As well as we assume that the derivatives up to third order offμ accomplish
generic conditions, then

(i) for eachk ≥ 1, there exists an open setUk, in the space the parameters,
such thatμ0 ∈ Uk and for allμ ∈ Uk fμ exhibits aCk invariant torus of
dimensions which is normally hyperbolic.

(ii) InsideU there exists another setTk such that the invariant tori obtained
for parameters there in is of Floquet type. This set has positive Lebesgue
measure andμ0 ∈ Tk

Hypothesis(3) implies that in the space ofC∞(Rn) there exists a codimension
s surfaceH given by the equations|λi | = 1 with i = 1, . . . , s. The generic
conditions in the theorem implies that the mapμ 7→ fμ is transversal to the
surfaceH atμ = μ0.

Now we consider the one parameter family of mappingsh(a)(x1, . . . , xn) =
(a − x2

n, x1, . . . , xn−1) which n-iterate hn
a is the producthn

a(x1, . . . , xn) =
(a − x2

1, . . . , a − x2
n). Fora = 3/4 the map has a fixed pointP = (−1/2, . . . ,

−1/2) such that the eigenvalues ofDh(P) satisfy the equationλn = −1.

Corollary 2. Consider a generic family ofC∞-mappingsh(a,b) : Rn → Rn

which is aC3 perturbation of the familyha, wheren = 2s. Then for each
k ≥ 1, there exists an open setUk with (3/4, 0) ∈ Uk such that for each
(a, b) ∈ U the mappingh(a,b) exhibits aCk invariant torus of dimensions
which is normally hyperbolic. Moreover, there exits insideUk a setTk of positive
Lebesgue measure, where the invariant tori are of Floquet type.

This result is important because joined with the examples in [M] and [T]
shows, on the best of our knowledge, the first example of a homoclinic tangency
( higher codimension ) which when unfolded, exhibits invariant torus of Floquet
type. We have the hope that this example could be useful to find open sets in
the space of diffeomorphisms which exhibits infinitely many invariant Floquet
Torus in a persistent way, phenomenon which is widely known to hold for the
conservative world.
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Whenn is an odd integer it will be shown, elsewhere, that some kind of quasi-
periodic bifurcation resembling the flip and the saddle-node bifurcations but now
with invariant torus instead of fixed points happen.

The proof of Theorem 1 is done following the main steps for the codimension 1
case. First we prepare the family, bringing it to a normal form which up to terms
of order three exhibits invariant torus normally hyperbolic. Then these invariant
torus are shown to persist, using the contraction principle. We observe, like in
the codimension 1 case, that the results of persistence of normally hyperbolic
invariant manifolds can not be applied here since we don’t know whether the
size of the perturbation in the normal form match those in the theorems about
the persistence of normally hyperbolic invariant manifolds. Once the existence
of invariant torus is shown we apply the KAM dissipative quasi-periodic results.

This paper is structured as follows: in section 2 we prove the existence of
invariant Floquet tori for perturbations of a family of mappings in normal form.
In section 3 we recall normal forms for mappings having a fixed point whose
all eigenvalues belong to the unit circle and show the proof of Theorem 1. In
section 4 we show some properties of the familyha and present the proof of
Corollary 1. In the appendix we put some technical results used for proving
Theorem 1 and a formula which defines the generic conditions satisfied for the
derivatives up to third order of the familyfμ.

Finally we would like to acknowledge the referee for pointing out a mistake
in the proof of Theorem 1 in a previous version of this work and his constructive
and patient advice during the paper’s review.

2 Invariant Tori

Let O be a neighborhood of 0∈ Rn and let‖.‖ denote the standard Euclidean
norm. Let us considergμ : Tn×O → Tn×Rn, a family ofCq maps depending on
the parameterμ ∈ V ⊂ Rp wherep ∈ N. Assume thatgμ(θ , r ) = Nμ(θ , r )+
(O(‖r‖5),O(‖r‖4)) = (2,R) andNμ(θ , r ) = (2N,RN) with

RN
j (θ , r ) =α j (μ)r j

(

1 +
n∑

1

cjl (μ)r
2
l

)

2N
j (θ , r ) =θ j + φ j (μ)+

n∑

1

djl (μ)r
2
l .

(1)

Proposition 3. Let gμ(θ , r ) as above. Assume that81 : μ 7→ (α1(μ), . . . ,

αn(μ)) is a submersion atμ = μ0 and thatC = C(μ0) = (ci j (μ0)) satisfies
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thatdet(C) 6= 0. Then:

1. For eachk ≤ q, there exists an open setUμ0k in the parameter space
with μ0 ∈ Uμ0k such that ifμ ∈ Uμ0k, then has aCk invariant torus of
dimensionn which is normally hyperbolic.

2. Moreover, if the map82 : μ 7→ (φ1(μ), . . . , φn(μ)) is a submersion at
μ = μ0, andq ≥ 4n + 8, there existsk0 andτ such that for eachk ≥ k0,
insideUμ0k−τ there exists a setT of positive Lebesgue measure such that
the invariant tori obtained are of Floquet type. Also we get thatμ0 ∈ T .

Proof. We assume without lose of generality thatμ0 = 0. Since81 is a
submersion, we can takeαi (μ)−1 as the first coordinates ofμ for i = 1, . . . , n.
From now on we assumeαi (μ) = 1 + μi .

First of all, we look for an invariant torus of the mappingNμ(θ , r ).The simplest
way to do this, is looking for solutions of the equations

RN
j (θ , r ) =α j r j

(

1 +
n∑

1

cjl (μ)r
2
l

)

= r j . (2)

We look them along the lineri = tai 6= 0, with t 6= 0. The solution cor-
responding tot = 0 provides an invariant torus that could not be normally
hyperbolic, for example if one haveμi = 0 for somei .1 SinceC is an invertible
matrix, we can choose the vector(a1, . . . , an) with ai 6= 0 such that it satisfies
thatmj =

∑
cjl a2

l 6= 0.

Then we need to solve the system of equations

α j (1 + mj t
2) = 1 for j = 1, . . . , n. (3)

To do that, we observe that detDF(1, . . . , 1) = (−1)n

m1...mn
6= 0 for the mapping

F : (α1, . . . , αn) 7→
((

1

α1
− 1

)
1

m1
, . . . ,

(
1

αn
− 1

)
1

mn

)
.

From here, we get the existence of a curveγ (t) in the parameter space(α1, . . . ,

αn), included in the set defined by
{
(α1, . . . , αn) :

mj

|mj |
(α j −1) ≤ 0

}
with γ (t) →

(1, . . . , 1)whent → 0 and such that(α1, . . . αn) = γ (t)solves (2) withr j = taj .

1This proposition is used when(θ , r ) are considered as polar coordinates, in this case this solution
does not give the expected result.
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From now on, we restrict to the parameters given byμ(t) = (γ (t), μn+1, . . . ,

μp) whereμi with i = n + 1, . . . , p, is assumed to be small enough. So we
have a family of mappings

gt = gμ(t) : (θ , r ) 7→
(
2N

t ,R
N
t

)
+

(
O(‖r‖5),O(‖r‖4)

)

with 2N
t ,R

N
t having the form in (1). Now we introduce the following change

of coordinates:zl 7→ rl = tal (1 + tzl ) and rename2N
t andRN

t as2
N
t andR

N
t

in these newcoordinates.2
N
t andR

N
t have the followingform:

R
N
t j (θ , z) =

(

α j (1 + tzj )(1 +
n∑

1

cjl a2
l t2(1 + tzl )

2 )− 1

)
1

t

=

(

α j (1 +
n∑

1

cjl a2
l t2 )+ 2α j

n∑

1

cjl a2
l t3zl + α j

n∑

1

cjl a2
l t4z2

l +

α j t zj (1 +
n∑

1

cjl a2
l t2(1 + tzj )

2 )− 1

)
1

t

=

(

2α j

n∑

1

cjl a2
l t3zl + α j

n∑

1

cjl a2
l t4z2

l

+ α j t zj (1 +
n∑

1

cjl a2
l t2(1 + tzl )

2 )

)
1

t

= α j zj (1 +
n∑

1

cjl a2
l t2 )+ 2α j

n∑

1

cjl a2
l t2zl + O(t3)

= zj + 2α j

n∑

1

cjl a2
l t2zl + O(t3)

and

2
N
t j (θ , z) = θ j + φ j (t)+

n∑

1

djl a2
l t2(1 + tzl )

2

= θ j + φ j (t)+

(
n∑

1

djl a2
l

)

t2 + O(t3).

(4)

Now, let us first observe thatDzR
N
t (θ , 0) has eigenvalues outside of the unit

circle. That is so, since its eigenvalues have the form 1+ t2σ + ∙ ∙ ∙ where

Bull Braz Math Soc, Vol. 38, N. 2, 2007
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σ = η + i ζ 6= 0 is an eigenvalue of 2ACÃ and whereA, Ã are the diagonal
matrices with diagonal entriesAii = αi , Ãi i = a2

i respectively; in consequence
for t small enough the absolute value of these eigenvalues have the form 1+t2η+
bt3 + t4(η2 + ζ 2)+∙ ∙ ∙ and from here we conclude that they have absolute value
not equal to 1. So we can write for each small enought , z = zut +zst with zut(st)

in the subspaceEut(st) which is the eigenspace associated with the eigenvalues
with norm bigger (less) than 1 ofI + 2t2ACÃ. In these new coordinates weget

R
N
t (θ , zut, zst)ut = zut + 2t2ACÃzut + O(t3)

R
N
t (θ , zut, zst)st = zst + 2t2ACÃzst + O(t3).

(5)

Secondly, we introduce a new norm‖z‖t∗ = max{‖zut‖ut∗, ‖zst‖st∗} inRn where

‖.‖ut∗(st∗) is a norm where‖Dzut(zst)R
N
t |Eut(st)‖ut∗(st∗) > 1+O(t2)(< 1−O(t2)).

This can be done since from (5) the eigenvalues ofDzut(zst)R
N
t |Eut(st) are of the

form 1+ O(t2)(1 − O(t2)). Finally, we put the following norm onTn × Rn:
‖(θ , z)‖′ = max{‖θ‖, ‖z‖t∗} and‖T‖′ would mean sup(θ ,z)∈O{‖T(θ , z)‖′} when
T is a vector-valued or matrix valued function. It follows thatz = 0 is an
invariant torus for the mapTt(θ , z) = (Ttθ , Ttz)

Ttθ j = θ j + φ j (t)+

(
n∑

1

djl a2
l

)

t2

Ttz j = zj + 2α j

n∑

1

cjl a2
l t2zl ,

which is normally hyperbolic since

‖πsDTt |Est‖
′ < 1 − O(t3) < 1 − O(t2) < ‖DTt |R

n × {0}‖′

< 1 + O(t2) < 1 + O(t3) < ‖πu DTt |Eut‖
′,

(6)

whereπs andπu are the projections onEst and Eut respectively. (It does not
matter if the subspacesEs(u) are not invariant, the conditions above imply the
normal hyperbolicity.) The invariant torus forgt(θ, zut, zst) = (2t ,Rut,Rst)

will be obtained as a perturbation of the last one. We are going to get the
invariant torus we are looking for, as the intersection of two invariant manifolds
(center-stable and center-unstable). In order to get the center unstable invariant
manifold we first must to write the mapgt in a cross form as follows:

Rst = F(2t ,Rut, zst)

zut = G1(2t ,Rut, zst)

θ = G2(2t ,Rut, zst).

(7)

Bull Braz Math Soc, Vol. 38, N. 2, 2007
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This can be done since the mapθ 7→ 2t is a diffeomorphims: the mapping
θ 7→ θ + φ(0), with φ(t) = (φ1(t), . . . , φn(t)), is a diffeomorphism and for
t small enough it follows from (4) that the mappingθ 7→ 2t is so close to
θ 7→ θ + φ(0) as we want; andRut is an expansion, as easily follows from (5).

The facts: ‖Dzst2t‖′ = O(t3), ‖(D(θ ,zut)(2t ,Rut)
−1‖′ = 1 + O(t3),

‖D(θ ,zut)Rst‖′ = O(t3) and ‖DzstRst‖ = 1 − O(t2), allow us to conclude
that

2
√

‖(D(θ ,zut)(2t ,Rut))−1‖′ ‖Dzst(2t ,Rut)‖′ ‖D(θ ,zut)Rst.(D(θ ,zut)(2t ,Rut))−1‖′

+ ‖(D(θ ,zut)(2t , ,Rut))
−1‖′ ‖DzstRst‖

′ ≤ 2O(t3)+ 1 − O(t2) < 1.

and

k+1
√(

‖DzstRst‖′ + ‖Dzst(2t ,Rut)‖′.‖D(θ ,zut)Rst.(D(θ ,zut)(2t ,Rut))−1‖′
)

‖(D(θ ,zut)(2t ,Rut))
−1‖′k

+
√

‖(D(θ ,zut)(2t ,Rut))−1‖′ ‖Dzst(2t ,Rut)‖′

‖D(θ ,zut)Rst.(D(θ ,zut (2t ,Rut))
−1‖′

≤ k+1
√[
(1 − O(t2))+ O(t3)O(t3) (1 + O(t3))

]
(1 + O(t3))k

+
√
(1 + O(t3))O(t3)O(t3) (1 + O(t3))

≤ k+1
√
(1 − O(t2)) (1 + O(t3))k + O(t3)

≤ 1 − O(t2)+ O(t3) < 1.

In the proof of Theorem 4.2 of [SSTCh, pag. 243], it is shown that the last
two inequalities imply that

√
‖Dzst F‖′ ‖D(2,Rut)(G1,G2)‖′ +

√
‖D(2,Rut)F‖′ ‖Dzst(G1,G2)‖′ < 1,

‖Dzst F‖′ +
√

‖D(2,Rut)F‖′‖Dzst(G1,G2)‖′ < 1,

and

k+1

√
{‖DzstF‖′ ‖D(2,Rut)(G1,G2)‖′k} +

√
‖D(2,Rut)F‖′ ‖Dzst(G1,G2)‖′ < 1.

All of these together say that we can apply

Bull Braz Math Soc, Vol. 38, N. 2, 2007



“main” — 2007/6/12 — 15:34 — page 271 — #9

FLOQUET TORUS FOR CODIMENSION-S HOPF BIFURCATION 271

Proposition 4. Let theCq-mappingg : (θ , zu, zs) 7→ (2,Ru,Rs) be defined
in D = Tn × Ou × Os with s + u = n which can be written in the cross form:

Rs = F(2,Ru, zs),

zu = G1(2,Ru, zs),

θ = G2(2,Ru, zs),

and such that it holds the following conditions fork ≤ q:

(1)
√

‖Dzs F‖′ ‖D(2,Ru)(G1,G2)‖′ +
√

{‖D(2,Ru)F‖′ ‖Dzs(G1,G2)‖′} < 1;

(2) ‖Dzs F‖′ +
√

{‖D(2,Ru)F‖′‖Dzs(G1,G2)‖′} < 1;

(3) k+1
√

{‖DzsF‖′‖D(2,Ru)(G1,G2)‖′k} +
√

‖D(2,Ru)F‖′‖Dzs(G1,G2)‖′ < 1,

where‖T‖′ = sup(2,Ru,zs)∈D{‖T(2,Ru, zs)‖} for T a vector-valued or matrix-
valued function. Then the mappingg has an invariant manifoldM of dimension
n + u in Tn × O = Tn × Ou × Os which is normally attracting. This manifold
is given as the graph of a functionh : Tn × Ou → Os which is aCk map.

which is a consequence of Theorem 4.3 and Theorem 4.4 of [SSTCh, pag. 252
and pag. 255] to get the center unstable manifoldTcu = M as the graph of a
functionhu. In order to get the center stable manifoldTcs we considerg−1

t . Since
r = 0 is an invariant torus for the map (1), and this map is a diffeomorphism
in a neighborhood of this torus, then we can conclude thatg−1

μ has the form:

g−1
μ (2,R) = Ñμ(2,R) + (O(‖R‖5),O(‖R‖4)), and Ñμ(2,R) = (θ Ñ, r Ñ)

with

r Ñ
j (2,R) =

Rj

α j (μ)

(

1 −
n∑

1

cjl (μ)

αl (μ)2
R2

l

)

θ Ñ
j (2,R) = 2 j − φ j (μ)−

n∑

1

djl (μ)

αl (μ)2
R2

l .

(8)

So we can apply the same arguments used withgt to g−1
t to get the existence of

the center stable manifold.
Now we get the invariant torus we are looking for as:Tcs ∩ Tcu. That this

is a torus follows since for eachθ there exist a unique point of intersection of
Tcu andTcs with the points of{θ} ×O. The normal hyperbolicity follows since
the subspaces{(0, vu, Dzuhuvu)} and{(0, Dzshsvs, vs)} are near to the subspaces
Eu and Es respectively and it holds estimates as in (6), which can be checked
readily.

Bull Braz Math Soc, Vol. 38, N. 2, 2007
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So we had obtained for each parametert near enough to 0 the existence of
an invariant torusCk-normally hyperbolic. So we can conclude the existence of
a setUμ0k as stated in the item i) of the proposition because for eacht as above
we get an open set aroundμ(t) for which the invariant torus persists.

For the second part, we chooseq in item i ) so the Central Manifold Theorem
allows us to write the invariant toriTμ found in item i) for eachμ aroundμ(t)
as the graph of aCq functionψ(θ ,μ) and, in turn, from the form ofgμ we get
thatgμ can be written in a neighborhood of eachTμ as follows

θ j 7→ θ j + φ j (μ)+ O(‖ψ(θ ,μ)‖)+ O(‖r‖),

r j 7→ α j r j + O(‖ψ‖ ‖r‖)+ O(‖r‖2).

We observe that for eachμ(t), ‖ψ(θ ,μ)‖ can be done small enough uniformly
in θ , just takingμ near enoughμ(t). This fact implies the map above can be
viewed as a perturbation of

θ j 7→ θ j + φ j (μ)+ O(‖r‖),

r j 7→ α j r j + O(‖r‖2),

for which we have that the mapμ 7→ (α1, . . . , αn, φ1, . . . , φn) is a submersion
as well as|α j | 6= 1 for eachμ(t) small. Since the form of ther j ’s part of the
map we can apply the diffeomorphism’s version of the quasi-periodic stability,
appendix’s Theorem 5.2, in order to get the conclusion of the item ii). �

Remark 5. In this proof I would like to thank the referee for pointing me out
the fact the an additional condition on matrixC, requested in the previous version
of this paper, could be ruled out.

3 Normal forms

In this section we recall normal forms for mappingsf which have a fixed point
P with all of eigenvalues ofD f (P) belongs to the unit circle. So, consider
fμ : U → Rn, n = 2s, a family ofC∞-diffeomorphisms defined on an open set
U ⊂ Rn with the parameterμ varying in the open setV ⊂ Rp. Suppose that
P = 0 ∈ U and fμ(0) = 0 for all μ. The Taylor expansion offμ around0 is
given by

fμ(x) = A(μ)x + f 2
μ + f 3

μ + O(‖x‖4),

with A(μ) = D fμ(0) and wheref 2
μ, f 3

μ are mappings whose components are
homogeneous polynomials of degree 2 and 3 respectively.

Bull Braz Math Soc, Vol. 38, N. 2, 2007
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Assume thatA(μ) hasn simple complex eigenvalues{λ1(μ), . . . , λ2s(μ)) =
(λ1(μ), . . . , λs(μ), λ1(μ), . . . , λs(μ))}, which for μ = μ0 belong to the unit
circle. After a basis change, we have thatA(μ) atμ0 is in its real Jordan normal
form, i.e., ifλ j (μ) = α j (μ)+ iβ j (μ), then

A(μ) =















α1(μ) 0 ∙ ∙ ∙ 0 −β1(μ) 0 ∙ ∙ ∙ 0
...

...
. . .

...
...

...
. . .

...

0 0 ∙ ∙ ∙ αs(μ) 0 0 ∙ ∙ ∙ −βs(μ)

β1(μ) 0 ∙ ∙ ∙ 0 α1(μ) 0 ∙ ∙ ∙ 0
...

...
. . .

...
...

...
. . .

...

0 0 ∙ ∙ ∙ βs(μ) 0 0 ∙ ∙ ∙ αs(μ)















In order to work the normal form, we introduce the following change of coor-
dinatesPz = x with z = (z1, . . . , z2s), where

P =
1

2




Is Is

−i I s i I s





with Is the identity matrix of sizes.
Now we assume thatx, z have complex coordinates. We remark that whenx

is restricted to get real values we have thatzs+ j = zj . In these new coordinates
fμ is written as

fμ(z) = Jz + f 2
μ(z)+ f 3

μ(z)+ O(‖z‖4),

whereJ is a diagonal matrix with diagonal given by(λ1(μ), . . . , λ2s(μ)). Here,
f 2
μ(z), f 3

μ(z) are again mappings whose coordinates are polynomials of degree
2 and 3 respectively.

We recall that the eigenvalues{λi }2s
1 are resonant of orderN if it happens

thatλi =
∏2s

1 λ
kl
l with kl ∈ N \ {0} and

∑2s
1 |kl | = N. A resonance will be

non-avoidableif it happens that
∏2s

1 λ
kl
l = λi

∏
|λlr |

αr .

We assume now, that nonresonant conditions of orderN ≥ 5 hold for the
eigenvaluesλ j (μ), exception done with the non-avoidable ones. So with a
polynomial change of variables we get that, in these new variables thej -th
component of the mapfμ can be written as

fμ j (z) = λ j (μ)zj +
s∑

1

γ j l zj |zl |
2 + zj G j (|z1|, . . . , |zs|)+ O(‖z‖N),
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whereG j is a polynomial of orderN−1 and all of its terms of at least degree four.
Also remember, that the normal form theory says to us thatfμ j (z) = fμ j +s(z)
for j = 1, . . . , s.

Now let k ≥ 5 be fixed. The Belitskii-Samovol theorem [IL, Theorem 1.6,
pag 238] on normal forms allows us to find aCk change of coordinates such that
fμ j has now the following form

fμ j (z) = λ j (μ)zj +
s∑

1

γ j l zj |zl |
2 + zj O(‖z‖4), (9)

if we takeN(k) bigger enough.
To find the normal form forfμ, which we are going to use, we introduce polar

coordinates in each coordinatezj . So letθ j , r j be such thatzj = r j exp(i θ j ).
If θ = (θ1, . . . , θs), r = (r1, . . . , rs) and fμ j (θ , r ) = R j exp(i 2 j ) and
fμ j +s(θ , r ) = R j exp(−i 2 j ) for j = 1, . . . , s.

As

| fμ j |
2 = fμ j fμ j

=

(

λ j (μ)zj +
s∑

1

γ j l zj |zl |
2 + O(|zj |‖z‖4)

)

×



λ j (μ)zj +
s∑

1

γ j l zj |zl |2 + O(|zj |‖z‖4)





= |λ j (μ)|
2|zj |

2 + λ j (μ)

s∑

1

γ j l |zj |
2 |zl |

2

+ λ j (μ)

s∑

1

γ j l |zj |
2 |zl |

2 + O(|zj |
2‖z‖4)

= |λ j (μ)|
2|zj |

2

(

1 +
s∑

1

2<
(
γ j l

λ j (μ)

)
|zl |

2

)

+ O(|zj |
2‖z‖4),

we obtain for the absolute value offμ j that

| fμ j | = |λ j (μ)||zj |

√√
√
√1 +

s∑

1

2<
(
γ j l

λ j (μ)

)
|zl |2 + O

(
‖z‖4

)

= |λ j (μ)||zj |

(

1 +
s∑

1

<
(
γ j l

λ j (μ)

)
|zl |

2

)

+ O(|zj |‖z‖4).
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Using this expression we can write

fμ j = | fμ j | exp(i 2 j )

= |λ j (μ)||zj |

(

1 +
s∑

1

<
(
γ j l

λ j (μ)

)
|zl |

2

)

exp(i 2 j )+ O(|zj |‖z‖4).

Now, the previous equality and the following fact:

exp

(
s∑

1

γ j l

λ j
|zl |

2

)

= 1 +
s∑

1

γ j l

λ j
|zl |

2 + O(‖z‖4),

implies that

fμ j = |λ j (μ)| |zj |

(

1 +
s∑

1

<
(
γ j l

λ j (μ)

)
|zl |

2 + O(‖z‖4)

)

× exp

(

i

(

φ j (μ)+ θ j +
s∑

1

=
(
γ j l

λ j (μ)

))

|zl |
2

)

⇓

exp(i 2 j ) = exp

(

i

(

φ j (μ)+ θ j +
s∑

1

=
(
γ j l

λ j (μ)

)
|zl |

2

))

+ O(‖z‖4),

so we obtain that2 j ,R j have the following expression

R j (θ , r ) = |λ j (μ)|r j

(

1 +
s∑

1

<
(
γ j l

λ j (μ)

)
r 2

l

)

+ O(‖r‖5),

2 j (θ , r ) = θ j + φ j (μ)+
s∑

1

=
(
γ j l

λ j (μ)

)
r 2

l + O(‖r‖4),

whereλ j (μ) = |λ j (μ)| exp(iφ j (μ)) and j = 1, . . . , s.

Summing up, we get the following proposition

Proposition 6. Let fμ : U → Rn be a family ofC∞ diffeomorphisms. Suppose
that this family satisfy the following conditions:

(1) fμ(0) = 0;

(2) D fμ(0) hasn complex eigenvaluesλ1(μ), . . . , λs(μ), λs+1(μ) = λ1(μ),

. . . , λ2s(μ) = λs(μ) such that|λ j (μ)| = 1 for μ = μ0.
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Let k ≥ 5, then there existsN(k) such that if the eigenvalues accomplish non-
resonant conditions of orderN(k) (exception done with the non-avoidable ones)
there exist newCk-coordinates(θ , r ), such that

fμ(θ , r ) = gμ(θ , r )+ (O(‖r‖5),O(‖r‖4)),

with gμ(θ , r ) = (2,R) with the following form

R j (θ , r ) = |λ j (μ)|r j (1 +
s∑

1

cjl (μ)r
2
l ),

2 j (θ , r ) = θ j + φ j (μ)+
s∑

1

djl (μ)r
2
l ,

with cjl (μ), djl (μ) Ck functions ofμ which are defined as follows:

cjl (μ) = <
(
γ j l

λ j (μ)

)
,

djl (μ) = =
(
γ j l

λ j (μ)

)
,

where theγ j l are given as in(9) and, in turn, these are defined by terms which are
built up with terms up to order three of the mappingfμ in the initial coordinates.

As an immediate consequence of the previous proposition and the Proposi-
tion (2), we get the proof of the main theorem.

Theorem 1. Let fμ : U → Rn be a family ofC∞-diffeomorphisms withn =
2s. Suppose thatfμ satisfies:

(1) fμ0
(x0) = x0 ;

(2) D fμ0
(x0)hasncomplex eigenvaluesλ1(μ), . . . , λs(μ), λs+1(μ) = λ1(μ),

. . . , λ2s(μ) = λs(μ) such that|λ j (μ)| = 1 for μ = μ0;

(3) If λ j (μ) = |λ j (μ)| exp(iφ j (μ)), then the map

μ 7→ (|λ1(μ)|, . . . , |λs(μ)|, φ1(μ), . . . , φ1(μ))

is a submersion.

As well as we assume that the derivatives up to third order offμ accomplish
generic conditions, then
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(i) for eachk ≥ 1, there exists an open setUk, in the space the parameters,
such thatμ0 ∈ Uk and for allμ ∈ Uk fμ exhibits aCk invariant torus of
dimensions which is normally hyperbolic.

(ii) InsideU there exists another setTk such that the invariant tori obtained
for parameters there in is of Floquet type. This set has positive Lebesgue
measure andμ0 ∈ Tk

Proof. Just make the translationx0 7→ 0, then the new family is in the hypothe-
ses of Proposition(3) thus obtaining a new family in new coordinates such that
now we can apply Proposition(2) in order to get the thesis of the Theorem.�

4 The quadratic family ha(x1, . . . , xn) = (a − x2
n, x1, . . . , xn−1)

In this section we want to use the results of the last section in order to show the
existence of invariant tori of Floquet type for generic perturbationsh(a,b) of the
family ha when the parametersa is near enough to 3/4 andb ≈ 0.

Proof of Corollary 2. We observe that the familyha has two fixed points
P = (x+, . . . , x+)andQ = (x−, . . . , x−) for a ≥ −1/4 wherex± = −1±

√
(1+4a

2 .
At a = 3/4, Dha(P) hasn simple eigenvalues which are solutions ofλn = −1.
This situation persists for familiesh(a,b) which areC2 perturbations ofha. So
let λi (a, b) = |λi (a, b)| exp(i θi (a, b)), in [M] it is proved that{∇|λi |(3/4, 0),
∇θi (3/4, 0)}s

i =1 is a linearly independent set of vectors. This imply thatS =
{(a, b) : |λ1(a, b)| = ∙ ∙ ∙ = |λs(a, b)| = 1} is a codimensions surface. On this
surface, the set of parameters(a, b) where the hypothesis (3) in Theorem 1 is an
open and dense set containing(3/4, 0) in its closure. Generically, for parameters
(a, b) in this set the matrixC(a, b) has all its eigenvalues outside the imaginary
axe. So we can apply Theorem 1 in order to get the thesis.

Now consider the familyh(a,b)(x1, x2, x3, x4) = (a−x2
4+

∑3
1 bi xi , x1, . . . , x3)

with b = (b1, b2, b3, b4). We would like to mention that for this family the results
of Corollary 2 holds.

Theorem 7. For eachk ≥ 1, there exists an open setUk with (3/4, 0) ∈ Uk

such that for each(a, b) ∈ Uk the mappingh(a,b) exhibits aCk invariant torus
of dimension2 which is normally hyperbolic. Moreover, there exits insideUk

a setTk of positive Lebesgue measure, where the invariant tori are of Floquet
type.
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Proof. We just presents the results for the matrixC(a, b) and its eigenvalues,
in order to check the generic hypothesis imposed on them in Corollary 2. The
lengthy and straightforward computations needed to compute the matrixC(a, b)
and its eigenvalues can be done by hand or by the use of computational tools as
Mathematica or Maple. Now Lemma 5.1 allows us to bringh(a,b) into the form

hi (a,b) = λi zi +
∑

pi j zi |zj |
2 + h.o.t., (10)

and then Proposition 3 says that we can bring (10) into the form

h(a,b)(θ , r ) = g(a,b)(θ , r )+ (O(‖r‖5),O(‖r‖4)),

with g(a,b)(θ , r ) = (2,R) written as

R j (θ , r ) = |λ j (a, b)|r j (1 +
s∑

1

cj l (a, b)r 2
l )

2 j (θ , r ) = θ j + φ(a, b) j +
s∑

1

dj l (a, b)r 2
l

So using thatci j = <
(

pi j

λi

)
, the formula forpi j provided by Lemma 5.1 and

after an straightforward calculation, for(a, b) ≈ (3/4, 0), it is obtained that

c1 1 =
3

16
−

3

16

(
a −

3

4

)
−

(
−4 + 3

√
2
)

128
b1 +

32− 9
√

2

256
b2

+
−4 + 3

√
2

128
b3 + h.o.t,

c2 2 =
3

16
−

3

16

(
a −

3

4

)
−

4 + 3
√

2

128
b1 +

32+ 9
√

2

256
b2

−
4 + 3

√
2

128
b3 + h.o.t,

c1 2 =
3

16
−

3

16

(
a −

3

4

)
−

12+ 17
√

2

128
b1 +

20− 9
√

2

256
b2

+
−12+ 23

√
2

128
b3 + h.o.t.,

c2 1 =
3

16
−

3

16

(
a −

3

4

)
+

−12+ 17
√

2

128
b1 +

20+ 9
√

2

256
b2

−
12+ 23

√
2

128
b3 + h.o.t..
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And from here, the eigenvalues ofC, χ1, χ2 are given by

χ1(a, b1, b2, b3) =
1

16
b1 +

3

64
b2 +

1

16
b3 + h.o.t and

χ2(a, b1, b2, b3) =
3

8
−

3

8

(
a −

3

4

)
−

1

8
b1 +

13

64
b2 −

1

8
b3 + h.o.t.

Now its follows easily that the matrixC(a, b) is hyperbolic for parameters
(a, b) ≈ (3/4, 0) and hence det(C) 6= 0. �

Remark 8. Observe that

C

(
3

4
, 0

)
=

(
3

16

)(
1 1
1 1

)
,

which does not satisfy the hypothesis in Proposition2. When this hypothesis
is missing what we obtain are central manifolds which we can not assure that
contain invariant non normally hyperbolic torus.

5 Appendix

In this appendix we present the formula to compute the third order resonant terms
used in section 3 and present the diffeomorphisms version of the quasi-periodic
stability theorem of [BHS].

5.1 Computation of third order resonant terms

We consider a map
h(Z, Z) = (E, E)

where(Z, Z) = (z1, . . . , zs, z1, . . . , zs), E = (e1, . . . , es) y E = (e1, . . . , es).

We suppose that the mapei has the following form

ei (Z, Z) = λi zi − Bi (Z, Z)M

(
Z
Z

)

whereM is the matrix with entriesMα,β = 1
4 for α, β = 1, . . . , 2s , andBi ∈ C.

As well as suppose thatλi , λi satisfy nonresonant conditions of order two and
three as in Proposition 3. Then it can be eliminated with a change of variables
the quadratic terms and the nonresonant cubic terms. The next lemma give us a
formula to compute the resonant cubic terms.
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Lemma 9. In the above conditions, there exists a change of coordinates
8(Z, Z) such that ifH(Z, Z) = (c1, . . . , cs, c1, . . . , cs) is the expression in
these new coordinates ofh, then

ci = λi zi +
∑

pi j zi |zj |
2 + h.o.t.

with

pi j =
3

4
Bi

∑

k

(
Bk

λk − 1
+

Bk

λk − λi λ
−1
j

+
Bk

λk − λi λ
−1
j

+
Bk

λk − 1

+
Bk

λk − λi λ
−1
j

+
Bk

λk − λi λ
−1
j

)

−
Bi

4

∑

k

(
Bk

λk − λ j λ j
+

Bk

λk − λi λ j
+

Bk

λk − λ j λ j

+
Bk

λk − λi λ j
+

Bk

λk − λ j λi
+

Bk

λk − λ j λi

)

Proof. We want to do a change of coordinates which kill all quadratic terms.
This change of coordinates has the following form:

8(Z, Z) = (91(Z, Z), . . . , 9s(Z, Z),91(Z, Z), . . . , 9s(Z, Z)),

where

9i (Z, Z) = zi + (Z, Z)Ni

(
Z
Z

)

with Ni = (ni
k j ) a symmetrical matrix of size 2s. In order to write8−1 up to

third order terms, we will need the following lemma which is an easy application
of the formula for the third derivative of a composition of two maps as presented
in [N, pag. 6]. �

Lemma 10. Let f : V ⊂ RN → RN be aC3-diffeomorphism withf (0) = 0
and D f (0) = I d, then f −1 can be written as:

f −1(y) = y−
1

2
D2 f (0)y2+

1

3!

[
3D2 f (0)(D2 f (0)y2, y)− D3 f (0)y3

]
+h.o.t,

wherey2 = (y, y) and y3 = (y, y, y).
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From the above formula we conclude that for

8−1(W,W) = (ϒ1(W,W), . . . , ϒs(W,W), ϒ1(W,W), . . . , ϒs(W,W)),

we have that

ϒi (W,W) = wi − (W,W)Ni

(
W
W

)
+ 2(4,4)Ni

(
W
W

)
+ h.o.t.,

where

(4,4) = (41, . . . , 4s, 41, . . . , 4s) with 4 j = (W,W)N j

(
W
W

)

for j = 1, . . . , s. Let H(Z, Z)be the map8−1 ◦ h ◦8(Z, Z), and put(9,9) =
(91, . . . , 9s, 91, . . . , 9s), h ◦ 8(Z, Z) = (d1, . . . , ds, d1, . . . , ds) = (D, D)
andH(Z, Z) = (c1, . . . , cs, c1, . . . , cs), then

di = λi9i − Bi (9,9)M

(
9

9

)
,

ci = ϒi (D, D) = di − (D, D)Ni

(
D
D

)
+ 2(4,4)Ni

(
D
D

)
+5,

where5 represents terms of order four or greater not included in the remaining
part of the formula and4 = 4(D, D). Now letting

D = 39 − B(9,9)M

(
9

9

)
,

where39 = (λ191, . . . , λs9s) andB = (B1, . . . , Bs), we get that

ci = λi9i − Bi (9,9)M

(
9

9

)

−
(
39 − B(9,9)M

(
9

9

)
,39 − B(9,9)M

(
9

9

))

Ni







39 − B(9,9)M

(
9

9

)

39 − B(9,9)M

(
9

9

)







+ 2(4(D, D),4(D, D))Ni







39 − B(9,9)M

(
9

9

)

39 − B(9,9)M

(
9

9

)





 +5.

So we can conclude that:
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i) The lineal term ofci is: λi zi .

ii) The quadratic terms ofci are given by:

c2
i = λi (Z, Z)Ni

(
Z
Z

)
− Bi (Z, Z)M

(
Z
Z

)

− (3Z,3Z)Ni

(
3Z
3Z

)
.

(11)

iii) The cubic terms ofci are:

c3
i = − 2Bi (Z, Z)M

(
92

9
2

)

−
(
392,39

2
)

Ni

(
3Z
3Z

)
− (3Z,3Z)Ni

(
392

39
2

)

+ (3Z,3Z)Ni

(
B
B

)
∙ (Z, Z)M

(
Z
Z

)

+ (B, B)Ni

(
3Z
3Z

)
∙ (Z, Z)M

(
Z
Z

)

+ 2
(
4(3Z,3Z),4(3Z,3Z)

)
Ni

(
3Z
3Z

)
,

(12)

where92 denotes the quadratic part of9. We get, from the vanishing condition
on the quadratic termc2

i and its formula, that the matrixNi has the following
form:

ni
kα =

Bi

4(λi − λk λα)

ni
k s+α =

Bi

4(λi − λk λα)
= ni

s+α k

ni
s+k s+α =

Bi

4(λi − λk λα)

whereα, k = 1, . . . , s.
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As for the cubic termc3
i , we get

c3
i = −

Bi

2

∑

α

zα (9
2
1 + ∙ ∙ ∙ +92

s +9
2
1 + ∙ ∙ ∙ +9

2
s)

−
Bi

2

∑

α

zα (9
2
1 + ∙ ∙ ∙ +92

s +9
2
1 + ∙ ∙ ∙ +9

2
s)

− λ19
2
1

∑

α

(ni
1α λα zα + ni

1s+α λα zα)

... (1)

− λs9
2
s

∑

α

(ni
2sα λα zα + ni

2s s+α λα zα)

− λ1z1
∑

α

(ni
1α λα9

2
α + ni

1s+α λα 9
2
α)

... (2)

− λszs
∑

α

(ni
2sα λα9

2
α + ni

2s s+α λα 9
2
α)

+ λ1z1
∑

α

(ni
1α Bα + ni

1s+α Bα)

(
z1 + z1

2
+

z2 + z2

2
+ ∙ ∙ ∙ +

zs + zs

2

)2

... (3)

+ λszs
∑

α

(ni
2sα Bα + ni

2s s+α Bα)

(
z1 + z1

2
+

z2 + z2

2
+ ∙ ∙ ∙ +

zs + zs

2

)2

+ B1
∑

α

(ni
1α λα zα + ni

1s+α λα zα)

(
z1 + z1

2
+

z2 + z2

2
+ ∙ ∙ ∙ +

zs + zs

2

)2

... (4)

+ Bs
∑

α

(ni
2sα λα zα + ni

2s s+α λα zα)

(
z1 + z1

2
+

z2 + z2

2
+ ∙ ∙ ∙ +

zs + zs

2

)2

+ 2
(
3Z,3Z

)
N1

(
3Z
3Z

) (
∑

α

ni
1α λα zα + ni

1s+α λα zα

)

...

+ 2
(
3Z,3Z

)
Ns

(
3Z
3Z

) (
∑

α

ni
sα λα zα + ni

s s+α λα zα

)

+ 2
(
3Z,3Z

)
N

1
(
3Z
3Z

) (
∑

α

ni
s+1α λα zα + ni

s+1 s+α λα zα

)

...

+ 2
(
3Z,3Z

)
N

s
(
3Z
3Z

) (
∑

α

ni
2sα λα zα + ni

2s s+α λα zα

)

.
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We observe that the sum of terms in (1) equals the sum of terms in (2) and
the same happens with the sum of terms in (3) and (4). So we write the above
coefficient as

c3
i = −

Bi

2

∑

α

(zα + zα)(9
2
1 + ∙ ∙ ∙ +92

s +9
2
1 + ∙ ∙ ∙ +9

2
s)

− 2
∑

α k

λk9
2
k (n

i
kαλα zα + ni

k s+αλα zα)− 2
∑

α k

λk9
2
k(n

i
k+sαλα zα + ni

k+s s+αλα zα)

+ 2
∑

α k

λkzk(n
i
kαBα + ni

k s+αBα)

(
z1 + z1

2
+

z2 + z2

2
+ ∙ ∙ ∙ +

zs + zs

2

)2

+ 2
∑

α k

λkzk(n
i
k+sαBα + ni

k+s s+αBα)

(
z1 + z1

2
+

z2 + z2

2
+ ∙ ∙ ∙ +

zs + zs

2

)2

+ 2
(
3Z,3Z

)
N1

(
3Z
3Z

) (
∑

α

ni
1α λα zα + ni

1s+α λα zα

)

...

+ 2
(
3Z,3Z

)
Ns

(
3Z
3Z

) (
∑

α

ni
sα λα zα + ni

s s+α λα zα

)

+ 2
(
3Z,3Z

)
N

1
(
3Z
3Z

) (
∑

α

ni
s+1α λα zα + ni

s+1 s+α λα zα

)

...

+ 2
(
3Z,3Z

)
N

s
(
3Z
3Z

) (
∑

α

ni
2sα λα zα + ni

2s s+α λα zα

)

Let pi j be the coefficient of the monomialzi zj zj in c3
i . Then we get from the

last equation

pi j = − Bi
∑

k

(
nk

s+ j j + nk
s+ j i + nk

s+ j j + nk
s+i j + nk

i j + nk
s+i s+ j

)

− 4
∑

k

(
λk λi ni

k i nk
s+ j j + λk λ j ni

k j nk
s+ j i + λk λ j ni

k s+ j nk
i j

)

− 4
∑

k

(
λk λi ni

k+s i nk
s+ j j + λk λ j ni

k+s j n
k
s+i j + λk λ j ni

k+s s+ j nk
s+i s+ j

)

+
∑

k

(
λi ni

i k Bk + λ j ni
j k Bk + λi ni

i s+k Bk + λ j ni
j s+k Bk

)

+
∑

k

(
λ j ni

j +s k Bk + λ j ni
j +s s+k Bk

)

+ 4
∑

k

λi λ j λ j

(
ni

k j nk
s+ j i + ni

ki nk
j s+ j + ni

k s+ j nk
i j

)

+ 4
∑

k

λi λ j λ j

(
ni

s+k i nk
j s+ j + ni

s+k j nk
s+i j + ni

s+k s+ j nk
s+i s+ j

)
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and using the formula for the matrixNi we get

pi j = −
Bi

4

∑

k

(
Bk

λk − λ j λ j
+

Bk

λk − λi λ j
+

Bk

λk − λ j λ j
+

Bk

λk − λi λ j

+
Bk

λk − λ j λi
+

Bk

λk − λ j λi

)

−
∑

k

(
λi λk Bk Bi

(λi − λk λi )(λk − λ j λ j )
+

λ j λk Bk Bi

(λi − λk λ j )(λk − λi λ j )

+
λ j λk Bk Bi

(λk − λi λ j )(λi − λk λ j )

)

−
∑

k

(
λi λk Bk Bi

(λi − λk λi )(λk − λ j λ j )
+

λ j λk Bk Bi

(λi − λk λ j )(λk − λi λ j )

+
λ j λk Bk Bi

(λi − λk λ j )(λk − λi λ j )

)

+
1

4

∑

k

(
λi Bi Bk

λi − λi λk
+

λ j Bi Bk

λi − λ j λk
+

λi Bi Bk

λi − λi λk
+

λ j Bi Bk

λi − λ j λk

)

+
1

4

∑

k

(
λ j Bi Bk

λi − λk λ j
+

λ j Bi Bk

λi − λk λ j

)

+
∑

k

λi λ j λ j

(
Bk Bi

(λi − λk λ j )(λk − λi λ j )
+

Bk Bi

(λi − λk λi )(λk − λ j λ j )

+
Bk Bi

(λi − λk λ j )(λk − λi λ j )

)

+
∑

k

λi λ j λ j

(
Bk Bi

(λi − λk λi )(λk − λ j λ j )
+

Bk Bi

(λi − λk λ j )(λk − λi λ j )

+
Bk Bi

(λi − λk λ j )(λk − λ j λi )

)

.

Now, putting together the terms of the first, fourth and fifth sums above, we
obtain

pi j = −
Bi

4

∑

k

(
Bk

λk − λ j λ j
+

Bk

λk − λi λ j
+

Bk

λk − λ j λ j
+

Bk

λk − λi λ j

+
Bk

λk − λ j λi
+

Bk

λk − λ j λi

)
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−
Bi

4

∑

k



 Bk

λk − 1
+

Bk

λk − λi λ
−1
j

+
Bk

λk − 1
+

Bk

λk − λi λ
−1
j

+
Bk

λk − λi λ
−1
j

+
Bk

λk − λi λ
−1
j





+ Bi
∑

k



 λk Bk

(λk − 1)(λk − λ j λ j )
+

λk Bk

(λk − λi λ j )(λk − λi λ
−1
j )

+
λk Bk

(λk − λi λ j )(λk − λi λ
−1
j )





+ Bi
∑

k



 λk Bk

(λk − 1)(λk − λ j λ j )
+

λk Bk

(λk − λi λ
−1
j )(λk − λi λ j )

+
λk Bk

(λk − λi λ j )(λk − λi λ
−1
j )





− Bi
∑

k




λi λ j Bk

(λk − λi λ
−1
j )(λk − λi λ j )

+
λ j λ j Bk

(λk − 1)(λk − λ j λ j )

+
λi λ j Bk

(λk − λi λ
−1
j )(λk − λi λ j )





− Bi
∑

k




λ j λ j Bk

(λk − 1)(λk − λ j λ j )
+

λi λ j Bk

(λk − λi λ
−1
j )(λk − λi λ j )

+
λi λ j Bk

(λk − λi λ
−1
j )(λk − λ j λi )





= −
Bi

4

∑

k

(
Bk

λk − λ j λ j
+

Bk

λk − λi λ j
+

Bk

λk − λ j λ j
+

Bk

λk − λi λ j

+
Bk

λk − λ j λi
+

Bk

λk − λ j λi

)

−
Bi

4

∑

k



 Bk

λk − 1
+

Bk

λk − λi λ
−1
j

+
Bk

λk − 1
+

Bk

λk − λi λ
−1
j

+
Bk

λk − λi λ
−1
j

+
Bk

λk − λi λ
−1
j




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+ Bi
∑

k




(λk − λ j λ j ) Bk

(λk − 1)(λk − λ j λ j )
+

(λk − λi λ j ) Bk

(λk − λi λ j )(λk − λi λ
−1
j )

+
(λk − λi λ j ) Bk

(λk − λi λ j )(λk − λi λ
−1
j )





+ Bi
∑

k




(λk − λ j λ j )Bk

(λk − 1)(λk − λ j λ j )
+

(λk − λi λ j )Bk

(λk − λi λ
−1
j )(λk − λi λ j )

+
(λk − λi λ j )Bk

(λk − λi λ j )(λk − λi λ
−1
j )





= −
Bi

4

∑

k

(
Bk

λk − λ j λ j
+

Bk

λk − λi λ j
+

Bk

λk − λ j λ j
+

Bk

λk − λi λ j

+
Bk

λk − λ j λi
+

Bk

λk − λ j λi

)

−
Bi

4

∑

k



 Bk

λk − 1
+

Bk

λk − λi λ
−1
j

+
Bk

λk − 1
+

Bk

λk − λi λ
−1
j

+
Bk

λk − λi λ
−1
j

+
Bk

λk − λi λ
−1
j





+ Bi
∑

k



 Bk

λk − 1
+

Bk

λk − λi λ
−1
j

+
Bk

λk − λi λ
−1
j

+
Bk

λk − 1

+
Bk

λk − λi λ
−1
j

+
Bk

λk − λi λ
−1
j





=
3

4
Bi

∑

k



 Bk

λk − 1
+

Bk

λk − λi λ
−1
j

+
Bk

λk − λi λ
−1
j

+
Bk

λk − 1

+
Bk

λk − λi λ
−1
j

+
Bk

λk − λi λ
−1
j





−
Bi

4

∑

k

(
Bk

λk − λ j λ j
+

Bk

λk − λi λ j
+

Bk

λk − λ j λ j
+

Bk

λk − λi λ j

+
Bk

λk − λ j λi
+

Bk

λk − λ j λi

)

�
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5.2 Statement of the quasi-periodicity stability result

In order to state the result let us introduce first the context where the result lives.
We will follow very closely [BHS, section 2.3.1]. In this section‖.‖ will denote
any Euclidean norm.

Consider aCq family of mapsgμ : Tn × O → Tn × Rn, whereO is a neigh-
borhood of 0∈ Rn, the parameterμ ∈ V ⊂ Rp andq ≥ 4n + 8. We assume
that

gμ(θ , r ) = (θ + ω(μ)+ α(θ , r ,μ),�(μ)r + β(θ , r ,μ)), (13)

whereα = O(‖r‖) andβ = O(‖r‖2). For eachμ ∈ 0 ⊂ V (0 is diffeomorphic
to a closed ball inRp) assume that

(1) all the eigenvalues

δ1, . . . , δN1, ρ1e
±iφ1, . . . , ρN2e

±iφN2

(φ j ∈ (0, π)) of matrix�(μ) are simple and other than 1 (N1+2N2 = n);

(2) the mapping
Rp 3 μ 7→ (ω, δ, ρ, φ) ∈ R2n

is submersive.

Fix τ > n. SetωN = φ ∈ Rr , wherer = N2. For l ∈ Zr let |l | =
∑r

1 l i . By
0γ , whereγ > 0, denote the set

0γ =
{
μ ∈ 0 : ∀k ∈ Zr \ {0} ∀k0 ∈ Z ∀l ∈ Zr , |l | ≤ 2,

|〈ω, k〉 + 〈ωN, l 〉 + 2πk0| ≥
γ

|k|τ

}
.

In this conditions we have

Theorem A. There exist constantsk0 and η which only depend onτ , such
that the following holds. For anyγ > 0 and for k0 ≤ k ≤ q, let gμ a Ck

family of mappings(13) satisfying the conditions above, then there exists aCk

neighborhoodD of gμ such that for allg̃μ andμ ∈ 0γ one has two maps

(1) 8μ : (2,R) 7→ (2 + U (2,μ),R + A(2,μ) + B(2,μ)R), where
U, A, B are functions onTn ×0γ andU (2,μ) ∈ Tn, A(2,μ) ∈ Rn and
B(2,μ) is a square matrix of sizen.

(2) 3 : 0γ → Rp;
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which areCk−η and which bring the familỹgμ to the following form

8−1
μ ◦ g̃μ+3(μ) ◦8μ(2,R) = (2 + ω(μ)+ O(‖R‖),�(μ)R + O(‖R‖2)).

This theorem says that for eachμ ∈ 0γ ,8μ(Tn × {0}) is an invariant Floquet
Torus of the map̃gμ+3(μ) with parallel dynamics and with its frequency vector
ω(μ)satisfying a Diophantine condition. We remark that the set0γ has Lebesgue
positive measure inRp.

As stated, this theorem does not appear proved in the literature on the best of
my known. But its proof follows the same lines as for the vector field case. See
the remarks in [BHS, chapter 5] and [BHTS, Appendix, pag. 79]
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